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HILBERT-KUNZ DENSITY FUNCTION
AND HILBERT-KUNZ MULTIPLICITY

V. TRIVEDI

ABSTRACT. For a pair (M, I), where M is a finitely generated graded module
over a standard graded ring R of dimension d, and I is a graded ideal with
L(R/I) < oo, we introduce a new invariant HKd(M, I) called the Hilbert-Kunz
density function. We relate this to the Hilbert-Kunz multiplicity ez x (M, I)
by an integral formula.

We prove that the Hilbert-Kunz density function satisfies a multiplicative
formula for a Segre product of rings. This gives a formula for e i of the Segre
product of rings in terms of the HKd of the rings involved. As a corollary, ey i
of the Segre product of any finite number of projective curves is a rational
number.

1. INTRODUCTION

Let R be a Noetherian ring of prime characteristic p > 0 and of dimension d
and let 7 C R be an ideal of finite colength. Then we recall that the Hilbert-Kunz
multiplicity of R with respect to I is defined as

[p"]
CHK(R,I): lim M

n—o00 p”d ’

where I'"" = nth Frobenius power of I = the ideal generated by p™th powers of
elements of I. This is an ideal of finite colength and ¢(R/IP"]) denotes the length
of the R-module R/IP"]. Existence of the limit was proved by Monsky [M]. Though
this invariant has been extensively studied, over the years (see the survey article
[Hul), it has been difficult to handle (even in the graded case) as various standard
techniques, used for studying multiplicities, are not applicable for the invariant
CHK-

Here we introduce a new invariant for a pair (M, I), where R is a Noetherian
standard graded ring of dimension d over a perfect field k of char p > 0, I is
a homogeneous ideal of R such that ¢(R/I) < oo, and M is a finitely generated
non-negatively graded R-module.

This invariant for a pair (M, I), which we call the Hilbert-Kunz density function
of (M, I), is a compactly supported function

HEKd(M,I): R — R,

given by
HEA(M, 1)(z) = f() = lim_ga(z),

n—oo
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where g, : R = R is given in Notation 2-J1 We show that this limit makes sense
and in fact

HEA(M, I)(z) = f(x) = lim_g,(z) = lim_f,(z),

where f,,(z) = (1/¢*")e(M/T19M) |zq)- More precisely we prove the following
theorem, which also relates the Hilbert-Kunz multiplicity with the Hilbert-Kunz
density function.

Theorem 1.1. If R is of dimension > 2, then each g, : R — R is a compactly
supported, piecewise linear continuous function such that {gn}tnen is a uniformly
convergent sequence. If lim, o gn(z) = f(x), then f(x) is a compactly supported
continuous function, and

enx(M,I) = /Rf(x)dx.

We note that the HK density function plays the same role as ey i vis-a-vis tight
closure, in the graded setup (see Remark 2.T5]). Also like the ey multiplicity, the
HK density function is additive (Proposition [2.14]).

One of the remarkable properties of the HK density function (which also makes
computations of ey in various cases simpler, and makes them possible in many
new cases) is that it is “multiplicative” for Segre products.

In Proposition 217 we state and prove this multiplicative formula. In particular,
we prove the following.

Proposition 1.2. If (R, ) and (S, J) are two pairs as above, and if HKd(R,I) = f
and HKd(S,J) = g with dim R = dy and dim S = ds, then their Segre product
satisfies:

HEKA(R#S,I#J)(z) = co(R) !xdl_lg(m‘) +

e 05 1(a) — f(@)go)

(d2 — 1)

Here eg(R) denotes the Hilbert-Samuel multiplicity of R with respect to its
irrelevant maximal ideal.

This implies that ey of any finite Segre product of rings can be written in
terms of the HKd functions of the rings involved, whereas Example 3.7 suggests
that any such “multiplicative formula” does not hold for HK multiplicities.

In Section 3 we compute HKd(R,I), for projective spaces and non-singular
projective curves (and hence of arbitrary Segre products of these). Theorem [l
then yields formulas for HK multiplicities. We note that the HK multiplicity of a
product of P x P™ was known earlier ([EY]).

In the case of a non-singular projective curve X = Proj R of degree d, we can
associate its HN data of a set of rational numbers (d, {r;};, {a;}:), where (see [B],
[T1], for the corresponding study of the HK multiplicity in this context) {r;}; and
{a;}; denote, respectively, the ranks and normalized strong Harder-Narasimhan
slopes of the associated syzygy bundle V' on X see (B for details). Then it turns
out that the density function HKd(R, m), is a piecewise linear polynomial with
rational coefficients, and with points of singularites (i.e., non-smoothness) precisely
at the points {1 — (a;/d)};. Moreover d and and the set {r;}; can also be easily
recovered from the density function (see Example B3).

This implies that (since HKd(R,m) and hence) the numbers {r;}, {a;} are
intrinsic invariants of the pair (R, m).
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Now, by Proposition 217, the HK density function of a Segre product of n
projective curves {X},, corresponding to the pairs (R;, I;);, is a piecewise degree
n-polynomial with rational coefficients, with the set of singular points C {1 —
aij/cij, d;j}i, where {a;;}; are the normalized strong HN slopes and g] is the degree
of the curves X; and d;; are the degrees of the chosen generators of the ideals /;.
Hence, by Theorem [Tl we deduce, as a corollary,

The HK multiplicity of the Segre product of any finite number of projective curves
is a rational number.

In Example 37 we write down the Hilbert-Kunz density function for the Segre
product of two dimensional rings (R,m;) and (S,ms). If (d,{r;}:,{a;}:;) and
(9,{s;};,{bj};) are the datum associated to the pairs (R,m;) and (S, my), re-
spectively, then we deduce that ey (R#S, mi#msy) is a polynomial in {r;,a;/d};
and {s;,b;/g}; but the formula for it depends on the relative positions of the
a;/d and b;/g on the real line. On the other hand, we know (see [B], [T1]) that
egx(R,my) =d+ Y, ra?/d and egr(S,mo) = g+ > sjb?/g.

This suggests that unlike the functions such as multiplicity and H Kd function,
ek of a Segre product of rings cannot be determined in terms of the ey of the
individual rings alone.

Overall it seems that HKd is relatively easier to calculate (as one is computing
a “limit” of each graded piece rather than computing a limit of a sum of graded
pieces). On the other hand, it carries more information (e.g., in the case of projec-
tive curves, the normalized slopes {a;/d} are precisely the points of singularities of
the HKd, and {r;} also are recoverable from the density function).

In [T2], we give another application of HK density functions to give an approach
to ey i in characteristic 0.

We expect the techniques introduced in this paper to have several other inter-
esting applications as well.

For example, in a forthcoming paper [Ma], it is shown that the HK density
function of a tensor product of standard graded rings equals the convolution of the
HK density of the factors.

Recall that the set of compactly supported continuous functions f : R — R are
in bijective correspondence with the set of their holomorphic Fourier transforms
f, where f(t) =[x f(@)e " dx for t € C. Since HK density functions are com-
pactly supported functlons on R, for a pair (M,I), the HK density function f =
HKd(M,I) corresponds to its Fourier transform f and moreover f( )=enrx(M,I).
We also know that the Fourier transform of the convolution of two such functions
is the pointwise product of their Fourier transforms.

In particular, the results in the present paper suggest possible applications of
techniques from harmonic analysis in the study of HK multiplicities; we hope to
return to this later.

One can also ask the following question.

Question 1.3. Can this notion of HK density function be generalized to a Noe-
therian local ring (R, m), with respect to the m-adic filtration?

The paper is organized as follows. In the second section we prove the main
existence theorem, namely Theorem [l In Lemma 2.6 (which is the heart of the
theorem), we prove that the cohomologies of nth Frobenlus pull back of a locally
free sheaf (as is given in equation (23))) twisted by Q(m) (Q is a coherent sheaf of
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dimension d) is bounded by a polynomial in m, p™ of degree d with invariants of Q
as the coefficients.

The main theorem is inspired by the usual philosophy that the map from R to
RY? is essentially the map from RY? to RY/ (for this we state and prove a sheaf
theoretic version in Lemma [229)).

We also look at the case of dimension 1 in Theorem 219, and note that, for
each z, the sequence of functions g, (x) converges pointwise to f(z) but need not
converge uniformly. However, fR f(z)dz still gives the HK multiplicity.

2. MAIN EXISTENCE THEOREM

Throughout the paper, R is a Noetherian standard graded ring of dimension
d over a perfect field k of char p > 0, I is a homogeneous ideal of R such that
L(R/I) < 0o, and M is a finitely generated non-negatively graded R-module.

Notation 2.1. For the pair (M, I) we define a sequence of functions {g, : R — R},
as follows: Fix n € N and denote ¢ = p™. Let z € R; then x € [m/q, (m+1)/q) for
some integer m. If = m/q, then define

gn(z) = 1/qd_1£(M/I[Q]M)m.

Otherwise, we can write x = (1 — t)m/q + t(m + 1)/q, for some unique t € [0,1),
and then we define

gn(z) = (L —t)gn(m/q) +tgn((m +1)/q).

Let p > p(I) be a fixed number, where u(I) is the minimal number of generators
of the ideal I.

Lemma 2.2. Each g, is a compactly supported continuous function. Moreover,
there is a fized compact set containing Un Supp gn-

Proof. The continuity property is obvious. Let ng € N such that m™ C I, where
m is the graded maximal ideal. Therefore, for m > ngug, we have R, C (m™ )+ C
#a C 7119, et I be a positive integer such that R,,,M; = M,,,; for m > 0. Then
for m > nouq + [, we have

My, = Ry M; C (m”o)qul - IHqu - I[q]Ml

This implies £(M/I9M),, = 0, if m > | + nopg and, therefore, support of g, C
[0, (nop) +1/4q]. O

Remark 2.3. Since replacing R and M by R ®;, k and M ®y, k, the function g, :
R — R remains unchanged. We can assume without loss of generality that k is
algebraically closed.

Henceforth we assume that R is a standard graded ring of dimension > 2 (unless
otherwise stated). Let I be generated by homogeneous elements, say hi,...,h,
of positive degrees dy,...,d,, respectively. Let X = Proj R; then we have an
associated canonical exact sequence of locally free sheaves of O x-modules (moreover
the sequence is locally split exact). Due to Remark B3] we can also assume k is an
algebraically closed field

(2.1) 0—V—3,0x(1—-d;) — Ox(1) — 0,
where Ox (1 —d;) — Ox(1) is given by the multiplication by the element h;.
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For a coherent sheaf Q of Ox-modules we have a long exact sequence of coho-
mologies
(2.2)

0 — HO(X, F"™"V@Q(m)) — @;H'(X, Q(g—qdi+m)) "

(Q)

LY HY(X, Q(g+m))

— HY(X,F™V ® Q(m)) — - -
for m > 0,n >0, and ¢ = p". (Here F™ : X — X is the nth iterated Frobenius
map.)
We fix a set of notation used throughout the paper.

Notation 2.4. Let Q = ,,~, @m be a non-negatively graded finitely generated
R-module and let Q be the associated coherent sheaf of @x-modules. Therefore,
m = H°(X,Q(m)) for m > 0.

(1) m > 1 is the least integer such that,
Qerl = RlQm and Qm = HO(X7 Q(m)) and hz(X7 Q(m - 7’)) =0

f9r all m > m and for all 7 > 1.
(2) d = the dimension of the support of Q as a sheaf of Ox-modules.
(3) Let

mq(q) = m+ no(z di)g,

where hi,...,h, are generators of the ideal I of degrees di,...,d, > 1,
respectively, and ng > 1 such that m™ C .

(4) We also denote dimy Coker ¢y, ,(Q) by coker ¢y, ,(Q) (see the exact se-
quence ([Z2]) above).

(5) Let ai,...,a; € H’(X,0Ox (1)) be such that we have a short exact sequence
of Ox-modules

0—Qi(-1)% Q= Q; 1 =0 for 0<i<d,

where Q7= 0 and Q, = Q/(ag,...,ai+1)Q, for 0 <i < d, with dim Q; =
i. (Such a sequence of {a;}; exists, because k is an infinite field, and since

any coherent sheaf on X has only finitely many associated points.) We
define - -
(a) Co(Q) =h°(X,Q)ifd=0. If d > 0, then

d
Co(Q) = min{z R%(X,Q;) | a1, ...,azis a Q — sequence as above},

=0
(b)
Cq = (u) (h*(X, Q(m — 1)) + max{(Qo), {(Q1), - -, £(Qm—1)}) -
()

u d
Dq = Co(Q) le(ﬁH'no(Z di))] ;

where ng , u, d; are given as in (3) above.
(d)
DI(Q) = max{hl(Xv Q)7 hl(X7 Q(l))7 SRR hl(X> Q(TAfL - 1))}
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(e)
Do(Q) = h%(X, Q(m)) + 2(d + 1) (max{qo, |q1, - - -, |qz]})
where
o) =a(" 5 ) ra (")

is the Hilbert polynomial of Q.

The following lemma allows us to reduce our various assertions about a graded
module to assertions about cohomologies of the sheaf associated to the graded
module.

Lemma 2.5.

(1) For m+ q > mq(q), we have coker ¢, o(Q) = £(Q/IUQ) 1y = 0.
(2) For alln >0 and m € Z (where we define Q., =0, for m < 0),

| coker ¢pm.q(Q) — UQ/TVQ) 14| < Co.

Proof. For given ¢ = p™ and m > 0, let ¢, 4(Q) : D, Qq—qdi+m —> Q@m+q be the
map such that Qy—qd,+m — Qm+q is given by multiplication by the element h.

(1) To prove the first assertion note that

o
mq(q) = m+no(d_ diq) > i+ dig = q—qdi +m >
i=1

for all i. Hence the map ¢, 4(Q) is the map ¢, ,(Q) and, therefore,
coker ¢ o(Q) = L(Q/IUQ),n1,. Now, by the proof of Lemma 22 we
have E(Q/I[q]Q)m_HJ =0, as m+q > m+ nopug, since »_, d; > p.
(2) Note that h°(X, Q(t)) < h%(X, Q(m — 1)) for all t < m — 1.
If m 4+ ¢ < m, then

| coker G q(Q) — U(Q/T Q) mq| < hO(X, Q(m + ) + €(Qutq)

< h2(X, Q(m — 1)) + max{£(Qo), {(Q1), - -, {(Qim—1)}-
If m + ¢ > m, then h°(X, Q(m + q)) = £(Qm+q) and therefore
| coker ¢ 4(Q) — K(Q/I[q]Q)erql
< | Zg(qsm,q(Q)(quqdﬂrm)) - €(¢m,q(Q)(HO(Xa Q(q —qd; + m)))|
Now, if ¢ — gd; + m < 0, then Qy—qd;+m = 0 and h°(X, Q(q — qd; + m)) <

h9(X, Q). If ¢ — qd; + m > m, then Qq—qa,+m = H°(X, Q(q — qd; + m)).
This implies that

| coker ¢y g(Q) — U(Q/TVQ) 44|
< () (h(X, Q(m — 1)) + max{£(Qo), £(Q1), .., £(Qm—1)}) -

Therefore | coker ¢y, 4(Q) — £(Q/119Q),, 14| < Cg. This proves the second
assertion. 0
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Lemma 2.6. Let Q be a coherent sheaf of Ox -modules of dimension d. Let P and
P be locally-free sheaves of Ox-modules which fit into a short exact sequence of
locally-free sheaves of Ox-modules, where b; > 0,

(2.3) 0— P— ®;0x(=b;)) — P" — 0, where b; > 0.
Then, for i = rk(P) + rk(P"), the following hold:
(1)

KO(F™ P ® Q(m)) < (1)Co(Q)(m® + 1) for all n,m > 0.
(2) For each ¢ = p™, let m,, > 0 be an integer with the property that, for all
i >1 and m > m,, we have h'(X, F™*P ® Q(m)) = 0; then
WYX, F™ P ® Q(m)) < (1)Co(Q)(2m,d)? for all n,m > 0.

(3) Moreover, for all n,m >0, we have

hO(X, Q(m + q)) < Do(Q)(m +q)? and h'(X,Q(m)) < D1(Q).

Proof. Assertion (3) is obvious from the definition of D;(Q) and Dy(Q) given in
Notation 241

Let Q; = Q. Let ag,...,a1 € H°(X,0x (1)) with the exact sequence of Ox-
modules

0— Qi(-1) =5 Q — Qi1 —0,

where Q; = Q;/(ag,...,ai11)Qg, for 0 < i < d, and realizing the minimal value
Co(Q). Now, by the exact sequence (2.3), we have the following short exact se-
quence of O x-sheaves:

0— F"P®Q; — P Qi(—qb;) — F™P" @ Q; — 0.
J

This implies H*(X, F"*P ® Q;) — ®D; HY(X, Q;(—gbj)). Therefore,

(2.4) WX, F™"P®Q;) <Y (X, Qi(—qbj)) < (Wh°(X, Q)

as —b; < 0. Since F™* P is a locally-free sheaf of Ox-modules, we have
(25) 0 — F"™P® Q;(m—1) *5 F™P® Q;(m) — F™P® Q; 1(m) — 0,
which is a short exact sequence of Ox-sheaves.
Claim. For m > 1,
WX, F™P @ Qi(m)) < () [A°(X, Qi) + -+ + W (X, Qo)] (m").

Proof of the claim. We prove the claim, by induction on i. For ¢ = 0, the inequality
holds as h?(X, F™ P ® Qo(m)) < ()h°(X, Qo) (as dim Qy = 0).
Now, for m > 1, by the exact sequence (2.3 and by induction on i, we have

ho(X, F™ P ® Q;(m))
<RhU(X,F™P® Q)+ h°(X, F*PRQ;_1(1)) + - + h°(X, F** P® Q;_1(m))
< (WR(X, Q) + i [h%(X,Qim1) + -+ (X, Q0)] 1427+ +m' )
< (1) [A°(X, Qi) + -+ + h(X, Qo) m".

This proves the claim. ([l
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This implies h?(X, F™* P ® Q(m)) = h%(X, F™* P ® Qz(m)) < iCo(Q)m? for all
m > 1.
Therefore, and for all m > 0, we have

WX, F™ P ® Q(m)) < iCo(Q)(m? +1).
This proves assertion (1).

Let h3(X, F™P ® Q(m)) = 0 for m > m,, j > 1. If m,, = 0, then the asser-
tion (2) is obvious. So we assume m, > 1. Then, by the exact sequence [2.5)) and

descending induction on i, we have h?(X, F™*P ® Q;(m)) = 0 for all m > m,, + d
and for 7 > 1. Now, for 0 < m < m, + d,
W' (X, F™* P ® Q;(m))
<X, F™P® Qi—1(my +d)) + -+ h (X, F""P® Q;_1(m + 1))
< (@) [h°(X, Qica) 4+ + h(X, Qo)] [(m +d) ™" 4+ ((m+ 1))
< (1) [P(X, Qi) + -+ + hO(X, Q)] (my + A,

where the second inequality follows from the above claim. This implies, for all
0<m<my,—+d,

RN X, F™ P ® Q(m))
< () [h°(X, Q1) + - -+ + hO(X, Qo)] (mn + d)* < (70)Co(Q)(my, + d).

Therefore, -

RL(X, F™ P @ Q(m)) < (7)Co(Q)(2mpd)”?
for all m, n > 0. This completes the proof. |

In the following lemma we write down a list of bounds on the cohomologies of
the sheaves relevant to Theorem [T}

Lemma 2.7. Let Q = @,,~, Q@m be a non-negatively graded Noetherian R-module
and let Q be the coherent sheaf of Ox-modules associated to Q). Then
(1) KX, F™V ® Q(m)) < (1)Co(Q)(m* + 1) for all m, n > 0.
(2) WX, F™V ® Q(m)) < (1)(Dg)(q?) and 327 h'(X,Q(q — qdi +m)) <
(1)(Dg)(q?) for all m, n > 0.
(3) hO(X,Q(m + q)) < Do(Q)(m + q)¢ for all m, n > 0.
(4) hY(X,Q(m)) < D1(Q) for all m > 0.
(5) | coker ¢ 4(Q) — U(Q/IUQ) gl < Cq for alln >0 and m € Z (where we
define Q, =0, for m < 0).

Proof. Assertions (1), (3), and (4) follow from Lemma [2Z:6]and Assertion (5) follows
from Lemma (2).

To prove Assertion (2), let mg(q) = m +no(D_,; di)q. Note that, for j > 1 and
m+q = mq(q),

p #
Y HI(X, F™Ox(1—di) ® Q(m)) = Y H?(X,Q(q — qdi +m)) =0,
i=1 i=1
as ¢ — gd; + m > m. By Lemma 23] coker ¢, ((Q) = 0. Therefore, by the long
exact sequence (2.2)),

m+q>mo(g) = h(X,F™V ®Q(m))=0 for all j > 1.
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Hence, by Lemma [2.6] (2), for all m > 0 and ¢ = p", where P = @, Ox (1 — d;) or
V', we have

(26) WX, F™ P © Q(m)) < (1)Co(Q)(2ma()d)” < pDoa’,
where d is the dimension of the support of Q and
_ d
(27) D = Co(Q)(2d) (i +no(_ dy))* )[Qd(m+n0 S d) ]
This proves Assertion (2) and hence the lemma. O

Lemma 2.8. Let X = Proj R be a projective k-scheme of dimension d — 1 with a
very ample invertible sheaf Ox(1). Let

0—0 —M LM — 9" —0
be an exact sequence of sheaves of coherent Ox-modules such that Q' and Q" are

coherent sheaves of Ox -modules with support of dimensions < d— 1. Then, for all
m, n >0,

(1)
| coker ¢ynq (M) — coker g o (M) < C(f)(m + q)* 2,
where
C(f) = 1[2Co(Q") + Do Q" +2Co(Q") + Do(Q") +2Dgr + D1(Q')].
Moreover,

(2) if M' and M" are two non-negatively graded R-modules associated to M’
and M" | respectively, then

|£(M//I[Q]M/)m+q - K(M///I[q]MN)m-‘rql < C(f)(m + Q)d_2 + Oy + O
Proof. The above exact sequence we can break into the following two short exact
sequences of O x-sheaves

0— Q9 — M —K-—0,
0—K-—M'"— 9" —0.

For a locally-free sheaf P of Ox-modules, both the above short exact sequences
remain exact after tensoring with (F™*P)(m) for all m > 0 and n > 0. Therefore,
we have long exact sequence of cohomologies

0— H°X,F"*P® Q'(m)) — H*(X,F"*Po M)
— HY(X, F"" P K(m)) — H'(X, F""P© Q'(m)) — -
and

(2.8)
0 — HX,F"*PRK(m))— H°(X, F"*PoM"(m)) — H°(X, F"*PeQ" (m)).

For a coherent sheaf L of Ox-modules

coker ¢y, o(L) = h°(X, F™Ox (1) ® L(m))

- Z WO(X, F™*Ox (1 — d;) ® L(m)) + h°(X, F™V @ L(m)).
=1

By 2.3),
WX, F™ P ® K(m)) — h°(X, F™ P @ M"(m))| < h°(X, F™*P ® Q" (m)).
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Therefore, by Lemma 2.7, we have
| coker ¢y, 4 (K) — coker ¢y, o (M)

<BOX, Q" (m+q) + > h%(X, Q" (m+q - qdy)) + B°(X, F™*V © Q" (m))
=1
< Do(Q")(m+ @)*% + uCo(Q")(m™? + 1) + pCo(Q")(m* 2 + 1),
as h%(X, Q" (m+ q — qd;)) < h°(X,Q"(m + q)).
Therefore,

(2:9) | coker g (K) — coker épng(M")] < 1 2Co(Q") + Do(@")] (m + ).
Similarly, since for a locally-free sheaf P and for m,n > 0, we have
|RY(X, F™*P @ M'(m)) — h°(X, F"™* P @ K(m))|
<KX, F™P® Q' (m)) + h'(X, F™* P ® Q' (m)),
we deduce, by Lemma [Z.7]
(2.10) | coker ¢, 4(M') — coker ¢, 4(K)]

< 1[2Co(Q') + Do(Q)] (m + @) =% + 2uDgrq*~* + Di(Q).
Therefore, by ([29)) and (ZI0), for all m, n > 0, we have

(2.11) | coker ¢y, q(M') — coker ¢y, q(M”)]

< n[2Co(Q") + DoQ" +2Co(Q') + Do(Q") + 2Dgr + D1(Q)] (m + ¢)*~*
=C(f)(m+q)">.
Now Assertion (2) follows from Lemma 27 (5). O

Lemma 2.9. Let Y = X,.q, which is a reduced projective k-scheme of dimension
d — 1 with a very ample invertible sheaf Oy (1). Then, for a coherent sheaf N of
Oy -modules, there exists an integer mo > 1, depending on N, such that we have
an ezact sequence of sheaves of Oy -modules

pdfl

0—Q — P N(=my) — FN — Q" —0,

where Q' and Q" are coherent sheaves of Oy -modules with support of dimensions
<d-1.

Proof. Let x1,...,x5, be the generic points of the maximal components Y7,..., Y,
of Y, where dim Y; = dim Y. We choose f € H°(Y,Oy(1)) such that f does
not vanish on Oy,,, for all i. Note that Oy, is the function field of Y;. In
particular, z1,...,xs, € Dy(f), where Dy (f) is a reduced affine variety. Let us
denote Dy (f) by Uy. Let I'(Uy,Oy) = A. Let p1,...,ps, € Spec A be the prime
ideals corresponding to the points z1,...,25, and let S = A\ py U---Ups,. Then,
by the Chinese Remainder Theorem
ST'TA~ Oya, X+ X Oy, and STT(Up, N) 2 Ny, X - X N,
and
ST FN) & (FN)ay %+ % (BN s, = Fu(Noy) x - % F(Ma,).

Now if N, is of rank m; as an A, ,-module, then F,\,, is of rank p¢~'m; as an
Ag,-module, as F, A is of rank p¢~1 over A and F. N, is of rank m; over F,A,..
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d—1
This implies that there is an Oy, -linear isomorphism ¢; : @7 N, — (FLN),,,
which gives an S~!A-linear isomorphism
d—1

p
¢: P STIT(UsN) — STIT(Uy, FN).

Since A is a coherent Oy-sheaf, one can choose 5 € S and ¢ : @pdil r(Us,N) —
I'(Uy, F.N) such that ¢ maps to §- ¢ under the localization map

pd—l

Hom | T(Uy, @ N),T(Uy, FuN)

d—1

p
— Homg-14 [ ST'T(Uy, P N), ST'T(Uf, F.N)

Therefore, there exists n > 1 and ¢ € I'(Y, Homp, (@pd_l N, F.N)® Oy (n)) such
that 1 restricts to f™-5- ¢ on the open set Uy (see [Hal Lemma 5.14]). This gives
an exact sequence of Oy -linear maps

0 — Ker ¢p — @pdflj\/(—n) 2 F.N — Coker P — 0.

Since v localizes to a unit multiple of ¢, it is an isomorphism at the points
Z1,%2,...,%s,, which implies that the dimensions of the support of Ker ¢ and
Coker 1 are < dim Y. This proves the lemma. |

Lemma 2.10. Let M be a non-negatively graded finitely generated R-module and
let M be the associated coherent sheaf of Ox-modules. Then there exists a non-
negative integer s (e.g., s > 0 such that (nilradical R)?" = 0) and an integer
mg > 1(depending on M and ¢’ = p®) such that

(1) there is a long exact sequence of sheaves of Ox-modules

d—1

p
0— Q — EPEIM)(—my) L FF'M — Q" — 0,

where Q' and Q" are coherent sheaves of Ox-modules with support of di-
mensions < d — 1.

(2) There is a constant C(g) (as given in Lemma 28 (1)) such that, for all m,
n >0,

" UM/ T (g gy = /T PIM) g 1] < Cl) +2Cr.

Proof. Let p°® be an integer such that (nilradical R)?" = 0. Then N' = F*M is a
coherent Ox-module annhilated by the nilradical of Ox. Consider the canonical
short exact sequence of Ox-modules obtained from equation (21I),

(2.12) 0—>F”*V®N(m)—>@N(q—qdi+m))—>/\/(q+m)—>0.



8414 V. TRIVEDI

Since N is annihilated by the nilradical of Oy, the action of Ox on N filters
through a canonical action of Ox,_, on N.

Since N is also a sheaf of Ox,_,-modules, by Lemma [2.0] there exists constant
mso depending on N and Ox,_, such that we have a short exact sequence of Ox__,-
modules and hence of Ox-modules,

pdfl

00— Q — @N(—mQ)ﬁF*N—MQ”—M),

where @' and Q" are coherent sheaves of Ox, ,-modules (and hence coherent
sheaves of Ox-modules) with support of dimensions < d — 2. Therefore, by
Lemma [2§] (1), there is a constant C(g) for the map ¢ such that

pd—l

| coker g, | @D N(=ma) | — coker gm,q(FN)| < Clg)(m + q)*

for all m,n > 0. Therefore,
(2.13) [p?~1 coker Gm—ms.q(N) — coker ¢, o (FLN)| < C(g)(m + q) 2

We note that, for any locally-free sheaf P of Ox-modules, using the projection
formula, we have (since k is perfect)

B, PO 4P @ M(mpg')) = B (X, F* (F™+1* P ® O(mp)) & M)
= h'(X, (F""P @ O(mp)) @ N) = (X, F™ P @ O(m) @ FN).

Therefore,
(2.14) coker @(mpyqr qq'p(M) = coker ¢y, o (FLN).
Similarly

B (X, FOH P @ M((m = ma)q')) = WX, F™P @ O(m — m3) © F2M)

=h'(X,F™P®N(m—my)).
Therefore,
(2.15) COker P(m—my)qr,qq' (M) = coker G —m, q(N).
Hence, by (ZI3),

|pd71 coker @ (im—ms)q’,qq (M) — COKEr d(rp)g7 qqp(M)] < C(g)(m + Q)d72-
Therefore, by Lemma 27 (5),
P O -y — CO T M) gyl < Clg)m 4 )" 4200

for all m, n > 0. |

Definition 2.11. For a pair (M, I), where M is a finitely generated non-negatively

graded R-module and I is a homogeneous ideal of R such that ¢(R/I) < co. We

define sequences of functions {f, : R — R},en and {g, : R — R}, en as follows:
For n € N, let ¢ = p™. Define

fn(z) = gn(z) =0, if 2 < 0.
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Let > 0; then m/q <z < m + 1/q for some integer m > 0. We define

1
falz) = —qd_IE(Mm) if 0<z<1
q4- Ida ), q q
gn(x) = fu(z) if x:%

eon(2) (2]
ifz=(1—-1) (%) +t (%) where ¢ € [0, 1).

Proposition 2.12. For a given pair (M, I) as in Definition 211l above, and where
dim R =d > 2, the sequence {f, : R — R}, en is a uniformly convergent sequence
of compactly supported functions.

More precisely, there exists ng € N and a constant C' depending on M, such that

(2.16) |[frn(z) = fn, (@) < C/p™ for allng > n > ng and for all x € R.

Proof. Note that dim R > 2. Therefore, for X = Proj R, we have dim X > 1. Let
M be the coherent sheaf of Ox-modules associated to M.
(A) Let z < 1.

If x <0, then f,(x) = fny1(x) =0 for all n > 1.

Let 0 <2 < 1. Then m/q < x < (m + 1)/q for some integer 0 < m < q. Hence

mp + ny <z< mp+mn;+1

ap ap

Therefore, f,(x) = (1/¢* (M) and fri1(2) = (1/(qp)" ) Mmpn, )-
If m <m (m is defined for M as in Notation 24]), then

(L(Mo) + -+ + &(Mz)  ({(Mo) + - + U(Mpin,)
|fn(.’[) - fn+1(£€)| < qd_l + (qp)d_l

m -1
- 2 ZO p+(p—1) g(MZ)
— qd—l '

for some integer 0 < ny < p with mp + ny < gp.

If ¢ > m > m, then (using Hilbert polynomials)

O(My) =eom? " +Em? 2+ 4+ e4q,

E(Mmp+n1) = go(mp + nl)d71 + gl(mp + ﬂl)d72 + -+ gd—l

for some rational numbers €y, - - - , €41 which are invariant of (M, Ox(1)). In this
case
(d—1eo+er| +--- +[€a|

q

This implies that, for Co(M) = 2 Zgwﬂp_l) O(M;)+ (d—1)eg + |er]| + - - - + [€a—1],

|fn(x) - fn+l(x)| S

Ca(M)

forall <1 forall n>0.

(2.17) |fr(2) = far1(2)| <
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(B) Let z > 1. We fix two integers mo and ¢’ = p® (as in Lemma 2.I0]) such that
we have an exact sequence of sheaves of Ox-modules,

d—1

p
0—Q — @(Fj/\/l)(—mg) L M — Q" — 0.

Let s € Ry which avoids all minimal primes of the ring R (note that R is a standard
graded ring and k is infinite). For 0 < n; < ¢’ and 0 < ny < p, we consider the
following exact sequences of graded R-modules:

0— Q,, — M(—maq’) Im, M(n) — Qi — 0,

where f,, is the multiplication map given by smtm2d’ - Thig induces canonical
exact sequences of sheaves of Ox-modules

0— Q,,, — M(—maq) Im, M(ny) — Q) — 0,

Similarly we have exact sequences of graded R-modules

/ h”2v”1 "
0— K — M =" M(mp+n) — K, — 0,

n2,n1 n2,n1

where Ny, ,,, is the multiplication map given by s™P*"2. This induces exact se-
quences of sheaves of Ox-modules

h"l n
0— K — M 23 M(nap+nq) — K —0.

no,ny n2,ni
By construction, each of the sheaves Q', Q", Q) , Q) , K/ ., and K} , , has
support of dimension < d — 1.
Let
Co(M) = {c Cor +Con . Clg) +2Car, C(h
0( ) 0§n1<Iqr'l,a}0<Snz<p (fnl) T @ + ny’ (‘g) + M ( nz,nl)

+Cx  +Cxr }

nog,ny no,ny

where C(fp,), C(g) and C(hp, n, ) are the constants (see Lemma [Z§]) associated to
the maps fp,, g and hy, », respectively.

Since x > 1, for given g = p", there exists a unique integer m > 0, such that
(m+q)/qg <z <(m+q+1)/q. Therefore, for ¢ = p* we have

% <z < (m—l—q)(c]]’q;i—nl—l—l for some ny < ¢
and
(m+a)dptmptny - (m+q)g'p+mp+ng+1
qq'p - qq'p
Hence, by definition

1 M
fras(z) = — é( - ) and
! (gq')4* TaIM (m+q)q’+n1

for some ny < p.

1 M
fn+s+1 (J)) = — l ( 4 ) ’
(qq,p)d ! Ilaa’pl M (m+q)q’' p+ni1p+ns
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Let ma(q) = m + no(>_; di)q (defined as in Notation 24). If m > mp(q), then
we have mq’ > mpr(qq’) and mq’p > mpr(qq'p). Therefore, by Lemma (1), for
m > ma(q),

M M
E\Taemi =\ iz -0
(m+q)q’+n1 (m+q)q¢'p+nip+na

which implies |f+s(2) — fats+1(2)] = 0.

Therefore, we can assume m < mj(q) and hence can assume that (m +¢)4=2 <
Log?~2, where Ly = (m 4+ no(>_, d;) +1)%72.

We have

‘fnJrS(x) - fn+s+1(x)| = |fn+5(

Hence we have

(m+q)qd +m
) — fatst1

((m +q)¢'p+np+ N
qq

qq'p

[frts (@) = frtser ()] < Ai(2) + Ag(z) + A3(2),

where

(mrad+m, , (mEa-m)d,

A = |Jn+s
1(®) = [ frrs( 44 aq

(m +q —ma)q (m+q)q'p
Ax(x) = |frogs(—————5) — frgspr (~———
2(2) = [ fras( 7 ) — frtsti( e )l
((m+q)q’p)_f 1((m+Q)q’p+n1p+n2
aq'p et aq'p
1

S (o)
(qq' )31 Tlaa'I pf (m+a)a’+mn Tlaa'l pf (m—ma )’
Clfa)m+@) 2+ C(Q),) +C(Q1) <i50(M)L0
(¢¢')41 Taq (¢)*
1

_ M M
= @t P! 1€<W> —f(m>
a9'p (m-+g—m2)q’ (m+q)q'p

Clg)(m+q)*2+2Cu _ Co(M)Log* > <L Co(M)Lg

(qq'p)d—1 = (gd'p)?t T qq ¢ pd

)

)

A3(z) = [frtst1 )-

Now

)

b

1 M M
= Toomyit |\ Tawag ~ O\ T

(qq p) (m+q)q'p (m+q)q'p+nip+nz
C(Pnyn, )(mg'p+ q¢'p)* 2 + Ck: .+ Cko 1 Co(M)Lg

ng,nq no,nq

(qq'p)*—1 ~qq

Y

3(x) <
Therefore,
Furs®) = faroni (@) < A1< )+ A42(0) + A0

(
Co(M) | Co(M) +50(M>]
( )d 2 /d 2pd—1 D :

!

Let C4 (M) = SLOCN'O(M). In particular, C’l(M) is a constant (which depends only
on M) such that
(2.18)

| frts(x) = farsra(@)] < C1(M)/(qq') = C1(M)/p" ™ for all n > 0 and 2 > 1.
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Since
(CL(M)/p" + CL (M) /p"o ™ + - 4| < 201 (M) /p™
for C' > 2C1 (M) we get
| fr(x) — fn,(x)] < C/p™ for all ny > n > ng and for all z > 1.
Combining this with ZI7), we get that for any C' > 2C5(M) 4 2C1 (M)
|[fn(z) = fn,(z)| < C/p"™ for all ng > n > ng and for all € R.
This proves the proposition. O

Proof of Theorem [[1. By Remark 23] we may assume k = k. For n € N, let
fn:R— R and g, : R — R be functions as given in Definition 2TT]

Claim.  Both the sequences { f, }» and {g, }» converge uniformly and to the same
limit function.

Proof of the claim. Let ¢ = p™ and z € R. If x < 0, then f,(z) = g,(z) = 0 for all
n > 0.
Let > 0; then z = (1 — t)L‘%]J + t% for some t € [0,1). Therefore,

1 M
[ — (—)
qd-1 Tl pr |zq)

(1—1) ( M ) t M
qd 1 Tl pr Lzq] qd 1 ITlapr lzq|+1

O—>Q’—>M(—1)L>M—>Q”—>O
be the exact sequence of graded R-modules where the map f is given by multiplica-
tion by an element s € R, By choosing such an s which avoids all minimal primes
of M, we ensure that support of each of Q" and Q" is of dimension < d. If

and

Let

0—>Q’—>M(—1)L>M—>Q”—>O

is the associated exact sequence of sheaves of Ox-modules, then by Lemma 210/ (2)
and Lemma (1),

M M
I (—> —¢ (—> | < (C(g) +2Cn)Log" > = Crg™?
1AM ) HIM ) o1

for all n > 1 and = > 0, where Lo = (m + no(>_, d;) +1)?72.
This implies, for all n > 1 and = > 0, we have,

t

LG
d—1 n

M M
¢ la] —t la] = pn’
q DM \ngy \TUM ) gpa| P
By Proposition 2.12] there is a constant C' depending on M and ny € N such that
| fr(x) = fn,(x)] < C/p™ for all ny > n > ng and for all z € R.
This implies,

192(2) = gn, ()] < |gn (@) = fu(@)] + [ fu (@) = for (@) + | f () = gy (2))]
_G, C . G

pn pn pn 1

[fn(2) = gn(2)] =
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Therefore, we have

[fn(2) = foi (2)], [fn (@) = gn ()], |gn(2) = gn, (2)] <

for all ny > n > ng and for all x € R.

Hence {f,}» and {g, }» are uniformly convergent sequences with the same limit.
This proves the claim.

Let f: R — R be the limit function given by

flz) = li_>m fn(z)dx = li_)m gn(z)dz.

By the proof of Lemma 232 g, is a continuous function with the support g, C
[0, (nop) + 1/q]. Therefore, the function f : R — R is a continuous compactly
supported real valued function such that supp f C [0,nou]. For ¢ = p™ where
n > 1, we can write

1
q—dé(M/I[Q] pr Z o(M /19

m>0

201+ C
pn

Va 1 L | Ity M
:/O = ——(Mo)dz + -- +/1,1 e —— (M1 dx—l—/l IZ(I[q]M)qu

3 M mow q M
+/1+; g1 gy erdr & +/W_; 1y rona—1 47

_ /0 " ()ds.

Therefore,
ng

egx(M,I)= lim an(x)d:z

n—oo 0
But, as {f, }nen converges uniformly to f, we have

lim "0an(x)dx:/"o lim f,(x da?—/f
0

n—oo 0 n—00

This proves the theorem. O

Having proved the existence of the Hilbert-Kunz density function we are ready
to check some properties of the function.

Remark 2.13. Note that (as argued in the proof of the above theorem) the sup-
port HKd(M,I) C [0,nou], where ng and p are invariants depending on I and R,
as given in Notation 2.4] part (3).

The first thing we note (Proposition 214 below) is that like HK multiplicity, the
function

HEKd(—,I): {finitely generated graded R modules} — C°(R)

is additive, where CO(R) denotes the set of continous compactly supported real
valued functions. Hence we can reduce various results about an HK density function
of a module to an HK density function of an integral domain. Corollary 2-T8] shows
that the HKd function is a multiplicative functor with respect to the Segre products
on the set of graded R-modules.
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Proposition 2.14 (Additive property). Let R be a standard graded ring of di-
mension d > 2 over a perfect field, and let I C R be a homogeneous ideal of finite
colength. Let M be a finitely generated graded R module. Let A be the set of minimal
prime ideals P of R such that dim R/P = dim R. Then

HEd(M,I) =Y HKd(R/P,I)\(Mp).
PeA
Proof. As usual, there is no loss of generality in assuming that the ground field k&
is algebraically closed. Let M be the sheaf of Ox-modules associated to M. For
q=p", recall f,,(M)(z) = qd%lf(%)mﬂ, where |zq] = m+q. Let f,(M)(z) =
coker ¢, (M)/q?~1. Note, by Lemma 27 (5), we have
lim ]?n(M)(x) = lim f,(M)(z) forall zeR.
n—oo n—oo
Therefore, if Q is a coherent sheaf on X, then we can define
HKd(Q,I):= HKd(Q,I),
where @) is any finitely generated graded R-module with Q as the associated sheaf
of Ox-modules. Note that, due to Remark I3 one can assume (m + ¢)%72 <
(noug)?=2. Therefore, it follows from Lemma 28 that if M’ — M” is a generic
isomorphism of R-modules (i.e., the kernel and cokernel of the map are of dimen-
sion < dim R), then HKd(M',I) = HKd(M",I). Similarly if M’ — M" is
a generic isomorphism of coherent sheaves of Ox-modules, then HKd(M', I) =
HKd(M”",I). |
Now let s > 0 such that (nilradical R)?" = 0. Define N' = F(M), let ¢’ = p°.
Then N is a coherent sheave of Ox, _,-modules. Let

C(h) = max {C(hn,) | hny : M — M(n1)},
0<n1<q’

where h,, is a fixed generically isomorphic map of sheaves of Ox-modules and
C(hy,) is the constant (see Lemma 2.8) associated to the map h,, (note that
since k is infinite, we can always find such a map h,,, for each n;). Moreover,
(compare (Z.I5)

coker ¢y, o(N) = coker ¢pq g0 (M) forall m >0 and n>0.

Therefore,

1

~ ~ —~ 1
‘q,d—_lfn(-/\/')(x) = frrsM)| = ﬁ| coker pg,qq' (M) — coker drgin, qq (M)]

(99')
_ Clh)(m+ )2 _ C()(ng)"?
(qq")4! - qq’ '
This implies HKd(N,I)/(¢')* ' = HKd(M,I).
Let Y7, ...,Y, be the irreducible reduced components of Y = X,..4 corresponding

to the prime ideals in the set A = {Py,..., P.}. Let z1, ..., 2, denote the respective
generic points in Y. Now the canonical generic isomorphism N' — @, N |y, of
sheaves of Oy (hence Ox-modules) gives

HEAN,I) =Y HKAWN |y, I).
i=1

Since M; = N |y, is a coherent sheaf of Oy,-modules, there exists a > 0 such that
N;(a) is globally generated (Theorem 5.17, Chapter II in [Ha]) for all . Hence,
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if rank N, = rank (NV;)g, = r; as Oy, 5, = Oyy,-modules, then there exists a
generic isomorphism " Oy, — N;(a) of Oy-modules. Note that A/ is generically
isomorphic to A;(a). Therefore,

HEKA(N;, I) = HKd(N;(a),I) = HKd(Oy,, 1)¢(N,,)

— HKAWN, 1) = Y HKd(Oy,, )IN,,) = ()1 S ((Mp) HKd(R/ P, T).
i=1 i=1
Therefore,

HEd(M,I) = ((Mp)HEKd(R/P;,I).

Hence the result. O

Remark 2.15. For R and I as above, in addition suppose R is an equidimensional
ring and I C J are two graded ideals of R. Then we claim:

HKd(R,I) ~ HKd(R,J) if and only if J C I*,

where I* denotes the tight closure of I in R. To see this, we use the following result
by [HH| and [A]: If (R, m) is a formally unmixed local ring with m-primary ideals
ICJ. Then egx(I) = ey (J) if and only if J C I*.

Note that in the graded case, the completion R of R with respect to R, is an
equidimensional local ring. Also it is easy to see that the tight closure of a graded
ideal is a graded ideal. Now if HKd(I) = HKd(J), then by Theorem [Tl we have
enr(I) = egx(J), therefore eHK(f) = eHK(j). By [HH] and [A], we have JC
(I)* ¢ (I*)". Hence J C I*. Conversely J C I* implies that emx (1) = egx(J).
But then HKd(I) > HKd(J) are continuous functions with the same integrals,
which implies HKd(I) = HKd(J).

Definition 2.16. Similar to the HK density function for a pair (R, m), where R
is a standard graded ring R, of dim R > 2, and m is the graded maximal ideal, we
can define the Hilbert-Samuel density function as

. 1
HSd(R)(z) = F(x) = nl;ngo F,(x), where F,(z) = qd——lé(RLWJ)'
One can check that

F:R — Risgiven by F(z) =0 forx <0

and
F(z) = eo(R,m)z%1/(d —1)! for z >0,

where eg(R, m) is the Hilbert-Samuel multiplicity of R with respect to m.
Note that

HKA(R,I)(z) = HSA(R)(z) = eo(R, m)z*"'/(d — 1)! for all < min{n | I,, # 0},
in particular for all = < 1.

Proposition 2.17. Let Ry,..., R, be standard graded rings of dimensions > 2,
over an algebraically closed field k of char p > 0, with irrelevant maximal ideals
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my,...,m, and let I, ..., I, be homogeneous ideals, respectively, such that ¢(R;/I;)
< oo. Let us denote HSA(R;)(x) = F;(z) and HKd(R;,I;) = fi(z). Then
HEA(Ry# - 4Ry, Lt #1)(@) = [[ Fi0) = [ (Fi@) = Fi@)
i=1 i=1
In particular,

nop T r _ _
ear (Ba# - #Re, Li# - #1,) = / {HFz(x) - H (Fz(x) - fz(f)) } dr,
0 i=1 i=1
where R#S denotes the Segre product of graded rings R and S, given by (R#S),, =
R, ®S,.

Proof. We prove the case 7 = 2, the rest follows by induction. Let (R,m;) and
(S,my) be two standard graded rings of dimension d; and ds, respectively, such
that I and J are two homogeneous ideals of R and S, respectively, with /(R/I) < oo
and ¢(S/J) < co. Then

R#S
().,
= s (S m) — |Bons) = 6 msa] [ i) = €

= U(Rny )OS/ T D) g + (S ) LR/ TNy g — E(R/TD) oy o £(S) T1) g.

Let F(z) and G(z) be HSd functions of R and S, respectively, and let f(x) and
g(x) be HKd functions of (R, I) and (S, J), respectively. Then

qdﬁ%f (R#S/(I#J) [‘ﬂ) gy = Fr(@)90(@) + Cu@)fu(@) = fu(@)ga(@).

If ng > 1 is such that my® C I and mJ° C J, for graded maximal ideals m;
and my of R and S, respectively, and p > p(I) and p(J), then, by Lemma 22
Fo(z)gn(x), Gu(x)gn(z) fn(x)gn(x) are bounded real valued functions with sup-
port in the interval [0, nou]. Moreover, by Theorem [Tl f,,(z) and g, (x) converge
uniformly to f(z) and g(x), respectively. It is obvious that, on any compact in-
terval, the functions F),(z) and G, (z) converge uniformly to F(x) and G(z), re-
spectively. Therefore, F,(2)gn(z) + Gn(x)fr(z) — frn(2)gn(x) converge uniformly
to F(x)G(z) + G(2)f(2) — f(x)g(x) and

HEKd (R#5,14J) = F(z)g(z) + G(z) f(2) — f(x)g().
This implies that

errc (RES.THT) = ()(—R)), T
+JO

(di—1
e S oM B oM
+ ﬁ/o z®271f(z)de —/0 f(@)g(x)dx.
This proves the proposition. O

Corollary 2.18 (Multiplicative property). For pairs (R, I) and (S, J) with dim R=
dy and dim S = ds, if F(x) and G(x) denote HSd functions of R and S, respectively,
as given in Definition [2.16], then we have

Fras — HKA(R#S, I4J) = [Fr — HKd(R,1)] - [Fs — HKd(S, J)].
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Proof. Follows from Proposition 2171 a

Theorem 2.19. Let R be a standard graded reduced ring of dimension 1 and let
I be a homogeneous ideal of R such that {(R/I) < co. Let fo(x) = ((R/I1V) 4.
Then {fn(x)}nen s a convergent (but need not be uniformly convergent) sequence
for every x € [0, 00) and

cnrll.R) = [ f(@)is

where f(z) = limy 00 fr(2).

Proof. Let hq,...,h, be a set of homogeneous generators of I of degree di,...,d,
such that dy =0 < dy <dy < ... < d,,.

Since R is a one dimensional ring there exists an integer mg > 1 such that
L(Ry,) = £(Rpy1) for all m > mg. For n € N, we define

T, = (0,mo/q] U (d1,d1 +mo/qlU---U (dy,d, +mo/q] C (0,00].
Claim. If © ¢ T, then f,(x) = fn(x) for all [ > 0.

Proof of the claim. Since T,,4; C T, for all [ > 0, it is enough to prove that = ¢ T,
implies f,(x) = fn+1(x). Note that = & T,,; then

m = |zq] & (0,m0) U (d1q,d1q +mq) U+ U (duq, duq + mo).
By definition
ful@) = 6(R/TD),, and  foia(@) = L(R/T) i,

where |xpq| = |zq|p + ny for some 0 < n; < p. Choose a non-zero divisor a € R;.
Then we have the injective map R,, = Rumpin, given by y — a™'y? (this is a
composition of two maps namely R,, = Ry, given by y — y*, and R,,, —
Rynptn, given by & — a™'x) which is an isomorphism (as k-vectorspaces) as m =
|2q] > my. This gives a canonical surjective map ¢ : (R/I19),, — (R/I19)), 100,
Now to prove the claim, it is enough to prove that (Il#7}),, ., C gf)(I,[f{]). Let
fe ), . then f=h{Pry +---+ hiPr,, where deg r; = mp +n1 — d;qp.
Ifr;j 20 = mp+n1—djgp >0 = m—d;jqg> —nm/p = m-—djq>
0 = zq > djq.
(1) zq = d;gq; then ny =0 and mp — d;qp = 0. Therefore, r; € Ry = k. Hence
rj = 1Y for some l; € Ro.
(2) zg > d;jq = m > d;jq+myg, but then deg r; > mp—d,;gp+n1 > mep+ns.
Therefore, r; = l§a™ for some I; € djq +m.

This implies f = (h{ly +--- + h&l,)Pa™ € ¢(I,[Z]). This proves the claim.

Define f(z) = lim,_, o fn(z); this makes sense because

(1) if x =0, then f,(0) = £(Rp) for all n.
(2) If x > 0, then there exists n > 0 such that « ¢ T,,, which implies that
fa(@) = frp1(@) = - = f(2).
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Moreover, fory € R, f,(y) <L2(R), where Ly(R) = max{{(Rp),(R1),...,{(Rm,)}-
Therefore, we have

| / fola)di — / f()de] < / ) — f(2)|da
< / ful@) = f(@)lde < Lo(R) (1 + 1ymo/q.
Ty

Hence

lim an(x)dx:/ﬂgf(m)dxz/ﬂg(hm fn(a:)> dx.

n—oo n—oo

O

Remark 2.20. It is easy to check that in the case of dimension 1, f,, — f does not
converge to f uninformly.

3. EXAMPLES
3.1. Projective spaces and their Segre products.

Example 3.1. Let X = P{ and let R = k[X,...,X4] = @,, Rm. We denote
the function HKd(R, m) by HKd(P}) and for a fixed ¢ = p" we denote the map

¢Gm,q(R) by ¢ where we recall that ¢y, 4(R) : R[IQ] ® Ry, — Rpm4q is the canonical

multiplication map. For 4,, = (m;d), it is obvious that

coker ¢ = A(t+1)q+l — Aj coker P(t—1)q+1
+ Ag coker ¢_g)g41 + -+ (—1)"*1 A, coker d1—q.
Now, for ¢ = p",

1 1 1
(t+ q)q+l <z< ((t+ )c;+l+ )

fn(z) = coker ¢yq4;, where with 0 <1 < q.

Hence

fa(@) = (/gD Awr1ygrr — Arfule = 1) + -+ ()" A fu(z -t — 1),
Moreover, f,(z) =0 if x > d + 1. Therefore,
HEKd(PY)(x)

1 ~ ~ ~

= f(z) =5 [xd — Az = 1)+ Ag(z —2) 4+ ()T A (-t — 1),

where ﬁl =(d+1) and gg = (d‘QH) and giﬂ are defined iteratively as
Aipr = A A — oAy g+ y(—1) T A A+ (<1) A

This implies A; = (djl) for 1 <4 <d. In particular,

HKdPH(z) = z¥/dlfor0<z<1
= 2¢/d! — Ad(z) fori <x <i+1 provided 1<i<d
=0 otherwise,
where

Al(z) = % de 1) (x =14+ 4 (=1)"H (dj.L 1>(x— i)d] :

?

Moreover, HSd(P{)(z) = z?/d..
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Therefore, for the Segre product P¢#P$, where d < e, we have

HK d(Pi#P;) (x)
xdze
= el Ad(x)AS(z) for i<a<i+1, provided 1<i<d
le!
L A L
= el EAZ-(J?) for d<z<e
=0, for e<ux.

Remark 3.2. Similar (but more complicated) formulas can be obtained for arbitrary
Segre products of projective spaces. The Hilbert-Kunz multiplicity of the Segre
product of P} x P* has been computed by [EY].

3.2. Projective curves and their Segre products.

Example 3.3. Let R be a Noetherian standard graded ring of dimension 2. Then,
for a pair (R,m), where m is the graded maximal ideal, ey (R, m) has been
computed in [B] and [T1], Here we compute HKd(R,m) = f : R — R using the
similar techniques used in these two papers.

Recall that if = € [0,1), then

1
fulx) = aé(Rm), where m/q <z <m+1/q.

This implies that HKd(R,m)(z) = f(x) = im0 fu(z) = (d)(z), where d :=
eo(R, m) is the Hilbert-Samuel multiplicity of R with respect to the graded maximal
ideal m.

Now let 1 < z; then (m +¢)/q < x < (m+ g+ 1)/q for some m > 0, and

u(w) = SR /), = <O/ m) .
Let hq,...,hs € Ry be a set of generators of m and let
0—>V—>@OX—>OX(1)—>O
be the map of locally free sheaves of Ox-modules. By Lemmal[ZH] part(2), it follows

that
HKd(R,m)(z) = f(z) = lim 1hl(X, F™V([(x —1)q])).

N oo q

By Theorem 2.7 in [L], there exists ny > 0 such that
0=FEyCEiC---CE CE CFV

is the strong Harder-Narasimhan filtration of F™*V. Let

(3.1) ai = pi(F"*V) /p™ = p(Ei/E;—1)/p™, ri = rank(E;/E;_1)

be the normalized HN slope of V. Note that as are independent of the choice of
ny as p(F™V) = p"~ ™ p;(F™*V) for all n > ny. Since V — @0O0x, a;(V) < 0.

In fact
a1 as ap41
APl

< .o
d d d
Moreover, we can take nqy > 0 such that

pi(F™V) = pig1 (F™*V) 2 2g = 2.
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Therefore,
I+1
W FTV(m)) = 3B (B B ()
and
aiq airq a2q a2q aj41q
—— <=+ [d=-3) < ——F < —-——+(d-3 _ 2
S <oA= < < (d=3) << —
Hence, we have
arq
0<m< ——=
d
I+1 . o
- fn(x) = _6 ;(aiqn— +ridm+ri(g — 1)) — Zlq §m<—#q+(d_ 3)
s o a .
= fule)=—— D (ajarj +rjdmtri(g = 1))+ ~ Zlq < m<-Zirtd
j=i+1 q
1 I+1
= fo(z)=—- Z (ajgrj +rjdm+r;(g—1)),
7,55

where |C;| < r;(g(X) —1).
Therefore,

1<z<l-—ai/d —  f(z) = = (@i + md(z — 1))
l-a/d<z<l-—a/d = f(x):—Eiié(alrz—l—md(ac—l))
l—aifd<z<l—am/d = fl@)=-3""1 (ar; +rd@—1))

This implies

lfa],_*_l/d
GHK(R,ITI): / f(I)dl‘
=0
1 1—ay/d l1—a;41/d
= / f(a:)dx+/ f(x)da?—i—----i-/ f(z)dx
=0 z=1 r=1—a;/d
70.1/d 70.2/d
— df2- / arrs + (radidy — [ laara + (radyuldy
0 y=0
az+1/d
4 — / [ai+17141 + (i d)y]dy.
y=0
Therefore,
H—l 2
eHK R m

Remark 3.4. As {a;}; are distinct numbers, the above formula for f implies that
HKd(R, m) determines the data (d, {r;};, {a;}:).
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Moreover, for a pair (R, I), where I is a graded ideal generated by homogeneous
elements hy, ..., h, of degrees d; < --- < d,,, respectively,

HEd(R,I)(z) = f(x)

= Jim (X PPV ([ (2 = D)) = lim 3" (X, Ox(laa] = ady)).
i=1

00 q

It is easy to check that the second term is a piecewise linear polynomial (with
rational coefficients) with singularities at distinct points of the set {di,...,d,}
and support in [0,d,]. In particular, there exists rational numbers 0 = zp <
zy < -+ < xy < max{nop,d,} and linear polynomials ¢;(z) € Q[z], such that
HKd(R,I)(x) = ¢;(z) if € [z;,2;41] and HKd(R,I)(z) = 0 otherwise.

For the following corollary, we use the notation of Proposition 217

Corollary 3.5. Any Segre product of projective curves has rational Hilbert-Kunz
multiplicity. More precisely, egx(Ri# - #Ry, 1 # - - #I,.) is a rational number,
where dim R; = 2, for each i.

Proof. Let ng, 1 > 1 such that m?® C I and g > pu(I;) for all 4, where m; denotes
the graded maximal ideal of R;. Let d be the maximum of the degree of the chosen
generators of I; and nou. Now, the above calculation shows that one can take a
finite subdivision of the interval [0, c?] by rational points ¢;, namely

[O,dv] = U [ti,ti+1]7 where t1 <ty < ... <t
1<i<m

such that each function HKd(R;, I;)(z), on each such interval [t;,¢,41], is a linear
polynomial in Q[z]. Note that each HSd(R;)(x) is a polynomial in Q[z] on the

whole of [0,d]. Therefore, the assertion follows from Proposition 217 O

Remark 3.6. By the same reasoning as in the above corollary, one can prove that
the Hilbert-Kunz multiplicities of the arbitrary Segre product of full flag varieties,
P}, Hirzebruch surfaces, projective curves, etc., (over a fixed algebraically closed
field k) are rational numbers.

Example 3.7. Let (R,m;) and (S, m3) be two standard graded rings of dimen-
sion 2 with graded maximal ideals m; and ms, respectively. Let V7 and V5 be
corresponding syzygy bundles for (R,m;) and (S,ms;) with normalized slopes
a1,as,...,a;; and bq,...,b;,, respectively. Let X = Proj R and ¥ = Proj §
be of degree d and g, respectively. If

a as i, by be bj, @iy 11 @iy

B R G P R T e L e

d d d =~ ¢ q d = d d
<_bj1_+1<_bj1—+2<...<_bjl<_w<...< aﬁ

= g g d = d d
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then for z; = a;/d and y; = b; /g we find (after some computation) that

+(

+(
Not

row

d
e i (R#S, my#my) = Fg 24 Bsul =Y syt 4> 3wl =y riad

7>1 7j>1 i>1 1>1
+(O 38y (rat + - +ral) = O s mad + -+ ad)
j>1 ji>1
() Briw) (st + -+ spyn) — (D r)(sigd o+ s500)
i>i1+1 i>i1+1
D B8y (i@t o rRal)— (Y s (P pawd g e riad)
J>g1+1 J>gi+1

> B (sj i+ suun)— (L T (Si et e 8uY,)
>ig+1 i>io+1

e that every term of the first row is non-negative, whereas, in the second to last
, all the first terms are non-positive and all the second terms are non-negative.
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