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ON BODIES WITH CONGRUENT SECTIONS BY CONES
OR NON-CENTRAL PLANES

N. ZHANG

ABSTRACT. Let K and L be two convex bodies in R3, such that their sections
by cones {x € R? : z - ¢ = t|z|} or non-central planes with a fixed distance
from the origin are directly congruent. We prove that if their boundaries are
of class C2, then K and L coincide.

1. INTRODUCTION AND MAIN RESULTS

This paper is motivatied by the following problem (see, for example, the book
of R. J. Gardner “Geometric tomography” [2, Page 289]).

Problem 1.1. Suppose that 2 < k£ < n — 1 and that K and L are star bodies
in R™ such that the section K N H is congruent to L N H (see Figure [ for all
H € G(n,k). Do K and L coincide up to a reflection only?

F1GURE 1. Congruent sections by central planes.

Here, K N H being congruent to L N H means that there exists an orthogonal
transformation ¢ in H such that (K N H) is a translate of L N H. The answer is
affirmative in the case when K N H is a translate of LN H for every H (see Gardner
[2, Theorem 7.1.1] and Ryabogin [§]). If K N H is a rotation of L N H for each
H and k = 2, Ryabogin [7] gave an affirmative answer. For the higher dimension,
some partial results were obtained by Alfonseca, Cordier, and Ryabogin in [I] and
Myroshnychenko and Ryabogin in [6]. Several other results can be found in the
book of Golubyatnikov [3]. In general, this problem is still open. Below we study
two versions of this problem.

Problem 1.2. Let K, L C R™ be star bodies and ¢ € (0,1). Assume that for every
¢ € S"! there is a rigid motion ¢¢ such that K N Cy(§) = ¢¢(L N C(€)) (see
Figure 2)). Does it follow that K = L?
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F1GURE 2. Congruent sections by cones.

Here, for t € (0,1), we define
Ci(§) :={z e R" : (z,§) = t[z[}

to be a cone in the direction of £&. For some special values of ¢, Problem has an
affirmative answer (cf. Schneider [10]; see also Sacco [9] for details).

Problem 1.3. Let K, L C R"™ be convex bodies containing a ball B in their in-
teriors. Assume that for every & € S™~! there is a rigid motion ¢ such that
KN (&L +18) = ¢e(LN (€1 + 1)) (see Figure B). Does it follow that K = L?

S2  KNED) LA
i hvﬁy' 5

Fi1GURE 3. Congruent sections by non-central planes.

Here and below, B is the ball with centre at the origin of radius ¢, ¢t > 0.
In this paper, we solve Problem [[.2]in R? in the class of C? star bodies, i.e., star
bodies with C? boundaries.

Theorem 1.4. Let f,g € C?(S?) and t € (0,1). Assume that for every & € S?
there is a rotation ¢¢ around & such that

f(9e(0)) = g(8)
for all 0 € S?2N (& +t€). Then f =g.

The case t € (0, 1) is more difficult than the case ¢t = 0, for, in general, there is no
injectivity of the corresponding Spherical Radon transform. And the smoothness
of the function is necessary when creating disjoint C? level sets of the function.
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As a corollary of Theorem [[L4, we get a positive answer to a version of Prob-
lem

Corollary 1.5. Let K,L C R? be C? star bodies and t € (0,1). Assume that for
every & € S~ there is a rotation ¢¢ around & such that KNCy(§) = ¢e(LNCy(€)).
Then K = L.

We also solve a version of Problem [[3] in R3.

Theorem 1.6. Let K,L C R? be C? convex bodies containing a ball B in their
interiors. Assume that for every & € S? there is a rotation ¢¢ around & such that
KN +18) =ge(LN (L +t€)). Then K = L.

2. PROOFS OF MAIN RESULTS

For a unit vector £ € S2, we define an open ball on S? with centre at £ to be
Be(€) :={0€5%: )0 ¢l <e},

where | - || is the Euclidean distance. We also define ¢¢ = ¢¢ o € SO(3) to be the
rotation around £ by an angle « in the counterclockwise direction. Namely, for any
0 e 52,

d¢,a(0) = O cos(am) + (£ x 0) sin(ar) + £(&, 0)(1 — cos(am)),

where £ x 0, (£,0) are usual vector and scalar products in R3.

2.1. Congruent sections by cones. Auxiliary results. In order to prove the
theorem, we assume the opposite, that is, by Lemma [I5] there exists an = € 52
such that f(x) # g(x) and Vg2 f(x) # 0, which gives a neighbourhood of x on
S? containing local level sets of f. By the C? smoothness of f and the implicit
function theorem, those level sets are a collection of disjoint C? curves. Then, the
V2 — t-distance is parallel to the sets of those C? curves forming a subset of 52
with non-empty interior, whose intersection with Z.,, is not empty. By Lemmas
2.4 and 2.8], the level set ©, U A(f) of f is not C? curve for some 7; a contradiction.
(See Figure M)

B

FIGURE 4. The level set ©, U A(#) is not C? curve.

The details of the proof are organized as follows.
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Definition 2.1. Let f, g,t be as in Theorem [[.4l Define the following three subsets
of §2:

Bo={¢€8%: f(6) =g(6) VoSN (E +16)};

S, = {€€5%: f(9e2(0) = J(0) Vo€ N(Er+10)}), n=23,..;

o0
Econ = U En)
Lemma 2.2. E,, are closed for alln=0,2,3,....

Proof. First, for any pair of directions £ and &, we define the map ¢, ¢,.

If & is not parallel to &, then consider the great circle passing through &1, &s,
which intersects ff- +t& and & + t& at 011,012 and 6y, 099, respectively. The
directions #,1,6012 are chosen in such a way that the triple 6;1,612,& X & has
a positive orientation. The same is assumed to hold for 37,025. For any point
0 € S?N (& +t&1), there exists ¢g, o € SO(3), such that 6 = ¢¢, (011). We define

Ve, 65 (0) 1= ey a(021).
If & is parallel to &2, we define ¢, ¢, (f) = 6. Note that for any 6 € S2N(&f+t&1),
since &5 X 031 = &1 X 011 and (€, 021) = (£1,011) = t, we have
e, 2 (6) — 6l = ez c(B21) — ds a(B11)]
= ||f21 cos(am) + (&2 X Oa1) sin(am) + £3(&2, 021 )(1 — cos(am))
— 611 cos(am) — (& x O11) sin(am) — &1(&1,011)(1 — cos(am))||
= ||021 cos(am) + t&2(1 — cos(am)) — 611 cos(am) — t&1 (1 — cos(am))||
< ||021 cos(am) — 011 cos(am)|| + ||t€2(1 — cos(am)) — t&1 (1 — cos(am))|]
< |[f21 — 611 +2[|€1 — &l
=3[|&1 — &l

and

Dey,5(Ve1 65 (0)) = ey 6, (0g, 5(0))  for any B.

Given a sequence &; € Ey with lim; o & = &, define 1)¢ ¢, as similar to the above.
For any § € S? N (¢4 + t€), we have

|f(0) —g(0)]
< UFO) = f(vhee, ()] + [f (Ve e, (0) — 9(vhe.e, (0))] + 9 (ve.e, (6)) — 9 ()]
= £(0) = f(ee.(0))] + 19(ve.c. (0)) — g(O)].
As & — &, e e, () — 0; hence, by continuity of f and g,
1(0)— g(0)| =0 W€ SN (e* +t6),
which implies £ € 3. Now we prove the closeness of =.

Similarly, given a sequence &; € Z,, with lim; o, & = &, for any § € S?N (£ +t€),
we have

|f(¢e,2(0)) — f(0)]

< |f(e,2(0)) = f(Dg, 2 (Ve e, (0)))] + [/ (9, 2 (e, (0)) — f(e.e, ()]
+ 1 (e, (0)) — f(0)]

= f(d¢,2(0)) — f(Vee, (e, 2 (0))] + | f (e, (0)) — f(O)]-
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As & — &, e e, (0) — 0; hence, by continuity of f,

[f(¢e,2(8)) = f(O)| =0 VO e S*n(e" +16),
which implies ¢ € Z,,. (]
Lemma 2.3. Suppose that for some £ € S? there exists o € Q such that f(de,q(0))
= f(0) V0 € S%2nN (& +1t€). Then, there exists n > 2, such that £ € =,,.

Proof. Let us write a = %, where p and ¢ are coprime integers. It is sufficient to
show % = m% + 2[ for some m,n,l € Z. Indeed, this would imply that

F(0.2(0) = F(Gempa(6) = F(Semr (8)) = F(0).

But, since p, q are coprime, there exist k,r € Z, such that pk + qr = 1. If we set
n = q, then
2 2(pk
2 _2pktar) g p o, 0
n q q

Now, we define

ME) = {a€10,2): f(de.a(0)) = g() VO €S N(EX+1)).

In the case when & € Z,,, n > 2, A\(£) is a multi-valued function; on the other hand,
if £ € Econ, A(€) is a single-valued function; otherwise, if o, 8 € A(§) with a # 3,

F(¢e.a(0)) = 9(0) = f(e,5(0)) VO € S*N (£ +1€),
implying
F(be.a—p(0)) = f(8) VO € S*N(E" +1tE).
If a— B is irrational, then f(0) = C = g(0) VO € S?N (&L +t€), which means & € Z;
a contradiction. If o — § is rational, then by Lemma 23l £ € =,,; a contradiction.

Lemma 2.4. Let f,g,t be as in Theorem [LA Then ZEcon is open and (&) is a
continuous function on Zcon if Econ 7 0.

Proof. If Scon = 0, then Zcopn is open. Now assume that Z.., is not open. There
exists & € Econ, such that, for any ¢ € N, there exists & € B1(§) N E,, for some
n;. If there are infinitely many &; that belong to E¢, then 0 € X(g), that is, £ € Zg;
a contradiction. If there are infinitely many &;, for which n; # 0, then A(§;) is a
multi-valued function. Thus there exists a; € A(;), such that |a; — A(§)| > € for
some £ > 0. By compactness of [0,2], there exists a subsequence &;, , such that
limg o0 @, = c, where oo — A(§)] > €. Set ¢, similarly to the ones defined in
Lemma 2.2
Then for any 0 € S? N (&+ +¢€),

[f (e ) (0)) — f(de.al))]
< [f(@enie)(8)) — 9(0)] + 19(0) — 9(ve.e,, (0))]
+19(Wee,, (0) = f(De,, i, Wees, O+ 1f (e, 00, (Vegs, (0))) — [P ,a4, (0))]
= 19(0) — 9(ve.e., () + |f (Ve ., (De,0s, (0))) = f(Pe,a(0))].
As k — oo, we have e, (0) — 0 and Yeg, (d¢a, (0)) — d¢a(f); hence, by
continuity of f and g,

[f(Benie)(8) = fdealf) =0 VO € 52N (£F+16),
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implying
[f(¢6,0(6)) = g(0)| =0 V8 € S° N (& +1€);
a contradiction.
For the continuity, since A(£) is a single-valued function when & € Zqyp, consider
a sequence {&;}5°, € Econ, such that Zcon 3 § = lim; 00 &. By compactness of
[0, 2], there exists a subsequence {&;, }32,, such that o = limg_,o A(&;,,). Then for
any 6 € 52N (& + 1),

|/ (Pe.a(0)) — 9(0)]

< f(Pe.al(0) = f(Pes, ) e, OD+ 1 (D¢, aei,) (Vees, (0)) — 9(Yee,, (0))]
quad + |g(ve e, (0)) — 9(0)]

= [f(¢6,a(0)) = f(e,, A, ) Ve, (O] + |9(Ye g, (0)) — g(0)]-

As k — oo, we have ¢¢, e, ) (Ve (0)) = dea(f) and e, (0) — 6; hence, by
continuity of f and g,

|f(be.a(0) = g(0)] = 0 V0 € SN (&F +16),

that is, A(§) = a. If {A(&)}2, has another subsequence with a different limit
B # a, then {«, B} C A(§), contradicting the fact that £ € Ecop. O

Lemma 2.5. Let f,g,t be as in Theorem [LA. Then either {6 € S* : f() =
g(0)} = S? or the set

{0€5%: f(0)#9(0)}N[{#€5%: Vs f(0) #0}U{# € 5%: Vgzg(d) # 0}]
s not empty.
Here, Vg2 is the spherical gradient, that is, for a function f on S2,
(Vs2 f) (/l2]) = V (f(z/lz])), =€ R /{0},

where f(z/|x|) is the 0-degree homogeneous extension of the function f to R3/{0}
and V is the gradient in the ambient space R3.

Proof. First, the set {# € S? : f(0) # g()} is not the whole sphere; otherwise
without loss of generality let f(6) < g(6). Then

/ 9(0) db = / F(6e(0)) do
S2M(g++t¢) S2N(E++t¢)

:/ f(9) d9</ g(0)de.
S2N(E++t€) S2N(E+L+t€)
Now assume

{0€8%: f(0) # g(0)} N[{0 € 5% : V2 f(0) # 0} U{0 € 5% : Vs29(8) # 0}] = 0.
Then
{0€S?: f(0)#g0)yCc{0e€S*:Vsf(0) =0} N {0 € S?:Vg29(6) = 0}.
Since f,g € C?(S?), the set
Yo:={0€S?:Vgf(0) =0} N {6 € S?: Vgyg(0) =0}
is closed and f and g are constant in any connected subset of Y.
Assume there exists x € {# € S? : f(0) # g(f)}. Choose the largest connected

open neighbourhood N, of z in {§ € S? : f(0) # g(6)} VO € S%. Then the closure
of N is in Yy and the boundary of N, is a subset of {# € S? : f(0) = g(0)},
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which implies C; = f = g = Cy in the closure of N, ; a contradiction. Hence,

{0€5%: f(0) #9(0)} = 0. 0

Note that for & € Z.op, since Zco, is open, there exists an € > 0, such that
Be(€) C Zcon- Then, for any point 6 € S? N (6 +t€), we set n = be,—re)(0) and
€ € nt +tn since (€,1) = t; hence, (n* +tn) N B(£) is not empty. Thus, we define
the curve

A(9) = U de ey (m)

CE(n++tn)NBe(§)

passing through 0 (see Figure [)).

B

N©) -

FIGURE 5. The construction of A(6).

We set (¢ +t€), := {x € R® : (z,€) > t} and int ((¢+ +t£),) = {z € R? :
(x,&) > t}.

Lemma 2.6. Let f,g,t be as in Theorem [[Al and & € Zcon. If M(&) # 1, then
A(B) N8 int (€5 + 1)) £0.

Proof. Without loss of generality, we can assume that 0 < A(§) < 1. The other
case 1 < (&) < 2 is similar. Since £ € E¢on and 0 < A(§) < 1, by Lemma 2] there
exists 0 < ¢ < 1/2 and a ball B.(§) C Eon such that ¢ < A(() < 1 — for any

¢ € B(§).
Now take any 6 € S? N (£ 4 t€) and define n = ¢¢,_x(e)(0). We set ¢ = ¢y,.q(&)
for some small o > 0 and w = ¢¢ z(¢)(n). Then we have

CXn=dpal€) xn

= (§cos(am) + (n x §) sin(am) +1(n, §)(1 = cos(am))) x 1
= ¢ xneos(am) + (£(n,m) —n(&,n)) sin(ar)

= ¢ x ncos(am) + (€ — tn) sin(an)

and

<§7 C> = <€a ¢777a(€)>
= (€, & cos(am) + (1 x &) sin(am) +7(n, §) (1 — cos(am)))
(1) = cos(am) 4+ t*(1 — cos(a)).
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Therefore,
(€ w) =t = (& dcay(m) —t
= (&, meos(A(Q)m) + (€ x 1) sin(A(Q)7) + t¢(1 — cos(A(¢)m))) — ¢
— tcos(A(Q)7) + (£, € X ncos(a) + (€ — tn) sin(am)) sin(A(C)7)
(M(Q)m))(cos(am) + (1 = cos(am))) — t
) + (1 — %) sin(an) sin(A(¢)m)
(A(O)7)) (cos(am) + t2(1 — cos(ar))) —
= (1 — t*) sin(an) sin(A(¢)7) + t(1 — cos(A(¢)m)) (% — 1)(1 — cos(ar))
= (1 —t*)(sin(am) sin(A(¢)m) — t(1 — cos(A(¢)m))(1 — cos(a)))
> (1 — t)(sin(an) sin(er) — (1 — cos((1 — ¢)m))(1 — cos(ar)))
>0 for sufficiently small a.

=tcos(A(O)m

To show

sin(am) sin(emr) — ¢(1 — cos((1 — ¢)m))(1 — cos(am)) >0
for sufficiently small o > 0, we used that for a,b > 0, x > 0 sufficiently small, and
h(z) = asina — b(1 — cos ),

h'(z) = acosz — bsinz > 0

and h(0) =
Hence, w € A(A) N SZNint ((641 +££)4). O

Proof of Theorem [L4l. Assume the set {6 € S% : f(0) # g(f)} is not empty. By
Lemma 2.5 we have

{0€ 525 [(0) £ g(0)} N[{O € 52 : Vsa f(0) £ 0} U{8 € S : Vigag(0) £ 0}] # 0.
Without loss of generality, we can choose
re{0eS: f(6) #g0)} N {0 € S?: Ve f(6) # 0,
and therefore, there exists an open ball

Be(x) C {0 € 5*: f(0) # g(0)} N {0 € S*: V2 £(0) # 0}.

By the implicit function theorem (see [5 Section I-5]), the collection of local level
sets of f, L(f) := {O;}acr<p, is a collection of disjoint C? curves, where O, =
{0 € 5?: f(0) =7} N Be(x). Here, a = infgep (y) f(0) and b = supgep_ () f(6).

For curves {©,} C S?, consider their geodesic curvature ky(-) (see [4, Section
17.4] for details). If for every n € ©, and ©, € L(f), we have kq(n) = 0, then each
O, belongs to some great circle. Choose one of these great circles. It divides S?
into two hemispheres. Fix one of these hemispheres and denote it by Si. Consider
all circles of the form S2 N (&4 +t£) that are tangent to the curves ©, and ¢ € Si.
Denote by ¥ the set of such directions &.

Now consider the case when for some 7 € (a,b), there exists a § € O, such that
ky(0) # 0. Then by C? smoothness of f, there exists a smaller neighbourhood of
x, which we will again denote by B.(x), and a collection of level sets in B.(x), such
that k4(n) # 0 for any n € ©, and a < 7 < b. For each point n € ©., consider the
great circle which is tangent to O, at . Then {O;},<-<p lie on one side of their
tangent great circle. For each 7 and each 1 € ©, consider a circle S% N (&4 + t)
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that is tangent to ©, at n and lies on the other side with respect to the tangent
great circle. Let X be the set of such directions ¢ (see Figure [d]).

Note that for each ©,, these ¢ € ¥ form a parallel set of ©, on S2, i.e., the
envelope of a family of circles on S? with centres on ©, and of radius /2 — 2t.

Be(x)

FIGURE 6. The construction of X.

Hence, the set X is a union of such curves and thus contains non-empty interior.
We claim Eon Nint (X) # 0; otherwise, int (X) C ZU(Ur—, Ex), but int (£)NEy =
0, since B(z) C {6 € S? : f(0) # g(0)}. Hence, int(X) C U;—, =y, which
implies that (;_, Z,,)Nint (X) contains non-empty interior. By the Baire category
theorem and Lemma [272] there exists some k € N, such that = Nint (X) contains
non-empty interior.

Now assume £ € int (E; N X). Then, there exists § > 0 such that Bs(§) C
int (2, NY). For any 0 € £+ + t£, we have

f(n) = F(0) Vn € Ae(0) := U ¢,z (0)
CeO++t0)NBs(€)
and
f(w)=f(0) Vwe Ag(f) = U U G, —2(n).
n€Ae (0) ve(nt+tn)NBs ()

Let us show that Ag(#) has non-empty interior. Note that for any n € A¢(), by
equation ([Il) we have

(0,n) = cos(27/k) + t*(1 — cos(27/k)) =: (1),
where —1 < ¢(t) < 1. If ¢(t) = 0, then A¢(0) C S2N 6. Fix n € A¢(6); then for
each
w e U ¢19,7% (77)7
YE(nt+tn)NBs(§)
by equation (II) we have
{w,m) =<(t) =0,
which means Uﬁe(nLthn)mBg (€ Po,—2 (n) is a curve passing through 6 and contained

in S2Nnt. Since A¢(0) is a continuous curve, by changing 1 we see that Ag(6) has
the shape of a sand dial, which we will refer to as a < shape.
If 0 < ¢(t) <1, then

Ae(0) € S2 N (0F +<(1)0).
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Fix n € Ag(0); then Uye (s iin)npse) Pv,—2(n) gives a curve passing through 6
and contained in S? N (nt + ¢(¢)n). Observe that for different n € A¢(#), we have
different curves Uye 1 44n)nms (¢) P9, 2 (1) with the only common point §. Since
these curves change continuously, the set A¢(#) again has a > shape.

If —1 < ¢(t) < 0, use the same argument to show that A¢(#) has a p< shape.
Therefore, A¢(6) is a set with non-empty interior on S2.

Now to reach a contradiction, assume that f is not constant on S? N (£+ + ££).
Then f takes on infinitely many values and so there are infinitely many disjoint
sets Ag(6) with m(Ag(9)) = v > 0, where v is a number independent of 8 €
S% N (&+ +t€), which is impossible. Here m is the Hausdorff measure on S$2. On
the other hand, if f is a constant on SN (1 + 1), then ¢ € =g, which contradicts
int (2) NEp = 0. Thus, we have proved Econ, Nint () # 0.

Now assume that for every & € Zcon Nint (X), we have A\(§) = 1. Then, there
exists > 0 such that Bs(§) C ZEcon Nint (X) and A(¢) = 1 for any ¢ € B;(§). For
any 6 € £+ + t£, we have

g =160) ner®) = |J ¢

¢e(0++t0)NBs(€)

and
fw)=g(n)=f6) YweAd):= [J U el

nee(0) ¥€(nt+in)NB;(8)
Following the same argument as above, we have that A¢(f) is a set with non-empty
interior on S2. Therefore, f is a constant on &+ + t&; otherwise, if f takes on
infinitely many values, then there are infinitely many disjoint sets A¢(6), where
m(A¢(0)) = v > 0; a contradiction. But if f is a constant on £+ + ¢, then & € Zy,
which contradicts & € Zcon.

Finally, assume that there exists £ € Zcon Nint (X) such that A(§) # 1. Then by
Lemma [24] there exists a neighbourhood B.(§) C Econ Nint (X) and 0 € O, € L(f)
for some 7, such that S2 N (€1 + €)1 N O, = 6. On the other hand, by Lemma 6]

A(0) = U beae)(m),  where n = de &) (0),
CEM*+tmNBe(§)

gives a curve such that A(f) N S% Nint ((6L +t€)4) # 0 and f(w) = f(#) for any
w € A(f). Thus, A(f) U O, must be a level set of f at value 7 but it is not a
1-manifold; a contradiction.

Therefore, {6 € S?: f(0) # g(0)} = 0. O

2.2. Congruent sections by non-central planes. Auxiliary results. We will
use ideas of Section 2.1} However, some proofs will be different.

Definition 2.7. Let K, L, B be as in Theorem Define the following three
subsets of S2:

Ep={€c S Kn(Et+t8) =Ln(Er +t6));
E;={§€SQ:qbg%(Lﬂ(&LHf))=Lﬂ(§l+t€)}, n=23,..;

Eton = ST\E U (U E0))-

—~

Using the same argument as above, it is easy to prove the following lemmas.
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!

., are closed for allm =0,2,3,....

Lemma 2.8. =

Proof. First, set dy (-, ) to be the Hausdorff distance on sets in R®. Given a sequence
& € 2 with lim;_, o & = &, we have

du(K N (E" +t€), LN (§F + t€))
<du(K N (8 +18), KN (& +16)) + du(K N (& +16), LN (& + )
+du(LN (& + &), LN (EF + 1))
= du(K N (E +1€), K N (& +1&)) + du(L N (& + &), LN (£ +t6)).
As & — & du(KN(E-+LE), KN(&-+1&i)) — 0 and du (LN(&+1&;), LN(EF+8€)) —
0; hence, di (K N (& +t€), LN (¢ +t€)) = 0, which implies ¢ € =). Now we prove

the closeness of =f,.
Similarly, given a sequence &; € Z/ with lim;_,, & = &, we have

dir(ge, 2 (LN (E5 +16)), LN (65 +£€))

< du (g, 2 (LN (EF + 1)), de, 2 (LN (& +t£:)))
+du(gg, 2 (LN (& +16)), LN (& +t&,))
+du(LN (& +1t&), LN (EF +t€))

= dH(¢§,%(L N (r + 1)), ¢gi,%(L N (& + &)
+du(LN (& +1t&), LN (g +t6)).

As & — & dg(L N (65 +t€), LN (& +t&)) — 0; hence,
dit(de 2 (LN (EF +1€)), LN (€5 + 1)) =0,
which implies £ € =/, O

Now we define

N(€) = {a: KN (& +18) = dealLN (& +16))}.
In the case when & € 2/, n > 2, X (£) is a multi-valued function; on the other hand,

if € e =L, N(&) is a single-valued function; otherwise, if o, 8 € X' (€) with « # 3,

be.a(LN(EF +16)) = KN (E5 +16) = e p(L N (£ +£E))
implying
Pe.a (LN (EF +1)) = de,p(L N (€7 +1£6)).
If a—f3 is irrational, then LN (&L +t€) is a disk, which means ¢ € =); a contradiction.

If & — j is rational, then by Lemma 23] £ € =/ ; a contradiction.

Lemma 2.9. Let K, L, B be as in Theorem [LO. Then =/,
continuous function on =L . if L # (.

con —con

is open and X' (§) is a

Proof. It = = (), then E/__ is open. Now assume that =/ is not open. There

exists £ € E,,, such that, for any i € N, there exists §; € B1(§)NZ;,, for some n;. If

con?
there are infinitely many &; that belong to =, then 0 € N (). If there are infinitely
many &; for which n; # 0, then X' (§;) is a multi-valued function. Thus there exists
a; € N (&), such that |a; — AN (§)| > € for some ¢ > 0. By compactness of [0, 2],
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there exists a subsequence &;, , such that limg_,o o, = o, where |a — X (&) > e.
Then

dut(Pe x(e) (LN (5 + 1)), de.a(L N (EF +16)))
< du(pe e (LN (EE+18), KN (EF +1€))
+du(K N (&8 +18), K N (& +1&,))
+ du (K 0 (&, + t60,), Per, o, (LN (&) + 1))
+du(fe,, o, (L0 (& +161,), bea(L N (E5 +18)))
= du(K N (&8 +18), KN (& +1&,))
+du(de,, on, (L& +16i,)), Be.a(L N (EF +EE))).

As k — oo, we have &, — £ and «;, — «; hence,

du(Pe e (LN (EX + 1)), dea (LN (€8 + 1)) =0,
implying
KN (§8+18) = de.a(LN (6 +1E));

a contradiction.

For continuity, since A'(€) is a single-valued function when £ € Z_ . consider a
!/

sequence {&;}2, € E. ., such that = > ¢ = lim;_, . By compactness of [0, 2],
there exists a subsequence {&;, }32,, such that o = limy_, A'(§;, ). Then

du (K N (§" +16), pe.a(L N (€5 +£8)))
<du(K N (&8 +18), KN (& + &)

+du (K 0 (&7 +16i,), de, e ) (LN (€ +163,)))

+du (e, we, ) (LN (& +16i,)), Gea(L N (E8 +16)))
= du(K N (&8 +1£), KN (& +1&,))

+du (e, we, ) (DN (G +16i,)), bealL N (€5 +1£))).

As k — oo, we have X (§;,) = « and &;, — &; hence,

di(K N (&8 +18),¢e.a(L N (E8 +1))) =0,

that is, N'(§) = a. If {N(&)}52; has another subsequence with a different limit
B # a, then {«, } C XN (€), contradicting £ € E! ]

con*
For a convex body K, we define its radial function in the direction of 6 to be
pr(0) :=sup{t:t € K}.

Lemma 2.10. Let K, L, B be as in Theorem [L8. Then either {6 € S? : px(0) =
pr(0)} = 5% or the set

{0€ 8% pxc(0) # pr(0)} N[{0 € $% : Vis2pc(0) # 0} U{0 € % : Viszpr (6) # 0]
18 not empty.

Proof. First, the set {0 € S? : px(0) # pr(0)} is not the whole sphere; otherwise
without loss of generality let px (0) < pr,(8) VO € S2. This means that K is strictly
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inside L. Then
voly—1 (K N (€5 +£6)) = voln_1(¢¢(L N (€F +1€)))
= vol,_1 (LN (€+ +t€)) > vol,,_1 (K N (&+ + t€)).
Now assume
{0€5: pr(6) # pr(9)}
N0 € 5% Vaapie(0) £ 0} U{0 € S Vgapy(8) # 03] = 0.
Then
{0€5: pr(6) # pr(0)}
C{0eS?: Vapr(0) =0} N{0 € S?: Vgpr(0) =0}.
Since pg, pr, € C?, the set
Yo :={0 € 5: Vgepr(0) =0} N {0 € S : Vszpr () = 0}

is closed and px and py, are constant in any connected subset of Yj,.

Assume there exists z € {0 € S? : px(0) # pr(0)}. Choose the largest connected
open neighbourhood N, of = in {6 € S? : px(0) # pr(0)}. Then the closure of
N, is in Y§ and the boundary of A is a subset of {6 € S? : pr(0) = pr(6)},
which implies Cy = px = pr = Cs in the closure of N ; a contradiction. Hence,

{0 €S%: pr(0) # pr(6)} = 0. O

Note that for & € E/,,, since =/ is open, there exists an ¢ > 0, such that

B(&) C =L, Then, for any point § € S? such that pz,(0)0 € L N (£+ + t€), we set
N = ¢¢ (¢ (0). Thus, we define the curve

A'(0) == {pc,—x(0)(n) : ¢ € Be(€) and pr(0)n € ¢ + ¢}
passing through 0 (see Figure [7).

(PB®

6

FIGURE 7. The construction of A'(6).

Lemma 2.11. Let K, L, B be as in Theorem and E € ZL . If N (&) # 1, then

{pr(O)u:we A'(0)) Nint (€ +1€)4) #0.

Proof. Without loss of generality, we can assume that 0 < X(£) < 1. The other
case 1 < N(§) < 2 is similar. Since { € =/, and 0 < X'(§) < 1, by Lemma 2.0
there exists 0 < v/ < 1 and a ball B.(§) C E/,, such that // < X (¢) <1— for any
¢ € B(§).
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Now take any 6 € S? such that py ()0 € LN (£++t€) and define 7 = ¢¢ yr(¢)(6).
We set ¢ = ¢y, —a(§) for small a > 0 and w = ¢¢,_x(¢)(n); then we have

(Cn) = (dy,—al)m) =(&n) = — = =

)~ @ €O

Hence, pr,(0)n € ¢+ + ¢,

CXN=¢n_all) xn
= (§cos(—am) + (n x &) sin(—am) +n(n,§)(1 — cos(—am))) x n
=& x neos(ar) — (§(n,n) —n(&,n)) sin(an)

t .

= & neos(am) — (€ ~ L) sin(a),
and

(€,€) = (& Pn,—al))

= (§ §cos(—am) + (n x &) sin(—am) + n(n, §) (1 — cos(—am)))

2
(2) = cos(arm) + 2 00) (1 — cos(am)).
Therefore,
( )€ w) —

Y6 (N + € (N
¢ , B
pL(9)< ~ cos(~X(Om)) ~ t

— teos(N()m) — pr(B)(€, € x neos(am) — (¢ -

2

P%@n) sin(ar)) sin(\ (¢)7)

(1 —cos(ar))) —t

+ (1 — cos(N () (cos(arm) + —

p1(0)
— oS Q)+ pu(0)(1 = 5 ) snfam)sin(X ()
101 = cos(N Q) cosfarm) + —f (1~ cosfam) ~ ¢
— (L= o) sinfam) sin(X (O)
41— cos(N(Qm)(1 — p{fe> )(1 - cos(ar))
— (1= 4 ) (0N (©)r) sin(am) — (1 = cos(N(6)r)(1 - cos(arm))
> (1= 45 ) o (0)sinl'm)sinlem) — (1 — os( (1 — /) (1 — cos(am))

>0 for sufficiently small o > 0.

Hence, pr,(0)w € {pr(0)u:u € A'(6)} Nint ((£+ + &) ). O
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Proof of Theorem [LB. Assume {0 € S? : pg () # pr(6)} # 0. By Lemma 2.10] we
have

{0€5: pr(6) # pr(0)}
N[H{0 € 5% : Vzpr(0) # 0} U{0 € 5% : V2pr(0) # 0}] # 0.
Without loss of generality, we can choose
v e{0€ S pic(0) # pr(0)} {0 € S Vo (0) £ 0},
Therefore there exists an open ball
Be(x) C {0 € 5%: pxc(0) # pr(8)} N {6 € S*: V2pr(6) # O}

By the implicit function theorem, the collection of local level sets of pr,, L'(L) :=
{© Y <r<pr, is a collection of disjoint C? curves, where O := {0 € S? : p.(0) =
7} N Be(x). Here, a’ = infycp, (2) pr(0) and V' = supgep,_ () pL(0).

For curves {©.} C S?%, consider their geodesic curvature ky(-). If for every
n € O, and ©, € L'(L), we have ky(n) = 0, then each ©’ belongs to some great
circle. Choose one of these great circles. It divides S? into two hemispheres. Fix
one of these hemispheres and denote it by Si. Consider all circles of the form
52N (&1 4 L&) that are tangent to the curves O, and £ € S7. Denote by ¥’ the
set of such directions &.

Now consider the case when for some 7 € (a’, '), there exists a § € O, such that
ky(0) # 0. Then by C? smoothness of py,, there exists a smaller neighbourhood of
x, which we will again denote by B.(z), and a collection of level sets in B.(z), such
that k(1) # 0 for any n € ©” and o’ < 7 < V. For each point n € ©’, consider the
great circle which is tangent to ©. at n. Then {© }, <.« lic on one side of their
tangent great circle. For each 7 and each € ©) consider a circle S2 N (£+ + %f)
that is tangent to ©. at n and lies on the other side with respect to the tangent
great circle. Let X/ be the set of such directions £.

Note that for each ©’, these ¢ form a parallel set of ©/ on S?, which we denote
by C.. This is the envelope of a family of circles on S? with centres at ©” and of
radius % We claim that for different values of 7 € (a’, '), the corresponding C.. do
not coincide. Otherwise, for some 71 € (a’, '), the envelope of a family of tangent
planes of %B at the points on %C;l intersects S? along o, ie.,

-
1o 2
©., = Envelope U H%&%B nsS#,
fecr,
where H%&%B is the tangent plane to %B at the point Tilf and Envelope{-} is

the envelope of a one-parameter family of curves. Hence, multiplying both sides by
T1, we obtain

0L D 10, = Envelope U Hye p p N 7152
gecr,

On the other hand, assume that for a different value (a/,b’) > 75 # 71, we have

7207, = Envelope U Hye g p NOL.
gecy,
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However, Envelope{Ufec, Hye, B} is a ruled surface (i.e., comprised of straight
T1

lines), which cannot intersect OL along two different curves. So C;, and C;, do not
coincide. We conclude that by the continuity of C. with respect to 7, the set ¥/ is
a union of C. and thus contains non-empty interior.
Now we claim Z/, Nint (X') # 0; otherwise, int (¥') C Zf U (Up—yZn), but
int (X)) NEy = 0, since Be(z) C {9 € S? : pr(0) # pr(6)}. Hence, int (¥') C
U,—, El,, which implies that (Un 52 ) N int (E) contains non-empty interior. By
the Baire category theorem and Lemma 2.8 there exists some k € N, such that
Zr Nint (X') contains non-empty interior.

Assume € € int (£,NY’). Then, there exists § > 0 such that Bs(§) C int (2,NY’).

For any pr(0)6 € &+ +t€,
pr(n) = pr(0) Ve AL(0) = {d¢2(0) : pr(0)0 € (+ + ¢, € Bs(§)}
and
pr(w) = pr(n) = pr(0)
Vw € Ag(6) == {dy,_2(n) :n € AL(8), pr(B)n € I* +19, ¥ € Bs(€)}.
) h

Let us show that A’(
equation ([2)) we have

as non-empty interior. Note that for any n € Ag(0), by

%(1 —cos(2m/k)) =: <'(1),

where —1 < ¢/(t) < 1. Tf ¢/(t) = 0, then AZ(f) C S*N 6+. Fix n € A¢(0); then for
each

(0,m) = cos(2m/k) +

w € {dy_2(n): pr(O)n €9 +19, ¥ € Bs(€)},
by equation (2)) we have
(w,m) =<'(t) =0,
which means {¢y _2(n) : pL(0)n € 9t + 19, 9 € Bs(€)} is a curve passing through
6 and contained in S? N nt. Since A¢(0) is a continuous curve, by changing n we
see that A’g(ﬁ) has the shape of a sand dial, which we will refer to as a > shape.

If 0 < ¢'(t) < 1, then Ag(6) C S?N (6 +<(t)f). Fix n € Az(); then {dg,_2(n) :
pr(0)n € 9t + 19, 9 € Bs(€)} gives a curve passing through 6 and contained in
S2N (nt +<'(t)n). Observe that for different n € A¢(0), we have different curves
{d9,—2(n) : pr(O)n € It + 9, 9 € Bs(€)} with the only common point 6. Since
these curves change continuously, the set A’E(ﬁ) again has a 1 shape.

If =1 < ¢'(t) < 0, use the same argument to show that Az(6) has a > shape.
Therefore, A¢(f) is a set with non-empty interior on S2: hence, it is not a 1-
manifold.

Now to reach a contradiction, assume that Vgzpr(6) = 0 for every 6 € S? such
that pr,(0)0 € LN (€1 +t€); then LN (€1 +¢€) is a disk, £ € =), which contradicts
int () NEY = 0.

On the other hand, if Vg2pr,(0) # 0 for some point 6 satisfying

pr(0)0 € LN (& +1t€),

then by the implicit function theorem, the level set of py, passing through 6 on S?
is a 1-manifold; a contradiction. Thus, we have shown that =/ Nint (X') # 0.
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Now assume that for every & € E/  Nint (¥'), A'(§) = 1. Then, there exists

con

0 > 0 such that Bs(&) C int (.., N¥’) and N (¢) =1 for any ¢ € Bs(§). For any

—con

0 € S? such that pr(0)0 € €+ + €, we have

pic(n) = pr(0) Y0 € AL(0) := {¢c,1(0) : pr(0)8 € ¢~ +1¢,C € Bs(€)}
and
pr(w) = pr(n) = pr(0)
Vw € Ag(0) == {po1(n) : n € Ag(B), pr(0)n € 9 + 10, 9 € Bs(€)}.

Following the same argument as above, we have that Ag(f) is a set with non-
empty interior on S?; hence, it is not a 1-manifold. If Vg2pr(6) = 0, for every 6
such that pr,(0)0 € LN (¢4 +t€), then LN (61 + £€) is a disk; a contradiction.

If Vg2pr,(0) # 0 for some point 6 satisfying p,(0)0 € L N (& + t€), then by
the implicit function theorem, the level set of p; passing through 6 on S? is a
1-manifold; a contradiction.

Finally, consider the case when there exists € int (E.,,NY’) such that X' (§) # 1.

—con

Then, there exists a neighbourhood B.(§) € =, Nint (¥') and 6 € O, € L'(L) for

—con

some 7, such that (é+ +¢£), N O, = 6. On the other hand, by Lemma Z.11]
H(0) = {be i (n) : € € Bo(€) and pr(B)y € C- +1C),

where 1) = ¢¢ y/(¢)(0), is a curve such that {pr,(0)u : u € A'(6)}Nint ((§-+t€)4) # 0
and pr(¢) = pr(0) for any ¥ € A'(9); however, A'(§) UO. C L'(L) must be a level
set of pr, in £'(L) that is not a 1-manifold; a contradiction.

Therefore, {6 € S?: px(0) # pr(0)} = 0. O
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