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ROUGH PATH METRICS
ON A BESOV-NIKOLSKII-TYPE SCALE

PETER K. FRIZ AND DAVID J. PROMEL

ABSTRACT. It is known, since the seminal work [T. Lyons, Differential equa-
tions driven by rough signals, Rev. Mat. Iberoamericana, 14 (1998)], that the
solution map associated to a controlled differential equation is locally Lipschitz
continuous in g-variation, resp., 1/¢-Holder-type metrics on the space of rough
paths, for any regularity 1/q € (0, 1].

We extend this to a new class of Besov—Nikolskii-type metrics, with ar-
bitrary regularity 1/q € (0,1] and integrability p € [g, 00|, where the case
p € {g,00} corresponds to the known cases. Interestingly, the result is ob-
tained as a consequence of known g-variation rough path estimates.

1. INTRODUCTION
We are interested in controlled differential equations of the type
(1.1) dY; = V(V,)dX;, te€][0,T],

where X = (X;) is a suitable (n-dimensional) driving signal, ¥ = (Y;) is the
(m-dimensional) output signal, and V' = (V4,...,V,,) are vector fields of suitable
regularity. A fundamental question concerns the continuity of the solution map
X — Y, strongly dependent on the used metric.

A decisive answer is given by rough path theory, which identifies a cascade
of good metrics, determined by some regularity parameter § = 1/q € (0,1], and
essentially given by g-variation, resp., d-Holder-type metrics. As long as the driving
signal X possesses sufficient regularity, say X is a continuous path of finite ¢-
variation for ¢ € [1,2) (in symbols X € C9V?"([0,T];R™)), Lyons [Lyo94] showed
that the solution map X +— Y associated to equation (L)) is a locally Lipschitz
continuous map with respect to the g¢-variation topology. However, this strong
regularity assumption on X excludes many prominent examples from probability
theory as sample paths of stochastic processes like (fractional) Brownian motion,
martingales, or many Gaussian processes.

In order to restore the continuity of the solution map associated to a controlled
differential equation for continuous paths X of finite g-variation for arbitrary large
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q < 00, it is not sufficient anymore to consider a path “only” taking in the Eu-
clidean space R™; cf. [Lyo91[LCLO7]. Instead, X must be viewed as a |¢]-level
rough path, which in particular means X takes values in a step-|q| free nilpotent
group G4 (R™): Let us recall that for Z € C'"V¥(R™) its | q|-step signature is given
by

Sta(Z)s :=(1,/ AZu-o.. [ AZ,, - ®dZquJ)'
s<u<t s<uy <o <upq <t

The corresponding space of all these lifted paths is

Lal
GU(R™) = {514)(Z)or : Z € CT™ (0, T;R™)} € € (R")™,

k=0
which we equip with the Carnot—Carathéodory metric d..; see Subsection for
more details. While in the case of ¢ € [1,2) this reduces to a classical path
X:[0,T] — R™, in the case of ¢ > 2 this means, intuitively, X is a path en-
hanced with the information corresponding to the “iterated integrals” up to order
l¢]. In the context of rough path theory, the solution map X — Y, taking now a
|¢]-level rough path X (in symbols X € C4v2([0,T], GL9 (R™))) as input, is often
called the It6—Lyons map.

In most applications, the output is regarded as path, Y € C*v* ([0, T]; R™),
although—depending on the route one takes—it can be seen as rough path [Lyo98|
LQO2[EV10] or controlled rough path [Gub04l[FH14]. It is a fundamental property
of rough path theory that solving differential equations, that is, applying the Ito—
Lyons map entails no loss of regularity: if the driving signal enjoys 6-Holder (resp.,
g-variation) regularity, then so does the output signal.

Let us explain the basic idea which underlies this work. To this end (only esti-
mates matter) take X smooth and rewrite (LI in the classical form ¥ = V(Y)X.
Take LP-norms on both sides to arrive at

(1.2) 1Y lwimgorry < V1o 1X Dy gy

in terms of the semi-norm [ X|[y1.5.(0 77 = (fOT | X,|P dt)'/P. Here, of course, we
have regularity 6 = 1 (< ¢ = 1), and the extreme cases p € {1,00} (= {g,00})
amount exactly to the variation, resp., Holder estimates

HYHl—var;[O,T] S ||VHoo ||XH1-var;[O,T] ’

(1.3)
HYH1-H51;[0,T] < HVHoo HX||1-H61;[07T] )

since indeed [ X |y yarjo,r) = 1X Wiy resp 1 X msnom = 1X o 0.1
Conversely, one may view ([L2)) as interpolation of the estimates (L3]), by regarding
WP for any p € [1, 0], as interpolation space of Wt and W:°°. This discussion
suggests moreover that the solution map X + Y is also continuous in WP, even

locally Lipschitz in the sense
(1.4) 1Y = Y lwrwor) S IXT = X3P {lwiwijo19,

as indeed may be seen by some fairly elementary analysis. (Mind, however, that
the solution map X — Y is highly non-linear so that there is little hope to appeal
to some “general theory of interpolation”.)
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The estimates ([3)) and (4]), in case p = 1 and p = oo, are well known (e.g.,
[Lyo98,[LQO2LEVIO]) to extend to arbitrarily low regularity § = 1/q € (0, 1], pro-
vided that, essentially, ||« ||, .10,z is replaced by ||« ||, ap 0,7 (With the correct
rough path interpretation on the right-hand sides above).

The question arises if the well-studied g-variation and §-Hoélder formulation of
rough path theory are not the extreme cases of a more flexible formulation of the
theory, that comes—in the spirit of Besov (Nikolskii) spaces—with an additional
integrability parameter p € [q,o0]. (Here, having ¢ as lower bound on p is quite nat-
ural in view of known Besov embeddings: in the Besov-scale (B2?), with additional
fine-tuning parameter r, one has, always with § = 1/¢, C4V® ~ N%9 = B%4 in the
form of tight (but strict) inclusions N°*5:4 ¢ C9Var ¢ N%9; see Remark E11)

The first contribution of this paper is to give an affirmative answer to the above
question, in the generality of arbitrarily low regularity 6 > 0. With focus on the
interesting case of regularity § < 1, we have, loosely stated, the following theorem.

Theorem 1.1. Let § = 1/q € (0,1] and p € [g,00]. Then, for Lip" vector
fields V' with v > q, the Ito—Lyons map (as defined below in BA)) is locally
Lipschitz continuous from a Besov—Nikolskii-type (rough) path space with regular-
ity /integrability (§,p) into a Besov—Nikolskii-type path space of identical regular-
ity /integrability (9, p).

Somewhat surprisingly, it is possible to prove this via delicate application of
classical g-variation estimated] in rough path theory; that is, morally, from the
case p = ¢. On the other hand, a precise definition of the involved spaces—to
make this reasoning possible—is a subtle matter. First, care is necessary for rough
paths take values in a non-linear space, the step-|¢| free nilpotent group G4 (R™)
equipped with the Carnot—Carathéodory metric d.., which is a no standard setting
for classical Besov, resp., Nikolskii spaces (B2?, resp., N®? := B%P). Another and
quite serious difficulty is the lack of super-additivity of Nikolskii norms. Recall that
the “control”

@ (5,8) = X2 o

has the most desirable property of super-additivity, i.e., w (s,t) +w (t,u) < w (s, u),
a simple fact that is used throughout Lyons’ theory. For instance, as a typical
consequence

X115

p-var;[0, T] = sup Z ||X|

PCl0,T] [u,0]€P
where the supremum is taking over all partition of the interval [0, T]. Several other
(rough) path space norms also have this property, as exploited, e.g., in [FV06].
However, this convenient property fails for the Besov spaces of consideration (unless
0 = 1) and indeed, in general with strict inequality,

X Wonigry < 50 3 Xy = ¥ oy
uv]eP

p-var;[u,v] ?

This leads us to use the Besov-Nikolskii-type space N %P defined as those X for
which the right-hand side above is finite, as the correct space (in rough path or path
space incarnation) to which we refer in Theorem [[LT] at least in the new regimes
0 <1, pe(qg,o00).

IThe use of control functions is pure notational convenience.
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A better understanding of these spaces is compulsory, and this is the second con-
tribution of this paper. For instance, it is reassuring that one has tight inclusions of
the form N9t ¢ No» ¢ No» (Corollary Z12). In fact, an exact characterization
is possible in terms of Riesz-type variation spaces, in reference to Riesz [Riel0],
who considered such spaces (although with regularity parameter 6 = 1). We have
the following theorem.

Theorem 1.2. Consider 6 = 1/q < 1 and p € (q,00). Then the Besov-Nikolskii-

type space NOP coincides with the Riesz-type variation spaces VOP and Vo defined,
respectively, via finiteness of

dCC(X1)7 Xu)p

IX[IVs, = sup e

Vé.p PCl0.T] S |’U _u‘(;p 10
[P

 -var;[u,v]

IXI%s, = sup — T

Vé.p PC(0.T] WoTer |’U _u|5p 1

for a rough path X and the Carnot—Carathéodory distance d... More generally, this
is also true for arbitrary metric spaces instead of GL4 (R™).

Moreover, all associated inhomogenous rough path distances are locally Lipschitz
equivalent.

Let us also note that the above introduced Riesz-type variation spaces agree
(trivially) with the g-variation space in the extreme case of p = ¢ = 1/§. (In the
Besov scale, this usually fails. For instance, we have the strict inclusion Wh! C
C1-var: not every rectifiable path is absolutely continuous.)

We conclude this introduction with some pointers to previous works. The case
of regularity 6 > 1/2, essentially a Young regime, was considered in [Zah98l[Zah01].
Our result can also be regarded as an extension of [PT16], which effectively dealt
with regularity 6 = 1/¢ > 1/3 and accordingly integrability p > ¢ = 3. We note
that path spaces with “mixed” Hoélder-variation regularity, similar in spirit to the
Riesz-type spaces (with tilde) also appear as tangent spaces to Holder rough path
spaces [EV10, p. 209]; see also [Aid16]. Moreover, regularity of Cameron—Martin
spaces associated to Gaussian processes with “Holder dominated p-variation of the
covariance” (a key condition in Gaussian rough path theory; cf. [FH14, Ch. 10],
[FGGRI16G]) can be expressed with the help of “mixed” Holder-variation regularity;
see, e.g., [FH14l p. 151].

Organization of the paper. In Section 2] we define and give various characteri-
zations of our spaces, starting for the reader’s convenience with the (much) simpler
situation 6 = 1. In particular, Theorem is an effective summary of Theo-
rem 2.T1] and Lemmas [34] B.6] and Bl Section Bl is devoted to establishing the
local Lipschitz continuity of the It6—Lyons map in suitable rough path metrics and
Theorem [L.T] can be found in Theorem and Corollaries and [3.8

2. RIESZ-TYPE VARIATION

In this section we introduce a class of function spaces which unifies the notions
of Holder and g-variation regularity. For this purpose we generalize an old version
of variation due to F. Riesz and provide two alternative but equivalent character-
izations of the so-called Riesz-type variation and additionally various embedding
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results. As explained in the introduction, the latter application in the rough path
framework requires us to set up all the function spaces for paths taking values in a
metric space.

Let us briefly fix some basic notation: P is called a partition of an interval
[s,t] C [0, T)if P = {[tistit1] : s=to <t1 <---<t, =1, n e N}. In this case we
write P C [s, ] indicating that P is a partition of the interval [s,t]. Furthermore,
for such a partition P and a function x: {(u,v) : s <u < v <t} — R we use the

abbreviation .
> x(uv) = x(titisr).
[u,v]€P =0
If not otherwise specified, (E, d) denotes a metric space, T € (0,00) is a finite real
number, and C([0, T; E) stands for the set of all continuous functions f: [0,7] — E.
Two frequently used topologies to measure the regularity of functions are the
Hoélder continuity and the ¢-variation:
The Hélder continuity of a function f € C([0,T]; E) is measured by
d(fu, fo
oo = swp Do) s g,
w,WE[s,t], u<v ‘U - u|
and C*H9([0, T; E) stands for the set of all functions f € C([0,T]; E) such that
Ilflls-ms1 == || flls-ma150,7) < 00. The case § = 1, that is, the Holder continuity of
order 1, is usually referred to as Lipschitz continuity.
The g-variation of a function f € C([0,T]; E) is defined by
1
(21) ”f”q—var;[s,t] = < sup Z d(fuaf'u)q) , g€ [1,00),

PC[s,t] [u,0]€P

where the supremum is taken over all partitions P of the interval [s,t]. The set
of all functions f € C([0,T7; E) with | f|lg-var := [[.f|lg-var;jo,7] < o0 is denoted by
Crv2r(]10,T); E). The notion of g-variation can be traced back to N. Wiener [Wie24].
The special case of 1-variation is also called bounded variation. A comprehensive
list of generalizations of g-variation and further references can be found in [DN99).

Remark 2.1. Classical function spaces as fractional Sobolev or more general Besov
spaces do not provide a unifying framework simultaneously covering the space
of Holder continuous functions and the space of continuous functions with finite
g-variation. For example, let us replace for a moment (E,d) by the Euclidean
space (R, |- |) and denote the homogeneous Besov spaces by B2P([0,T];R). While
the Holder space C%-H5([0, T];R) is a special case of Besov spaces, namely the
homogeneous Besov space B%>([0,T];R), for § € (0,1), the g-variation space
CTv2r(10,T); R) is not covered by the wide class of Besov spaces. Indeed, classical
embedding theorems, [You36] and [LY3§], yield the following continuous embed-
dings:
B2 (0,T);R) € O™ (0, T} R) € BY»#([0,T]; R)

for p € (1,00) and « € (1/p,1); see also [Sim90] and [FV06]. In particular, it is
known that the second embedding is not an equality. An example can be found
in [Ter67]. The relation between the space of functions with finite g-variation and
Besov spaces was investigated in the literature for a long time; see for example
[MS61], [Peet6], [BLS06], and [Ros09]. For a comprehensive introduction to func-
tion spaces we refer to [Tril0].
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To set up a class of function spaces covering precisely and simultaneously the
Holder spaces and the g-variation spaces, we introduce a generalized version of a
variation due to F. Riesz [Riel(]. For 6 € (0,1] and p € [1/,00) the Riesz-type
variation of a function f € C([0,T]; E) is given by

1
d(fus fo)? ) v

(2.2) I fllvems,y == ( sup I —
PC[s,t] [u%;?’ |U - u|5p !

for a subinterval [s,¢] C [0,T] and for p = co we set

d(fu, fv)
2.3 fllvsco.qs.e := sup ——
( ) ” HV et w,VE[s,t], u<v ‘U - u|6

The set Vo2([0,T]; E) denotes all continuous functions f € C([0,T]; E) such that
Ilfllver = Ifllvsrio,r < 0o. The case of § = 1 was originally defined by F. Riesz
[Riel(] and a similar generalization as given in (Z2]) was already mentioned in
[PeeT6l p. 114, (147)].

Proposition 2.2. Let (E,d) be a metric space and T € (0,00). For ¢ € (0,1] and
p € [1/0,00] one has the following relations:

COHN([0,T); B) = Voo ([0,T); B) € VOP((0,T]; E) € VPH2((0, T); B)
= OV ([0, T); B).
More precisely, the 1/§-variation of a function f € VOP([0,T]; E) satisfies the bound

o—1
||fH1/5—var;[s,t] < ||f||V5‘p;[s,t]|t - S| P
for every subinterval [s,t] C [0,T].
Before we come to the proof, we need the following remark about super-additive

functions.
Remark 2.3. Setting Ap := {(s,t) : 0 < s <t <T} afunction w: Ap — [0,00) is
called super-additive if
w(s,t) +wt,u) <w(s,u) for 0<s<t<u<T.

Furthermore, if w and @ are super-additive and «, 8 > 0 with o + 8 > 1, then
we@? is super-additive. The proof works as [FV10, Exercise 1.8 and 1.9].
Proof of Proposition [Z2. The identities

COMEN([0,T); E) = V>>([0,T); E) and  VOY°([0,T]; E) = CV/5¥"([0,T); E)

are ensured by the definitions of the involved function spaces.
The first embedding can be seen by

P
T MBI ol < T oy £ C° 0.1 B),

PClo.T] [u,v]eP

The second embedding is trivial for § = 1/p. For § > 1/p we first observe that

(2.4) d(fu. fi) < <M>p|t—s|5—% < fllvomgon

-3
|t _ 3‘517—1 t—8| ) [S,t} - [OvT]a

for f € VoP([0,T]; E), and thus

1 1 _ 1
A(for )5 N F oot = 8175 = w(s,b).
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Since ||f||vép (s, 20d |t — s| are super-additive as functions in (s,f) € Ap and

(0p)~t — (0p)~! > 1, w is a super-additive by Remark B3l Hence, using the
super—additivity of w, we arrive at the claimed estimate
s—1
||fH1/5—var;[s,t] < ||fHV5vP;[s,t]‘t - S| P U

The next lemma justifies the definition of the Riesz-type variation in the case of
p = oo, cf. [23)), and collects some embedding results of these sets of functions.

Lemma 2.4. Let (E,d) be a metric space, T € (0,00) and [s,t] C [0,T]. Suppose
0€(0,1) and p € [1/0, 0].

(1) If 6 > 1/p, then V¥P([0,T); E) ¢ CO=Y/P)-H3([0 T|; E) with the estimate

d(fo, o) < Fllverganlt =7, f € VPO, T} B).
(2) If 6,8’ € (0,1) and p,p’ € [1/6,00] with 6" < § and p' < p, then one has
Vor((0,7]; B) € VOP(0, T E)  and  VPP((0,T]; E) C VO ([0,T]; E)
with the estimates for f € Vor([0,T]; E)

1Fllvsmigs, = (= 5)575/Hf||v<5vp;[s7t] and || fllyss (s, < (¢ =5)7

(3) For every f € Vo>=([0,T); E) one has

1 _
7

1
prHV‘SvP;[s,t]'

plin;o I llvorigsn = I fllveessa-

Proof. (1) The first assertion follows directly by the estimate ([24]).
(2) Let P be a partition of the interval [s,t] C [0,T]. For f € VP([0,T]; E) the
estimates

dua'up e du?vp
Z (_ff) <|t_s|(55)pz|(f f)

u|6’p—1 v _u‘ép—l
[u,v]eP [u,v]eP
and (using Holder’s inequality)

d(fu, f,)” d(fu, £) \* v
Z |U(_u|5p?_1_ Z < ( 5_)%> v —ul!

[u,v]€P [u,v]€P v —ul
Y d(fus fo)? \ 7
<lt—s% ( Hw o)
[U%P o = uf?=!

lead to (2) by taking the supremum over all partitions of [s, t].
(3) Due to Lemma [Z7] (1), we have

||fHV‘5’°°§[57t] < 1lpnl>£f ||f||V5‘p;[s,t]7 f € VJ’OO([OaTLE)
Furthermore, for p > ¢ > 1 we get

d us v a d us v p=q
lvonen = (s 35 AP f U ufé({,_@) <N gy 11

PCls.t] [u,v]€P

a
P
,00 -

i[s,t]

and thus
limsup || fllversy < I llveces,y- H
p—0o0
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In the following we introduce two different but equivalent characterizations of
the Riesz-type variation (222)). The first one is based on the classical notion of ¢-
variation due to Wiener and thus is particularly convenient for applications in rough
path theory. The second one relies on certain Besov spaces, namely Nikolskii spaces,
which allows us to relate the Riesz-type variation spaces to classical function spaces
as fractional Sobolev spaces. See Lemma 2.6l and Theorem 2.17] for the equivalence.

In order to give a characterization of Riesz-type variation of a function f €
C([0,T]; E) in terms of g-variation, we introduce a mized Hélder-variation regularity
by

p
(K A———

|v — u|op—1

25) fllporon :=(Psup ) 5 € (0,1], p € [1/3,00),

Cls:t] [u,v]eP
for a subinterval [s,¢] C [0,T] and in the case of p = co we define

||fH— var;[u,v]

[fll§75.00;5, 7= sUp  sup —f——
veeila] PClst] uwler |V —ul®

Moreover, we denote by Vo2 ([0, T]; E) the set of all functions f € C([0,T]; E) such

that || fllgs.q = [[fllys.a;0,7) < 00

An alternative way to measure Riesz-type variation of a function f € C([0,T}]; E)
is related to homogeneous Nikolskii spaces. Hence, we briefly recall the notation of
homogeneous Nikolskii spaces, which correspond to the homogeneous Besov spaces
B2P([0,T]; E). For § € (0,1] and p € [1,00) we define

t—h
1 looog = sup h5< / d(fmfu+h>pdu)

[t—s|>h>0

for a subinterval [s,t] C [0,T] and for p = co we further set

Hf”N‘sv“;[s,t] = sup h~° sup  d(fus futn)-
[t—s|>h>0 u€([s,t—h]

The set of all functions f € C([0,T]; E) such that ||f|xsr := [|fl|nsr0,1) < 00 is
denoted by N°?([0,T]; E).

Using the definition of Nikolskii regularity, we introduce a refined Nikolskii-type
reqularity by

(26) Hf”NE,p;[&ﬂ = ( sup Z ||f||N'5P uv]) ) d€ (Ov 1]7 pe [1700)7

PC[s,t] [u,0]€P
for f € C([0,T]; E) and a subinterval [s,t] C [0,T]. For p = 0o we set

oo = sup 5w [ flloesgus
PC[s,t] [u,v]€P

Furthermore, N%?([0, T]; E) stands for the set of all functions f € C([0,T]; E) such
that |[f[ gs.e = I1fll ys.0500,77 < 00

Remark 2.5. While || - [[%, o1
definition, this is not true for the Nikolskii regularity | -
The latter can be seen particularly by Remark

is a super-additive function in (s,t) € Ar by its

R g itSCIE i 6 € (0,1).
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In the next two subsections we show that the just introduced two ways of mea-
suring path regularity are indeed equivalent to the Riesz-type variation. We start
by considering the special case of regularity § = 1, that is, the space V7, in Sub-
section [Z.Il The equivalence for general Riesz-type variation spaces is the content
of Subsection

2.1. Characterization of the space V1P, The special case § = 1 or in other
words the set V1P([0, T]; R™) coincides with the original definition due to F. Riesz
[Riel0] and is already fairly well understood. For the sake of completeness we
present here the full picture assuming E = R"™ since it will be general enough
for the latter applications concerning the solution map associated to a controlled
differential equation; see Subsection 3.1

It is well known that the Riesz-type variation space V1?([0,T],R™) corresponds
to the classical Sobolev space W1P([0,T]; R"); see, e.g., [FV10, Proposition 1.45].
Let us recall the definition of the Sobolev space W1([0,T];R") (cf. [FV10, Def-
inition 1.41]). For p € [1,00] and T € (0,00) a function f € C([0,T];R™) is in
Wr([0,T];R™) if and only if f is of the form

t
ft:fo+/0 fids, tel0T],

for some f' € LP([0,T];R™). Moreover, we define ||f||w1» := ||f'||z» for f €
Whr([0, T|;R™).

Including the three known characterizations of V1([0,T],R"), we end up with
the following five different ways to measure the Riesz-type variation.

Lemma 2.6. Let T € (0,00), p € (1,00) and R™ be equipped with the Euclidean
norm | -|. The space V1P ([0,T];R™) has the following different characterizations:

VE([0, T R") = VI2(0, T R") = N*([0, T R™)
= NP([0,T;R") = WHP((0,T); R")
with
[fllvee = 1f e = Ifllgre = I llwee = [fllnee  for fe C([0,T)R™).
Proof. For f € C(]0,T];R™) and p € (1,00) the identifies
[fllvee = [[fllwre = [[fllnee

can be found in [FV10, Proposition 1.45] and [Leo09, Theorem 10.55].
Next we observe that

1151 g [V — P »
1 llwro = 1F1es < I, < sup > o — < A 1w
PCo.T] [u,v]eP

where we used [FV10, Theorem 1.44] (see also [FV06, Theorem 1]) for the second
estimate and the super-additivity of ||fHW1 pifu,p) 5 & function in (u,v) € Ap in
the last one.
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As a last step note that
Hf||N1 p — SUp Z Hf||€vl,p;[u,v]
PClo,T [u,0]eP

due to [Leo09, Theorem 10.55], which implies
1 1Ry = 115 < I 1Ry

using once more the super-additivity of ||fHW1,p_[u_v] as a function in (u,v) € Ar.
’ O

2.2. Characterizations of Riesz-type variation. While Sobolev spaces and
Nikolskii spaces coincide with the Riesz-type variation spaces for regularity § = 1,
this is not true anymore for the fractional regularity ¢ € (0,1). However, the char-
acterizations of Riesz-type variation via g-variation due to Wiener ([25) and via
classical Nikolskii spaces (2.0) still work as we will see in this subsection.

We start by recalling the definition of fractional Sobolev spaces. For § € (0,1)
and p € [1,00) the fractional Sobolev (also called Sobolev-Slobodeckij) regularity of
a function f € C([0,T]; E) is given by

d(fus fo)" ’
Hf||W<5,P;[st = (//{St |v—u|1+5p dudv

for a subinterval [s, t] C [0, T] and we abbreviate ||-|lys.» := ||-[|ws.r;0,m- The set of
all functions f € C([0,T]; E) such that || f|lys» < oo is denoted by W ([0, T]; E).

As an auxiliary result we first need an explicit embedding of Nikolskii regular
functions N° ([0, T]; E) into the set of functions with fractional Sobolev regularity
W (0, T); E).

Lemma 2.7. Suppose that (E,d) is a metric space and T € (0,00). Let p € [1,00)
and 6,8' € (0,1) be such that &' > 5. For f € N°»([0,T); E) it holds

2

[fllwsw,s,g < (m) 1 f s o,y (E — 5)" 0

for any s,t € [0,T] with s < t. In particular, N°?([0,T]; E) € Wo?([0,T); E).

Proof. The fractional Sobolev regularity can be rewritten as

fuafv ios = hdfuafquh)
T //] e dudu =2 Al quan

for s,t€[0,T] with s <t and for every fEW‘;’p([O,T};E). Since feN%2([0,T); E),
one has

t—h
/ d(fua fu+h)p du < ||f|‘€vélﬁp;[s7t]h6 P,

Therefore, we conclude for 8’ > § > 0 that

o 1B g
25 [s,1] L
Wy <2 [ st ah < o gt = 9

for every interval [s, ] C [0, 7], and thus N%"?([0,T]; E) ¢ W?([0,T]; E). O
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The next proposition presents that functions of refined Nikolskii-type regularity
are also of finite g-variation and Holder continuous. It can be seen as a refinement
of [FV06, Theorem 2].

For the sake of notational brevity, we use in the following Ay < By, for a generic
parameter 1, meaning that Ay < CBy for some constant C' > 0 independent of 1.

Proposition 2.8. Suppose that (E,d) is a metric space and T € (0,00). Let
0€(0,1) and p € (1,00) be such that o :==06 — 1/p > 0, and set q := 5

(1) If f € N°P([0,T]; E), then f € C*HY([0,T]; E) and
Afor f1) S Wfllwor ot =877, [s,] € 0.7
(2) The g-variation of any f € N®P([0,T); E) can be estimated by
[fllg-varsis.t) S Il goys, (= 9)% s8] [0, T,
and one has N?([0,T]; E) ¢ C*H3Y([0,T); E) and
N°?([0,T]; E) € ¢ ([0, T7]; E).

Proof. (1) Choose v < & such that v — 1/p > 0. Because f € N°P([0,T]; E),
Lemma 27 yields f € WYP(]0,T]; E) and we have

P
Hf”wwp[gt =Fy: //[t (q)_f;:{l];;lw) dudv, [s,t] C[0,T].

Applying the Garsia—Rodemich-Rumsey inequality with ¥(-) = (-)? and p(-) =
()P gives

d(fs: ft) < 8/0 . (JZS;) ’ dp(u) = wjﬁ“ﬂlw""”;[s,t](t —8)7 7,

using v — % > 0; see for instance [FV10, Theorem A.1] for a version of the Garsia—
Rodemich—Rumsey lemma suitable for functions with values in a metric space.
Furthermore, Lemma [2.7] yields

1
00 5) < 177 (G2gy) M hwonteatt ==
S llvomgs(t =),
which gives f € CO~1/P)-H8l([0 T]; E).
(2) Assuming f € N°P([0,T]; E) the estimate (7)) leads to
Afor ) S W oot = 9)°77, [5:4] € [0,7)
Recalling a =6 —1/p >0 and g = %, we note that
wl5.8) = 1%, (0= )%, 05 <E<T,

=

(2.7)

is super-additive. Indeed, since || f||" and |t—s| are super-additive as functions

Né:p;[s,t]
in (s,t) € Ar and q/p+1—1/6p > 1, Remark[Z3] ensures the super-additivity of w.
Hence, by the super-additivity of w we deduce that

I g < Co0(,) = Cll %, 1= 5170,

for some constant C' > 0 depending only on § and p.
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In particular, we have proven that N%?([0,T]; E) ¢ C*H ([0, T]; E) and

N°P([0,T]; E) € CTV([0,T]; E). O

Remark 2.9. Proposition 28 (2) does not hold for | - Hm,p_[s ; replaced by
= Nl wopsjs,; see Remark 213 below.

Remark 2.10. Alternatively to the given proofs of Lemma 2.7 and Proposition 2.8]
one could use the abstract Kuratowski embedding to extend the known Besov em-
beddings from Banach spaces to general metric spaces and then proceed further as
presented above. For example note, if (E, || - ||) is a Banach space, then classical
Besov embeddings lead to

| fs+n — fsll 5—1 5—1
fi — fsll < sup <7 t—s /pSCf sp:[s.t]|t — 8 /P
|| t || lt—s|>h>0 |h|5,1/p ‘ | || HN ;[ ,t]| |

for every f € N%P([0,T]; E), § € (0,1), p € (1,00) such that § > 1/p, and some
constant C' > 0; cf. [Sim90, Theorem 10]. However, we prefer here to give direct
proofs.

On the other hand, the embedding N%?([0,T]; E) ¢ W%?([0,T]; E) does not
hold true, which prevents us from deducing Proposition 2.8 as a corollary of [EV06,
Theorem 2]. Hence, the elaborated embedding of Lemma [2.7] is essential to obtain
Proposition 2.8

The next theorem is the main result of the first part: the characterization of
Riesz-type variation via || - ||gs., and || - || 5.0+

Theorem 2.11. Let T' € (0,00) and (E,d) be a metric space. Suppose that 6 €

(0,1) and p € (1,00) such that 6 > 1/p. Then, || - |lvsw, || - |lysr and || - | s, are
equivalent, that is,

[fllvar S 1fllgsr S NFllxsw S 1 fllvar
for every function f € C([0,T]; E), and thus
Vor([0,T]: B) = VOr([0,T]; E) = N*P([0, TT; E).
Proof. For a function f € C([0,T]; E) and an interval [s,t] C [0, 7] recall that

t—h -
Hf||N5=P;[s,t] = < sup h—ép/ d(fuyfquh)p du)
s

[t—s|>h>0

Let us fix h € (0, — s] and take a partition P(h) := {[t;,tit1] : s =10 < -+ <
tyr =t — h} such that

|tM—tM,1‘§h and |ti+1—ti|:h fOIiZO,...,M—2, M € N.
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Since Supue titit1] (fua fquh)p < ||f||1/5 var;[t;,tiyo] for i = 07 RN} M — 1 with tM+1
=t — h, we observe that

t—h i+l
/ | (fuafu-l-h |pdu_ Z/ fuafu-i—h)pdu

M—-1

< Z sup  d(fu, fusn)?(tiv1 — ti)
i—0 UEltitit]

1 o M-—1 Hf||11)/5'var§[ti7ti+2 < hoP
> 5( ) z_% (2h)51’*1 ||f||v5p ils,t)’
which implies || f||% N6 (s < S va (s1]° Therefore, the super-additivity of

||f\|v5’”S PELE function in (s t) € Ar reveals

1 lsr S WMo

For the converse inequality Proposition gives
o—1
||f|‘%—var;[u,v] 5 ‘|f||N5’P;[u,1;]|v - u‘ P, 0<u<ov< Tv

for 6 € (0,1) and p € (1, 00) such that § > 1/p, which leads to
[l
Bl® _ +-var;[u,v]
i, = s Y

-
|v — ulop—1

_ ,u/|6p71

< sup
PC[0,T]

< Pl 00

[u,v]€P

where we applied the super-additivity of || f||%

Nimsfs g 352 function in (s,t) € Ap.

It remains to show

1fllver S U fllgsr S W fllver, feC([0,T), E).

The first inequality follows immediately from the definitions and the observation

d( fus fo)* < ||f||11)/5-var;[u,u]7 [u,v] € [0,T].

The second inequality can be deduced from Proposition 2.2} which gives the esti-
mate

Sp—
I st < 8=

} as a function in (s,t) € Ap. O

As a next step we briefly want to understand how the set VoP([0,T]; E) of
functions with finite Riesz-type variation are related to other types of measuring
the regularity of functions. The characterization of Riesz-type variation in terms
of Nikolskii regularity allows us to deduce the following result connecting the set
VoP([0,T]; E) with the notion of classical fractional Sobolev and Nikolskii regular-

ity.

Corollary 2.12. Let T € (0,00) and (E,d) be a metric space. If 6 € (0,1) and
p € (1,00) such that § > 1/p, then one has the inclusions

(2.8) WOP([0,T]; B) € VOP([0,T]; E) € N*P([0,T]; E)
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and
N0, 715 B) € NOP(0,T) B) € N°#(0,T); )
foree (0,1—19).

Proof. For the first embedding let f € WP([0,T]; E). Applying Theorem EIT] and
[Sim90, Theorem 11], which can be extended to general metric spaces by Kura-
towski’s embedding theorem, we get

1A% s0 S 1 s = oo D I Rngey

T [s,t]eP

S.z Sup Z ||fHW5p St] S ||f||€v5p.

PC[0,T] [s,]€P

For the second embedding let f € N%P([0,T]; E) and we apply again Theo-
rem [2.17] to obtain

1 s < I 1o S NS5

The first embedding for the refined Nikolskii-type space Noter is a consequence
of Theorem 2.11] and the embedding

N°*eP([0,T); E) € WOP([0,T]; E) € VOP([0,T]; E),

where we used Lemma 277 and (23).
The second embedding for the refined Nikolskii-type space NP follows directly
from its definition. O

Remark 2.13. Both embeddings are proper embeddings, which means in both cases
the equality does not hold.

Indeed, an example of a set of functions which are included in V*/2+#:2([0, T); R)
but not in W/2+H:2(]0, T); R) consists of the Cameron-Martin space of a fractional
Brownian motion with Hurst index H € (0, 1/2); see [FV06] and [FH14, Section 11]
and the references therein.

To see that the second embedding is not an equality, we recall that the sample
paths of a Brownian motion belong in the Nikolskii space N'/22([0,T];R) for p €
(2,00), which was proven by [Roy93] (cf. [Ros09, Proposition 1]). However, it is
also well known that sample paths of a Brownian motion are not contained in
C?v2r([0,T];R). In other words, they cannot be contained in V*/22([0, T];R) for
p € (2,00) since this is a subset of C*V?*([0, T]; R) by Proposition

2.3. Separability considerations. In order to embed the Riesz-type variation
spaces into separable Banach spaces, we need to restrict the general metric space F
and focus here on the case E = R" equipped with the Euclidean norm |-|. As usual
| - | induces the metric d(z,y) := |y — x| for ,y € R™ and thus || - ||yss, || - ||iss
and || - [| g5, become semi-norms, which can be easily modified to proper norms by
adding for instance the Euclidean norm of the functions evaluated at zero; cf. (29).
An immediate consequence of Theorem [2.11]is the following equivalence.

Corollary 2.14. Let T € (0,00) and R™ be equipped with the Fuclidean norm |- |.
If § € (0,1) and p € (1,00) are such that § > 1/p, then the semi-norms || - ||ys.»,
| lgsp, and || - || 55,0 are equivalent.
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In order to turn C°-HL([0, T]; R™) and CPv2*([0, T]; R™) into Banach spaces, one
usually introduces the norms

(2.9) IO+ I flls-nz and  [g(0)] + [|glp-var
for f € COHY([0, T);R™) and g € CPV*([0,T];R™), respectively. These Banach
spaces are not separable; see [FV10, Theorem 5.25].

To restore the separability, one can consider the closure of smooth paths. Let
C*>(]0,T];R™) be the space of smooth functions f € C([0,T];R™). For ¢§ € (0,1)
and p € (1,00) we define

COSHI ([0, T); R o= WH'”E»HD]
and
COr (0, THRY) e= OO0, TR ™.
These two Banach spaces are separable and one has the obvious embeddings
COTH (o, T); R™) € C*HE([0, TT; R™)
and
corvar ([0, T); R™) € CPY ([0, T); R™).
The Riesz-type variation space VP ([0, T]; R™) can be embedded into
C0.0-H8l([0, T]; R™)
and
COPver([o, T); R™).

Lemma 2.15. Let T € (0,00) and R™ be equipped with the Fuclidean norm |-|. If
0 €(0,1) and p € (1,00) are such that 6 > 1/p, then one has the embeddings

VOP([0,T];R™) € COP((0,T;R")  and  V*P([0, T|;R") € C* ([0, T]; R")
for € (0,6 —1/p).
Proof. For f € VoP([0,T];R™) and § > 1/p we apply Lemma 4] to obtain

lim sup Z [fe — fs]P < lim sup Z Hf”i)/s,p;[s,tﬂt — g1

e=0pcio,1), |P|<e (AP e=0pcio,7), |P|<e (o f]eP

P : op—1 __
S ||f||v6,p gl_I)%Ep _07

where |P| denotes the mesh size of the partition P, and thus f € C%Pvar([0, T]; R")
due to Wiener’s characterization of C%Pv2 ([0, T]; R™); see [FV10, Theorem 5.31].

Using Wiener’s characterization of C%*HL([0, T];R") for a € (0,5 — 1/p), we
get the second embedding because of

|ft — fs|

lim sup ——= < lim sup (

1
fe = ful? ) " s
=0 15,4]cl0,T], |t—s|<e [t —s|® ~ em0 [s,£]C[0,T], [t—s|<e

[t — s|op—1

for f € Vor([0,T);R™). O
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3. CONTINUITY OF THE ITO-LYONS MAP

The dynamics of a controlled differential equation driven by a path X : [0,7] —
R™ of finite g-variation is formally given by

(3.1) dY; =V(V)dX:, Yo=uyo, t€]0,7],

where yo € R™ is the initial condition, V: R™ — L(R"™,R™) is a smooth enough
vector field and T' € (0,00). Here L(R™,R™) denotes the space of linear opera-
tors from R™ to R™. If the driving signal X € CP™Y?1([0,T];R") for p € [1,2),
Lyons [Lyo94] first established the existence and uniqueness of a solution Y to
the equation (3. Moreover, he proved that the It6-Lyons map is a locally Lip-
schitz continuous map with respect to the g-variation topology. In order to restore
the continuity for more irregular paths X, say X € C7V*([0,T];R") for an arbi-
trarily large ¢ < oo, Lyons introduced the notion of rough paths in his seminal
paper |[Lyo98]; see Subsection Based on Lyons’ estimate, one can deduce the
local Lipschitz continuity of the It6—Lyons map with respect to a Holder topology;
see for example [ETri05].

The aim of this section is to particularly unify these two results by establish-
ing the local Lipschitz continuity of the It6—Lyons map on Riesz-type variation
spaces. For this purpose we combine Lyons’ estimates with our characterization of
Riesz-type variation in terms to g-variation to deduce the locally Lipschitz conti-
nuity of the It6—Lyons map with respect to an inhomogeneous Riesz-type distance.
See Proposition B for the continuity result in the regime of bounded variation
paths. For the result in the general rough path setting we refer to Theorem B.3] and
Corollaries and 3.8

To quantify the regularity of the vector field V in the controlled differential
equation ([BI)), we introduce for o > 0 the space Lip® := Lip*(R™; L(R™,R™)) in
the sense of E. Stein; cf. [FV10l Definition 10.2]. For a > 0 and

la] :=max{n e N : n<a}

the space Lip® consists of all maps V: R™ — L(R™,R™) such that V is |«]-times
continuously differentiable with (o — |« |)-Ho6lder continuous partial derivatives of
order |« (or with continuous partial derivatives of order « in the case a = |a]).

On the space Lip® we introduce the usual norm || - ||Lip~ and further denote the
supremum norm by || - . For the supremum norm on C([0,T];R™) we write
[l - ||oo;[07T] ‘= SUPg<i<T |-

3.1. Continuity w.r.t. V1P, In this subsection we derive the local Lipschitz con-
tinuity of the solution map on the Riesz-type variation spaces V1([0,T];R™). To
that end the equivalent characterization of V17 ([0, T]; R™) given by V17 ([0, T]; R™)
turns out to be particularly convenient. The solution map & is defined by

(3.2) ®: R™ x Lip' x VIP([0,T];R™) — VIP([0,T;R™) via ®(yo,V,X) =Y,
where Y denotes the solution to the integral equation

t
(3.3) Yo+ [ V)X, te0T)
0

First notice that the integral appearing in equation (B3] can be defined as a classi-
cal Riemann-Stieltjes integral with respect to bounded variation functions because
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of the embedding V12([0,T];R") ¢ Cv2([0,T];R") for all p € (1,00) due to
Proposition and Lemma 2.6

Proposition 3.1. For X € Vl’p([O,T];R") with p € (1,00), V € Lip* and every
initial conditign Yo € R™, the controlled differential equation B3)) has a unique
solution Y € VVP([0,T];R™) and the solution map ® as defined in [B.2)) is locally

Lipschitz continuous. ~
More precisely, for yy € R™, X € VIP([0,T];R"), V' € Lip' such that

”Xin/l,P < b and H‘/iHLip1 < l> i= 1727
for some b,l > 0 and corresponding solution Y*, there ewist a constant C' =
C(b,1,p) > 1 such that
Y =Yg, < C(IV' = Voo + lyo — %0] + X" = X2lrs)-
Proof. Since X' € Vl’p([O,T];R"), X' is in particular of bounded variation and
thus the integral equation ([B3.3) is well defined and admits a unique solution Y* €
C1var ([0, T);R™) for each i = 1,2. Moreover, for every subinterval [s,t] C [0,T]

the local Lipschitz continuity of the solution map @ in 1-variation, cf. [FV10, The-
orem 3.18] and [FV10, Remark 3.19], yields

Y = Y?|1var(s,q
< 2exp(3b0) (Jys — y2lle(s, ) + [V = VZ[looc(s, ) + U X" = X2 1vari(s.1))
where c(s,t) can be chosen such that
X 1varifs, + X2 vans < e(s,t) < k(s, t)(t — )71/
with k(s, ) == [ X |15 + X[ 510,15 - Dividing both sides by |t —s|'~!/7 and
taking them to the power p leads to
Yt =y}

1-var;[s,t]
s

”Xl _XQHf—var;[s,t] >

S exp(@p) (I 2 PP 07 IV V2 (s, 040

From this inequality we deduce, by summing over a partition of [0, 7] and taking
then the supremum over all partitions, that

Y =Y2ll51, S expBul) (V= Vlsob + [V = Y2|locsjo, bl + 11X = X [1.0),

~

where we used the super-additivity of k(s,t)? and k(0,7) < 2b. Finally, ||[Y! —
Y2||Oo;[0’T] can be estimated by [FV10, Theorem 3.15] to complete the proof. O

Remark 3.2. An immediate consequence of Lemma is that the local Lipschitz
continuity as stated in Proposition B] of the solution map ® given by (B2) also
holds with respect to the (equivalent) Sobolev or Nikolskii metric.

3.2. Continuity w.r.t. general Riesz-type variation. In order to give a mean-
ing to the controlled differential equation (B for driving signals X which are not
of bounded variation, we introduce here the basic framework of rough path the-
ory. For more comprehensive monographs about rough path theory we refer to
[LQO2I[FVI0,[EH14], and for the convenience of the reader the following definitions
are mainly borrowed from [FVI0].
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As already explained in the introduction, a rough path takes values in the metric
space (GV(R"),d..) and not “only” in the Euclidean space (R", || - ||). Let us recall
the basic ingredients:

For N € N and a path Z € C'Va'(R") its N-step signature is given by

SN(Z)s 4 :_(1,/ dZu,...,/ dZ,, ®---®dZuN>
s<u<t s<up<---<un<t

N
e TV R = @ ("),

k=0
where (]R")wC denotes the k-tensor space of R® and R®% := R. We note that
TN (R™) is an algebra (“level-N truncated tensor algebra”) under the tensor product
®. The corresponding space of all these lifted paths is the step-INV free nilpotent
group (w.r.t. ®)

GN(R™) := {SN(Z)or : Z € OV ([0, T);R™)} ¢ TN(R™).

For every g € GV (R") the so-called “Carnot-Carathéodory norm”
T
[9llce := inf {/ Idysll = v € G ([0, T]; R™) and Sy (v)o,r = g},
0

where fOT ldvs]| is the length of v based on the Euclidean distance, is finite and
the infimum is attained; see [FVI10, Theorem 7.32]. This leads to the Carnot—
Carathéodory metric d.. via

dcc(g7h) = ||971 02y thcv g,h € GN(Rn)a

where g~ ! is the inverse of g in the sense g~ ® g = 1; see [FV10, Proposition 7.36
and Definition 7.41]. Hence, (G (R"),d..) is a metric space.

The space of all weakly geometric rough paths of finite g-variation is then given
by

1

Q7 .= g (0, T); GL) (RM)) = {X € C([0, T GL (R™)) [ X gvar < OO}’

where || - ||g-var is the g-variation with respect to the metric space (G Lal(R™), d,.)
as defined in () and |¢| := max{n € N : n < g}. Note that || - ||gvar o0 Q9 is
commonly called the homogeneous (rough path) norm since it is homogeneous with
respect to the dilation map on T4 (R"); cf. [FVI0, Definition 7.13].

Coming back to the controlled differential equation (B.I]), we first need to in-
troduce a solution concept suitable for this equation given the driving signal is
now a weakly geometric rough path. Let V: R™ — L(R™ R™) be a sufficiently
smooth vector field and yg € R™ be some initial condition. For a weakly geometric
rough path X € Cv¥ ([0, T]; Gl (R™)) we call Y € C([0, T]; R™) a solution to the
controlled differential equation (also called rough differential equation)

(34) dY; = V(}/t) dX;, Yp=1y9y, t€ [O,T],
if there exist a sequence (X™) C C*var([0,T]; R™) such that

lim sup dCC(Sl_qJ (Xn)sﬂvaS,t) =0, sup ||S\_qj (Xn)”q—var;[O,T] < 09,
n—=00 0<s<t<T n

and the corresponding solutions Y to equation ([B.3]) converge uniformly on [0, 7
to Y as n tends to oo; cf. [FVI0, Definition 10.17].
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On the space Q9 = C4V2r ([0, T]; GV (R™)) the classical way to restore to the con-
tinuity of the solution map associated to a controlled differential equation ([34) (also
called the It6-Lyons map) is to introduce the inhomogeneous variation distance

k
Pavar (X1, X2) s= mmax i (X, X2)

for X1, X2 € Covar([0, T); GV (R™)) and ¢ € [1,00), with

WX = s (% mXh, = X201E) L s < 0.7]
o PCls,t] [u,v]€P

for k=1,...,N, where . : TV (R") — (R")®k is the projection to the kth tensor
level and each tensor level (R”)®k is equipped with the Euclidean structure. Here
we recall that X, , := X, I ®X,. Note that the distance Pg-var is not homogeneous

anymore with respect to the dilation map on TV (R") as indicated by its name.
In the seminal paper |[Lyo9§|, Lyons showed that the solution map ® given by

®: R™ x Lip? x ¢/ ([0, T]; GL/PI(R™)) — ¢Y/ovar ([0, T]; R™)
via
(I)(y0> MX) = Yu

where Y denotes the solution to equation (B4 given the input (yo,V,X), is local
Lipschitz continuity with respect to the inhomogeneous variation distance pi /5.var
for any finite regularity 1/6 > 1.

In the spirit of our characterization ([Z35]) of the Riesz-type variation we introduce
for § € (0,1) and p € [1/§, 00) the inhomogeneous mized Hélder-variation distance
by

— (k)
pysn (X1 X%) 1= max | pys, o (X X5,
for X', X2 € Vor([0,T]; GN(R")) and for k =1,..., N, we set

(k) Xl XQ)% k
(k) 1 2\ . p1/5—var;[u,v]( ’ "\ P
Pisp.s (X X7) = sup < > — > . [s,t] € [0,T7).
Vol t] PCls,t] [u,v]€P |u - /U‘(;p !

Furthermore, we define the Riesz-type geometric rough path space by
Qo= Vor([0, T); GR/PH(R™)) = VO([0, T]; GH/P (R™))
= No([0,7]; GH/PN(R™)),

for §€(0,1), p€(1/8,00). The identities hold due to Theorem ZITsince G''/%)(R™)
is a metric space equipped with the Carnot—Carathéodory metric d...

Relying on the equivalent characterization of Riesz-type variation in terms of
g-variation (cf. Theorem [ZTT]) and on the inhomogeneous mixed Holder-variation
distances for Riesz-type geometric rough paths, the local Lipschitz continuity of the
It6-Lyons map ® given by
(3.5)
®: R™ x Lip” x VP([0,T]; GLY/I(R™)) — VOP([0, T;R™) via ®(yo,V,X): =Y,

where Y denotes the solution to equation ([3.4) given the input (yo,V,X), can be
obtained with respect to the inhomogeneous mixed Hoélder-variation distance.
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Theorem 3.3. Let § € (0,1) and ~v,p € (1,00) be such that § > 1/p and v > 1/6.
For a Riesz-type geometric rough path X € Vr([0,T]; GLY/3)(R™)), for V € Lip?
and for every initial condition yo € R™, the controlled differential equation (B34
has a unique solution Y € VOP([0, T];R™).

Furthermore, the Ité—Lyons map ® as defined in B8 is locally Lipschitz contin-
uous, that is, for yi € R™, X' € Vé’p([O,T]; GU/(R™)) and V? € Lip” satisfying

X g <b and ||V {|Lipr <1, i=1,2,

for some b,l > 0, with corresponding solution Y, there exist a constant C =
C(b,1,7,0,p) > 1 such that

VP =Y [gsp SOV = VZ|lLipr1 + 90 — 95| + ppsn (X1, X?)).

Before we come to the proof, we recall that a continuous function w: Ar — [0, 00)
is called a control function if w(s,s) =0 for s € [0,T] and w is super-additive; cf.
Remark 23]

Proof. Due to Proposition 2.8 and Theorem 2.I1], the assumption
X e Vor([0,T); U/ (R™)

implies X € CY%var([0, T]; GLY/91(R™)) as § > 1/p. Therefore, the controlled
differential equation (B4) has a unique solution Y € C1/%-var([0, T]; R™) given the
regularity of the vector field V' € Lip” with v > 1/4; see [EV10, Theorem 10.26].

It remains to show the Riesz-type variation of Y and the local Lipschitz conti-
nuity of the It6-Lyons map ® as defined in ([B.3]). For this purpose we choose a
suitable control function w (see ([B9) for the specific definition) and introduce the
distance

1 ~2y . (k) 1 2
P1/5-0(X0, X5) 1= k:l,..?:}[(l/éj pl/é-w;[o,T](X  X%)

for X', X2 € Vo»([0,T]; GLY/?I(R™)) and

1 2
(k) 1 ~2Y\ . ‘ﬂ—k(Xs,t _Xs,t)|
P1/6-uil0,T] (X X5 = ogigggir w(s, t)ko ’

k=1,...,|1/5].

As one can see in the proof of [FV10, Theorem 10.26], one has the following two
estimates for the control function w and a constant C' = C(,d) > 0:

||Y1 - YQHOO;[O,T]

1
3 < (s IV Vi +o1/5u(X X)) exp(C1 (0. T)
and, for all u < v in [0, T7,

(3 7) |Yu17v - Yu27v| < C<l|Yu1_Yu2+||V1_V2HLip'V1+lp1/5-w(X15 XQ))W(’UHU)&
x exp(CIYw(0,T)).



ROUGH PATH METRICS ON A BESOV-NIKOLSKII-TYPE SCALE 8541

From inequality [3.1) we deduce that

||Y1 _ 2U|1/6

2)|3 1
Hf/é—var;[s,t] = PSCu[Et][ z]: |Yu7v
u,v]eP

1/5
5 (ZHYl - Y2Hoo;[s,t] + HVl - sz”Lip’Y*1 + lpl/é—w(X17X2)> w(s,t)
x exp(CI1H°w(0,T))Y/9,
which further leads to

Hyl Y2||1/6 -var;[s,t]

[t — 5|1

Yt =Y2|%,, = sup

Vo
PCOT] (5 yep

P
§<l||y1 - yQHOO;[O,T] + |Vt - VzHLip“f*l + lPl/é-w(XlaXQ))

t op p
X exp(Cll/‘Sw(O,T))p< sup w(s,ié)l) .
PO gep |t — s|°P

Plugging in estimate (B.6) in the last inequality gives

1Y = Y2 gsn S(ZIyé — gl + IV = V2| lLipr + lpl/é-w(X1>X2))
(3.8)

t)°p
X exp(Cll/‘Sw(O,T))( sup w(s,ié)_1>
PcloT) Sep It 817

In order to complete the proof, we consider the control function

[1/4]
k
(3.9) w(s,t) == HX1||1/5 _var; St]+||X2H1/5 _var;[s,t] + E W;1)7X2(37t)7 (s,t) € Ar,
k=1

where

(k) o

() o pl/é var;[s,t] (X17X2) 5k

wX1 X2 (S t) = ® - -
pV5p [OT](X aX )

with the convention 0/0 := 0, and investigate some properties of w. First notice
that w fulfills all the requirements to apply [FV10, Theorem 10.26]. Moreover, it is
easy to see that

(310) P1/5-w(X1;X2) 5 Pis.p (X17X2)
as one has for k=1,...,|1/§] and 0 < s < ¢t < T the following estimate:

(k) (Xl X2)

P1/6-w; s,t k
(X2, — X2, < ! ](x1 X2)p%3,p;[o7T](X1,X2) < (s, )™ pyan (X1, X2).
Vé.2:[0,T] ’

The last observation on w we need is

w(s, )P 2
(3.11) sup Z — < |IX! 155, + X2

Sp—1 ~~ V5p
PCl0,T] [s.0]eP |t — s
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Indeed, by Proposition [Z.8 we have for every partition P of [0, T

i||P i||P _ oldp—1
B L P i T A B
[ £— sl ver
[s,t]leP [s,t]eP
and further using
(k) Xl X2)% k
(k) 1 x2 P1f5ovarifs,) (X 8 5—1/p)k
PYfovarifs, ) (X7 X7) < [t — s > |t — s|O=1/P)
<P g (XX =8OR for k=1, [1/5],
we arrive at
(k) ) (k) 1 2\ B
3 wxax2 (50" g xLx) kY P15 varfs, (X X5)
|t _ S‘&pfl - pv&,p;[o’T] ) |t — 5‘517*1
[s,t]eP [s,t]eP
(k) 1 2\—2 2\ 2
< Pyswor) (X X5)H Z pvdv[st](x Xo)r <
[s,t]eP

By combining these estimates we deduce (EIII).
Therefore, estimate [B.8]) together with (BI0) and BI1) reveals

Yt = Y255, S(lyé — 5ol + IV = V[l + lpw,p(X17X2))
x exp(CIM°(2b+1))(2b + 1),
which completes the proof. O

3.3. Inhomogeneous Riesz-type distance. In the context of rough path theory
it is very convenient to work with the characterization of Riesz-type variation in
terms of classical ¢-variation and to introduce the corresponding inhomogeneous
mixed Holder-variation distance pys,, as we have seen in the previous subsection.
However, also the other characterizations of Riesz-type variation allow for obtaining
the local Lipschitz continuity of the It6—Lyons map ® as defined in (B3)).

Keeping in mind the Riesz-type variation (22), we define for 6 € (0,1) and
p € [1/4,00) inhomogeneous Riesz-type distance by

pvep(XH X?) :=  max (k)

1 2
k=1,...,|1/5] pV5’P;[O,T] (X aX )7

for X', X2 € Vo ([0, T); GLY/?1(R™)), where we set

X1 X2 \|B
(k) 1 2 |7Tk7( w,v um)'lC )
Pirop. X5, X%) ;= sup ( — , ls,t] C 0, T
vorls, t]( ) PCls,t] [u%;p u — wv|oP~1 5,8 € 0,7]

B |

for k=1,...,|1/4]. Indeed, the inhomogeneous Riesz-type distance and inhomo-
geneous mixed Hoélder-variation distance are equivalent.

Lemma 3.4. If§ € (0,1) and p € (1,00) with § > 1/p, then
pver(XHX?) S psn (X1, X?) S pysn (X, X?)
for X1, X2 € Vor([0,T]; GLY/21(R™)).
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Proof. The first inequality directly follows from
(X = X2IF <l (XLXHE fu0] € [0,7]

1/8-var;[u,v]
fork=1,...,|1/0].
For the second inequality we notice

(XL X2 YE\
-X2 )| < ( a “”v|¢spf£”>| ) lu— | "%

| (X,

u,v
< P (X5 XD fu— 0] 735, [u,0] € [0, 7]
for k=1,...,[1/d]. Due to Remark 23] the function
Ar 3 (u,v) — pvgp [, U](Xl,Xz)ﬁm —v\l’ﬁ
is super-additive and thus we get

k i k _
pg/)évmr[uv](xl Xz)k Pg/«s)p[uv](xleQ)\u_UPp 1'

Therefore, using the super-additive of va [ (X', X% as functions in (u,v) €

w,v]
Ar, we obtain

k ) k »
pg/a)p s[usv] (Xl’ XQ) Fs pg/‘s)’p;[u,v] (Xl’ XQ) k

for k=1,...,|1/6], which implies the second inequality. |

Applying the equivalence of the inhomogeneous distances pys» and py;.,
(Lemma B4]) and the characterization of Riesz-type spaces (Theorem [2Z11]), the
local Lipschitz continuity of the It6-Lyons map ([B5) with respect to pys» is an
immediate consequence of Theorem [B.3t

Corollary 3.5. Let 6 € (0,1) and v,p € (1,00) be such that 6 > 1/p and v > 1/4.
The It6—Lyons map

®: R™ x Lip” x VOP([0, T]; GL/I(R™)) — VOP([0,T);R™) wia ®(yo,V,X) =Y,

where Y denotes the solution to controlled differential equation [B.4) given the input
(0, V,X), is locally Lipschitz continuous with respect to inhomogeneous Riesz-type
distance pys.p.

3.4. Inhomogeneous Nikolskii-type distance. To complete the picture, we
provide in this subsection an inhomogeneous distance in terms of Nikolskii regular-
ity (cf. (Z6])), which is locally Lipschitz equivalent to the inhomogeneous Riesz-type
distance and which ensures the local Lipschitz continuity of the It6-Lyons map ®
as defined in (B3).

To that end we introduce the inhomogeneous Nikolskii-type distance as follows:
For X!, X2 e N%([0,T]; G/ (R™)) we set

p

v—h
1 52 2
pg\lﬁg ] (Xl, X2) — sup hfék </u |7Tk (Xr,v"—i-h Xr,r+h)‘ k dT> 5
[v—ul>h>0 [ ] c [0 T]

and

P (X X?) == sup ( > AN (X! X?ﬁ) . [s.t] c 0,71,
NO-Pi[s,t] PC[s,t] WaTer

|
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for k =1,...,[1/6]. The inhomogeneous Nikolskii-type distance pys,, is defined by

Prron (XH, X?) = max pgvg ). X1 X2,

,,,,,

Jom(

In the next two lemmas (Lemmas [3.6] and B7)) we establish that the two ways
of introducing an inhomogeneous distance on C([0,T]; GL*/%/(R™)), given by the
inhomogeneous mixed Holder-variation distance and the inhomogeneous Nikolskii-
type distance, are locally equivalent.

Lemma 3.6. If§ € (0,1) and p € (1,00) with § > 1/p, then
P (X5 X%) S ppsn (X, X2)
for X1, X2 € Vor([0,T]; GLY/OI(R™)).
Proof. Let X', X2 € Vo»([0,T); GL'/%)(R™)) and k = 1,...,N. For [s,t] C [0,T]

and h € (0,t — s] fixed we consider the dissection P(h) := {[ti,tit1] @ s = 1o <
- <ty =t—h} such that

|tM—tM,1‘§h and |ti+1—ti|:h fOf’iZO,...,M—Q, M € N.
Since Supye, i, 7k (X — Xi)u+h)| < P1ovarsftatisn) (X X2) for i = 1,...,
M — 1 with tpr4q :=t — h, we deduce that

t—h M-—1
ya P
/ (XL = X2 ) Edu < S sup (XL oy — X2 ) Eh
S

i—1 UE[titit1]

P
k

M-1 1 w2
(Qh)ép Z P1/5-var;[t;,tiro] (X s X )
=1 |t; — tiyo|oP~1

S, L (XL XDE.
Therefore, by the super-additivity of px?p o] (X17X2)% and pgﬁg,p‘[s q (X17X2)%
as functions in (s,t) € Ar we obtain
(k) 1 %2 (k) 1 w2
pr‘p[OT](X X)vaép[OT](X7X)
for every k =1,...,[1/8|, which implies that pgs, (X!, X?) < pys, (X', X?). O

Lemma 3.7. Let 6 € (0,1) and p € (1,00) with 6 > 1/p. For Riesz-type geometric
rough paths X', X% € NoP([0,T); GL/3)(R™)) there exists a constant

C:= C((Svpa ”Xl”N&m HXQHN&I)) > 1a
and ||
Pyrs.p (X17X2) < CpNS,p (X17X2)'

depending only on §, p and the upper bound of || X! such that

Proof. Let X', X2 € No2([0, T]; GLY/%J(R™)) be Riesz-type geometric rough paths.
In order to prove the inequality in Lemma 3.7 it is sufficient to show that there
exists a constant C' = C(0,p, || X || gs.p» [|X?|| ys.») = 1 such that

1

1 2\ %" 1 -
(3.12) |m;(X1,—X2,)[% < <Zp§3’msﬂ X2>J) jt—s|' "% = wl(s,1)

for all s,t € [0,T] with s < ¢ and for every j =1,...,|1/d].
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Indeed, for each j = 1,...,[1/§| the function w¥): Ap — [0,00) is the super-
additive:

°'“>—A

J
§C<ZPE\}T)M;[S,1S](X X2) +p§\zl)5p[ 1t](X1 X2)7> (\t—s|—|—|u—t\)

1

J
< C(Zpi%’a,p.[s Blo.o X?)f) Ju— 5% = wl(s,u),
for 0 < s <t <wu < T, where we used Holder’s inequality and p/j > 1. This
(4) 1 ~2 1 2 L\
plj/6—var;[s,t](X 7X ) = Sup | ( Z ‘Wj(Xu,v - Xu,v)|6j>

PClst [u,v]eP

<C(mep[st (1 x3% ) e o507,

where the super-additivity of w?) is applied in the last line. Hence, we get further

(4) L g
) (X', X?*) = sup ( Pr)ivarsfun] (X X2)7 ) g
Vé:p;:[0,T] ) PCl0.T) leP |u 'U|<5;0—1
sup P (X x2)§’>
’PC[OT] ( U%P; w ]

1 2
<chNM[OT (X1, X2),

which immediately gives by taking the maximum over j =1,...,|1/d] that
pisn (X, X?) < Cpysn (XH, X?).

In order to prove inequality (312 for each j =1,...,|1/é|, we argue via induc-
tion. For j = 1 inequalities ([B.I2)) is an easy consequence of Theorem [ZT1l We now
assume that (3I2)) is true for the levels j = 1,...,k—1 and establish the inequality
for level k. Let us fix s,t € [0,T] with s < t and define

-X2. 1), u€lot—s].

For u,h € [0, — s] with w4+ h € [0, — s] and using

Z8 = mp (X}

u s,8+u

Xl

X;,erquh - X s,s+u (XiJru,erquh - 1)7 (Xeru s+u+h 1) =0

s,s+u

and

(Xs+u stu+h 1) =Ty (X;Jru,erquh) for j > 07
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we obtain

= ﬂ-k(Xi,erquh - Xi,eru) - ﬂ—k(Xg,erquh - Xg s+u)

= (Xi s+u) & 7rj (X§+u,s+u+h 7Tk j s s+u ® 7T] (X§+u,s+u+h)
>
k
2
= Z Tk— J(Xs 9+u) & T (X;+u,s+u+h - Xs+u,s+u+h)

1 2 2
+ Z Tk—j (Xs,s+u Xs s+u) b T (Xs+u,s+u+h)‘
Keeping in mind m(X! ., — X2 ,,) =0, we arrive at

1 2
Z - E :ﬂ-k J s s+u ® Ty (Xs+u,s+u+h - Xs+u,s+u+h)

2 2
+ Z Tk— J s s+u Xs 9+u> & Ty (Xs+u,s+u+h)

+ Tk (Xs+u,s+u+h Xs+u s+u+h)

Hence, we get the following estimate:

t—h 1
sup h5</ |Zi+h—Zi|pdu> S AL+ Ag+ Az

[t—s|>h>0

where we set

k-1 t—h
D DI (B - ~WCLEte ST
S

=1 [t—s|>h>0
2 P
- Xs+u,s+u+h)| du) )

Q=

Q=

k—1

t—h

—4

AQ = Z sup h </ |7Tk*j(xi,s+u s s+u)| ”X +u, s+u+hH Pi du)
j=1 [t—s|>h>0 s

3=

t—h
A3 = sup h_5 (/ |7Tk (X];+u,s+u+h - X§+u,s+u+h)|p du)
s

[t—s|>h>0
Due to Proposition 2:8 and 6 > 1/p, we have

XD [P < XD xRS

S—Yyp(k—j
1/8-var;[s,t] ~ Nop3[s,4] —S|( p)P( J)'

Moreover, the induction hypothesis gives

-1
‘ﬂ-j (X;"'u stuth X§+u s+u+h)‘(1 3P

Jj—1 ) L
<ZpNép X2)§> ‘t_5|(J_l)(6_;)p-
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Therefore, Ay can be estimated by

—4 _1
A152||x1||m,,[st|t—s|<’“ Do=3)
i=1

J -
p\ ? i—1)(6—1
(A XX ) T e s
=1

t—h

-0 1 2 £

X sup h </ |7Tj (Xs+u,s+u+h - Xs+u,s+u+h)| ’ du)
[t—s|>h>0 s

=

kf

1 €)) 1 233
<IN P g (X XD
=

ji—1

J
p\ P 1) (s— 1L
(ZpNap st] (x* XZ)]) |t_3‘(k De=7)
i=1
k—

1 J
ya
anlnm[st(zpmst]<xl x2)? ) - s,

j=1

X

For Ay we first observe again due to Proposition 2.8 that

1)
||Xs+u s+u+thJ S ||X +u, s+u+thHX2||Z])V(jsp i[s,t] |t - 3‘ YG=Lp

and by the induction hypothesis that

k—j
2 d—1)(k—j
|7Tk—j (X;,s—i-u s s+u |p < (Z pN.s Pi[s t] )kJ> |t - Sl( p)( j)p.

Combining the last two estimates, we get

— 1y
S oo glt =510 77Y 7Y

Jj=1
1

t—h P
-4
X sup h (/ ‘ﬂ-k—j(X;s—i-u S s+u)‘ ||X “+u, s+u+h|| du)
|tfs|>h>0 s
k—j

sanQnW Lyl = sEDED (me x x4 )

For A3 we briefly need to introduce the inhomogeneous Hoélder distance for level k
by
|7Tk (X§+u,s+v Xg+u s+v)|

(k) 1 w2y .
p(&—l/p)-Hél;[s,t] (X 7X ) o uve[ssutl]a‘ uFtv "u — U|(6 p

This time we simply estimate

(k) 1 w2 (k) 1 x2y1—1 5—1)(k—1
ACEYGING b SLT EyRETRAIc. b S R L
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Applying Proposition 2.8 to Z* we get

t—h 1

_ s s P _1

XL =X = 1232 S s 5(/ |Zu+h—zu|pdu) t—s|* .
t—s|>h> s

Putting the estimates for Ay, Ay and As, we deduce further

|7Tk‘( th”

~ 1 k-1 ‘] .

sclt—s“[z(zpﬁs&p,[stﬁ 1) e

=1 VNi=1 7’
(k) 1 ~2 1 w2y1—1 §—Ly(k—1

SHC NG O SLITREyREITTIN b S RIUEE )}
~ 1 k .

<Ot — |03k [Zp%i,p;[s’t] (X!, X2)

j=1

1 w22\ (k) 1 x2y1-1
(ZpNOP [s,1] (XX )k) p(5*1/p)-H61;[S,t](X X5 k}
E
SOl (3 800305

1
() 212 \" (k) 1 ~2y1—2
(Z’%” X5 X )'“> PUo1jp)-ttens. (X X2)! "}

for some constant C' = C'(8,p, | X" go.rs [|X2|| gs.r) > 1, which can be rewritten as

|7Tk(Xi,t - X?,t” 1 2\ 2

) 1 202 \"7 (k) 1 2y1-1
T (Zpl\gf‘svf’;[s,t](x X )k> p(571/p)-H61;[5,t](X , X ) k:|‘
j=1

In other words, we showed that

(k) (k) 1
Plo—1/p-tisnfs (X X7) <1+ Pt yp)-mogs (X X2\ T
k) (s, 1) ~ k) (s,t) ’

with

(5:1) = (szzp (XX
Hence, there exists a constant C' = C(6, p, | X! || 55,0+ |X?|| 55.») > 1 such that

(k)
Plo-1/p)natsg (X X7) <C

o) (s,1) -
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In particular, we have
k k
j p\? _1
(XL, — X2, < C(Zp%;p;[&t] (X17X2)k) It — 5|63k,
=1

which implies (BI2) for level k and the proof is complete. O

Combining the local equivalence of the inhomogeneous distances pys, and pgs »
(LemmasB.6land [3.7)) with the local Lipschitz continuity of the Ité—Lyons map (B.5])
with respect to pys, (TheoremB.3)), we deduce same continuity result with respect

to Prrsp:

Corollary 3.8. Let § € (0,1) and v,p € (1,00) be such that § > 1/p and v > 1/6.
The Ito—Lyons map

®: R™ x Lip” x N*P([0, T]; GLY/(R™)) — NOP([0,T];R™)  wvia ®(yo,V,X) : =Y,

where Y denotes the solution to controlled differential equation [B4) given the input
(y0,V,X), is locally Lipschitz continuous with respect to inhomogeneous Nikolskii-
type distance pgs.p -
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