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ABSTRACT. We will introduce a relative version of imprimitivity bimodule and
a relative version of strong Morita equivalence for pairs of C*-algebras (A, D)
such that D is a C'*-subalgebra of A satisfying certain conditions. We will then
prove that two pairs (A1, D1) and (A2, D2) are relatively Morita equivalent if
and only if their relative stabilizations are isomorphic. In particular, for two
pairs (Oa,D4) and (Op, Dp) of Cuntz—Krieger algebras with their canonical
masas, they are relatively Morita equivalent if and only if their underlying two-
sided topological Markov shifts (X 4,54) and (X g,5p) are flow equivalent.
We also introduce a relative version of the Picard group Pic(A, D) for the pair
(A, D) of C*-algebras and study them for the Cuntz—Krieger pair (O4,D4).
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In [38] M. Rieffel introduced the notion of an imprimitivity bimodule for C*-
algebras as a Hilbert C*-bimodule satisfying certain conditions from a viewpoint
of representation theory of groups, so that he defined the notion of strong Morita
equivalence in C*-algebras. Let A and B be C*-algebras. An A-B-bimodule X
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means a Hilbert C*-bimodule with a left .A-module structure and an .A-valued
inner product 4 | ) and with a right B-module structure and a B-valued inner
product ( | )p satisfying some comparability conditions (see [34], [38], [19], [35],
etc.). It is said to be full if the ideals spanned by {4z | y) | 2,y € X} and
{{z|y)B|x,ye€ X} are dense in A and in B, respectively. If a full A-B-bimodule
X further satisfies the condition

A ly)z=a(ylz)s forzyzelX,

it is called an A-B-imprimitivity bimodule. Two C*-algebras A and B are said
to be strongly Morita equivalent if there exists an A-B-imprimitivity bimodule,
which means that A and B have the same representation theory. Brown, Green,
and Rieffel in [5] have shown that two o-unital C*-algebras A and B are strongly
Morita equivalent if and only if they are stably isomorphic; that is, A ® K is
isomorphic to B ® K, where K denotes the C*-algebra of compact operators on the
separable infinite-dimensional Hilbert space ¢(N).

In this paper we will study Morita equivalence of C*-algebras from a viewpoint of
symbolic dynamical systems. For an irreducible and non-permutation matrix A =
[A(i, )]Y;—, with entries in {0, 1}, the two-sided topological Markov shift (X A,54)
is defined as a topological dynamical system on the shift space X 4 consisting of two-
sided sequences (2, )nez of x,, € {1,..., N} such that A(x,,2,41) =1foralln €Z
with the shift homeomorphism &4 (2 )nez) = (£n41)nez on the compact Hausdorff
space X 4. J. Cuntz and W. Krieger introduced a C*-algebra O 4 associated to the
matrix A ([I4]). The C*-algebra is called the Cuntz—Krieger algebra, which is a
universal unique C*-algebra generated by partial isometries S1,..., Sy subject to
the relations

N

N
(1.1) >SS =1, SiSi=)Y A(,j)S;S;, i=1,...,N.
j=1

Jj=1

Since the stable isomorphism class of O 4 does not have complete information about
the underlying dynamical system (X 4,5.4), we need some extra structure to O,
to study (X 4,54). In this paper, we focus on the pair (O4, D) where Dy is the
C*-subalgebra of O 4 generated by the projections of the form S;, ---S; S7 ---S7 ,
i1,-0yip =1,...,N. We call (O4,D4) the Cuntz—Krieger pair. As in [26] the iso-
morphism class of the pair (O4,D4) is a complete invariant of the continuous orbit
equivalence class of the underlying one-sided topological Markov shift (X 4,04).
As one of the remarkable relationships between symbolic dynamics and Cuntz—
Krieger algebras, Cuntz and Krieger showed in [I4] that if topological Markov
shifts (X 4,54) and (Xp,55) are flow equivalent, then there exists an isomor-
phism ¢ : 04 ® K — Op ® K such that ®(D4 ®C) = D ®C, where C denotes the
maximal commutative C*-subalgebra of K consisting of the diagonal operators on
/?(N). Recently H. Matui and the author have proved that the converse implication
also holds, so that (X 4,54) and (X p,55) are flow equivalent if and only if there
exists an isomorphism ® : 04 ® K — Op ® K such that ®(D4 ® C) = D ®C
(30]). We call (04 ® K,D4 ® C) the stabilized Cuntz—Krieger pair or the relative
stabilization of (O4,D4), so that the isomorphism class of the relative stabilization
of (O4,D4) is a complete invariant for the flow equivalence class of the underlying
two-sided topological Markov shift (X 4,5.4).
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In this paper we will introduce a relative version of imprimitivity bimodule and
a relative version of strong Morita equivalence for pairs of C*-algebras (A, D) such
that D is a C*-subalgebra of A for which D has an orthogonal countable ap-
proximate unit for A. Such a pair is said to be relative o-unital. If D contains
the unit of A, the pair is relative o-unital. Two relative o-unital pairs (A;, D)
and (Ag,Dy) of C*-algebras are said to be relatively Morita equivalent, written
(A1,Dy) e (A2, D3), if there exists an (A;, Dy)—(Az, Dg)-relative imprimitivity

bimodule. We will first show the following theorem for relative o-unital pairs (A, D)
of C*-algebras.

Theorem 1.1 (Lemma B9 Theorem 7 and Theorem BE5). Let (A1, D) and
(A2, Ds) be relative o-unital pairs of C*-algebras. Then the following assertions
are mutually equivalent:

(1) (A1,D1) and (Az, D3) are relatively Morita equivalent.

(2) (A1 K, D1 ®C) and (A ® K, Dy @ C) are relatively Morita equivalent.

(3) There exists an isomorphism ® : Ay @ K — Ay ® K of C*-algebras such
that (I)(Dl ® C) =Dy ®C.

(4) (A1,D1) and (A2, D3) are complementary relative full corners.

We will next apply the theorem above to the Cuntz—Krieger pair (O4,D4) and
clarify relationships between relative Morita equivalence and flow equivalence of
underlying topological dynamical systems.

Two Cuntz—Krieger pairs (O4,Da) and (Op,Dp) are said to be elementary
corner isomorphic if there exists a projection P € Dp and an isomorphism & :
POgP — O,4 such that ®(DgP) = D4. The equivalence relation in Cuntz—
Krieger pairs generated by elementary corner isomorphisms is said to be corner
isomorphic. In [9] T. M. Carlsen, E. Ruiz, and A. Sims have studied diagonal pre-
serving stable isomorphisms of graph C*-algebras. Among other things, they have
shown that the graph C*-algebras with their diagonals are corner isomorphic in
the above sense if and only if their underlying groupoids are Kakutani equivalent
in the sense of Matui [31], which is equivalent to an existence of diagonal preserv-
ing stable isomorphism of the graph C*-algebras ([0, Corollary 4.5]). Hence the
equivalence between (3) and (4) in Theorem below follows from their result.
Their technique is due to groupoid method. In this paper, we will give its proof
by a functional analytic technique (Theorem [63)). By applying Theorem [ to
Cuntz—Krieger pairs, we see the following result.

Theorem 1.2 (Theorem [64). Let A, B be irreducible and non-permutation matri-
ces with entries in {0,1}. Let (Oa,Da), (O, Dp) be the associated Cuntz—Krieger
pairs. Then the following assertions are mutually equivalent:

(1) (O4,D4) and (Op,Dg) are relatively Morita equivalent.

(2) (04K, Da®C) and (Op @ K,Dp ®C) are relatively Morita equivalent.

(3) There exists an isomorphism ® : O4 @ K — Op @ K of C*-algebras such
that ®(D4 ®C) =Dp ®C.

(4) (O4,D4) and (Op,Dg) are corner isomorphic.

(5) The two-sided topological Markov shifts (X a,54) and (Xp,55) are flow
equivalent.
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By using J. Franks’ s theorem [15] (cf. [3], [33]), the last assertion (5) is equiv-
alent to the following (6):

(6) The groups ZV/(id—A)ZN and ZM /(id -B)ZM are isomorphic and
det(id —A) = det(id —B), where N is the size of the matriz A and M
is that of B.

Hence the group Z" /(id —A)Z" with the value det(id —A) is a complete invari-
ant of the relative Morita equivalence class of the Cuntz—Krieger pair (04, D4). We
note that related results are seen in the paper [6] by N. Brownlowe, T. M. Carlsen
and M. F. Whittaker. They are studying Morita equivalence of graph algebras in
terms of groupoids (cf. [I7], [18], [32], [40], etc.).

In [5] Brown, Green, and Rieffel introduced the notion of the Picard group Pic(.A)
for a C*-algebra A to study equivalence classes of imprimitivity bimodules of C*-
algebras. Natural isomorphism classes [X] of imprimitivity bimodules X over A
form a group under the relative tensor product [X] - [Y] = [X ® 4 Y]. The group
is called the Picard group for the C*-algebra A and is denoted by Pic(A), and
is considered a sort of generalization of the automorphism group Aut(A) of A.
We will introduce a relative version of the Picard group Pic(A, D) as the group of
(A, D)—(A, D)-relative imprimitivity bimodules and study their structure for the
Cuntz—Krieger pairs (O4,D4). Let

Auto(O4,Dy) = {a € Aut(0O4) | a(Da) = Dy, a. =id on Ko(O4)}.

Its quotient group Aute(Oa,Da)/Int(O4,Da) by Int(Oa,D4) is denoted by
Outo(Oa,Da). Let Auty(ZN/(id —AY)ZN) be the subgroup of the automorphism
group Aut(Z" /(id —A*)ZN) of the abelian group Z" /(id —A*)Z" defined by

Auty (2" /(id —ANZY) = {€ € Aut(Z" /(id —ANZ") | €([1]) = 1]},

where [1] € ZN/(id —A")Z" denotes the class of the vector (1,...,1) in Z".
It is well known that there exists a canonical isomorphism €4 : Ko(Oa) —
ZN /(id —AY)ZY such that €([1p,]) = [1] ([I3]). We will obtain the following struc-
ture theorem for Pic(O4,Da).

Theorem 1.3 (TheoremsB8andBA). Let A be an irreducible and non-permutation
matriz. Then there exist short exact sequences

1 — Oute(Oa,Da) % Pic(Oa, Da) 25 Aut(ZY /(id —AH)ZY) — 1,
1 — Out(O4, Da) - Pic(O4,Da)
Lo Aut(ZV /(id —ADHZN) ) Auty (ZN /(id —ADHZV) — 1.

In Appendix A, we refer to the ordinary Picard groups Pic(O4) for Cuntz—
Krieger algebras O4 and especially for the ordinary Picard groups Pic(Oy) for
Cuntz algebras On (Theorem and Corollary [@5).

In Appendix B, we will present concrete construction of relative imprimitivity
bimodules from flow equivalent topological Markov shifts, which we regard as a
functional analytic proof of (5) = (1) of Theorem
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2. RELATIVE o-UNITAL C*-ALGEBRAS

For a C*-algebra A we denote by M (A) its multiplier C*-algebra (cf. [41]). The
locally convex topology on M (A) generated by the seminorms @ — ||zal|, z —
|laz|| for a € A is called the strict topology. Throughout the paper, we denote
by {ei ;}ijen the matrix units on the separable infinite-dimensional Hilbert space
¢?(N). The C*-algebra generated by them is denoted by K which is the C*-algebra
of all compact operators on ¢?(N). The C*-subalgebra of K generated by diagonal
projections {e; ;}ien is denoted by C.

A (C*-algebra is said to be g-unital if it has a countable approximate unit. We
will first introduce the notion of a relative version of a o-unital C*-algebra.

Definition 2.1. A pair (A, D) of C*-algebras A, D is called relative o-unital if it
satisfies the following conditions:
(1) D is a C*-subalgebra of A.
(2) D contains a countable approximate unit for A.
(3) There exists a sequence a,, € A,n=1,2, ..., such that
(a) arday, apdal € Dforalld e Dand n=1,2,....
(b) 307, aka, =1 in the strict topology of M(A).
(¢c) andal, =0 for all d € D and n,m € N with n # m.

We call the sequence {ay, }nen satisfying the three conditions (a), (b), and (c) a
relative approzimate unit for the pair (A, D).

Remark 2.2. By the above condition (2), we know that M (D) is a C*-subalgebra
of M(A) in natural way (cf. 41l p. 46, 2G]).

Lemma 2.3. Assume that (A, D) is a relative o-unital pair of C*-algebras. Let
{an}tnen be a relative approximate unit for (A, D). Then we have the following.
(i) alan, anal € D for alln=1,2,....
(ii) by = > p_jajay belongs to D and the sequence {by}nen is a countable
approximate unit for A.

Proof. (i) Take and fix k € N. Since Y7 | aXa, = 1 in M(A), we have 0 < ajay <
1 so that ||ag|]] < 1. As D has an approximate unit for A, for any € > 0, there
exists d € D such that ||ar — dag|| < €, so that ||ajar — ajdai|| < e. The condition
ajday € D ensures that aja; belongs to D. Similarly, we know that ajaj belongs
to D.

(ii) Since b, = >, _, ajai converges to 1 in the strict topology of M (A), {by, }nen

is an approximate unit for A. O
Lemma 2.4. Let D be a C*-subalgebra of A. Then (A, D) is relative o-unital if
and only if there exists a sequence d, € D,n = 1,2,... such that the following
holds.

(a) dp, >0, n=1,2,....
(b) >°0°dn =1 in the strict topology of M(A).
(¢) dnddy, =0 for all d € D and n,m € N with n # m.

Proof. Suppose that (A, D) is relative o-unital. Take a relative approximate unit
{an}nen in A. Put d,, = a’a,. By the preceding lemma, d,, belongs to D and
satisfies the desired properties. Conversely, suppose that there exists a sequence
d, in D satisfying the above three conditions. Put a, = v/d,, which becomes a
relative approximate unit for (A, D). ]
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We call the sequence {d,, }nen in D satisfying the conditions (a), (b), and (c) in
Lemma 2] an orthogonal approzimate unit for (A, D).

Example 2.5. 1. If a C*-subalgebra D of a unital C*-algebra A contains the
unit 1 of A, the pair (A, D) is relative o-unital by putting d; = 1 and d,, = 0 for
n=23,....

2. Let A=K and D = C. Then the pair (A, D) is relative o-unital by putting
dp = enn,n €N, where {e, ym }nmen is the matrix units of K.

More generally we know the following proposition.
Proposition 2.6. If (A, D) is relative o-unital, so is (AR K,D®C).
Proof. Take an orthogonal approximate unit {d,}nen in D for the pair (A, D).

Put dip,m)y = dn @ e for n,m = 1,2,.... It is straightforward to see that the
sequence d(p, my,n,m = 1,2,... becomes an orthogonal approximate unit for the
pair (A® K, D®C). O

We call the pair (A® K, D ® C) the relative stabilization for (A, D).

Corollary 2.7. If a C*-subalgebra D of A contains the unit of A, both the pairs
(A,D) and (A® K,D®C) are relative o-unital.

We remark that these kinds of pairs (A, D) in this section are seen in many
different contexts as in [23], [36], [37], etc.

3. RELATIVE IMPRIMITIVITY BIMODULES AND RELATIVE MORITA EQUIVALENCE

In this section we first recall the definition of Rieffel’s imprimitivity bimodule
over C*-algebras ([38]). Let A; and Az be C*-algebras. A left Hilbert C*-module
X over A; is a C-vector space with a left Aj-module structure and an A;-valued
inner product 4,( | ) satisfying the following conditions [I9] Definition 1.1](cf.
[38], etc.).

(1) a,{ | ) is left linear and right conjugate linear.
(2) afaz | y) = aafz | y) and 4,z | ay) = a{z | y)a* for all x,y € X and
a€ A
(3) afx|x)>0forall z € X, and 4,(z | z) =0 if and only if z = 0.
(4) ez [y) = aly|z) forall z,y € X.
(5) X is complete with respect to the norm |z = ||.4,(z | z)||=.
If the closed linear span of {4,(x | ¥) | z,y € X} is equal to Ay, X is said to be
left full. Similarly a right Hilbert C*-module X over A is defined as a C-vector
space with a right As-module structure and an As-valued inner product { | )4,
satisfying the following conditions [19, Definition 1.2].
(1) { | )a, is left conjugate and right linear.
(2) <'T ‘ yb>A2 = <J? | y>A2b and <J?b | y>A2 - b*<$ | y>A2 for all r,y € X and
be As.
(3) (x| x)a, >0forall x € Xy,, and (x| x)4, =0 if and only if z = 0.
(4) <.’E | y>./42 = <y | .’£>f42 for all x,y € X.
(5) X is complete with respect to the norm ||z = ||(z | z) .4, .
The right fullness for X is similarly defined to the left fullness. Throughout the
paper, an A;—As-Hilbert C*-bimodule means a left Hilbert C*-module over 4; and
also a right Hilbert C*-module over Ay in the above sense ([38], [19], [35], etc.). In
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[38, Definition 6.10], M. Rieffel has defined the notion of an 4;—As-imprimitivity
bimodule in the following way. An A;—As-bimodule X is said to be an A;—As-
imprimitivity bimodule if the three conditions below hold.

(1) X is a full left Hilbert A;-module with Aj-valued left inner product
4,( | ), and a full right Hilbert As-module with As-valued right inner
product ( | )a,-

(2) <a-a: ‘ y>.A2 = <£L' | a* 'y>.A2 and A1<x'b | y> :A1<x | yb*> for all T,y € X
and a € Ay, b € As.

3) afx|y) - z=xz-(y|2)a, forall z,y,z € X.

We note that the above condition (2) implies

(3.1) laz |2} =z [ ) all,  zeX,

so that the two norms on X induced by the left-hand side and the right-hand side
of 1) coincide (cf. [I9] Corollary 1.19], [35, Proposition 3.11]).

We will introduce a relative version of the above imprimitivity bimodule. Let
(A1,D;) and (Az, D2) be relative o-unital pairs of C*-algebras.

Definition 3.1. Let X be an A;—As-Hilbert C*-bimodule. Put

N(X)={x € X | azxdy | x) € D for all dy € Do,
(x| dix) 4, € Dy for all dy € Dy }.

The A;—As-Hilbert C*-bimodule X is called an (A;, D1)—( Az, D2)-relative imprim-
itiwity bimodule if it satisfies the following conditions.

(1) X is an A;—Az-imprimitivity bimodule.
(2) There exists a sequence x, € N(X),n=1,2,..., such that

(a) Yo% (xn | xn)a, = 1 in the strict topology of M(As).

(b) axnds | Tm) =0 for all dy € Dy and n,m € N with n # m.
(3) There exists a sequence y,, € N(X),n=1,2,..., such that

(a) >0 4(yn | yn) = 1 in the strict topology of M (A;).

(b) (yn | d1Ym)a, =0 for all d; € Dy and n,m € N with n # m.

Remark 3.2.
(1) Since X is an A;—As-imprimitivity bimodule, norms on X defined by their
inner products coincide each other, that is, || 4,(z | z)||2 = [[(@ | #).4,]|z for

x € X (cf. [35], Proposition 3.11]). We denote the norm by ||z||.
(2) The above elements x,,, ¥, € N(X) in Definition Bl satisfy the inequalities

(3.2) AT | zn) <1, Yn | Yn)a, <1

because of the inequalities

oo

Az | 2n) < llan | @)l = 1n [ 2n)aall <D {@n | 20)asl =1

n=1

and of similar inequalities for (y, | yn)A,-
(3) Both the left action of A; and the right action of A on X are non-
degenerate, that is, 41X = X = X.A. More strongly, we see that
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D1 X = X = XD,. In fact, for d; € Dy and z € X, the following in-
equalities hold:

lz = diz]|* = |z — dra | @ — dyz) |
= [lale [ 2) = dra(z [ ) — a(z | 2)di + diafe | 2)di]|
<@ | 2) = dvafz [ )]l + [anfe [ 2) = diafe | 2) ||l

As D; has a countable approximate unit for 4;, we have a sequence d; (n)
in D such that lim, . || — di(n)z|| = 0 so that D1 X = X.

In the following two lemmas, we assume that X will be an (Ay, D1)—(Asz, D2)-
relative imprimitivity bimodule and N(X) will be the subset of X defined in Defi-
nition 311

Lemma 3.3. For x € N(X), we have

(i) az|z) €D.
(ii) (z | )4, € D2.

Proof. (i) Let € N(X). For dy € Dy, we have
(3.3) {x—wdy | x—wda)a, = (x| )4y — (¥ [ ) 4y 2 = d5(x | ) a4, + 3 (2 | ) 4, o

Now D, contains an approximate unit for Ay, and the equality (8:3]) shows that for
any € > 0 there exists an element dy € Dy such that ||[(z — xds | * — zda) 4, < €.
Since X is an A;—As-imprimitivity bimodule, we see that || 4,(z—xds | z—zds)|| < €
by [35], Proposition 3.11]. By the Cauchy—Schwartz inequality (cf. [35, Lemma 2.5])
we have

I =llase —ads | 2)* az — zdz | )|
Sllae —2dz | 2 — zdy) ||| [ )]

<€fla(z [ )]

4z — zdy | z)

Hence we have

(3-4) sz | 2) = a(xde | )1 = lafe — vda | 2)|* < €]l alz | 2.

As 4,(zds | ) belongs to Dy, we conclude that 4,(z | ) belongs to D;.
(ii) is proved similarly to (i). O

Lemma 3.4.

(i) We have z =Y 07 | a(z | xp)ay, for z € X, which converges in the norm
of X, and a(xy | Tm) =0 for n,m € N with n # m.

(ii) We have z =Y 07 yn{yn | 2) 4, for z € X, which converges in the norm
of X, and (yn | Ym) =0 for n,m € N with n # m.

Proof. (i) As X = XDs, for z € X and € > 0 there exists do € Dy such that
|z — zds|| < e. Since Y 07 (2 | ®n)a, = 1 in the strict topology of M(As3), we
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may find K € N such that || ZnK=1 da(Tp | Tn) 4, — dz2|| < €. Therefore we have

K K
12 =Y iz [ @n)zal = [z = Y 2(@n | ) ol
n=1 n=1
K
<z = zds| + |2dz = Y 2da(wn | 20) 4.l
n=1

~

—|—‘|sz2 xn\xn Z xn|xn AQH

<|lz = zda|| + [|z[llld2 — Z da(@n | 2n) 4, ||

n=1

K

+ [[(2d2 — 2) Z (@n | Tn)all
n=1

=2+ =le,

so that > | a,(z | )2, converges to z in the norm of X.
As in the proof of Lemma B3] for n,m € N with n # m, there exists da(k) € Ds
such that
klggo a(@n | Tm) — a(@nd2(k) | $m>H2 =

Since 4,(xnda(k) | m) = 0, we have 4 (x, | z,m) = 0. O

The sequences {zy tnen, {Ynnen C N(X) satisfying conditions (2) and (3) in
Definition [B.1] are called a relative left basis or a relative right basis, respectively.
The pair ({z,},{yn}) is called a relative basis for X. We remark that study of
finite basis of Hilbert C*-modules is seen in [42].

We arrive at our definition of the relative version of strong Morita equivalence.

Definition 3.5. Two relative o-unital pairs of C*-algebras (A, D;) and (Az, D)
are said to be relatively Morita equivalent if there exists an (Aj, Dp)—(Asz, D2)-
relative imprimitivity bimodule. In this case we write (A, D) WY (As,Ds).

Lemma 3.6. Let (A, D1) and (A2, D2) be relative o-unital pairs of C*-algebras.
If there exists an isomorphism 0 : Ay — As of C*-algebras such that 6(Dy) = Do,
then we have (Ay,D;) v (A2,D2). In particular, for a relative o-unital pair

(A, D) of C*-algebras, we have (A, D) Ky (A, D).

Proof. Let a, € Aj,n € N, be a relative approximate unit for (A;,D;). Put
Xg = A; as vector space having module structure and inner products given by

(3.5) ar-x-ag:=a1x0 ay) for a; € Ay, az € Ag, x € Xp,
(36) A1<x | y> = Iy*, <l‘ | y>A2 = Q(I*y) for T,y € X@-
Put x,, = a,,n € N. We have for d; € Dy,ds € Do,

AfZnds | 2y) = anH_l(dg)a:; € Dy, (Tn | di2pn) a4, = 0(a)diay) € Do,
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so that x, € N(Xp). We also have

oo

an|mn ZQaan:

n=1

and

Al Znds | X)) = an9_1(d2)a* =0 forall do € Dy and n,m € N with n # m.

Similarly, by putting v, = a;;, we have

nr

A1<ynd2 | yn> = ane_ (d2)an S D1> <yn | dlyn>A2 = e(andla:l) S D27
so that y, € N(Xp). We also have

oo oo
Z A1<yn ‘ Yn) = ZGZGn =1
n=1 n=1

and

(yn | d1ym) = 0(andia),) =0 for all d; € Dy and n,m € N with n # m.

Hence ({z,},{yn}) is a relative basis for Xy so that Xy becomes an (Ay,D;)-
(Agz, Ds)-relative imprimitivity bimodule, thus proving (A, D) W (A3, D). O

We will next show that the relation A is an equivalence relation in relative
o-unital pairs of C*-algebras. Relative tensor products of Hilbert C*-bimodules are
seen in [38] Section 1] (see also [35, Section 3], [I9 Definition 1.20]).

Lemma 3.7. Suppose that X12 is an (Ay, D1)—( Az, Do)-relative imprimitivity bi-
module and Xag is an (Az, D2)—(As, D3)-relative imprimitivity bimodule. Then the
relative tensor product X12 ® 4, Xos of bimodules is an (A, D1)—(As, Ds)-relative
imprimitivity bimodule.

Proof. Take relative bases ({zn}, {yn}) for Xi2 and ({z,}, {w,}) for Xo3. We will
show that the pair ({z,, ® Zm}n.m, {Un @ Wmtn.m) becomes a relative basis for
X1 XA, Xo3. For d3 € D3, dy € Dy, we have

Al ®2m)ds | Tn®@2m) =4(Tn®@(2md3) | Tn®2m) = A(Tna2mds | 2m) | Tn),
(Tn®2m ‘ d1($n®zm)>A3 :<$n®zm | (dlxn)®zm>A3 = (2m | <xn | dlxn>AzzTn>A3~

As a(zmds | zm) € Da, we have 4({@na(2mds | 2m) | xn) € D1 so that
A @ 2 )d3 | Tp, ® 2my) € Dy. Similarly, we know that (z, ® zm | d1 (X ® 2im)) A,

€ Ds.
We also have
oo oo
Z (Tn @ z2m | Tn @ 2m) 4y = Z (zm | (Zn | Tn)as2m) 4,
n,m=1 n,m=1
o0 o0
:Z {(zm | an|xn Az)Zm) As

m=1 n=1

e E1

(zm | Zm)as = 1.

3
I
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For d3 € D3, we have
Al(@n @ zm)ds | 21 @ 2i) = A4, (Tn ® (2md3) | 21 ® 2k) = A (Tna(zmds | 2k) | 21).

If m # k, then 4,(zmds | zx) = 0. If n # [, then 4,(@n 4,(zmds | zx) | 1) = 0 because
AfZmds | zi) € Da. Hence if (n,m) # (I, k), we have 4,((z, ® zp)ds | 1 @ zi) = 0,
thus proving that the sequence {x,, ® 2z, }n,m is a relative left basis for X12® 4, Xos.
By a similar argument, one can show that {y, ® W, }n,m is a relative right basis
for X12 ®4, Xo3, so that ({zn ® 2mtnm, {Yn @ Wmnm) is a relative basis for
X12 ® 4, Xo3. O

Therefore, we have

Proposition 3.8. A relative Morita equivalence W s an equivalence relation in
relative o-unital pairs of C*-algebras.

Proof. The reflexive law follows from Lemma We will show the symmetric
law. Suppose that (A;, Dy) W (Az, Ds) via relative imprimitivity bimodule X7.

Then its conjugate module X5 denoted by Xs; becomes an (As, D2)-( Ay, Dy)-
relative imprimitivity bimodule (see [38, Definition 6.17], cf. [19, p. 3443]), so that
(Az, D) A (A1,D;). The transitive law follows from Lemma [3717 O

Lemma 3.9. Let (A, D) be a relative o-unital pair of C*-algebras. Then we have
(A,D) ~ (AK,D®C(C).
RME

Proof. Let a, € A,n € N be a relative approximate unit for (A, D). Recall that
{€n.m }n,men denotes the matrix units of K. Define X = A®e; 1. By identifying A
with A®Ce; 1, X has the natural structure of an A-A® K-imprimitivity bimodule.
Put z,,p;, =a, Qe m € X,n,meN. Ford; e Dand dy =d® f € D®C, we have
A<xn,md2 | xn,m> = anda; ® 617mf€>1k7m eD® (Cel,la
<xn,m ‘ dlxn,m>A®K = a;dan & €m,1€1,1€1,m €D ®C7
so that x,, ,,, belongs to N(X) under the identification between D with D ® Cey 1.

We also have
o0 oo

— * * _
s s - n M T
E (Tnm | Tn,m) ask E UpGn ® €] pe1m =181

n,m=1 n,m=1
in M(A® K). For dy =d® f € D®C, we have
ATpmdy | 21) = andaj, @ ey m fe] ;.

If n # k, we have andaj = 0. If m # [, we have ey, fe] ; = 0. Hence if (n,m) #
(k,1), we have a(xp mda | x,) = 0.
Put y, =@}, ®e11. Then for dy € D and do =d® f € D ®C, we have

AYndz | yn) = ayda, @ ey 1fe]; € DR Ceyy,
<yn | dlyn>A®lC = anda; ®e1 €D® C,
so that y,, belongs to N(X). We also have

oo oo
A<yn | yn> = Za:;an ®e1 =1®eqy,

n=1 n=1
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and (yn | diym)agk = andal, ® e;1 = 0 for n # m. Therefore, X becomes

an (A, D)—(A ® K, D ® C)-relative imprimitivity bimodule, so that (A, D) K

(ARK,D®C). O

Example 3.10. For m,k € N, let A; = M,,(C),D; = diag(M,,(C)) = C™, and
Az = M(C), Dy = diag(M;,(C)) = C*. Then we have (A, D) W (Az, D3).

We will present an (A;, Dq)—(As, Ds)-relative imprimitivity bimodule in the fol-
lowung way. Let Ag, Dy be M, 1(C),diag(M,,41(C)), respectively. Let py, ps be
the projections in Dy defined by

—— — —N— —
plz(la"'vlaoa"'ao), p2:(0a"'7031a"'31)~

We then have
Ai = p1Aop, Dy =Dopr  and Az = p2Aopa, Dy = Dop.
Put X = p1Agpo with a natural A;—As-bimodule structure and inner products
such that
(3.7) alzly)==zy", (z|lya, =27y forzyeX

It is not difficult to see that X becomes an (A;, Dy )—( Az, D2)-relative imprimitivity
bimodule so that (A;,D1) Ky (Az, Ds).

4. TSOMORPHISM OF RELATIVE STABILIZATIONS

This section is devoted to proving the following theorem, which is a relative
version of a part of Brown-Green—Rieffel theorem [5, Theorem 1.2].

Theorem 4.1. Suppose (A1, D1) Ky (Az,D3). Then there exists an isomorphism
D: A QK — Ay ® K of C*-algebras such that (D1 @ C) = Dy ®C.

Suppose that X is an (A, D1)—(Ag, Dy)-relative imprimitivity bimodule. Let
X be the conjugate bimodule of X ([38, Definition 6.17], cf. [19, p. 3443]). The
corresponding element in X to y € X is denoted by 7. It is straightforward to
see that X is an (Ag, Do) (A1, Dy)-relative imprimitivity bimodule. We define the
relative linking pair (A, Do) by setting

(4.1) Aoz{[ag ;}|a1€A1,a2€A2,x,y€X},
2
d 0
(4.2) Doz{[ol d2]|d1€D1,d26D2}.

As in [B, p. 350] the products between two elements of Ag are defined by

{al x} {bl z} _ {albl + 4,z | w) a1z + xby }
¥ o az| |[w by’ yb1 + axw (Y| 2)a, +agba]’

and the adjoint of {ayl ;] € Ay is defined by
2

ar x]" _fai
¥y oaz| T |T al|’
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Let X ® As be the Hilbert C*-right module over As with the natural right action
of A5 and As-valued right inner product defined by

21T
o] o = @ s+ ot
The algebra Ay acts on X & A, by

ar x| [z] [ a1z+ b

7 oaz| |b2]  |(W|2)a, +aba]’
As seen in [35], Lemma 3.20], Ay itself is a C*-subalgebra of all bounded adjointable
operators on the Hilbert C*-right module X & A;. We set

(4.3) R_Bﬂ, g_Bﬂ.

They satisfy P, + P, =1 and
(44) P1AOP1 = Al, D0P1 = Dl and PQA()PQ = AQ, D()Pg = Dg.

To prove Theorem [£I] we provide several lemmas.

Lemma 4.2. Let ({zn},{yn}) be a relative basis for X.

. 0 x,
(i) Put U, = {0 0
conditions.

(a) Py =>0", UrU, which converges in the strict topology of M(Ay).
(b) U, U < Py and U, U}, =0 forn #m.

(¢) UnDoU: C DyPy = Dy.

(d) U:DoUy, C DyPs = Ds.

.. 0 0
(ii) Put T, = {y 0

} € Ag,n € N. The sequence U, satisfies the following

} € Ag,n € N. The sequence T,, satisfies the following
n
conditions.

(a) Py =) 0", TrT, which converges in the strict topology of M(Ao).
(b) T, T} < Py and T, T, =0 for n # m.

(C) TnpoT; C DyPy =Ds.

d) T;:D()Tn C DyP, =Ds.

(
Proof. (i) For dy € Dy,ds € Ds, we have
di 0 0 0
45 U U, = .
45) " {0 d?] [0 (n | d1$n>A2]
Since z,, € N(X) and dy € Dy, we have (x, | dizn)a, € Da, so that U DyU, C
Do P», which shows (d). Since we have
Lo 0
(4.6) UrU, = {0 o Wz] ,

the equality > o, (z, | xn)a, = 1 implies Y-, UrU,, = P> which shows (a). And
also for dy € Dy,dy € Dy, we have

di 0 «  |afxnda | zn) O
» it 9o - [l ]
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Since x, € N(X) and ds € Dy, we have 4 (z,ds | ,) € D; so that U, DU} C
Do Py, which shows (c). Since we have

0 0

the inequality 4,(z, | z,) < 1implies U, U} < Py and 4,(zy | m) = 0 for n,m € N
with n # m, which shows (b).

(4.8) UL U, = {Al@” | @m) O] ,

(ii) is proved similarly to (i). O
Lemma 4.3. The pair (Ao, Do) is relative o-unital.
Proof. Refer to Lemma and the notation given there. Put a, = {; xon} =

U, + T,,. It then follows that
Y oatan=> UiUn+ Y TiT,=Py+P =1
n=1 n=1 n=1

For dy € Dy1,ds € Do, we have

a;;[dl O}an:U;{dl O]Un—i—T;[dl O}Tn

0 d2 0 d2 0 d2
U | d27,) A, 0 ]
= n n € D1 @Dy =Dyg.
{ 0 (n | d12n) 4, ! 2 0
0

0 ds
anda®, = Uy + T)d(Un + Tpn)* = UpdUZ, + TodT? =0

for d = dy + dy € D1 @ Dy and n # m. Hence, {a,} is a relative approximate unit
for (Ag, Dp), thus showing that (Ag, Dp) is relative o-unital. a

Similarly, we have a,, {dl } ay, € Dy @ Dy. We also have

Let us decompose the set N of natural numbers into disjoint infinite subsets
N = U;’il N; and decompose N; for each j once again into disjoint infinite sets
N; = Ureo Nj x. Recall that {e; ;}; jen denotes the matrix units which generate the
algebra K = KC(¢2(N)). Put the projections f; = ZieNj eii and f g = Zz‘eNj,k €ii-
Take a partial isometry s(; 1) ; such that Sfj,k),js(jvk)vj = fj>s(j7k)7j8>(kj,k),j = fik)s
and put s; (k) = {; 1) ;- Let P1, P be the projections of M(Ao) defined in (E.3).
Take sequences Uy, Ty,,n € N, as in Lemma .2l We set forn =1,2,...,

(49) Up = Z Uk ® S(n,k),ns w, =P ® S(n,0),n + Unp,
k=1
(410) tn = ZT‘Z & S(n,l),n» n=P® S(n,0),n + tn-
=1

Then we have

Lemma 4.4 (cf. 29, Lemma 3.3]). For each n € N, we have
(i) wy, is a partial isometry in M (Ay @ K) such that
(a) wpw, = 1@ fi.
(b) wyw) < Py ® f.
(C) wn(Do ® C)w: cDi®C.
(d) w; (Do ® C)wn C D, ®C.
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(i) zp is a partial isometry in M(Ag ® K) such that
(a) 28z, = 1@ fn.
(b) zpzti < Py ® fo.
(¢) z2n(Dy®C)zr C Dy ®C.
d) Z;(DO ®C)Zn CcDi®C.

(
Proof. (i) Since ulu, = P> ® f,, we have
w:wn:Pl ®fn+u:1un:P1®fn+P2®fn:1®fn
As un(P1 ® 5p,(n,0)) = (P1 @ 8y, (n0)) Uy, = 0, we have

wnpwy, = P1 ® fin0) + tuntty, = P1 ® fn0) + ZUKUI: ® fin,k)-
k=1

Since f(n70)7 f(n,k:) < f’m we have

The assertions (c¢) and (d) directly follow from (i)(c) and (i)(d) in Lemma 2]
respectively.
(ii) is proved similarly to (i). O

We will construct and study a unitary V4 in M(Ap ® K) such that Ad(V7) :
AO QK — A ® K and Ad(Vl)(DO ®C) =D ®C.

Let fnm be a partial isometry satisfying f; ., fn.m = fms famfom = o The
following lemma is straightforward.

Lemma 4.5 (cf. 29, Lemma 3.4]). We put
v1 =w1 = P1 ® s(1,0),1 + U1,
Vop = (P1 @ fr —von—1v3, 1) (Pt ® fany1) for1 <neN,
Von—1 = Wp(1® fr, — 03, _oUapn_2) for2<neN.
Then we have for n € N
(a) v3,_oVan—2+ 03, V21 =1Q fp.
(b) vop—1v3, 1 +vapvd, = P ® f.

(¢) vn(Do @ C)uy C D1 RC.
(d) ’U:;('Dl ® C)’Un CDy®C.

By Lemma we have the following proposition.
Proposition 4.6. Assume that (Ay, D) W (Az,D3). Let (Ao, Dy) be the relative

linking pair defined in (&I and [E2]).

(i) There exists an isometry Vi in M(Ag ® K) such that
(@) ViVi =1®1.
(b)y V=P ®1.
(C) Vl(Do ®C)V1* =D ®C.
(d) Vl*('D1 ®C)Vi =Dy®C.

(ii) There exists an isometry Vo in M(Ag ® K) such that
(a) Vo'Vo=1® 1.
(b) VaVy = Py @ 1.
(C) VQ(DO ®C)V2* =Dy ®C.
(d) V5 (D2®C)Va =Dy ®C.
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Proof. (i) Let v, be the sequence of partial isometries in M (Ag ® K) defined in
Lemma Recall that {e;;}ijen denotes the set of matrix units of the C*-
algebra K of compact operators on ¢*(N). For a®e; ; € Ay ® K and m,n € N with
m > n, we have

2m—2 2n—2 2m—2

1Y wla@eis) = Y vla®e)* = Y w)a@ey)|?
k=1 k=1 k=2n—1
2m—2

=ll@* ®ei,)( Y vive)(a®eiy)|

k=2n—1

=ll(a* ® ;) (D 1® fi)(a®eiy)l|

k=n

m
<Y la*a®@ejifreis)

k=n
and

2m—2 2n—2 2m—2

la®ei;) > vn—(a@eis) > wll> =lla@ei)( Y vvp)la* e

k=1 k=1 k=2n—1

=lla®ei )Y P fi)(a* @ef))]

k=n

m
< llaa” @ e j fresi)ll-
k=n

As fr, = ZieNk ei i, we have e;; fre; ; = e jfre;s = 0 for sufficiently large numbers
k. Since the linear span of the form a®e; ; for a € Ag, 7,j € Nis dense in A4y ® I,
a routine argument shows that the summation >~ ; v, converges in M(Ay ® K)
to an element V; in the strict topology of M (A ® K). The conditions (a) and (b)
in Lemma [L5 let V7 satisfy the conditions (a) and (b) in (i) of Proposition 6] so
that V4 becomes a partial isometry in M(Ap ® K). It satisfies the conditions (c)
and (d) because of the conditions (c¢) and (d) in Lemma 5]

(ii) We similarly obtain a desired partial isometry V5 in M(Ap ® K) from the
preceding partial isometries t,, z, defined in (£I0) instead of w,, wy,. O

Therefore, we reach the following theorem.
Theorem 4.7. Let (A1, D1) and (Az, Ds) be relative o-unital pairs of C*-algebras.
Then (A1, D) v (A2, Ds) if and only if there exists an isomorphism ® : A; ®
K — Ay ® K of C*-algebras such that ®(D; @ C) =Dy @ C.

Proof. Suppose (A;, D) v (Az, Ds). Take isometries V1, Vs in M(Ag ® K) as
in Proposition Put ® = Ad(V,V;*) which gives rise to an isomorphism & :
A1 @ K — Ay ® K of C*-algebras such that ®(D; ® C) = Dy ® C.

Converse implication comes from Lemma [3.6] Proposition B.8 and Lemma [3.9
O
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5. RELATIVE FULL CORNERS

In [, L. G. Brown introduced the notion of full corner of a C*-algebra and
proved that two o-unital C*-algebras are stably isomorphic if and only if they are
full corners of some common o-unital C*-algebra ([4], Corollary 2.9]). Brown, Green,
and Rieffel have further shown that two C*-algebras are strongly Morita equivalent
if and only if they are complementary full corners of some C*-algebra (|5, Theorem
1.1]). In this section, we will study a relative version of their result.

Definition 5.1. For a relative o-unital pair (A, D) of C*-algebras, a projection
P € M(D) is said to be relatively full in (A, D) if it satisfies the following conditions.

(1) Pd=dP for alld € D.

(2) There exists a sequence a,, € A,;n=1,2,..., such that
(a) aXda, € D, andal, e DP forallde Dand n=1,2,....
(b) >°0°, akPa, =1— P in the strict topology of M(A).

(¢) andal, =0 for all d € D and n,m € N with n # m.

We call the sequence {ay, }nen satisfying the three conditions (a), (b), and (c) a
relative full sequence for P.

Remark 5.2. By condition (b) above, we know that
(b”) aydPa, € D(1—P) foralldeD,
because we have
(ardPay,)*a)dPa, = a), Pd*a,a)dPa, < ||d*aya;d|a; Pa, <1— P.

Definition 5.3. Relative o-unital pairs (A3,D;) and (A2, Dy) of
C*-algebras are said to be complementary relative full corners if there exists a
relative o-unital pair (A, Dg) of C*-algebras such that there exist relative full
projections Py, Py € M(Dp) such that

(5.1) P +P,=1 and PAP, =A;, DyP;, =D, 1 =1,2.
Proposition 5.4. Let (A1,D1) and (Az,Ds2) be relative o-unital pairs of C*-
algebras. If they are complementary relative full corners, then we have (Aq, D) v
(Az, D3).
Proof. Let (Ao, Do) and P; € M(Dy),i = 1,2, be a relative o-unital pair of C*-
algebras and projections, respectively, satisfying Definition B3l Let {a,} and {b,}
be relative full sequences for the projections Pi, Py, respectively. We set X =
Py ApP, with natural A;—As-bimodule structure and inner products as in (B1).
Define two sequences by z, = Pia,P» and y, = Pib),P,. For d € Dy, put d; =
dP;,i=1,2. It then follows that

Alxndy | 1) = Pray Pedy Paay, Py € DoPy = Dy,

<£L’n | d1$n>_,42 = Pga;‘LPllelanPQ S D()PQ = DQ.

Hence, z,, belongs to N(X). We also have

oo

> lan | 2n)a, =Y PrajPranPy = Py

n=1 n=1
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and

Alxndy | £) = Pran PedPray, Py =0 for n #m,

because PdPs € Dy and a, PadPeal, = 0 for n # m. Hence, {z,} is a relative left
basis for X. Similarly, we have

AlYnd2 | Yn) = Prb;, Pada Pobp, P1 € Do Py = Dy,
(Yn | d1yn) A, = PabpPrdi Prby, Py € DoPy = Ds.
Hence, y,, belongs to N(X). We also have

ZA1<yn | yn> = Zplb:lp2bnpl =P
n=1

n=1

and
<yn | dlym>A2 = PgbnpldPlb:nPQ = O fOI' n # m.

Hence, {y,} is a relative right basis for X. Therefore, X is an (Ay, D;)—(Az2, Ds)-
relative imprimitivity bimodule, so that we have (A, D) WY (As,Ds). O

We obtain the following theorem.

Theorem 5.5. Let (A1, D) and (Ag, D2) be relative o-unital pairs of C*-algebras.
Then (A1, Dy) Ky (Aa,D2) if and only if (A1, D1) and (Az, Ds) are complemen-

tary relative full corners.

Proof. The “if” part has been proved in Proposition[5.4l To show the “only if” part,
suppose (A1, D) Ky (Ag, D). Take (Ag, Dy) the linking pair defined in (£1]) and

[#2). Let Py, P, be the projections in M (Dy) defined by ([@.3]). Take the sequences
U,,T, as in Lemma The proof of Lemma shows us that the sequences
an = U, and b, := T, are relative full sequences for P; and P, respectively, so
that P, and P are relative full projections in (Ag, Dp). Since Py + P, = 1, the
equalities ([@4]) show that (A;,D1) and (Agz,Ds) are complementary relative full
corners. ]

6. RELATIVE MORITA EQUIVALENCE IN CUNTZ-KRIEGER PAIRS

In this section, we will study relative Morita equivalence, particularly in Cuntz—
Krieger algebras, from a viewpoint of symbolic dynamical systems. For a non-
negative matrix A = [A(i, )];_,, the associated directed graph G4 = (Va, Ea)
consists of the vertex set V4 = {v{l,... v} of N-vertices and the edge set Fy =
{a1,...,an,} where there are A(i,j) edges from v* to v!. For a; € E4, denote
by t(a;), s(a;) the terminal vertex of a; and the source vertex of a;, respectively.
The graph G4 has the Na x N4 transition matrix AY = [A%(a;, Clj)]ﬁ\fle of edges
defined by

1 if t(a;) = s(ay)
6.1 A%(a;,a;) = 70
(6.1) (ai, ;) {O otherwise

for a;,a; € E4. The Cuntz—Krieger algebra O4 for the matrix A is defined as the
CuntzKrieger algebra O ¢ for the matrix A® which is the universal C*-algebra
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generated by partial isometries S,, indexed by edges a;,7 = 1,..., N4 subject to
the relations

NA NA
(62) > S Si =1, SiSa =Y A%aia;)S.,S; fori=1,...,Na.
j=1 j=1

The subalgebra D4 is defined as the algebra D 4c. The pair (O4,D4) is called the
Cuntz—Krieger pair for the matrix A. In what follows, we assume that the matrix
A is irreducible and non-permutation. Since 1 € Dy C O4, the pair (O4,Da)
is relative o-unital. As in [20], the isomorphism class of the pair (Oa,D4) is
exactly corresponding to the continuous orbit equivalence class of the underlying
one-sided topological Markov shift (X4,04). Its complete classification result has
been obtained in [30, Theorem 3.6] (cf. [§] for more general result).

Let A, B, Z be square irreducible and non-permutation matrices with entries in
nonnegative integers.

Definition 6.1. Two Cuntz—Krieger pairs (O4,Da) and (Oz,Dz) are said to be
elementary corner isomorphic if there exists a projection P € Dz and an isomor-
phism @ : POz P — O4 such that ®(DzP) = Ds. We identify POz P, Dz P with
Oy, D4 through @, respectively, so that we write

(6.3) POyP =0,  DzP =Dy

Two Cuntz—Krieger pairs (O4,D4) and (Op, Dp) are said to be corner isomorphic
if there exists a finite chain of Cuntz—Krieger pairs (Oz,,Dz,),i =0,1,...,n, such
that Zy = A, Z,, = B, and either (Ozi,’Dzi) and (0Z¢+1 R DZi+1) or (OZ¢+1 , DZi+1)
and (Og,,Dz,) are elementary corner isomorphic for all ¢ = 0,1,...,n. That is,
the equivalence relation generated by elementary corner isomorphisms in Cuntz—
Krieger pairs is the corner isomorphism.

This equivalence relation appears in Carlsen, Ruiz, and Sims’s paper [9] related
to Kakutani equivalence of groupoids introduced by Matui [31]. Carlsen, Ruiz, and
Sims are discussing a more general setting, the so-called graph algebra setting. By
their result [9, Corollary 4,5], we see that two Cuntz—Krieger pairs (O4,D4) and
(Op, Dp) are corner isomorphic if and only if there is a diagonal preserving isomor-
phism of their stabilized Cuntz—Krieger algebras. Hence the following proposition
and Theorem are obtained directly from their result. Their methods are due to
groupoid technique. We will prove the following proposition and Theorem by a
functional analytic method.

Proposition 6.2. Let A, B be nonnegative irreducible non-permutation matrices.
If two Cuntz—Krieger pairs (Oa,Da) and (Op,Dp) are corner isomorphic, then
they are relatively Morita equivalent, and hence there exists an isomorphism @ :
04 ®K — Op ® K of C*-algebras such that ®(Da ®C) =Dp ®C.

Proof. We assume that (O4,Dy4) and (Oz,Dz) are elementary corner isomor-
phic by a projection P € Dy satisfying (€3], so that we identify O4, D4 with
POy P,DyP, respectively. We set X = POz which has a natural structure of an
0 4—Oz-imprimitivity bimodule in the following way:

a-x-b:=axb forac Oy, be Oy, xc X,
OA<:E | y> :.’L'y*, <.’L’ | y>OZ :l'*y for T,y € X.
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We will show that X becomes an (O, D4)—(Oz, Dz)-relative imprimitivity bimod-
ule. We may assume that the projection @@ = 1 — P is not zero. Let Sy,...,Sn, be
the canonical generating partial isometries of the Cuntz—Krieger algebra Oy satis-
fying the relations (G.I)) for the matrix Z. As Q € Dz, one may find a finite family
of admissible words u(k),k = 1,..., Ny of Xz such that |u(1)] = --- = |u(N1)]

and Q = E,]j:ll Syu(k) Sy Where |(7)| denotes the length of u(i). Since Z is
irreducible, we may find admissible words v(k) of Xz for each u(k) such that
()| =--- = |v(Ny)] and

P> Sy(k)Sz(k), Su(k)Sp,(k) #0, k=1,...,Ny.

As v(k)p(k) is an admissible word in Xz, we know S kySuk) = Su(k) k) For
k=0,1,..., Ny, put

{P if k=0,
Ty = . .
SV(k)SM(k)SH(k) ifk=1,...,N;.

As xp, = Pxp,k=0,1,..., Ny, the sequence x,k = 0,1,..., N7 belongs to X. We
then see that for K =0,1,..., Ny,

OA<$kd2 | xk> = l‘kdgxz € DyzP fordy € Dy,
<l‘k | dlxk>(92 = IZdﬂEk € Dy for dy € Dz P
so that xp, k = 0,1,..., Ny belong to N(X). We also see that

N1 Nl
Y @kl @r)o, = P+ SumySiiSeiSu) Sut) Sy
k=0 k=1

Ny
k=1

and
0A<.’Ekd2 | £L'l> =0 for dy € Dz, k 7£ l.

Hence the sequence zx, k = 0,1,..., Ny, is a relative left basis for X in the sense
of right before Definition It is easy to see that the sequence y, = PSk, k =
1,..., N7 belongs to N(X) and satisfies the equalities

N, N1
> oy ) =Y PSSP =P
k=1 k=1

and

<yk ‘ d1y1>(gz = S,ﬁPleSl =0 ford; € DzP, k 7& l.

Hence, the sequence yi, k = 1,..., Ny, is a relative right basis for X, so that the
pair ({zx}oto, {yxJnt,) is a relative basis for X, proving that X is an (O4,Da)-
(Oz, Dz)-relative imprimitivity bimodule, which gives rise to a relative Morita
equivalence between (O4,D4) and (Oz,Dz). The assertion that there exists an
isomorphism ® : O4 @ K — Oz ® K of C*-algebras such that ®(D4®C) =Dz ®C
follows from Theorem 7] O

Therefore we have the following theorem, which has already appeared in Carlsen,
Ruiz, and Sims [9].
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Theorem 6.3 (Carlsen-Ruiz—Sims [9]). Let A, B be nonnegative irreducible and
non-permutation matrices. The Cuntz—Krieger pairs (Oa,Da) and (Op,Dp) are
corner isomorphic if and only if there exists an isomorphism ® : O 4K — OgQK
of C*-algebras such that (D4 ® C) = Dp ® C.

Proposition shows the only if part of the above theorem. The if part directly
follows from Carlsen-Ruiz—Sims [9 Corollary 4.5] as well as the only if part. The
if part also follows from the discussions in Appendix B with [30, Corollary 3.8].
As a consequence we have a functional analytic proof of the above theorem using
[30, Corollary 3.8].

We may summarize our discussions for Cuntz—Krieger algebras in the following
way.

Theorem 6.4. Let A, B be irreducible non-permutation matrices with entries in
{0,1}. Let Oa,Op be the associated Cuntz—Krieger algebras. Then the following
assertions are mutually equivalent.

(1) (Oa,Da) ~ (05 Dp).

(2) (040K, Da®C) R (Op®K,Dp®C).

(3) There exists an isomorphism ® : Oy @ K — Op ® K of C*-algebras such
that (I)(DA ®C) =D ®C.

(4) (O4,D4) and (Op,Dg) are corner isomorphic.

(5) The two-sided topological Markov shifts (X a,54) and (Xp,55) are flow
equivalent.

Proof. (1) <= (2) comes from Lemma 3.9

(1) <= (3) comes from Theorem [L.7]

(3) <= (4) comes from Theorem [63] ([9, Corollary 4.5]).

(5) = (3) comes from [I4] 4.1 Theorem)].

(3) = (5) comes from [30, Corollary 3.8]. O

7. RELATIVE PICARD GROUPS

Let (A1, Dq) and (Ag, Do) be relative o-unital pairs of C*-algebras. Let X, Y be
an (A, Dy1)—(Az, Da)-relative imprimitivity bimodule. Then X and Y are said to
be equivalent if there exists an isomorphism ¢ : X — Y of an A;—As-imprimitivity
bimodule such that

(p(w1) | p(w2)) = (x1 | 22) for m1,20 € X

for both left and right inner products. As ¢ : X — Y preserves the bimodule
structures and inner products of X and Y, we know ¢(N (X)) = N(Y). We denote
by [X] the equivalence class of a relative imprimitivity bimodule X. For a relative
o-unital pair (A, D) of C*-algebras, we introduce a notion of relative version of
Picard group as follows.

Definition 7.1. The relative Picard group Pic(A, D) for (A, D) is defined by the
group of equivalence classes [X] of an (A, D)—(A, D)-relative imprimitivity bimodule
by the product

[X]-[Y] = [X ®.4 Y]
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We remark that the identity element of the group Pic(A, D) is the class of the
identity (A, D)—(A, D)-relative imprimitivity bimodule X = A defined by the mod-
ule structure and the inner products
(7.1) a-z-b = axb, Az | y) = xy™, (x| y)a:=2"y for a,bx,yecA
Since (A, D) is relative o-unital, the above X becomes an (A, D)—(A, D)-relative
imprimitivity bimodule as seen in Lemma
Lemma 7.2. If (A;,D) K (A2, Ds), we have isomorphic Picard groups
Pic(A1,D1) = Pic(As, Dy). Hence we have Pic(A,D) = Pic(A® K,D ® C) for
every relative o-unital pair (A, D) of C*-algebras.

Proof. Let X be an (Ay, Dy)—(Asg, D)-relative imprimitivity bimodule, and let X
be its conjugate module, which is an (Asg, D2)—(A1, D1)-relative imprimitivity bi-
module. Tt is easy to see that the correspondence

[Y] € Pic(Ay,D1) — [X @4, Y @4, X] € Pic(Az, Ds)

yields an isomorphism as groups, because [X ®4, X| is the unit of the group
Pic(Az2, D) and [X ® 4, X] is the unit of the group Pic(Ay, D). O

If0 : Ay — As is an isomorphism of C*-algebras such that 6(D;) = Da, then we
write 6 : (A1, D1) — (A2, D2) and call it an isomorphism of relative o-unital pairs
of C*-algebras. As in Lemma 3.6 any isomorphism 6 : (A, D1) — (A, Ds) gives
rise to an (Ay,D1)—(Az, Do)-relative imprimitivity bimodule Xy. The following
lemma holds.

Lemma 7.3. Let 015 : (A1,D1) — (A2, D2) and b3 : (A2, Dy) — (A3, D3) be
isomorphisms of relative o-unital pairs of C*-algebras. Then we have

[X912 XAz X923] = [X9230912]'

Therefore, we have a contravariant functor from the category of relative o-unital
C*-algebras with isomorphisms 6 : (A1, D1) — (A2, D2) as morphisms into the
category of relative o-unital C*-algebras with equivalence classes of relative im-
primitivity bimodules.

Proof. As in the proof of Lemma B.6] for the isomorphism 6,11 : (A;,D;) —
(Ait1,Diy1), i = 1,2, the (A;, D;)—(Ait1, Dit1)-relative imprimitivity bimodule
Xo is defined by Xy = A, having module structure and inner products given
by

Qi - Tiiq1 - Qg1 = ai£ii+19{ii1(ai+1) for a; € A, air1 € Aig1, Tiig1 € Xo,ys

ii4-1 ii4-1

Al | Yiit1) = Tiir1Yiigs (Tiit1 | Yiit1) Ay = i1 (25541 Yii+1)

for @ii41,Yii+1 € Xo,,,,, @ = 1,2. We will see that the correspondence
-1
Y1 T12 @ T23 € X912 DA, X923 — 1‘12912 ('T23) € X9230912

yields an isomorphism from Xg,, ® 4, Xo,, to Xg,500,,. For a; € A;, i = 1,3, we
have the equalities

30((11(2012 & 9623)@3) = 90((119512 ® x239§31(a3))
= a1712075 (223053 (a3))
= a1212075 (723) (023 © 012) ' (a3)

= a1p(x12 ® T23)as.



RELATIVE MORITA EQUIVALENCE 7033

We also have

A(p(212 @ 23) | 0(Y12 @ y23)) = A, (12075 (223) | 126075 (y23))
= x129f21(x23y§3)y1‘2
= (z12.4(T23 | Y23)) Y12
= A(T12.4,(T23 | Y23) | Y12)
= A(T12 ® T23 | Y12 ® Yo3)

and

(@12 @ 223) | (Y12 ® Y23)) 4y = (212015 (223) | Y12015 (y23)) 4,

= (023 0 012) (212015 (223) 12015 (y23))

= Oa3(235((z12 | Y12).4,Y23))

= (23 | (w12 | Y12) 4, Y23) As

= (T12 ® T23 | Y12 ® Y23) A5-
Hence, we know that ¢ : Xg,, ® 4, Xo,;, — X¢,500,, yields an isomorphism so that
[Xo1, @4, Xoog] = [Xo,5001,]- U

Let Aut(A, D) be the group of automorphisms 6 on A such that (D) = D, that
is,
Aut(A,D) := {0 € Aut(A) | (D) = D}.

We denote by U(A,D) the group of unitaries u € M(A) satisfying uDu* = D.
We denote by Ad(u) the automorphism of (A, D) defined by Ad(u)(a) = uau* for
a € A. Let us denote by Int(.A, D) the subgroup of Aut(.A, D) consisting of such au-
tomorphisms of (A, D). Each § € Aut(A, D) can be extended to an automorphism
of M(A) in a unique way by [7] and denoted by 6. Hence Int(A, D) is a normal
subgroup of Aut(A, D). By the preceding lemma, we have an antihomomorphism

6 € Aut(A, D) — [Xy] € Pic(A, D).

Proposition and Corollary below are achieved in a similar manner to Brown,
Green, and Rieffel’s argument [5, Proposition 3.1] and [5 Corollary 3.2], respec-
tively. We will give the proofs for the sake of completeness. We provide a lemma
below.

Lemma 7.4. Let Xy = A be the identity element of the group Pic(A, D) which
has a natural (A, D)—(A, D)-relative imprimitivity bimodule structure. Then for
u € U(A, D), the correspondence

oy 1T € Xo —> 2u € Xpqg(u)
yields an isomorphism of (A, D)—(A, D)-relative imprimitivity bimodules.
Proof. For a,b € A and z,y € X, we have
oulaxb) = axbu = azu - u*bu = azu Ad(u) "1 (b) = ap,(x)b

and
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Hence, ¢, : © € Xo — wu € Xjq(,) gives rise to an isomorphism of A-A-
bimodules, which yields an isomorphism of (A, D)—(A, D)-relative imprimitivity
bimodules. (]

Proposition 7.5 (cf. [B, Proposition 3.1]). The kernel of the antihomomorphism
from Aut(A, D) into Pic(A, D) is exactly Int(A, D). That is, we have an exact
sequence

1 — Int(A, D) — Aut(A, D) — Pic(A, D).

Proof. The identity element of the group Pic(A,D) is Xy = A with a natural
(A, D)—(A, D)-relative imprimitivity bimodule. For any u € U(A, D), Lemma [74]
says that the map ¢, : ¥ € Xo —> zu € Xpq(q) gives rise to an isomorphism of
an (A, D)-(A, D)-relative imprimitivity bimodule so that [Xo] = [Xaq(u)]. Hence
Ad(u) belongs to the kernel of the antihomomorphism Aut(A, D) — Pic(A, D).

Conversely, for § € Aut(.A, D), suppose that Xy represents the identity element
of Pic(A, D), which means that Xy is equivalent to Xy = A. Hence one may take
an isomorphism £ : Xg — Xy as (A, D)—(A, D)-relative imprimitivity bimodules.
It satisfies for a,b € A, z,y € X

(7.2) E(ax) = ag(x),  &(ab) = &(2)07'(b),
(7.3) §2)é(y)" =zy",  0(&(x)"E(y)) = =7y

We then have by ([T2), {(x)y = &(z6(y)) = 2£(0(y)) for 2,y € A, so that the pair
(€ 06,¢) gives rise to a double centralizer of A which is regarded as an element
of M(A) denoted by u (cf. [4I, Proposition 2.2.11]). This means that &(z) =
zu, (£ 00)(y) = uy for x,y € A. Equation (73] implies that zuu*y* = zy* for
z,y € A so that uu* = 1. Now £ preserves the right A-valued inner product so
that 0(u*z*yu) = x*y and hence u*z*yu = 0~ (x*y) for all x,y € A. This implies
that u*au = 071(a) for all @ € A. By taking an approximate unit {a,} in A, we
see that u*u = 1. Therefore, we obtain a unitary u € M(A). Since 6(D) = D, we
have u € U(A, D) and Ad(u) € Int(A, D), thus proving that the sequence

1 — Int(A, D) — Aut(A, D) — Pic(A, D)

is exact. O

Corollary 7.6 (cf. [B, Corollary 3.2]). Let (A1,D1) and (A2, D) be relative o-
unital pairs of C*-algebras. Let o, B : (A1, D1) — (A2, D3) be isomorphisms.
If X, and X are equivalent, then there exists a unitary u € U(A,D) such that
B =Ad(u)oa.

Proof. Since [X,] = [X3], we have
id = [Xa] 7' [Xp] = [Xo-1 ®ay Xp] = [Xgoa-1].
Hence 37! oa € Int(Asg, Ds) so that there exists a unitary u € U(Ag, Do) such that
B7toa = Ad(u). O
The following lemma is also a relative version of [5, Lemma 3.3].

Lemma 7.7 (cf. [5 Lemma 3.3]). Let X be an (A1, D1)—(Asz, D2)-relative imprim-
itivity bimodule. Let (Ag, Do) be the linking pair of X defined by @I) and [E2).
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Then X is equivalent to Xg for some isomorphism 0 : (A1, D1) — (Az, D3) if and
only if there exists a partial isometry v € M(Ap) such that

. 1o . oo
(7.4) v = [0 0} , vt = {O J
and
(7.5) vDov* = Dovv™, v*Dov = Dyv™*v.

In this case, 0 is defined by 0(a) = vav*, a € A;.

Remark 7.8. Under equality (74), the second equality of (TH) follows from the
first equality of (7)), because the first equality of (5] ensures the equality

(7.6) v*vDov*v = v* Dyvv*v.

By ([Z4)), v*v commutes with any elements of Dy so that (0] goes to the second
equality of (T3).

Proof of Lemma [[70l Although the proof basically follows the proof of [5, Lemma
3.3], we give it here for the sake of completeness. Suppose that X is equivalent
to Xp for some isomorphism 6 : (Ay,D;) — (A2, Ds). By this isomorphism, the
linking algebra Ay of X is identified with that of Xy. Hence, Xy = A; and

Ao—{{a_l x} |a16A1,a2€A2,x,y€X9}.
Yy a2

We define operators v, v* on Xy ® As by

Lol -] e

where Xy is identified with A; so that 6(z) € Ay and 07 1(c2) € Xg. Put

n(ly )=l ale = (G a)=r5 ol

For z € Xy, c € As, we have

n(ly D) a)=[o ol o] = 250

Since z € Xy is regarded as an element of A5, the first component of the right-hand
side above is exactly 26~1(0(z)) = xz because of the definition of the right A;-
module structure of Xy as in ([B.3). The second component as - 6(z) equals a20(z).
On the other hand, we have

{9%) 8] H N [<9-1<af§| mj B [aﬁz)}
(3 2])-le e

() | MR et

B [9(a12+29_1(02))] - {g(alz)ie(x)ci

so that
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and

{501 9(033)] Lj - [(al | Z>A:)+ 9(3?)02] N {9(%2) 39(93)02]

(g o[ es

Hence, both R, and L, give rise to operators on Ag. Since the identity

ay x ai 2| |l =z ay
w5 W)l A=l = %

hold, the pair (L,, R, ) becomes a double centralizer of A, which defines an element
of M(Ap) (cf. [41] Proposition 2.2.11]). Similarly (L, R,+) defines an element of
M (Ap) such that (L, R,)* = (Ly+, Ry+), so that we may write (L,,R,) = v. It

then follows that
| 2] _ |7 « |1 0
v v [02} = [O} and hence v*v = {0 O] ,

w* | Z | = 0 and hence ovv* = 0 O.
Co C2 0 1

For a1 € Ay, z € Xy, co € Ay, we have

GG R 1 R Gl ol 7 g e |

so that
v |4 0 o — 0 0
0 O 10 O(ar) |’

This means that 6(a;) = vajv* for a; € A; under the identification between A; and

so that

["gl 8} . Since 6 : A1 — A, satisfies (D) = Dy and Dy = Dyv*v, Dy = Dovv*,
we have

vDv* = vDyv*vv* = vD1v* = 0(Dy) = Dy = Dyvv”*
and hence

v*Dov = v*(Dovv* )v = v* (VDyv™*)v = Dyv™*v.

Conversely, suppose that a partial isometry v € M(Ap) satisfies the equalities
([C4) and (TH). For a € A;, the equalities

Oovaov*oo—vv*vaov*vv*—va01}*
0 1 0 0 0 1| 0 0 700

hold, so that there exists an element 6(a) in A, for each a € Ay such that

el )
0 0 0 6(a)|’

and the correspondence a € A3 — 6(a) € As gives rise to an isomorphism of
C*-algebras. The conditions (74) and (TH) imply that vDyv* = Dovv* = Dy and
v*Dov = Dov*v = D; so that we have vDiv* = vv*Dovv* = Dy. This implies that
0(D1) = Ds.
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We will next see that X is equivalent to Xy. We identify A; with its image in
Ap, and then we will define a map n: X — A;(= Xp) by

n(z) = {8 ‘3] for z € X.

Since

v on(x)vtv = L 0110 @ vu*u = 0 @ v =n(zx)
7 ~ o oflo o o o] ")
we see that n(x) € A;. By a routine calculation, we know that 7 is a bimodule

homomorphism from X to Xy which preserves both inner products, and hence 7
gives rise to an isomorphism between X and Xjy. ([l

The following theorem is also a relative version of a Brown—-Green—Rieffel theo-
rem [5] Theorem 3.4]. We will give its proof for the sake of completeness.

Theorem 7.9 (cf. [B, Theorem 3.4]). Let (A1,D;1) and (Asg,Ds2) be relative o-
unital pairs of C*-algebras. Let X be an (A1 K, D1 ®C) (A2 ® K, Dy ® C)-relative
imprimitivity bimodule. Then there exists an isomorphism 6 : A, @ K — A, @ K
satisfying (D1 ® C) = Dy ® C such that X is equivalent to Xg. Furthermore, 0 is
unique up to left multiplication by an element of Int(As @ KC, Da ®C), that is if X is
equivalent to X, for some isomorphism ¢ : (A1 @K, D1 ®C) — (A2 @ K, D2 ®C),
then there exists a unitary u € U(Az ® IC, Dy ® C) such that ¢ = Ad(u) o 6.

Proof. The uniqueness follows immediately from Corollary

Now let X be an (A; ®K, D1 ®C)—(A2® K, Dy ®C)-relative imprimitivity bimod-
ule. We put A; = A; @K, D; = D; ®C for i = 1,2. Let (Ag, Do) be the linking pair
for X defined from A;,D;,i = 1,2 and X by (IE]) and ([@2)). By the assumption
that (A, 751) (Ag, Dy) with Proposition and Theorem E.7l we know that

there exists v; E M(.A ® K),i=1,2, such that
vivy=1®1 in M(Ay®K), i=1,2,

7

viv; =P ®1 where P, = [é 8} in M(Ay),
. 0 0 . -
vovy = Po @1 where Py = 0 1 in M(Ap)

and
Ui(’Do@)C)Uf:'Di@C, (13 ®C)v i =Dy ®C, 1=1,2.
Put a partial isometry w = vovf € M(A®

1®1 0
0 0

K) so that we have

0 0

ww_Pl@l_[ 0 1®1

}, ww*—P2®1—[ } in M(Ay®K)

and

w(f?l ®C)w*:f?2 ®C, w*(@2®C)w:f?1 ®C

Let p € C be the rank one projection p = ey ; on ¢?(N). Regard K = K(¢?(N))
as the C*-algebra of compact operators on ¢?(N). As pKp = Cp = C and hence
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pPKp®K = K, Cp@C = C, one may find an isometry ¢ on £2(N) ® ¢?(N) 2 ¢2(N x N)
such that ¢t* =p® 1 and t*'t =1 ® 1 and
KoKt =pkpo kK, t*(pkpoK)it=KoKk,
tCeC)t" =CpeC, t"(CpC)t=C®C.
Put v, =1®t € M(A; ® K®K) so that
=111, 10 =10p® 1.
By the construction of o1, we see that
0 (D1 ®CC)W; =D ®CpeC, (D1 ®@CpeC)o; =D ®CC.

We identify Al, and D; with A; ® C® K and D; ® C ® C, respectively, so that we
have v; € M(A; ® K) and

i =1®1, 01107 =1®p,
01(D1 ® C)v; = D1 @ Cp, 03 (Dy; ® Cp)vy = Dy ®C.
Similarly we have 9, € M(As ® K) and
U302 =1® 1, Vot = 1 ® p,
09(Dy @ C)v5 = Doy @ Cp, 03 (D3 ® Cp)vy = Dy @ C.
Define v € M(Ay ® K) by

u:{g O] {”01 8} in M(A, @ K).

e _for 0] ,J0o 0 5 0
0o oY o 1@1]"“[0 0

(54 Ow*wz’)f 0
[0 0 0 0

We then have

S]
<
|

and

V0 =

0
Vg

0
10
_ [0 0], [0 0
_0172 01);
0
0

0
l®p|”

We will next show that o(Dy ® Cp)v* = (Dy ® Cp)vv*. For { } € Dy with

d; € D;,i = 1,2, we have

_|di®p 0 | . (00 vi(di®p)yy 0] L0 O
”[ 0 d2®p]v [0 w]”{ 0 0]“ o wu
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v5(dy®@p)viy 0

Since v} (dy®p)v1 € D1®C, we have w [ 0 0

} w* € w(@1®C)w* = DyxC
so that

5 dy®p 0
0 do ®p

Therefore, we have (Do ® Cp)v* C (Dy @ Cp)vv* and, similarly, 7*(Dy @ Cp)v C
(Do ® Cp)u*v so that we have

9(Do ® Cp)v* = (Do @ Cp)vv* and  ©*(Dy ® Cp)v = (Do @ Cp)v*v.
By the equalities

] 0* € 03(Dy ® C)v3 = Dy @ Cp = (Dy @ Cp)vv*.

e [LEP 0] . o o0
1o ol 0 1®p|’

we know that v commutes with 1 ® p so that we can regard v as an element of
M(Ap ®@pKp) = M(Ap). Thus, we obtain a partial isometry o in M (Ap) such that
o [14, 0] . [o o0
’U’U—|:O ME vv—_o 1A2],

and

vDyv* = Dovv* and 0 Dy = Dyv*v.
Therefore, by Lemma [.7] we conclude that X is equivalent to X for some isomor-
phism 6 : (A, D;) — (Ag, Da). O

Recall that subgroups Aut(A® K, D ® C), Int(A® K, D ® C) of automorphism
group Aut(A ® K) are defined by

A(ARIK,DRC)={f € Awt(ARK) | B(DRC) =D C(C},
Int(ARK,DRC)={fent(AK)|(DC)=DC}.
Corollary 7.10. Let (A, D) be a relative o-unital pair of C*-algebras. For any rel-

ative imprimitivity bimodule [X] € Pic(A®K,D®C), there exists an automorphism
0 € Aut(A® K, D®C) such that [X]| = [Xy]. Thus, we have an exact sequence

1 — Int(A®K,D®C) — Aut(A® K, D®C) — Pic(A®K,D®C) — 1.

Let us denote by Out(A ® K,D ® C) the quotient group Aut(A @ K, D®C)/
Int(A® K, D ®C). We then have

Corollary 7.11. Let (A, D) be a relative o-unital pair of C*-algebras. We have
Pic(A,D) = Ouwt(AR K, D®C).

Proof. By Lemma [[2] we see that Pic(A, D) = Pic(A® K, D ®C) so that we have
the desired equality by the preceding corollary. O

8. RELATIVE PICARD GROUPS OF CUNTZ-KRIEGER PAIRS

In this section, we will study the relative Picard group Pic(A, D) for the Cuntz—
Krieger pairs (O4,D4). We are assuming that the matrix A is irreducible
and non-permutation. By [22, Lemma 1.1], for a unitary v € M(O4 ® K), the
automorphism Ad(u) acts trivially on Ko(Oa4 ® K). We will first show the fol-
lowing proposition which is a relative version of [22] Lemma 3.13] (Lemma [0.1] in
Appendix A).
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Proposition 8.1. Let 8 € Aut(Oo®K) satisfy 5(DaRC) = DaRC, and let 5, = id
on Ko(Oa). Then there exists a unitary v € M(O4 @ K) and an automorphism
a € Aut(Oa) such that

B=Adu)o(a®id) and «.=1id on Ko(Oy),
’U,(DA@C)U* =DsR®C, Q(DA) =Dy.

To show the above proposition, we provide several lemmas.

Lemma 8.2. Let 8 € Aut(O4 ® K) satisfy 5(Da ® C) =Da ®C, and let 5, =id
on Ko(O4). Then for each k € N, there exists a partial isometry wy € O4 @ K
such that

(81) w,’Zwk =1® €Lk, wsz = ﬂ(l (24 ek,k);

(8.2) wk(DA@)C)wZ CDa®C, wi(Da®Clwy, C Dy C.

Proof. Let us denote by Ns(O4 @ K,Da ® C) the normalizer semigroup
{v € 04K | v is a partial isometry; v(DsQC)v* C DaRC, v*(DaRC)v C DakC}

of partial isometries in O4 ® K. Denote by Ko(Oa ® K,Ds ® C) the Murray—
von Neumann equivalence classes of projections in Dy ® C by partial isometries
in Ny(O4 @ K,D4a ®C). It has been proved in [27, Proposition 3.6] that there
exists a natural isomorphism between Ky(O4) and Ko(O4 ® K,D4 ® C). Since
[B(1 ® exk)] = Bul[l ® exp]) = [1 ® exi), we have B(1 @ eg) ~ 1 @ epy in
Ko(O4 @K, Dg ®C). We may find a partial isometry wy € O 4 ® K satisfying the
desired conditions. (]

Lemma 8.3. Let B € Aut(O4 @ K) satisfy 8(Da ®C) =Da ®C, and let B, = id
on Ko(Oa). Then there exists a unitary w € M(Oa ® K) such that
(Ad(w™) o B)(1 @ exk) =1 @ exyp,

(Ad(w*) 0 B)(Os R ep ) = Oa ® ep i,

(Ad(w") 0 B)(Da @ e k) = Da @ ep
for all k € N.
Proof. Take a partial isometry wy € O4 ® K for each k € N satisfying (81]) and
(B2). It is easy to see that the summation ) -, wy converges to an element w
in M(O4 ® K) in the strict topology of M (04 ® K). By 1) and ([82), we have
w*w = ww* =1 and w(Da ® C)w* = w*(Da @ C)w = Dy ® C. We then see that

w(l ® e )W = wwiwpw* = wrwy, = B(1 Q@ ek k)
so that (Ad(w*) o B)(1 ® ek k) =1 @ e . For x € Oy, we have
(Ad(w") 0 B)(z ® e ) =(Ad(w") 0 B)((1 @ ek k)(x @ ex k) (1 @ €x,k))
=(1® ek,k) (Ad(w*) o B)(z ® ek,k) (I® ekﬁk)

so that (Ad(w*) o 8)(O4 @ exr) = Oa @ epk. As f(Da @ C) = Dy @ C and
w*(Da @C)w =Dy ®C, we have (Ad(w*) 0 5)(Da R ex k) =Da ® ep . |

Proof of Proposition Bl Suppose that 8 € Aut(O4 ® K) satisfies 5(Da ® C) =
Dy ®C and S, = id on Ky(O4). Take a unitary w € M(O4 ® K) satisfying
the conditions of Lemma B3 Put 8, = Ad(w*) o 8 € Aut(O4 ® K). Since
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(Ad(w*) 0 8)(Oa®eg k) = Oa®ey k, we may find an automorphism ay, € Aut(O4)
for k € N such that
ap(z) @ epr = Buw(z@ery) forxe Oa.

By replacing 3, with 8, we may assume that 8(z®ey i) = ai(z)Qeg . For j, k € N,
we have

Blz@ejr) =B(1@ejr)(r@err) =Bl @ejk) - (u(r) ®exk).
By putting z = 1, we see that
Bl@ejr)=(1®e;;)B(1®e;r) (1@ ekk)

so that there exists w; € O4 such that w3, = wy,; and Bl®ejr) =wjr®ejk.
Since

Wi Wik @epr =Bl @ejr) Bl@ejr) =Bl erk) =1 e,
we have w;kwj,k = 1 and similarly wj’kw;"k = 1. We also have for a € Dy
wj paw ® ej; =(wik @ €jk)(a® exk) (Wik @ €jk)”

=B((1®ejx)(a; (a) @ exr)(1 @ er;))
=By, H(a) @ €55)
=a;(o (@) @ e

so that wj’kDAw;fyk = D,4. Since

Bz @ejr) =B(l@e;k) (ar(r) ®err) = wjrar(z) @ ejk

and similarly 8(z®e; i) = a;j(z)w; r®e; i, We see w; o (T)®e; = a;(T)w, e i
and hence ay,(z) = w} po(z)wj . for € Oa. Put u= 377wy g @ ek, which is
easily proved to be a unitary in M(O4 ® K). It then follows that

Ble®ejr) =((1@ejn)(r@e11)(1®e))
=(wj1 ®ej1)(a1(z) ®ey)(wik @ er)
=(wj101(T)w1k) @ €k
=u" (o1 (z) @ € 1)u

for x € O4 so that 8 = Ad(u*) o (a1 ® id). Since w1,kDawi;, = Da, we have
u(Da®C)u* = Dy ®C. By [22, Lemma 1.1], we know that Ad(u). = id on K(O4)
so that a1, = (871), = id on K¢(Oy4). O

We thus have the following theorem.
Theorem 8.4. Let f € Aut(O4 ® K). Then B satsifies the condition
(8.3) B(DAa®C)=Dsa®C and B, =id on Ko(O4)

if and only if there exists an automorphism o € Aut(O4) and a unitary v €
MO ® K) such that

(8.4) B=Adu)o(a®id) and «a.=1id on Ko(O,),
(85) ’U,('DA®C)U* =Ds®C, a(DA):DA.

The following proposition shows that the expression § in the form (84) and (B3]
is unique up to inner automorphisms on O4 keeping D4 globally.
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Proposition 8.5. Suppose that f € Aut(O4 @ K,Da ® C) is of the form § =
Ad(u) o (a®id) = Ad(u') o (¢/ ®1d) for some automorphisms o, o’ € Aut(Oa,Da4)
and unitaries u,u’ € M(Oa ® K) satisfying both the conditions 84) and BH).
Then there exists a unitary V € O4 such that

(8.6) u=u(V&l), a=Ad(V*)oad and VDAV*=Dyu.

Proof. For x @ K € O4 ® K, we have u(a(z) ® K)u* = v/(¢/(z) @ K)u™. Put
v=1u"u € M(O4 ® K) which is unitary satisfying v(a(z) ® K) = (¢/(z) @ K)v.
We particularly see that v(1 ® e; ) = (1 ® e 1)v for all j,k € N. Define Ve Oy
by setting V®er 1 =(1®e11)v(l®eq1). As v commutes with 1 ® eq,1, we know
that V' is a unitary in O4. We then have
V(1®@err) =v(lRep1)(lRe1r)
= (1 [ 6k71)’U(1 X 617k)
= (1 X em)(V & 6171)(1 X elyk)
=V® ek k
for all £ € N. Hence we have v =V ® 1. As we have for x € O4
a(z)®@er =v (' (z) ®epq)v
=v'(1®er1)(d(z)®er1)(l@erq)v
= (V* (24 61@)(0/(%) ® 6171)(‘/ ® 6171)
= V*O/(x)V X €1,1
so that a(x) = V*d/(z)V for ¢ € Os. As a(Dy) = o/(Da) = Da, we have
VDAV* =Dy O
Corollary 8.6. Let f € Aut(O4 ® K). Then (B satsifies the conditions
ﬂ(DA@C) =DaRC and B*(“@el,l]) = [1®6171] on K()(OA@]C)

if and only if there exists an automorphism o« € Aut(O4) and a unitary u €
M(O4 ®K) such that
B=Ad(u)o(a®id) and . =B on Ko(O4a),
’U,(DA@C)U* =Dy ®C, Q(DA):DA.
Proof. The if part is clear. It suffices to show the only if part. Suppose that
B € Aut(O4 ® K) satsifies the following conditions
B(DA@C):DA ®C and B*([1®6171]): [1®€171] in K0(0A®IC)

Since § € Aut(O4 @ K) satisfies 5, ([1®e11]) = [1®e1,1], by [39, Theorem 6.5] and
its proof, there exists an automorphism a, of Q4 such that ac. = B« on Ko(O4).
Hence by using [27, Proposition 5.1], we may find an automorphism ay of Oy
such that a1(D4) = Da and aq. = aox on Kog(Oy). Put B := fo (04171 ®id) €
Aut(0O4 @ K). We have 51 (Da®C) =D ®C and B, = B. oozl_*1 =id on Ko(O,).
By Theorem B4 one may take an automorphism ay € Aut(O4) and a unitary
u € M(O4 ® K) such that

B1 =Ad(u) o (e ®id) and a9, =id on Ky(O4),
U(DA®C)U* =Ds®C, OéQ(DA) =Da.
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Put a:=as0oa; € Aut(O4). We then have
B =Ad(u) o (e ®id), . = B on Ko(Oa), a(Dy) =Da. O
Let
Auto(O4,Da) ={a € Aut(O4) | a(Da) = Dy, =id on Ko(Oy)}.

For a unitary u € O4 satisfying uDyu* = D4, and a € Auto(O4,D4), we have
aoAd(u) oa™t = Ad(a(u)). Since (o Ad(u) o a™1)(Da) = Da and Ad(u), = id
on Ko(O4), the automorphism « o Ad(u) o a~! belongs to Int(O4,Da) so that
Int(O4,Da) is a normal subgroup of Auto(O4,Da), and we may consider the
quotient group Aute(O4, D)/ Int(O4,D4) which we denote by Oute(Oa,Da).

Let ¥ : Aut(O4,D4) — Aut(O4 ® K,D4 ® C) be the homomorphism defined
by ¥(a) = a ®id. Since ¥(Int(O4,D4)) C Int(O4 ® K,D4 ® C), it induces a
homomorphism from Out(O4,D4) to Out(O4RK, Da®C) written ¥. The following
is a corollary of Proposition

Corollary 8.7. The homomorphism ¥ : Out(O4,Da) — Out(O4 ® K,D4s ® C)
1s injective.
Proof. Suppose that a@ € Aut(Oa,Dy) satisfies a ® id = Ad(u') for some u' €

UOa®K,Ds®C). Put ¢ =id and w =1 in the statement of Proposition to
have a unitary V € U(O4,D4) such that v’ =V @ 1 and o = Ad(V). O

By [22] Lemma 1.1], we may define a homomorphism
K, :Out(0O4 @ K, Dy ®C) — Aut(Ko(Oa @ K))

by setting K, ([a]) = a. for [@] € Out(O4 ® K,D4 ® C). Thanks to Theorem [84]
and Corollary B.6l we know the following theorem on the relative Picard group
Pic(O4,D4), which is a relative version of the results shown in Appendix A.

Theorem 8.8. Let A be an irreducible and non-permutation matriz. Then the
following short exact sequence holds:

(8.7) 1 — Outo(Oa, Da) - Out(O4 K, Da®C) 25 Aut(Ko(O40K)) — 1.

Hence, there exists a short exact sequence,
(8.8) 1 — Outo(O4,Da) — Pic(O4, Da) =5 Aut(ZV /(id —ANHZN) — 1.

Proof. We will show the exactness of ([8X]). The injectivity of the homomorphism
U : Outo(Oa,Da) — Out(O4 ® K,Da ® C) follows from Corollary B7l The
inclusion relation W(Out,(O4,D4)) C Ker(K,) is clear. Conversely, for any [3] €
Ker(K.), we know € Aut(O4 ® K) satisfies 5, = id on K¢(O4). By Theorem [84]
there exist a unitary v € M (04 ® K) and an automorphism o € Aut(O4,Da) such
that = Ad(u) o (a®id) and o, =1id on K(O4). Hence we have [§] = [a®id] =
VU([a]) and [a] € Auto(Oa,Da)/Int(O4,D4), so that we have ¥(Outo(Oa,Da)) =
Ker(K,)

For any & € Aut(Ko(O4 ® K)), £ gives rise to an automorphism of the abelian
group Z~ /(id —AY)ZN. The group Z" /(id —A!)Z" is isomorphic to the Bowen—
Franks group BF(A) = ZV/(id —A)ZY of the matrix A. By Huang’s theorem
[16, Theorem 2.15] and its proof, any automorphism of the Bowen—Franks group
BF(A) comes from a flow equivalence of the underlying topological Markov
shift (X a,54). It implies that there exists an automorphism ¢ € Aut(O4 ® K)
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such that ¥(Da ® C) = Dy ® C and ¢, = & on Ko(O4). Hence, ¥ belongs to
Aut(0O4 ® K, D4 ® C) such that K.(p) = £. Consequently, the sequence (871 is
exact. (]

Let Auty(ZY /(id —AY)ZY) be a subgroup of Aut(ZY /(id —A*)Z") defined by
Auty (Z"/(id —ANZY) = {€ € Aut(Z" /(id ~ANZ") | €([1]) = 1]},
where [1] € ZV /(id —A!)ZY denotes the class of the vector (1,...,1) in ZV.

Theorem 8.9. Let A be an irreducible and non-permutation matriz. Then there
ezists a short exact sequence,

11— Out(OA,DA) i) PiC(OA,DA)
Ko Awt(ZN /(id —AHZN) ) Auty (ZV /(id — AN ZN) — 1.

Proof. 1t suffices to show the exactness at the middle. The inclusion relation
U(Out(04)) C Ker(K,) is clear. Conversely, by Rgrdam’s result [39, Theorem
6.5] and its proof again, for any & € Aut(Ko(O4 ® K)) with £([1]) = [1], there
exists an automorphism a, of Oy4 such that a.. = & on Ky(O4). By [27, Propo-
sition 5.1], we may find an automorphism a; of Q4 such that a;(D4) = D4 and
Q1 = Qox on Ko(O4). Hence a; € Aut(O4,Da) such that ¥([ay]) = € so that
U(Out(04)) = Ker(K.,), and the sequence is exact. O

Related studies of automorphism groups of Cuntz algebras have been done by
R. Conti, J. H. Hong, and W. Szymanski (cf. [I0], [1I], etc).

9. APPENDIX A: PICARD GROUPS OF CUNTZ-KRIEGER ALGEBRAS

In this appendix, we will refer to the Picard groups of Cuntz—Krieger algebras and
especially Cuntz algebras. As examples of the Picard groups for some interesting
class of C*-algebras, K. Kodaka has studied the Picard groups Pic(Ay) for irrational
rotation C*-algebras Ay to show that Pic(Ay) is isomorphic to Out(Ay) if 6 is not
quadratic, and a semidirect product Out(4y) x Z if 0 is quadratic ([21], [22]). He
also studied the Picard groups of certain Cuntz algebras in [22]. He proved that
Pic(On) = Out(Op) for N = 2,3. He also showed that there exists a short exact
sequence

(9.1) 1 — Out(On) -5 Pic(Oy) =5 Aut(Z/(1 — N)Z) — 1

for N = 4,6. Since Aut(Z/(1 — N)Z) is trivial for N = 2,3, Kodaka’s results say
that the exact sequence (@) holds for N = 2,3,4,6.

We will show that the above exact sequence holds for all 1 < N € N (Theorem
[04). As a corollary we know that the Picard group Pic(Oy) of the Cuntz algebra
Oy is a semidirect product Out(On) x Z/(N — 2)Z if N — 1 is a prime number.

We first refer to the Picard groups of Cuntz—Krieger algebras. Let u € M(A) be
unitary in the multiplier C*-algebra M (A) of a C*-algebra A. The automorphism
Ad(u) on A acts trivially on its K-group Ky(A) by [22] Lemma 1.1]. Throughout
Appendix A the matrix A of the Cuntz—Krieger algebra 04 is assumed to be an
irreducible and non-permutation matrix.
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Lemma 9.1 (Kodaka [22] Lemma 1.3]). Let 5 € Aut(O4 ® K) satisfy . = id
on Ko(Oa). Then there exists a unitary v € M(O4 @ K) and an automorphism
a € Aut(Oa) such that

B=Adu)o(a®id) and «a,=1id on Ko(Oa).
For a C*-algebra A, we put
Auto(A) = {a € Aut(A) | ax =id on Ky(A)},

which is a subgroup of Aut(A). Since Ad(u), = id on Ky(A) for a unitary
u € M(A), we see that Int(.A) is a subgroup of Aut.(A). The quotient group
Auto(A)/Int(A) is denoted by Outo(A).

Let A be a unital C*-algebra. Let ¥ : Aut(A) — Aut(A ® K) be the homo-
morphism defined by ¥(a) = a ® id for a € Aut(A). It induces a homomorphism

U Out(A) — Out(4A ® K). If ¥([a]) = id for some a € Aut(A), we have
U(a) = Ad(W) for some unitary W € M (A ® K). Hence we see that

(9.2) a(z)®e ; =W(x®e ;)W forallze A, i,jeN.
Since
1 ® 6171 = O[(l) ® 6171 = W(l ® 6171)VV*7
the unitary W commutes 1 ® e;,; so that there exists a unitary w € A such that
w®er1=(1®e1)W(1l®e11). We then have

az)@e1=(1Re )W ®er1)(1®er1) =wzw* Qe forall z € A

Hence, « = Ad(w) € Int(A). This means that the map ¥ : Out(A) — Out(A®K)
is injective. Any automorphism 8 € Aut(A ® K) induces an automorphism S, of
Ky(A® K), which we denote by K.(8) € Aut(A® K). By [0, Theorem 1.2] with
[Bl Corollary 3.5], we know Pic(A) = Pic(A® K) = Out(A® K).

Proposition 9.2. Let A be an irreducible and non-permutation matriz. Then the
following short exact sequence holds:

9.3) 1 — Oute(A) % Out(O4 © K) 5 Aut(Ko(O4 @ K)) — 1.

Hence, there exists a short exact sequence
(94) 1 — Outo(O4) -5 Pic(04) X5 Aut(ZY /(id —AHZN) — 1.

Proof. We will show the exactness of ([@.3). We have already known that the injec-
tivity of ¥ : Outo(O4) — Out(O4 ® K). By definition of the group Aute(O4),
the inclusion relation ¥(Out,(04)) C Ker(K,) is clear. Conversely, for any [3] €
Ker(K,), we know that 5 € Aut(O4 ® K) satisfies 5, = id on K¢(O4). By Lemma
@Il there exists a unitary u € M (04 ®K) and an automorphism « € Aut(O4) such
that
B=Ad(u)o(a®id) and «a,=1id on Ky(O4).

Hence, we have [3] = [a ® id] = ¥([a]) and [a] € Auto(O4)/Int(O4). Therefore,
we have U(Out,(04)) = Ker(K,)

By Regrdam’s result [39], for any & € Aut(Ko(O4 ® K)), there exists an auto-
morphism 3 of O4 ® K such that 5, = £. Therefore the map K, is surjective, thus
proving the exactness of the sequence ([@.3)). O

Recall that Auty (ZY /(id —A")Z") denotes a subgroup of Aut(Z" /(id —A")ZY)
consisting of £ € Aut(ZY /(id —A")ZY) satisfying £([1]) = [1].
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Proposition 9.3. Let A be an irreducible and non-permutation matriz. Then there
exists a short exact sequence

1 — Out(04) - Pic(O)
Ly Aut(ZV /(id —AHZN) ) Auty (ZN /(id —ADHZV) — 1.

Proof. It suffices to show the exactness at the middle. The inclusion relation
U(Outo(04)) C Ker(K,) is clear. Conversely, by Rgrdam’s result [39] again, for
any & € Aut(Ko(O4 @ K)) with £([1]) = [1], there exists an automorphism 8 of O4
such that 8, = £. The sequence is exact. O

Before closing Appendix A, we will mention the Picard groups of Cuntz algebras.
By using Proposition [0.2] we know the following theorem. Kodaka has already
shown it for N = 2,3,4,6 in [2I], Corollary 15, Remark 17].

Theorem 9.4. For each 1 < N € N, there ezxists a short exact sequence:
(9.5) 1 — Out(On) - Pic(Oy) X5 Aut(Z/(1 — N)Z) — 1.

Proof. Since Ko(On) = Z/(1 — N)Z by [12] and the unit 1 of the C*-algebra Oy
corresponds to the generator [1] of the cyclic group Z/(1 — N)Z, the fact a(1) =1
for any automorphism « € Aut(Op) ensures us that o = id on Ko(Ox). Hence
we see that Auto(On) = Aut(Oy) and hence Outo(On) = Out(Op). Therefore,
the exact sequence ([@4]) goes to ([@.5]). O

As a corollary, we have

Corollary 9.5. Suppose that N — 1 is a prime number. Then the Picard group
Pic(On) of the Cuntz algebra O is a semidirect product Out(On) x Z/(N — 2)Z
of the outer automorphism group by the cyclic group Z/(N — 2)Z:

PiC(ON) = Out(ON) X Z/(N — Q)Z,
where for N = 2, the group Z/(N — 2)Z means {0}.

Proof. Since Kodaka has shown that Pic(Oz) = Out(O2) ([22]), we may assume
N > 3. As N — 1 is a prime number, an automorphism 7 of the cyclic group
Z/(1 — N)Z is determined by 7(1) which can take its value in {1,2,..., N — 2},
so that we have Aut(Z/(1 — N)Z) is isomorphic to Z/(N — 2)Z. Since N is not
prime, by [2I, Theorem 16|, for any £ € N with 1 < k < N — 1, there exists
B € Aut(On ® K) such that (Bi). = k-id on Ko(Opn). Hence, the correspondence
ke{l,2,...,N — 1} — [Bk] € Pic(On) gives rise to a cross section for the exact
sequence ([@.). Therefore the exact sequence (@5 splits and yields a decomposition
of Pic(Oy) into a semidirect product Out(Op) x Z/(N — 2)Z. O

10. APPENDIX B: RELATIVE IMPRIMITIVITY BIMODULES
FROM FLOW EQUIVALENT TOPOLOGICAL MARKOV SHIFTS

In [9] it has been shown that flow equivalent topological Markov shifts give
rise to corner isomorphic Cuntz—Krieger pairs. In this appendix we will concretely
construct a finite chain of relative imprimitivity bimodules, which give rise to corner
isomorphic Cuntz—Krieger pairs from flow equivalent topological Markov shifts by
using the underlying matrix relations. Concrete construction of such imprimitivity
bimodules has not been discussed in [9]. We will see how flow equivalent topological
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Markov shifts are related to relatively imprimitivity bimodules from the viewpoint
of matrix relations. We remark that closely related results have been seen in T.
Bates [I] and Bates and Pask [2].

Let A, B be irreducible square matrices with entries in nonnegative integers. In
[43] R. F. Williams proved that the two-sided topological Markov shifts (X 4,5.4)
and (Xp,op) are topologically conjugate if and only if the matrices A, B are
strongly shift equivalent. Two nonnegative matrices A, B are said to be elemen-
tary equivalent if there exist nonnegative rectangular matrices C,D such that
A = CD,B = DC. If there exists a finite sequence of nonnegative matrices
Ag,Aq,..., A, such that A = Ay, B = A, and A; is elementary equivalent to
Aipq fori=1,2,...,n —1, then A and B are said to be strongly shift equivalent
([43]). Hence, topological conjugacy of two-sided topological Markov shifts is gen-
erated by a finite sequence of elementary equivalence of underlying matrices (see
[20], [24] for general theory of symbolic dynamics).

In the first part of Appendix B, we will directly construct an (O4, D4)—(Op, Dp)-
relative imprimitivity bimodule X from the assumption A = CD and B = DC,
although the condition (O4,D4) W (Op,Dp) is deduced from the assumption

A = CD and B = DC through Theorem (7] and [28], Proposition 4.3].

Suppose that A = CD and B = DC with the size of A is N and that of B is M
so that C'is an N x M matrix and D is an M x N matrix, respectively. We assume
that A and B are irreducible matrices that are not any permutations. We set the
0
D 0
algebra Oy for the matrix Z. Recall the notations given in section 6. We have
denoted by Ez the edge set of the associated directed graph Gz = (Vz, Ez) to the
matrix Z. Since Ey is the disjoint union Ec U Ep of the edge sets F¢ and Ep for
the matrices C and D, respectively, we may write the canonical generating partial
isometries of Oz as Sc, Sq,¢ € Ec,d € Ep sothat - cp_ SeSi+2 4cp, SaSi =1
and

square matrix Z = as block matrix. Let us consider the Cuntz—Krieger

SiSe= > Z(c,d)SaS;,  SiSa= Y Z(d,c)S.S;

deEp ceEc

for ¢ € Eg,d € Ep. Define the projections in Oz by P4 = ZCEEC ScSk and
Py = ZdeED S4¢S. Both of them belong to Dz and satisfy P4 + Pp = 1. It has
been shown in [25] (cf. [29]) that

(10.1) P4OzPs =04,  PpOzPp=0p, DzPy=Ds,  DyPp=Dp.

It is not difficult to see that X = P4Oz Pp has a natural structure of an (O4,D)—
(Op, Dp)-relative imprimitivity bimodule which gives rise to a relative Morita
equivalence between the Cuntz—Krieger pairs (O4,D4) and (Op,Dp).

In [33] Parry and Sullivan proved that the flow equivalence relation of topologi-
cal Markov shifts is generated by strong shift equivalences and expansions A — A
defined bellow. In the second part of Appendix B, we will directly construct
an (Oa,Da)-(04,Dj)-relative imprimitivity bimodule X, although the condition

(04,Day) Wk (O4,D;) is deduced from Theorem BT and [14} 4.1 Theorem].
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For an N x N matrix A = [A(i,j)]);_; with entries in {0,1}, put

0 A1) - AQN)
10 - 0
A- |0 A21) - A@N) |
0 A(N,1) - A(N,N)

which is called the expansion of A at the vertex 1. The expansion of A at other
vertices are similarly defined. The arguments below follow the proof of [14, 4.1
Theorem].

Let {0,1,..., N} be the set of symbols for the topological Markov shifts (X 5,5 1)
defined by the matrix A. Let us denote by Sy, S1,...,Sy the canonical generat-
ing partial isometries of the Cuntz-Krieger algebra O ; satisfying Z;.VZO 5']5'; =
1,8:8; = Y A4, §)8;S; for i = 0,1,...,N. Put P = Y1, §;5;. Cuntz and
Krieger have shown in the proof of [14], 4.1 Theorem] the equalities:

PO;P=0,, D;P=Dy4.

Hence, (04,D4) and (O4,D ;) are corner isomorphic, and X = PO ; becomes an
(04, DAa)(0O4,Dj)-relative imprimitivity bimodule which gives rise to a relative
Morita equivalence between (O4,D4) and (O4,D ;).

Remark. After the first draft of this paper was completed, a paper appeared
by Kazunori Kodaka and Tamotsu Teruya, The strong Morita equivalence for
inclusions of C*-algebras and conditional expectations for equivalence bimodules
(arXiv:1609.08263).

They defined Morita equivalence for pairs of C*-algebras in their paper; however,
their definition of Morita equivalence for pairs of C*-algebras is different from ours.
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