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SHARP STRICHARTZ ESTIMATES
FOR WATER WAVES SYSTEMS

HUY QUANG NGUYEN

ABSTRACT. Water waves are well-known to be dispersive at the linearization
level. Considering the fully nonlinear systems, we prove for reasonably smooth
solutions the optimal Strichartz estimates for pure gravity waves and the semi-
classical Strichartz estimates for gravity-capillary waves for both 2D and 3D
waves. Here, by optimal we mean the gains of regularity (over the Sobolev
embedding from Sobolev spaces to Holder spaces) obtained for the linearized
systems. Our proofs combine the paradifferential reductions of Alazard-Burg-
Zuily with a dispersive estimate using a localized wave package type parametrix
of Koch-Tataru.

1. INTRODUCTION

Water waves systems govern the dynamic of an interface between a fluid domain
and the vacuum. It is well-known that these systems are dispersive; i.e., waves at
different frequencies propagate at different speeds. For approximate models of water
waves in certain regimes such as Kadomtsev-Petviashvili equations, Korteweg-de
Vries equations, Schrodinger equations, wave equations, etc., dispersive properties
have been extensively studied. For the fully nonlinear system of water waves,
dispersive properties are however less understood.

On the one hand, in the global dynamic, dispersive properties have been consid-
ered in establishing the existence of global (or almost global) solutions for small,
localized, smooth data by the works of Wu [26l27], Germain-Masmoudi-Shatah
[121[13], Tonescu-Pusateri [I7,18], Alazard-Delort [5], and Ifrim-Tataru [I5,16]. On
the other hand, in the local dynamic, dispersive properties and more precisely
Strichartz estimates have been exploited in proving the existence of local-in-time
solutions with rough, generic data initiated by the work of Alazard-Burq-Zuily [4]
and then followed by de Poyferré-Nguyen [I0L1T], and Nguyen [23]. Prior to these,
a Strichartz estimate was proved for 2D gravity-capillary waves by Christianson-
Hur-Staffilani [9]. It is worth noting that [9] allows overturning waves. Unlike the
case of semilinear Schrodinger (wave) equations, water waves systems are quasilin-
ear in nature, and thus how much regularity one can gain in Strichartz estimates
depends also on the smoothness of solutions under consideration. In other words,
in terms of dispersive analysis (for generic solutions), the nonlinear systems are not
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obviously dictated by their linearizations. In fact, the Strichartz estimates proved
in [4)11L23] are nonoptimal compared to the linearized systems. We address in this
paper the following problem:

At which level of regularity do solutions to the fully nonlinear systems of water
waves obey the same Strichartz estimates as their linearizations?

Remark first that due to the systematic use of symbolic calculus in the framework
of semi-classical analysis in [4[11,23] we were not able to reach sharp Strichartz
estimates by simply adapting the method there to the case of sufficiently smooth
solutions.

In this paper, we choose to work on the Zakharov-Craig-Sulem formulation of
water waves, which is recalled now.

1.1. The Zakharov-Craig-Sulem formulation of water waves. We consider
an incompressible inviscid fluid with unit density moving in a time-dependent do-
main
Q={(t,z,y) €[0,T] x REx R : (z,y) € U},

where each §; is a domain located underneath a free surface

S ={(x,y) e R x Ry =n(t,z)}
and above a fixed bottom I' = 9 \ ¥;. We also assume that 2 satisfies
Condition (H). Each Q; is the intersection of the half space

Dy ={(z,y) e R x Ry <n(t,z)}

and an open connected set (2, containing a fixed strip around ¥; i.e., there exists
h > 0 such that for all ¢t € [0,T],

{(,y) € R x R p(a) — h < y < nlt,2)} C .

Assume that the velocity field v admits a potential ¢ : Q@ — R, i.e., v = V.
Using the Zakharov formulation, we introduce the trace of ¢ on the free surface

P(t,x) = ¢(t, z,n(t, )).
Then ¢(t, x,y) is the unique variational solution of
(1.1) Ap=01in Q, o(t,z,n(t,x)) = (L, z).
The Dirichlet-Neumann operator is then defined by

9P (5 )
= @)t n(t,2) = Van(t,2) - (Vad) (b2, n(t, 2)).

The gravity-capillary waves (see [20]) problem consists of solving the following sys-
tem of (n,):

aﬂ] = G(n)wu

1 1 (Van - Vatp + G(n)9)?
0 H S| Vet — -2 =0
where o is the surface tension coefficient and H(n) is the mean curvature of the

free surface:

(1.2)

= —div 7V7]
Hon ==d (m)
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In the regime of large wavelengths, one can discard the effect of surface tension by
taking o = 0 in the system (3] to obtain the system of pure gravity water waves

6t77 = G(U)‘/’v

(1.3) 1 1
O+ gn+ 5IVatl® = 5

(vzn : V:L”(/} + G(WW)Q
1+ |Van|?

The physical dimensions are d = 1,2. For terminology, when d = 1 (respectively

d =2) we call (I2), (L3) the 2D (respectively 3D) waves systems. It is important

to introduce the vertical and horizontal components of the trace of the velocity on

>, which can be expressed in terms of n and :

Vaen - Vatp + G(UW
L+ Ve 7

We recall also that the Taylor coefficient defined by a = —%—I; | -

=0.

(1.4) B = (vy)ls =

V = (vg)|s = Vo — BV,n.

can be defined in
terms of 7,1, B,V only (see section 4.2 in [3]).

1.2. Known results and main theorems.

1.2.1. Pure gravity water waves. For the system (3] of pure gravity water waves,
the only existent Strichartz estimate, to our knowledge, is [4], where the authors
proved Strichartz estimates for rough solutions with a gain of

1 1
(1.5) u:ﬂ—whendzl, M:E—WhendZQ.

The starting point of this result is the symmetrization of (I2]) into a quasilinear
paradifferential equation of the following form (see Appendix [Al for the paradiffer-
ential calculus theory and Theorem below for a precise reduction statement):

d
(1.6) O +Tv-V+iT,)u=feLH,, s>1—|—§,

where 7y is a symbol of order %
Let us now look at the linearization of (I3]) (take ¢ = 1 and infinite depth)
around the rest state (0, 0):

8t77_ ‘DEW) = Oa
8tw+77:07

which is equivalent to, after imposing u := 1 + | D, |29,
(1.7) dyu +i|Dy|2u = 0.

For this Schrodinger-type dispersive equation we can prove classically the Strichartz
estimates

,p=4 ifd=1,

1
Hopt = g
(18) [l g e < O 0O {u e tiae

opt —
from which the estimates for the original unknowns 7, 1) can be recovered. Our first
result states that the fully nonlinear system ([L3]) enjoys Strichartz estimates with
the same gain as in (L.8) for solutions slightly smoother than the energy threshold
in [3].
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Notation 1.1. Denote

s = H*t 3 (RY) x H*"2(RY) x H*(RY) x H*(RY),

W® = W20 (RY) x W22 (RY) x W (R?) x W (RY).
Theorem 1.2. Let d = 1,2 and consider a solution (n,v) of ([L3) on the time
interval I = [0,T], T < 400, such that Q satisfies condition (H) (see section [L1))
and

(n, ¢, B, V) € C([0,T}; H?).
(see [3L Theorem 1.2]). Define
s(d) =5+ 4, topt(d) = §, p(d) =4 ifd=1,
S(d):2+%7 /“Lopt(d): %_a p(d):2 Zfd22
Then for any s > s(d) we have
(0., B,V) € LMD (I W & Hre(@:09),

1.2.2. Gravity-capillary waves. Let us now look at the linearization of (2] (with
infinite depth) around the rest state (0, 0),

{am ~ID.lv =0,
O — An = —gn,
or, equivalently, with ® = |Dz|%77 + i1,

(1.9) 0@ +1i|D,|2® = —ign,

for which one can easily prove the following Strichartz estimates:
(1.10)

leo

2]l < C(s, d)([|2(0) ] gs+9 1]

LW %‘F#optwoo

Moptzgap:4 lfd:L
H5)7 3 - .
ﬂopt—z_ap—Q ifd>2.

Note that (LI0) is valid for all ¢ > 0. Turning to the nonlinear case, in high
dimensions (d > 2) the geometry can be nontrivial, and hence trapping can occur.
As a consequence, natural dispersive estimates expected are the ones constructed
at small time-scales which are tailored to the frequencies. The propagator e~ %P 13
has the speed of propagation of order |€|2. Hence, for time |¢| < |€]~2, we do not
expect to encounter any problems due to the global geometry. This leads to the
so-called semi-classical Strichartz estimate. This terminology appeared in [§] for a
study of the Schrodinger equations on compact manifolds. To realize this heuristic
argument, one multiplies both sides of (L) by h? with h = 277, j € N, and
makes a change of temporal variables t = hzo, u(o,z) = ®(hZ0,z) to derive the
semi-classical equation

(1.11) hOyt + [hDy|?u = 0.

Then the optimal dispersive estimates for (LII]) imply the semi-classical Strichartz
estimates for ([9)) with a loss of % derivatives when d = 1 and i derivatives when
d>2.

In [I] it was proved that if

(1.12) (n.0) € CQO.T) B x 1Y), s>24 %,



SHARP STRICHARTZ ESTIMATES FOR WATER WAVES SYSTEMS 8801

then system ([2]) can be symmetrized into a single equation analogous to its lin-
earization (L9):
(1.13) B+ Ty -V+iT,)u=feL®H ~ecl?3,

from which the local wellposedness was obtain at this regularity level (IL12). Using
this reduction, Alazard-Burqg-Zuily [2] established, for 2D waves, the semi-classical
Strichartz estimate at the threshold (ILIZ) and the classical (optimal) Strichartz
estimate when s > 5+ % We remark that in [I], the semi-classical gain is achieved
due to the fact that after a para change of variables (see [2 Proposition 3.4]), the
highest order term T,u in ([LI3)) is converted into the simple Fourier multiplier
|D,|2. Unfortunately, such a reduction cannot work for the 3D case, and hence the
semi-classical Strichartz estimate in this case is much more difficult to establish,
especially at the regularity level (LI2)). In the present paper, we aim to investigate
the semi-classical Strichartz estimate for (L2) when d > 2, assuming that the
solution is slightly smoother than (LI2) (1/2 derivatives). Our second result reads
as follows.

Theorem 1.3. Let d > 2 and 0 < T < oo. Consider a solution (n,v) of (L2) on
the time interval I = [0,T) such that Q satisfies condition (H) and

(n,4) € C([0,T); H**2 (RY) x HY(RY)).
If s > % + %, then for every e > 0, there holds
(,0) € L2([0, T, W= 22 (RY) x W= 2 (RY)).

Remark 1.4. Our proof of Theorem [[3] works equally for the 2D waves (d = 1)
when (n,¢) € C([0,T]; H*"3(R) x H*(R)) with s > 3 + 1. On the other hand,
using the paracomposition reduction of Proposition 3.4 in [2] we can indeed improve
the preceding regularity to s > 2 + %, which is the same as Theorem 1.1 in [2].

Remark 1.5. Theorem [[3]still holds for capillary waves, i.e., (o, g) = (1,0), because
the reduction in Theorem Il below is still valid for capillary waves, and the gravity
term gn appearing in (I.Z) contributes to a lower order term.

1.2.3. On the proof of the main results. In [dL[11] the authors worked completely in
the semi-classical formalism and proved dispersive estimates using the approxima-
tion WKB method. This allowed the authors to prove Strichartz estimates with
nontrivial gains even for very rough backgrounds. However, we emphasize that
with this method, we were not able to reach the classical or semi-classical level as
in Theorems and [[L3l The dispersive estimates for principally normal pseudo-
differential operators in [19] require more regularity (C?) of the symbols to control
the Hamiltonian flow and apply the FBI transform technique. This allows us to
obtain sharp dispersive estimates when the characteristic set of the symbol has
maximal nonvanishing principal curvatures.

For the proof of our main results, we shall combine the paradifferential reduction
in the works of Alazard-Burqg-Zuily with the phase transform method in the work
[19] of Koch-Tataru. Notice that the latter works effectively for operators of order 1
after renormalizing. For gravity-capillary waves (see (L.I3])) the dispersive term has
order %, and thus the semi-classical time-scale brings it to the one of order 1 and
hence leads to the semi-classical Strichartz estimate in Theorem [[L3l For the pure
gravity waves ([LG), one observes that the dispersive term ¢T, has order %, which
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is lower than that of the transport term Ty - V. Here, we follow [4], suppressing
this transport term by straightening the vector field 0; + Ty - V and then making
another change of spatial variables to convert it to an operator of order 1. However,
the new symbol then is not in the standard form p(z, £) to apply phase transforms,
and other technical issues appear. Thus, the proof of Theorem requires much
more care.

2. PRELIMINARIES

2.1. Symmetrization of system ([3]). We first recall the symmetrization of sys-
tem (L3) to a single quasilinear equation, performed in [I]. This reduction requires
the following symbols:

e Symbols of the Dirichlet-Neumann operator
A = A+ [VaP)IEP — (V- €)%,

{div(a(l)Vn) +iVeAD. onz(l)} ,

O S [V a . AV +iVn-¢

221 1+ |Vn?
e Symbol of the mean-curvature operator:
1 Vi - €)?
(@) = (1+ |Vn|? %( 2 (V0873
L4197 (168 - e
e Symbols using for symmetrization
1 _s
g:=(1+(Van)?) 2, p=(1+(Vam)?) *[¢> +p72),

where p(~2) ;= F(V,n,£)8%n, with || = 2 and F € C®(R%x R4\ {0}; C)
homogeneous of order —% in &.
e Symbols in the symmetrized equation:

o VIR = (|§2<1+|Vn|2>—<w-s>2>z,

1+ |Vl

; (2) (0)
W= —%(85 SO VIRND | wy i= 4 %%

Define the good unknown U := 1) — Tgn. The following result was proved in [IJ.

Theorem 2.1 ([1 Corollary 4.9]). Let s > 2+ 4 and let (n,v) € C°([0, T}; Hst2 x
H?) be a solution to ([L2) such that Q satisfies condition (H). The complez-valued
Junction v := Tyn + iT,U then solves the paradifferential equation

(2.1) owu+ Ty - Vu+iTy 1w v = f,

where there exists a nondecreasing function F : Rt x Rt — RT independent of
(n,%) such that

(22) HfHLOO([O,T];HS) < F (H(n> w)||Lm([O7T];H5+% XHS)) :
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2.2. Symmetrization of system ([2). Define first the principle symbol of the
Dirichlet-Neumann operator

A= ((L+190P) 1€l = (6 )
Next, set ¢ = Vn and introduce
Us := (De)°V + Te(Da)" B, (s := (Da)’ .
Theorem 2.2 ([3, Proposition 4.10]). Lets > 1+ £ and let
(n,4) € CO([0, T]; H**2 x H?)
be a solution to (L3) such that condition (H) is fulfilled and the velocity trace is
(B,V) € C°([0,T]; H**3 x H*),

and there exists co > 0 such that a(t,z) > co for all (t,x) € [0,T] x R%. Then the
complex-valued function

u:=(D,) " (Us — iT\/u/_)\Cs)
solves the paradifferential equation
(2.3) owu+ Ty - Vu+iTyu = f,
where v = Va\ and
o= 9l o gz, + Moo ozsey < F (1m0 i)

Remark 2.3. The change of variables (7, %) — u in Theorem ZTland (n, v, B, V) —
u in Theorem are essentially “invertible” in the sense that one can recover
Sobolev estimates and Holder estimates for (1, v, B, V) from those for u by virtue
of the symbolic calculus for paradifferential operators contained in Theorem [A.5]

e IV B)]

2.3. Para- and pseudo-differential operators. Since the paradifferential set-
ting is not suitable for proving dispersive estimates, we shall change it into the
pseudo-differential setting, whose standard definitions are recalled here.

Definition 2.4.
(1) For any m € R, 0 < 41,02, p < 1, we denote by S5, 5, the class of all

symbols a(z,y, &) : (R?)3 — C satisfying
020500 alz,,€)| < Capy (14 |l orIeb+02171=010,

The corresponding pseudo-differential operator is defined by

Op(a)u(z) = / @V o, y, E)uly)dyde.

R4
When a : (R%)? — C we consider it as a symbol in S}, 0 that does not depend on
y and rename ST o =S5 .
(2) For any symbol a(z,§) € S)'s the Weyl quantization Op”(a) = a*(z, Dy) is
defined by Op*(@)uz) = Op(bu() with b(r, y.€) = a(“5L,€) € 75
We shall later need to transform the operators Op(a) to Op™(a). This is done

by means of the following result, which can be easily deduced from [25, Proposition
0.3.A].
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Proposition 2.5. For any symbol a € S/Té with m € R, 0 < 3§ < p <1, there
exists a symbol b € S7's such that Op*(a) = Op(b). Moreover, we have the following
asymptotic expansion in the sense of symbolic calculus:

Remark that for all « € N4, Oy 0¢a(z,§) € S —(p=9)lal.

Now, let a € I']",
define

(24) V‘] €Z, Vo > 0, Sj(;(a)(x,f) = ¢(27j5Dx)a($’f),

the spatial regularization of the symbol a, where v is the Littlewood-Paley function
defined in (AJ)). We first prove a Bernstein’s type inequality for S;s(a).

r >0, be a paradlfferentlal symbol (see Definition [A.3]) and

Lemma 2.6. Ifa € I']?, then for all a, 8 € N¢, |a| > p, there exists a constant
Co.p such that for all (z,€) € R*?,

10592 5j5(a)(, )] < Ca 211D |00 a (-, &)y -

Proof. If |a| = p the estimate is obvious by writing 8;“8? S;5(a) as a convolution of

8?8? a with a kernel. Consider now the case |a| > p. Recall the dyadic partition
of unity (A2): 1 =>"77, Ay where each Ay, is spectrally supported in the annulus
{2k=1 < |¢| < 2%+1}. Using this partition, we can write

+oo

0507 Sjs(a)(@,&) = > AdSY(277° D)0 alw,€) - Zuk
k=0
If 12F > 279 then Agtp(279°D,) = 0. Therefore
2+[50]
9297 855(a) Z U

Now, introducing ¢;(¢) € C°(RY), supported in {§ < €| < 3} one has
up = 2k|("gol(2_"Dm)w(2_j‘sDI)Ak8§a($,§).
Consequently,
[kl Lo (ra) < Qk‘a‘”AkDga(‘,g)HLOC(Rd) < C2k|a‘27kp||a?a(',f)HWp,oo(Rd)-
It follows that

2+4[59]

10507 Sjs(a) (@, &)l peqray < C© D 2502 DEal-, &) |woe (mo)-
k=0

Finally, since |a| — p > 0 we deduce that
020 Sjs (@) (@, &) | 1= (e < C21TP O, &) lwroo oy,
which concludes the proof. O
We show in the next proposition that after localizing a distribution u in fre-

quency, one can go from paradifferential operators to pseudo-differential operators
when acting on u.
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Proposition 2.7. For every j € N*, define
Rju :=T,Aju— S;_3(a)(z,Dy)Aju.
Then Rju is spectrally supported (see Definition [A2) in an annulus {ef'271 <
€] < 127}, and for every p € R we have
[Bjull grre—mer ray < CM™ (a) [l g (gay
where the constants c¢1, C > 0, are independent of a,u,j.
Proof. Recall first the definition (A5) of T,u, where we have ¢ = 1 on the support
of ¢; (see Definition [A]) for any j > 1, so
Rju=ToAju— S;_3(a)(x,Dy)o(Dy)Aju.

In the following proof we shall use the presentation of Métivier [22] on pseudo-
differential and paradifferential operators. To be compatible with [22] we also abuse
notation: by I'7" we denote the class of symbols a satisfying the growth condition
(A3) for any ¢ € R? and by M{" the semi-norm (AZ) where the supremum is
taken over ¢ € R

(1) By definition ([(AJ) it holds that T,v = Op(c,0)v, where Op(o,0) denotes
the classical pseudo-differential operator with symbol

oa(x;§)0(§) = X(Daz, §)alw, §)o(§)-
Hence Rju = Op(a,;)u with
aj(x,§) = oa(x,£)0(§)p;(§) — Sj-s(a)(x,£)e(§)p;(£)-
Now, we write
_ 1,2
a; = (Uaggoj - ag%) + (aggoj — Sj_g(a)ggaj) = a; + aj.
Applying Proposition 5.8(ii) in [22] gives aj € I'¢" " and (remark that (¢;); is
bounded in T'?)
Mg " (aj) < CM"(a0p;) < CM"(ap).

On the other hand, if we denote b = aoyp, then a? (,8) = b(z,§)—¢j_3(Dy, )b(x, §).
Taking into account the fact that supp p; C B(0,C27) we may estimate

jaf (@, )] < Y A0 1< Y 27 b, ) e
k>j—2 k>j—2

< C27 b, ) lwre = C2777 105 (€)] Nl €)2(€) lyyrre

<O+ "M (ag), VE R
Estimates for |6§‘a?| can be derived along the same lines. Thus, a7 € I'""" and
hence a; € I'j"™"; moreover

My*"(a;) < CM;" (a0)-
(2) Property (A7) implies in particular that
82(0a)(1,6) = 0 for [n] > ea(1 + [€]).

Here, we denote by §, the Fourier transform with respect to the spatial variable x.
On the other hand, by definition of the smoothing operator,

$25j-3(a) (@, £)e(©)p;(€) = v(27YIn)Fea(n, £)o(&)p(277¢),
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which is vanishing if [ > 1(1+¢]). Indeed, if either [¢| > 27+ or [£| < 297!, then
©(279¢) = 0. Considering 2771 < [£] < 27%1 then || > $(1 4 |¢]) > 2772 and thus
¥(27U=3)y) = 0. We have proved the existence of 0 < ¢ < 1 such that

(2.5) Sza;j(n,§) =0 for |n[ > (1 +[¢]).

(3) By the spectral property (2.5) one can use Bernstein’s inequalities (see [22]
Corollary 4.1.7]) to prove that a; is a pseudo-differential symbol in the class S7"; "
Then, applying [22] Theorem 4.3.5] we conclude that

1Ryl grumsr gy = 10P(@5)ull prrmsr gy < CMg" ™" (a5) [l g oy -

Finally, the Fourier transform of R;u reads

SR = [ Fala)(€ = nmyitn)dn.

Using the spectral localization property (23] and the fact that §,(a;)(§ —n,7)
contains the factor ¢;(n) we conclude that the spectrum of R;u is contained in an
annulus of size 27 as claimed. ]

2.4. A result of Koch-Tataru. In this section, we recall the dispersive estimates
proved by Koch-Tataru [I9] based on the technique of FBI transform on phase
space. These estimates were established for the following class of operators.

Definition 2.8. For A > 1, m € R, and k = 0,1, ... consider classes of symbols
p: T*R?* — C, denoted by )\mS’;, which satisfy

020 p(@,€)| < ca A" Jal <k,

(2.6) ,
0202 p(w, €)

< Caﬁ)\mwa‘;kﬂﬁ\ la| > k.

The mentioned result reads as follows.

Proposition 2.9 ([I9, Proposition 4.7]). Let p(c,z,&) € AS3 be a real symbol
in (x,€), uniformly in o € [0,1]. Assume that p satisfies the following curvature
condition:

(A) For each (o,7,&) € [0,1] x R x Cy, | det 8§p| > X1 where Cy = {7 A <
€1 < eA}.

Denote by S(o,00) the flow maps of D, + Op™(p). Then for any x € S such
that for all x € R, x(z,-) compactly supported in C5 = {'7IX < |£| < <A} with
1< d <e, we have

] —d
1S(0, 00) (x(@, Do )vo)ll e S AFlo = 00| T Jlwoll: Vo, o0 € [0,1].

Remark 2.10. In the statement of [19, Proposition 4.7], condition (A) is stated for
(z,€) € By = {Jz] <1, [£] < A}, and correspondingly, x is supported in B. In
addition, the usual quantization x(x, D,) is replaced by the Weyl quantization y®.
However, one can easily inspect its proof to see that if (A) is fulfilled globally in z,
then we have the above variant.
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2.5. Remarks on the symbolic calculus for A" S¥. Let a € ™Sk, k > 0, and

suppose that on the support of a(x, &), A71¢] ~ 1. It follows by definition of A™S¥

that a € ST"1. Observe however that when k > 1, a behaves better than a general
2

symbol in ST"; . In this section we present some enhanced properties of A™.S ’j with
2
k>1.
First, we are concerned with the relation between the Weyl quantization and the

usual quantization. According to Proposition 23] for a € ST", there holds
53

Op"(a) — Op(a) = Op(r), r€ 8,7,

In fact, we have

Tty
2

Op“(a) = Op(a), a(z,y,§) = a( )

and

i) = oo+ 1570 = aw.§)+ 5 [ @ua)a+ L5 sy —a).

It follows that

(2.7) Op"“(a) — Op(a) = Op(r),
with
. 1 o
(2.8) r(z,y,€) = _%/O (9¢0pa) (z + 52 S €)ds.

‘We now show that in fact r is of order m — 1 as in the case a € S{rfo.

Lemma 2.11. Let a € \™S%, k > 1, satisfy A\71|¢| ~ 1 on the support of a(z,§).
Then we have the relation (Z1)-(Z8) with r € S;";ll
Y

Proof. For all a, B,v € N% we have

Ca,/a,ukm_‘yl_lﬂrl\g|~1(§) if o + 8]+ 1 <k,

100020 r(x,y,€)| < lal+1+]8]—k .
y e CQ’IB’VAmJ’_%_‘Vl_I]].)\—1‘5‘,\,1(5) if |Oé| + |ﬁ‘ + 1 Z k.

Since k > 1,
ol +1+ 181~k _ [ol +18
2 - 2

Consequently, it holds that
0200047 (2,9,6)] < Cap (1+[€) " DHEEEW va, 5y e NY.

In other words, r € S™} O

L3
For the composition rule we prove the following lemma.

Lemma 2.12. Letp € ST and a € ASK k> 1, satisfy A€ ~ 1 on the support
of a(x,&). Then we have

Op(p) o Op(a) — Op(pa) = Op(r)

with r € Sftm_l.
2
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Proof. According to [25, Proposition 0.3.C], one has Op(p) o Op(a) = Op(b) with

—_)lel
b~ > C0 (e, €)  opate )

|| =0

in the sense of symbol asymptotic. The general term in the above expansion belongs

n—+m—
to S,
1,5

|

\
2 ; hence

—)le
¢ n+m—
6-pa)— Y CO opp(e,6) - oa(e.€) € 57
la|=1 ’
It then suffices to show that c, := O¢p(z,§) - 07 a(z,§) € S;gmfl for |a] =1 or,
again, dga(z,§) € STy for |a] = 1. The latter follows along the same lines as in
)
the proof of Lemma 2171 a

In the same spirit we have the following result on adjoint operators, taking into
account [25] Proposition 0.3.B].

Lemma 2.13. Let a € A™S%, k > 1, satisfy \™1€| ~ 1 on the support of a(x,&).
Then we have

Op*(a) — Op(a) = Op(r),
with r € SI”;I and a the complexr conjugate of a.
2
Notation 2.14. Throughout this article, we write A < B if there exists a constant
C > 0 such that A < CB, where C may depend on the coefficients of the equations

under consideration. If the constant C' involved has some explicit dependency, say,
on some quantity u, we emphasize this by denoting A4 <, B.

3. PrROOF OF THEOREM [L.3]
Throughout this section, the dimension d is greater than or equal to 2, and

s > g + % is a Sobolev index.

3.1. Littlewood-Paley reduction. We shall prove Strichartz estimates for solu-
tion u to (271, which is a quasilinear paradifferential equation with time-dependent
coefficients. Remark that since

(n,4) € C°([0, T); H**% x H?),
we have
Ve ([0, T B, ~(-€) e CO[0,T]; H ).

The first step in our proof consists of localizing ([Z1)) at frequency 27 using the
Littlewood-Paley decomposition (cf. Definition [A1)(1)). For every j > 0, the
dyadic piece Aju solves

(3.1) (0 + Ty -V +iTy10,) Aju = F,
with
(3.2) Ff = Ajf —ilj(To,u) + i [Ty, Ajlu+i [T, AjJu+ [Ty, Aj] - V.
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Remark that for each j > 1, Aju is spectrally supported in {2771 < [¢] < 27+,
3 1

In view of Proposition 2.7 and the facts that v € I'2, w € '}, and V - € € T'},
2 2

equation ([BJ]) can be rewritten as

(3.3) (0 + S;-3(V) - V +iS;_3(v)(x, Dy)) Aju = F},
with
(3.4) F?:=F] + Rj;

Rju is spectrally supported in an annulus {e7 12971 < €] < 12711} and satisfies

(3.5) 1Rl s S [l

Hs
Next, we use (24) to smooth out the symbols by § = % derivative.
Now, let § < ¢1 < ¢z < ¢3, CF := {(2¢) 7! < [¢] < 2¢1}, k=1,2,3, and
peC™, supppcCC® H=1onC?
Then, equation (B3] is equivalent to

(3.6) LjAju:= (6t + S(j73)% (V) - V@(Q—jDI)

+iS(; 53 (V) (%, Da)P(277 D) + iS5 _s)

1 1
2 2

(@)@, D)2 Da) ) Aju = Fy,
with

+1 (S(jfg)%w(x, D;) — Sj_sw(x, Dm)) Aju+ (S(jfg)%(V) - Sj,3(V)) -VA;u.

3.2. Semi-classical time-scale. Observe that the highest order operator on the
left-hand side of (3:3) has order 2, which does not match the result in [19] that we
want to apply. Therefore, we reduce it to an operator of order 1 by multiplying
both sides by h%, where

h:=277,
then making a change of temporal variables t = hzo. For this purpose, let us reset
the symbols in this new time-scale:

(3.8) Th(o,2,€) = hiS(;_y1 (7)(h? 0, , ) F(hE),
(3.9) (0,2, €) = hS(;_g)1 (W) (h¥ o, 2, ©)F(hE),
(3.10) Vi(0,2,8) = 2 S;_)1 (V) (h20,2) - €5(he).
Next, set

wi(o,2) = Aju(h?o,z), Gplo,z) = —ih? Fj(h?o, ).
Equation (B8] is then equivalent to
(3.11)  (Dy+Tp(o,z,Dy) + (0,2, Dy) + Vi(0, 2, Dy)) wp(o,2) = Gp(o, ).

In what follows, we shall prove the classical Strichartz estimate for (BI1)), from
which the semi-classical Strichartz estimate for [3.6) follows.
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We now replace the pseudo-differential operators in (B.I1]) by the corresponding
Weyl operators using Proposition Denote

Ry, := (Op(T's) + Op(Qn)) — Op™(T's),
R := Op(Vi) — Op®(Va).
Let us note that w = —£0, - 9,y. With this notation (BII) becomes
Lywp(o,z) := (Dy + TV (0,2,Dy) + V' (0,2, D)) wi (o, )
= Gh(o,z) — R} (0, 2)wp (0, 1) — R (0, x)wy (0, x).
3.3. Classical Strichartz estimate for (B11) (< BI3). In this step, we show
that Proposition 2.9 can be applied to the real symbol
pr i =Tn + Vy.

Set A = h™! = 2J. First, the characteristic set of v has maximal (d) nonvanishing
principal curvatures.

(3.12)

(3.13)

Proposition 3.1. Let C be a fized annulus in R?.
(1) There exists an absolute constant Cq > 0 such that with cg =
Ca(1+ VNl oo (rxRray) we have

(3.14) sup |det 8527(t,:1:,§)| > cp.
(t,z,£)eEIXREXC

(2) For any 0 < 0 <1 there exists jo € N large enough such that

(3.15) sup |det 8§Sj5(7)(t,x,§)| > ¢p.
(t,z,£)eIxRIxC

Proof. (1) For the proof of part (1), we refer to [, Corollary 4.7]. Part (2) is a
consequence of part (1), because Sjs(7) is a small perturbation of v when j is large
enough (see for instance [4, Proposition 4.5]). O

Lemma 3.2.

(1) We have 'y, € AS%, V), € /\%Si, and hence p, € \S3.

(2) There exists hg > 0 small enough such that for 0 < h < hg, the symbol py
satisfies condition (A) in Proposition 20 with Cy = \C?.

Proof. (1) Since v € W2 and V € W2 in z, assertion (1) follows easily from
Lemma [236] and the fact that on the support of $(h&) we have |€| ~ A.
(2) Let £ € XC?. We have $(h€) = 1; hence 93V}, vanishes. On the other hand,

noticing that + is homogeneous of order % in &, we have
1 1 1
OFTn(o,,€) = 0F (W3S a1 () (¥, 2,€)) = h (98S(;_3)3 (7)) (¥, he).
Therefore, in view of ([BI5), condition (A) is verified. O

Calling Sy (0, 00) the flow map of the evolution operator Ly, = D, + Op™(pn)
(see (BI3)), we have the following.

Lemma 3.3. If v}, is spectrally supported in A\C* = {(2c1)"'h™! < [¢] < 2¢1h7 1},
then
) d d
153000018 ey S 2 b = o0l 41
for all o, o9 €10,1], and 0 < h < hy;
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(ii) with ¢ > 2 and £ =§ — £,

0 =1 1,0
HSh("O)UhHLq([O,l],LT) Sh thHL""
Proof. In view of Lemma B2 (i) is a direct consequence of Proposition 29 if one
chooses
x(€) € C%°, suppx C {(2c12) *A < |€] < 2c12A}, ¢1 <c12 <y, x=1inCh

For (ii) we remark that since Op"(I';,) and Op™(V},) are self-adjoint, Sy (o, 09) is
isometric in L2. This combined with the dispersive estimate in (i) and a standard
TT* argument (see the abstract semi-classical Strichartz estimate in [28, Theorem
10.7]) yields (ii). O

Lemma 3.4. For any p € R, the operators Sy(o,7) are bounded on H*(R?)
uniformly in 7,0 € I.

Proof. The proof proceeds using standard energy estimates. However, more care is
required since we are not working on standard operators of the class ST%. Without
loss of generality we assume that 7 =0 and let f(o,x) be a solution of

(05 +10p"(pn)) flo,2) =0,  f(0,2) = fo().
We first apply Lemma [ZTT] to obtain
Op"(pn) = Op(pn) + Op(rn), T € 5] 1 1.
Then f solves the problem
(05 +i0p(pr) +i0p(rp)) flo,2) =0, f(0,z) = fo(x).
Let 4 € R and set f* := (D, )*f. Then

1R = —i(Op(p) — Op* (b)) ., £#) + 2R(F, %),

where
F = —i[(Dq, Op(pn))"] f — i{Dg)" Op(rn) f.
According to Lemma T2 [(D,)",Op(ps)] € S%,. This combined with the fact

that r, € SY , , gives
IR

1Fll 2 S 1 g -
On the other hand, since py, is real, Lemma 2.13] implies that

Op(pr) — Op™(pn) € 57 ;-
Consequently,

[ (Op(ph) = Op™ (B)) || 12 S 1112 -
Finally, we conclude using Gronwall’s inequality that

||f(a)||Hu 5 HfOHHu Vo e 1.

Proposition 3.5. If wy, is a solution to BII) with w,(0) = w? and
supp Wi, suppw) C AC,

then we have for any € > 0,

0 1
nll o o1y e 84y S [Whll e +1GRll L2 0,11,y + 2% llwnll s 0,17, -
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Proof. To simplify notation, we write S,(o,7) = S(o,7). If wy is a solution to
BI1), it is also a solution to (BI3). By Duhamel’s formula,

wn(0,0) = Sp (0, 0y’ + /O " S(0, 7 [Gu(r)]dr — /0 " S(0,7)[(Rhwn + R2wn)(7)]dr.

Let us call (I) and (I7), respectively, the first and the second integral on the right-
hand side. Choosing c¢; large enough such that supp G;, C AC!, Lemma B.3)(ii)

gives
1 _1
HS},(O’, O)U}?LHLQ([OJ],LT) 5 h™a ngulﬂ ’ H(I)HLQ([O,l],LT) S h™a ||Gh||L1([0,1];L2) :
For (II) we set
b"‘:(_) SO (0, 2, €) || > 2; P D'l 000V (0,2,€) |a > 1.
h = " o1olal ¢hh h = Tq1olal “= e TR
Since v is W2 in x, by applying Lemma we have for |a| > 2,

4 lel

—(vltlel) < (14 |§|)f% el

lpl+]al—=2
2

105:0¢ (0706 Tw)|| < (1 + (€)™

hence by € S\ Slmllarly, as V € WL it holds that cf € S, ,F for [a > 1 .
Taking ¢ > 2 arzld 2 = 5 — 4 we claim that uniformly in 7 € [0, 1], N
(3.16) 18 (o, DRy wr) ()| a1 < B fwn (7). -
Indeed, by the asymptotic expansion in Proposition [Z.5]
N—1
Ri= 3" Op(f) +0p(rfY), N ST WN>3.
|or|=2

If we choose c; large enough, then each Op(b%wy,)(7) is spectrally supported in AC*
(and so is wy,) so that Lemma B3[(ii) can be applied to get

(3.17) 1S(e, ) [Op(bR)wn(T)]ll gy < h™ |OPOR)wnllps Sh™a" 5 (e Tz -
For Op(r}) we use the Sobolev embedding H% < L7, Vr € [2,+00), to estimate
15(o, M) Op(ri )ewn(r)llz; S 5o, TOPRYwn(DII -

2
On the other hand, we know from Lemma B4l that S(c, 7) is bounded from H* to
H* uniformly in o, 7 € [0,1] for all © € R. Hence

(3.18) 15(o, 7)[OP(r Ywn (7)][| g S B35 7% [lwn (7).
Choosing N = N(d) large enough, we obtain the claim @I8) from FI7) and

By the same argument, we have uniformly in 7 € [0, 1],
I5(0, ) (RZwn) (| oy S B3 feon(D)l s
Putting together the above estimates leads to

_1 1
”wh”L‘ILT <ha (Hw2HL2 + ||Gh||L1([0,1];L2) +hz HwhHL1L2) :
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Taking ¢ = 2 + ¢, then ha < he. We multiply both sides by h=5*2 and use the
frequency localization of wy, w9 to get
1
(N P 17 S Ve Y o Py
Wewrites —2 = (£ —1+e)+(s—2+L1—¢c)whered —1+ec> 9142 =4

2 2+e
The Sobolev embedding Ws=2:7 <y W5~ 5+275%° then concludes the proof. O

3.4. Semi-classical Strichartz estimate for (3.0). From the preceding proposi-
tion, one deduces the corresponding Strichartz estimate for u; = Aju as a solution

of (36) via the change of temporal variables wy (o, x) = uj(h?0,z) as follows.
Corollary 3.6. If u; is a solution to B0, i.e., Lju; = F; with data ug and
Uj, u(;, F}; spectrally supported in 2iCL, then u; satisfies

Huj||L2+E(Ij;W57%+%fs,co) e HU(J)HHS + ||Fj||L1(1j;Hs) + ||Uj||L1(1j;Hs) )
with I; = [0,27%] = [0, h2] and & > 0.

The next step consists of gluing the estimates on small time-scales above to derive
an estimate on the whole interval of time [0, 7] at the price of losing i derivatives.

Corollary 3.7. If u; is a solution to Lju; = F; with data u?- and u;, ujQ,
spectrally supported in C}, then u; satisfies, with I = [0,T] and ¢ > 0,

S IE

F}

Huj||L2(I;Ws—%+%—a,oo L2(1;Hs—%) + ||uj||Loo(17Hs) .

Proof. Let x € C§°(0,2) be equal to one on [, 2]. For 0 < k < [Th~2] — 2 define

1 1 t — khe
Ly = [khi‘,(/f + 2)h;)a X;,k(t) = X(T)v ik = X,k ()u;.

=

Then each u;j is a solution to

t—kh?
Ljuje = X;juF; + h_%xl( hi : )% ujk(t = kh?) =0,
2

from which we deduce by virtue of Corollary that
_1
Huj’kHL%U,MW“%*%*E"X’) Se ”Fj”Ll(Ij,k;H“) +he ”uj”Ll(Ij,k;H‘*) '

Noticing that x; % =1 on ((k + %)h%, (k+ %)h%) we get

||uj’k||L2(((k+%)h%7(k+%)h%);W“_%+%_s“’°) S ||Fj||Ll(Ij,k§Hs) +hTE ||uj||L1(Ij,k§Hs)
SePS F o, oy 05 N0l o, e
Squaring both sides of the above inequality and then summing in 0 < k < [Th™2]—
2 =: N}, yields, with J; := [%h%, (Ny, — %)h%],
1431 g3 ey S B IE sy + % Nt
or, equivalently after multiplying by hi,

(3.19) sl o o3 —eioey Se WGl o oy F il oy -
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Next, we note that Corollary still holds with I; replaced by any interval of
length chz. Applying this to J = [0, %h%] gives

143 e gyt +3 ey Se 1651 e+ 13 ey + sl e
N 1
HUOHH; + h3 ||Fj‘|L2(J;H‘*) +hi H“jHLQ(J;H“) '

After multiplying both sides by hi, this implies that

0
(3 20) ||’u’j||L2+a(J;W<*d+%*5 oo NE HU || g_— + ||F HLQ(J H‘—g) + || ]||L2(J;H5—%)
S 1B oty + 5l et -

Similarly, on J = [(N}, — %)h%,T} we also have
(3‘21) HujHL2+5(J;W57%+%7E,oo ~E ||F ||L2 J: Hﬂfﬁ) + ‘|UJ‘|LW(],H57i) .
A combination of (BI9), B20), and B21)) leads to

Wsll o fogprom g8 -enoey Se 1SN oty F 15l oo (1) -

O

In the final step, we shall glue the estimates for Aju over different frequency
regimes to obtain an estimate for u, from which the corresponding estimates for

(n, ) follow.

3.5. Concluding the proof of Theorem [I.3l If u is a solution to (ZII) with
u(0) = u°, then by (8], the dyadic piece Aju is a solution to L;A;u = F; with
F; given by [B.1). Applying Corollary B.7 one gets

(322) ||AJ H —€:%0) N€ HFj‘|L2(I;H57%) + ||AJuHL°°(I,HS) .

L2(we 8t s
Recall that Fj = F} + R;+ F?, where || R ;7. < [Jull g. (see B.3)) and F} are given
by (32) and (37). Using the symbolic calculus Theorem one obtains without
any difficulty that

HF]‘ HLszf% N ||u||L2(I;H5) + ”fHL?(I;HS*%) .
For Ff’ we consider for example
A= S’(j_3)%7(:1c7 D;)Aju— Sj_sv(x,Dg)Aju
= (S-s37(@ Do) Aju =12, D) Aju) + (4(, D) Aju = Sj—57(x, Do) Aju)
=Aj + A2

More generally, let a € I']" be homogeneous of degree m in {. Using the spherical
harmonic decomposition we can assume that a(z, &) = b(z)c(§) with b € W#>° and
¢ homogeneous of order m. Then Ss;(a)(z,§) = Ss;(b)(z)c(€) and

(3.23)

1(S5(a)(x, Dy) = a(a, D))ol 2 < [[S55(0) = bl oo [le(Da)oll 2 S 2777 [[0]| gy
3
Since v € I'; is homogeneous of order % in &, the H*~z-norm of A} can be bounded
by
2670732 | Aju]| g S Hlull g
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while

43| ey S 27279 Al S llul

The other terms in ijo’ can be treated in the same fashion, and we obtain

Hs—1 -

3
| Fs HLQHF% Sl e rarsy + Wl 2 -
The estimate ([3.22]) then implies that
||Aju||L2(1;Ws—g+%—a,oo) Se ||U||Lac(1;Hs) .

Gluing these estimates together leads to

||uHL2(I;W57%+%725,00) S Z 2_]6 HAju||L2(I;W57%+%7s,oo)
(3.24) J

Se ”uHLoo([;Hs) + Hf”L?(I;H“"’%) .
Recall from Theorem [2Z1] that v = T,n + iT,(¢» — Tgn). From ([B:24) one can use
the symbolic calculus for paradifferential operators in Theorem to recover the
corresponding estimates for (n,v) (cf. [, [2]):
190 gt 20y 10 g by S Fe (100 o sy

where F : RT — R™T. The proof of Theorem [[.3] is complete.

4. PROOF OF THEOREM

We consider three parameters & € (0,1), 7o € [0,1], 71 € [0, 3] to be determined
later. Assume furthermore that

(1) VeI HWIORRY), (.6 € LYW (RY).
4.1. Littlewood-Paley reduction. For every j > 0, the dyadic piece A;u solves
(42) (6t + TV -V + Z.Tfy) Aju = Fj
with
(4.3) Ff = Ajf +i[Ty, Aju+ [Ty, Aj] - V.
In view of Proposition 2.7] one has
(4.4) (00 + S5-a(V) -V +S;_5(1)(x, D)) Aju = F?
with
2 ._ gl

Rju being spectrally supported in an annulus {c; 12771 < |¢] < ¢;277!} and

(4.6) IRl e S Ml s -

Now, let < ¢y <+ <5, C% = {(2¢;) 7" < ¢ < 2¢4}, k=1,5, and
eC™®, supppCC® F=1onCh

Equation (£4) is then equivalent to

(7)) (0 +Sious(V) - ¥ +iSg-as (), DB D) Aju = Fy
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with
(48) F;=F+F} :=F}+i(S;_357(x,Ds) — Sj—37(x, Da)) Aju

+ (Sg-)s(V) = Sj=3(V)) - VAju.
Let us define the operator corresponding to the homogeneous problem of (.7]):
(4.9) Lj =0+ S;-35(V) -V +iS;_5)s(7)(, D) 3(277 Dy).

To prove a Strichartz estimate for Aju as a solution to (7)), we shall first establish
a “pseudo-dispersive estimate” for £;. Set

h:=277, b= he.

4.2. Straightening the vector field. Following [4] we straighten the vector field
0¢ + S(j—3)5 - V by considering the system

1) KO =8V X)), 1<k<d X = (X, X,
Since V' € L*([0,T7; L), system (£I0) has a unique solution on I = [0,T], which

shall be denoted for simplicity by X (s, x; h) or even X (s,z). Estimates on the flow
s+ X (s,-) are given in the next proposition.

Proposition 4.1. For fized (s,h) the map x — X (s, z;h) belongs to C=° (R4 RY).
Moreover, for all (s,h) € I x (0,1] we have

(411 @X)(s, k) = Id] gty < FOV e oz )18l
(4.12)
1022 (s, )|ty < Fe IV e ozpprirs e Y0 =0F 5], o] > 2,

where F, Fo : RT — RT.

Proof. Here we follow the proof of [4, Proposition 4.10]. The improvement is due
to the estimate

(4.13)  [102855(V)(S)|| poo (ray < Cab VIV () lyprsre VIBI > 2,

which follows from Lemma
(i) To prove ([@II)) we differentiate with respect to z; to obtain

~ d
S = > S (o ) 5. X () o265

B é
8—:rl(0) = ki,
from which we deduce that
Xy, s & Vi 0X,
(4.14) e (5) =0 + /0 ;sﬂ;( 8%)(0,)((0)) 5o (0) do

Setting |VX| = 22,1:1 |%%l"| we obtain from (€.I4)

[VX(s)| < Cq+ /OS |VV (o, X(0))| |VX(0)]|do.
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Gronwall’s inequality implies that

(4.15) VX ()| < F(IVpeerwrey) Vs €l
Coming back to (£14) and using (AI5) lead to
0X

By 6) = 1] < FV ey [ 19V (0 e do < Fi (Vs

(ii) We shall prove ([AI2)) for || = 2 first and then prove by induction on |«
that the estimates

105 X) (55 W)l oo mety < FalllV wrasroioe )01 =1770)

for 2 < |o| < k imply @I2) for |a| =k + 1.
Differentiating |«| times (Ja| > 2) system ({I0) and using Faa-di-Bruno’s for-
mula we obtain

0 (05.X)(5) = 5,5(VV) (s X(9)02X + (1),

where the term (1) is a finite linear combination of terms of the form

(4.16)

Ap(s,x) = 9% (S55(V)) (s, X (s)) H (‘%iX(S))Ki’

i=1

where
q

q
2< B[ <lal, |Li|,|Ki|>1, Y |Ki|Li=a, Y K;=8
=1

i=1
(1) When || = 2, we have

Ap(s.x) = 9 (S;5(V)) s, X () [ ] (01 X (5)™

with |L;| = 1 and || = |a] = 2. It then follows from (i) that

q

T @k x )™

i=1

On the other hand, by (@.13)

SF(IVIlze(rzwrey) Vs €.

102350V gy < CH= 0170 [V (8) s -
Consequently
(D) ()L ray < BT F (V| oo (rawrero o)) Vs € 1.

This together with ([@I6]) and Gronwall’s inequality yields (@I2) for |o| = 2.

(2) Assuming now that (£I2) holds for 2 < |a| < k, we shall prove it for
la] = k 4+ 1. Indeed, from (@II) and the induction hypothesis it holds for any
1< |v| <k that

102 X) (s, Bl e (rey o F IV oo (qozpamritroney Vo218
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Because |8| > 2 and |L;| > 1, using (£13) and the preceding estimate we have

[ K|

q
1 As(s. Mz ey < 105 (S550V)) )| e gy T 05X (52|
i=1

Lo (R4)
< ChOUBI=1=70) 1/ (5 ) |y oo 0 201 ‘Ki‘(lLil_l)f(||V||LOO(I;W1+TO’OO))
< hié(‘aliliro)]‘-(”VHLm(I;WH—rO‘oo)).

As before, we conclude by (£I6]) and Gronwall’s inequality. O

In view of (II) the mapping x — X(s,x;h) is a C*°-diffeomorphism for any
s € [0, Ty] if Ty is small enough. This is not a restriction, for one can iterate the final
estimate over time intervals of length Ty which depends only on [Vl e (o 7p,w1.00)-
Now, in ([@9) we first make the change of spatial variables

(4.17) vn(t,y) = u;(t, X(t, y; h))

so that

(4.18) (0 + S(j—3)s(V) - V) u;(t, X (t,y; k) = Oun(t, y).
Denoting

(4.19) an(,€) = S(;_a5(7) (2, )F(hE),

let us compute this dispersive term after the above change of variables. To this
end, set

H(y,y’):/ %—X(/\yﬂl—k)y/)dk, M(y,y") = ("H(y,y")) ",
(4.20) o 9T

o) = ((Z2w)) " T = | de (Z)| 1 det M)l

Then,

(Op(an)u) o X(5) = (2) [ [ XD 010,(x ), s o'y
Now, we make two changes of variables 2’ = X (y') and n = M (y, y)( to obtain
(Op(an)us) o X (o) = (2m) ¢ [ [ 000, (X(), M /1) Tt/ yonly') .
Observe that the above pseudo-differential operator is still of order % To change
its order to 1, we make another change of spatial variables:
(4.21) y=h?z=hz, y =ha, wy(2') = vp(he'), € =hC,
so that

(1.22) (Op(an)uy) o X(g) = (2m) [ [ =8, (X Ra), M (R B ) ¢)

x J(hz, b2 )wy (") d2' de.
Summing up, with
(4.23) N o o ~
pn(z,2,€) = qn (X (hz), M (hz,hz")h"1E) I (hz, h2'), wi(t, 2) = u;(t, X (t, h2))
it holds that _
(Op(gn)u;) o X (hz) = Op(pn)wn(2),
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which, combined with ([I8) and ([£9), yields
(4.24)

(L) (X (1, 52)) = (00 +3 Op(pn)) walt,2),  wilt2) = uj(t, X (1, 72)).

We have transformed the operator £; of order % into the right-hand side of ([@24),
which has order 1.

4.3. Approximation of the symbol p;,. Observe that p;, depends on (z,2',¢),
which is not in the standard form to use the phase space transform in [19]. We
will approximate p; by some symbol depending only on (z,£). A general result can
be found in [25, Proposition 0.3A]. However, we will inspect more carefully the
smoothness of p, to obtain better estimates for the error. To do this, we write as

in (Z7)-EZ3)
1
Ph(2.2,O) = prla 2 &)+ [ Dunlasz 4 57 = ), ds(z' ~ 2
0
= p?L(’Z’ g) + T?I(Z’ Zlv 5)(2/ - Z)a
where
(4.25) P(2,8) = pal2,2,€) = qu (X (hz), Mo (h2)h~'¢).
On the other hand,
Op(r).(¢' — 2))w(z) = —i Op(ry)w(z)
with

1
ri(z, 2, €) :/ O¢0upn(z, 2+ 8(2 — 2),€)ds.
0

To simplify notation, we denote [z, 2']s = z + s(z’ — 2) so that
1
(4.26) rp(z,2',€) = / 0¢0.qn (X (hz), M (hz, hlz, 2']s)h =€) J (hz, h[z, 2']5) ds.
0

Thus, Op(pp) = Op(pY)) — i Op(rp).

4.3.1. The symbol p?. First, Proposition 1] implies directly estimates for M and
J.

Lemma 4.2. [t holds for all (o, ) € (N9)? that
a a/M i a /J ! < 1 Zf|a\—|—|o/\:0,
2 0% 2,2)|+10702 J(2,2')| Saer {~ /
9208 M e )+ 020 T ) S | st g5 11

On the other hand, by Bernstein’s inequalities (see Lemma [Z.6]) and the fact that
|€] ~ h=2 on the support of @(h¢), we can estimate the derivatives of gy, given by

(@19)), as follows.
Lemma 4.3. We have for all («,3) € (N4)2,

RTHHIELif Ja] = 0,

0200 an(,€)| S § -
>0 4n(2,€)| Sa.s {h—1—26<|a|—<%+m>+2z37 if o] > 1.

We now study the regularity of the symbol p%.
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Proposition 4.4. Choosing ro, 1 satisfying

3
(4.27)  20(1—1r9) <1, 26(2—19) <2, 2§(=-—-m)<1, 25(5 —r) <2,

the symbol p% then verifies
(i) for all (o, B) € N4, |a] <2,

0207 pi (=, 6)‘ Saop NG 4 (6),

(ii) for all (o, B) € N9, |a| > 3,

(4.28)

(4.29)

o2 (2, 5)‘ ap I EDR=DHA (6.

Proof. To simplify notation, we denote in this proof ¢ = ¢,.

(i) @28]) is trivial when o = 0. The argument below is independent of the
dimension, so let us further simplify the notation by writing as if d = 1. For
la] = 1, we compute
) P°(2.) = 4: (X (h2), Mo(h2)h™ &) h X (hz)

+ (X (h2), Mo(h2)h ™€) (h™"&)h MG ().

For |a| = 2, we have

A2PY(2,€) = qua (- )VRA(X")? + 2que (- - ) X' MGRE + qee(- - ) (M) 22

(4.31) ~ -
+ o (- )PP X" + qe(- -+ ) (h&) M.

Remark that E|£\ ~ 1 on the support of p°(z, ). Using Proposition EIland Lemmas
and one deduces easily that

‘8a O(z §)‘ h—l 26(% —r1)+1+7l—1+2—1—26(1—7"0)’ \a| =1,
07972, €)] S 1242 L 120 —n)2-280mr0) | = —d(1-) =2

+ E*lfQ&(%*T1)+2726(17T0) + ’B71+2726(27T0)7 |a| — 2
Under conditions [{27)), we get
|6?p0(z,§)‘ Se hilﬂmghl(ﬁ)a |O‘| <2

To obtain (i) it remains to estimate 8?(831)8) for o] < 2 and 8 € N?. From the
explicit expressions ([@30), 3T of ¢pY, we see that there are two possibilities
when differentiating once in £. One p0881b1hty is that the derivative falls down to
q. This makes appear the factor Mo(hz)h while we gain h2 when differentiating
q in & (by Lemma [3)); we thus gain h. Another possibility is that the derivative
falls down to £”, v = 1,2, which results in v§"~ L. Since & ~ ~ 1 on the support of
pj one deduces that £~ v ~ §”h which means that we still gain h. Therefore, in
both cases we gain h when differentiating once in ¢, and thus ([@28]) follows.

(ii) As just explained above, it suffices to prove [@29]) with § = 0. From the
formula ([@31)), the proof of ([£29) reduces to showing for |a| > 0 that

102 A (2, €, h)| Sap h7 17307 N5 a ), i=15,
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with R o )
A1 = que (X (h2), Mo(hz)h ™ €)h ™,
Az = qus (X (hz), Mo (h2) ™€),
Ay = qee (X (h2), Mo(hz)h ™€),
Ay = . (X (hz), Mo(hz)h~t€)h,
As = q¢ (X (h2), Mo(h2)h~1€)h 2,
and
|02 B;(2,h)| Sap h~ @07l j=T1,4,
with

By = X'(hz),
By = hMj(hz),
Bs = hX"(hz),
By = h*M" (hz).
(1) B;. By Lemma A.17]
02 B1| = 102 X' (h2)] = hl|(@271X) (ha)|  hlel=20lel < 1= @0mDlal,
On the other hand, (Z12) and the condition 26(1 — rp) < 1 imply that
02 Bs| = h|o2 X" (hz)| = W 1| (0972X) (he)| < RHHIel=20elt1mr0) <= (20 Dlal,

Observing that M{)(Ez) is as smooth as X”(hz), the preceding estimate also holds
for By. Regarding By, we use Lemma and the condition 26(1 — ) < 1 to
estimate

|09 By| = h2|02 MY (hz)| = h*H1 (9942 My) (hz)| < R Flel=20(el+1-r0)
< J,—(20-Dlal,

2) A;. For a = 0, Lemma [L3] gives
( 8
|A;| <At 20(3=r1)+2 L<pt

since 26(3 — 1) < 1. Considering now |a| > 1, using the Faa-di-Bruno formula we
see that 0% A, is a linear combination of terms of the form

O =W @ ap ) () T] (08 X) ()™ (02 Mo) (h2)h ™€),
j=1
where 1 < |a| + |b| < |a|, |L;| > 1Vj =1,r, and

T

S Pi=a, Y Qi=b > (P|+|Q)L; =0
j=1 J=1

j=1
According to Lemma [£.3]

|(a;+1ag+1q) ()< B—1-26(lal+5—r1)+2(b|+1)
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On the other hand, since |L;| > 1 Lemmas A3 and imply that the product

H;Zl appearing in C; is bounded in absolute value by hE with

K= (= 26(1L5] = DIP;| = 26(1Ls] = 70)1Q51) =2 1]

j=1
= —20|a| + 2d|a| + 2drg|b| — 2]b|.
Therefore, |Cy| < hE with

1
L =la| =1 =1-25(a| + 5 —r1) +2(b| + 1) — 25]a] + 2]a] + 2drolb| - 211

Y

1
—1— (26 = Dlal +1-25(5 —r1)
~1— (25— 1)al,

Y

where we have used again the condition 25(% —ry) < 1. The proof for 4; is
complete.

(3) Aa, As, A4, As. The estimate for these terms can be derived along the same
lines as for As, where one needs to make use of the condition 25(% —r1) <2 for Ay
and the condition 26(% —7r1) <1 for Ay. O

From now on, we always assume condition (£Z7) for rq and r;.

4.3.2. The symbol r. The next lemma provides the order of r; and shows that it
decays in £ faster than in (z, 2’), which shall be important in proving our “pseudo-
dispersive estimates” in section [4.4]

Lemma 4.5. For all (o, . &) € (N9)3, we have
82‘82‘,/857%(27 z/,f) oo’ g H1—20(1=r0)=(20=1)(Jer|+[e )+]B] ﬂ{'ﬁ|£|~1}(§)'

Consequently, 1, € 5177(1;31()1,?2?11)'

Proof. Recall the definition [@26)) of r,. On the support of this symbol, |§| ~ ht
In this proof, all the estimates are uniform in s € [0, 1]. It follows from Lemma
that

Y(a,a') € (N9)2, g 8D (al+la’]),

O‘IJ(EZJL[Z, 21| S

z V2!

Next, setting
Ejh (.’L’, 5) = S(j*B)&(’Y) (LL', f)@(ﬁ)

we see that

an (X(ﬁz)7 M(ﬁz,ﬁ[z, Z])h7LE) = G (X(ﬁz)7 M(EZ,E[Z, z’]s)ﬁﬁ).
The proof then boils down to showing, for all (a, o/, 3) € (N9)3, that
(432)  [0£0202 0c0Gn(X (2), M(2, 2, #],)6)| Saar,p 200+ =200-r0),

We compute
E = 0¢0q(X (2), M(z, [2,2]5)€) = see (- -+ )Mo &M + sqe (- ) M,

which is bounded by A~2°(=70) in view of Lemma and the fact that || ~ 1
on the support of q. For the same reason we see that taking &-derivatives of Z is
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harmless (notice that M is bounded), so we only need to prove [@32)) for |3| = 0.
Indeed, by Lemma

(4.33) (o205 M) ()] + | (0202 20 ) ()] 2ottt -200 ),

z V2!

On the other hand, using the Faa-di-Bruno formula (as in the proof of Proposition
[£4) we can prove that

0202 (979 (X (2), Mz, [z,zﬂs)g)\ < f2ollaltla’))
from which we conclude the proof. O

In view of equation (£24]) we have proved that

(4.34) (Lju;) (t, X (t,hz)) = (9 + i Op(p}h)) wa(t, z) + Op(rn)w(t, 2),
with rj, € 55(1;5%51()17?2?11) and wp(t,z) = uj(t,X(t,%z)).

4.4. A “pseudo-dispersive estimate” for £;. In this step, we shall show that
Proposition [2.9] can be applied to the evolution operator

Ly :=D; + Opw(p%).

Henceforth, we set

3 -
§==, A=h"l
4 )
Proposition 4l shows that p9 belongs to AS3. Using Lemma[ZIT] to replace Op(p?)

in (@34) with Op"”(p)) we have

(4.35) Op" (ph) = Op(p}) + Op(r},)

with 7}, € %, ;. On the other hand, since 26(1 — ) < 1, Lemma combined
1252

with (£34]) and (@35 leads to the following.

Proposition 4.6. There exists a symbol r} € S? such that

11
12572

(4.36) % (Lju;) (¢, X(t,ﬁz)) = (Dt + Opw(pg)) wy(t,2) + Op(ri)wp(t, 2).

Next, we recall the following proposition, which says that the characteristic set
of pY has d nonvanishing principal curvatures.

Proposition 4.7 ([4, Proposition 4.16]). Let C be a fized annulus in R?. For any
0 < 6 <1 there exist mg > 0, hg > 0 such that

sup |det Bgng(v)(t,x,f)’ > my.
(t,2.,6,h) €1 xR x (Cx (0,ho])

Let S; and S}, denote the propagator of £; and Ly, respectively. We are now in
position to apply Theorem to derive dispersive estimates for Sj,.

Proposition 4.8. For any symbol x € SY satisfying for all z € R? supp x(z,-) C
AC2, we have

(4.37) 1St t0) (x(z, D) )| e S T2 [t = b0 72 1 1]

for allt, tg €10,1], and 0 < h < ho.
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If, in addition, x(z,D.) : L> — L2, then for any v € [2,00] there holds by
interpolation

(4.38) [Sn(t,t0) (x(2, D) f)|

where v’ is the conjugate exponent of r; i.e., % + % =1.

T_od(i_1 _dq(i_1
Pl [ et V) P

Proof. We have seen that p) € AS%. On the other hand, » = 1 in C*. Proposition
47 then gives

sup |det (92S5;(7)(t,2,6)3(&))| 2 1.
(t,x,&,h)EIXREXC*x(0,ho]

Remark that (@IT) implies | Mo (y)| > co for all y € R? (by choosing T small enough
as explained after Proposition .1]). Consequently,

sup ‘det 852;02‘ >\
(t,2,&,h)EIXREX(AC3) % (0,ho]

if c3 < ¢4 is chosen appropriately. In other words, condition (A) in Theorem 2.0l is
fulfilled with ¢ = ¢3, and thus the proposition follows. O

Let (1 be a smooth function verifying
supp o1 C {(2¢2)7F < €] € 2¢2}, @1 =1in {(2¢1)7 ' < €] < 2¢1}.

Lemma 4.9. For f(t,z) = g(t, X(t, hz)) we have

(4'39) (‘pl(hDa:)g) (ta X(tvﬁz)) = (,0;;(2:, Dz)f(tv Z) - ’L'Op(’l“,%)f(t, Z)7
with
(4.40) ©n(2,8) = p1 (Mo(%z)%f),
1 ~ ~ ~ ~ ~
(4.41) r2(z,2,€) :/0 858Z/<,01(M(hz,h[z,z’]s)hf)J(hz,h[z,z']s)ds.

Moreover, for every (a,a’, &) € (N9)3 there hold

(4.42) 8,‘;8?@;2(&5)’ Sop ho GOl
(w43)  |osoe 357"%(272’,’5)’ Sy Tl D8

Proof. The formulas [39), (£40), and [@AI]) are derived along the same lines as
in sections and [£3] where we performed the change of variables x = X (¢, hz)

to derive (£34]).
(1) Proof of ([42]).

Observe first that
0¢ o1 (2,€) = (07¢p1) (Mo (hz)he) (Mo (hz)) " hIP!

where |y| = |8|. Next, Lemma implies that for all & € N¢,

02(07 1) (Mo(h2)he) | +

02 (Mo(hz))"| < = (2o-blel,

and thus (£42) follows.
(2) For (43) one proceeds exactly as in the proof of Lemma O
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Corollary 4.10. If g is spectrally supported in the annulus %Cl, then for all r €
[2, 00] we have

(4.44) HSh(tvtO)(g ° X(tojlz))HL < R [t — t0|7d(%7%) gl ;.
+||st. o) Op(r) (9.0 X (k0. 72)) |
for allt, tog €10,1] and 0 < h < ho.

Proof. We first apply the identity (£39) with ¢ =t and notice that @1 (h€) =1 if
e %Cl to have

g o X(to,hz) = ¢} (2,D.) (g © X (to,hz))(2) — i Op(r}) (g 0 X (to, h2)) (2).
The estimate ([#Z2) implies that ¢} € S§NSY, (A = h~1), so the estimate (E3T)
2

applied to x = ¢} and f(z) =go X(to,}NlZ) gives for all r € [2, 00],

| snttto)(g o X (to, )| S HED e = 1] E |l g 0 X (20, oz)|

Lr
+ |Stt:t0) Op() (9.0 X (10, 72)) |
Finally, since X is Lipschitz we have
oo xR, S5 gl
from which we conclude the proof. |

To control the right-hand side of the estimate in the preceding corollary, we use
the following lemma, whose proof is identical to that of Lemma [3.4]

Lemma 4.11. For any p € R, the operators Sy(t,s), S;(t,s) are bounded on
H*(RY) uniformly int,s € I.

Henceforth, we choose €y > 0 arbitrarily small and

1 2
(4.45) 7‘1:6; r0=§+50 whend=1, ro=1 whend=2
so that
1 3 3
26(1—7r9) == — =9, 20(2—19)=2—-g9 whend=1,
2 2 2
3
25(1—7m9) =0, 20(2—1) = 3 when d = 2,

and ([LZ1) is fulfilled.

The next proposition shows what we called “pseudo-dispersive estimates” above.

Proposition 4.12. If L;u;(t,z) =0 and u;(t) are spectrally supported in %Cl for
all t € [0,T), then for any to € [0,T] and r € [2,00] we have

2

~_ g2 1 —d(i-_1 T_4a
g () S A7) [t — o] ™47 Yy (t0) | v + B2 [t ()] 2 »

where r = 0o when d =1 and r € [2,00) when d = 2.
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Proof. First, equation ([36) implies that wy(t, 2) := u; (t, X (t, hz)) satisfies
¢
wp(t) = Sp(t,to)wn(te) — [ S(t,s) (Opy(ry)) wi(s)ds =: (1) + (2).

to

Applying Corollary E10to g(z) = u;(to, ) and then using the Sobolev embeddings
Hite s [, H? < L' Vr € [2,00)
together with Lemma E.11] one gets

(D]

Tod(2 -1 _d(i_1
o SETUE=D |t — 10| G |y (1) | o + || OD (R )ewn (fo)

H%+ET )
where
. 3 .

e.=0 ifre(2,00), €r = 580 if 7 = oo.
By @43), r} € S;i‘fg(l_ro); hence

)20%

10002y 0n )], g1 S ln(Eo)l, oo arasisry -
Similarly, since 7, € S| 11200770) hne deduces with the aid of Lemma EIT that
1995

t
12 S | 10n6) st 5
to

Putting together the above estimates leads to

2

< pdF-3) —d(z=3) t
[wn(®)llzr S AT 72| —to g o)l g+ | 1wn(S)l] gy g, —1v250-rg) d5-
to

Whend =1, r =00, +¢, —1+25(1—ro) = 0, and since X (t,-) € WH(R?) we
have for all s € [to, t],

T4
[wn ()]l g+ —1v250-r) S 72 luj(s)ll 2 -

When d =2, 7 € [2,00),  +¢, —1+25§(1 —ry) = 0, and thus
~_d

Hwh(s)||H%+Er*1+25(171'o) ShTe Huj(s)||L2 Vs € [tht]-

In addition, by Lemma BT} |lu;(s)|/;> S [Juj(to)]/ for all s € [to,t]. Finally,

noticing that

1

L She

[ (£)] wi ()] e S llwn (Ol

we conclude the proof. a

Remark 4.13. Strictly speaking, the preceding estimate is not a standard dispersive
estimate since its right-hand side does not decay in time. The appearance of the
nondecaying term h~2 lu;(to)|| ;- is however harmless for the purpose of proving
Strichartz estimates in the next section.
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4.5. Strichartz estimates.

Proposition 4.14. Suppose that Lju;(t,z) = 0 and u;(t), t € I := [0,T] is
spectrally supported in %Cl.
(i) When d =1 we have

_3
(4.46) letgll ey B8 utglecoll o

(ii) When d = 2 we have with q > 2, %-I— % =1,

11
(4.47) il pocrrry S 0577 lluli=oll 2 -
( ? )
Consequently, for any so € R and e > 0,
(4.48) ||uj||L2+5(I;W507%75,00) S llwgle=oll greo -

Proof. For the two estimates (£.40]) and (@47, using the TT* argument, one needs
to show that

K- /S(us)ds LY L) = LI, L)
I

with norm bounded by A™ where M = —% when d = 1 and M = % — % when
d = 2. Moreover, since u; is spectrally supported in %Cl, it suffices to prove
(4.49) 1K Fll pacr,ory S PNl o)

for every f spectrally supported in %Cl.
In view of the “pseudo-dispersive estimate” in Proposition [£.12]

K@) fll- S (1)+(2), with

(1) = hdr—1 / jt =8| || £ ()| o s,
I
(2):h‘%/l||f(5)||m ds.

(i) d =1, (¢,7) = (4,00). By the Hardy-Littlewood-Sobolev inequality, ||(1)|| .4
is bounded by the right-hand side of [@49]). On the other hand, (2) can be estimated
using Sobolev embedding as

@ <hint / 17 ) ds < B |l
I

which concludes the proof of ([{.Z6]).
(ii) d = 2, ¢ > 2, % + 2 = 1. Again, the Hardy-Littlewood-Sobolev inequality
yields

Il S A F -
For (2) one uses the embedding L L2, r' € [1,2),

d_d
1F )2 S A2 LF ()l
to get

da d

@) Sht g -
The estimate (£47) then follows.
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Now, for any € > 0, let ¢ = 2 + ¢; then
2 € 1 1 3 €

rTev2 4 7 ataeyay
Multiplying both sides of ([£41) by A~ yields

(4.50) 3l y sy S Nislezoll

Writingso—%—i—m =a+b, a:so—%—a, bza—i—@ > % we obtain ([£48)

from ([@3E0) and the Sobolev embedding W0 (R%) — W% with b > %. O
Recall from (1) and [@AH) that we have required that

(4.51) Ve L¥(LWP™(RY), A(-€) € L¥(LWE=(RY),

Whereng—i—so, €p >0whend=1and p=2 when d = 2.
Theorem 4.15. Letsy € R, I =[0,T], T € (0,+00), and u € L>(I, H* (R?)) be

a solution to the problem
ou+Ty -Vu+iTyu=f, ul=o=u’,

where v = V' Aa as defined in Theorem 221

(1) When d = 1, if for some g9 > 0, V € L*(I, W%“O’O"(Rd)), and n €
Lo°(I, W3=(R%)), then

0
||u||L4(I;W50*%,OO) 5 ||U HH%Q + ||fHL1(I,H50) .

(2) When d =2, if V € L®(I, W>>(R%)) and n € L®(I, W 3>(R%)), then for

every € > 0,
0
HUHL2+E(1;W§-0—%—E,M) 55 ||U ||H“0 + ||f||L1(I7HSO) .

In the above estimates, the dependence constants depend on a finite number of
semi-norms of the symbols V' and ~y.
Proof. 1If u is a solution to (23)) with data u°, then by {7), the dyadic piece Aju is
a solution to £;Aju = F; with F; given by (B8] spectrally supported in +C! with
¢y sufficiently large. Under the regularity assumptions of V' and 7 in (1) and (2),
condition [@E]]) is fulfilled. Using Duhamel’s formula and applying the Strichartz
estimates in Proposition f.14] we deduce that
@52 I8l e oy S 1A + 1B
where

1 1
q:4,,u:§ when d = 1; q:2+£,,u:1—e when d = 2.

We are left with the estimate for F; = F}' + R; + F? where FF are given by (@3)
and (L8). Defining
Aj= > Ay

|k—j1<3
it follows from (3] that
1Rl g0 S 1A frvo-

Using the symbolic calculus Theorem one obtains without any difficulty that

||F]1HL1(];H50) 5 ||ZjuHL1(I;H50).
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For F? we use ([B23) to obtain that if

Ve LX(LWS=(RY), ne L>(IWH=(R),
then
(4.53) HFJ?,HLI(I;HSO) S ||AjUHL1(1;Hso) + ”AijLl(I;Hm) :

Finally, putting together the above estimates we conclude from ([@352]) that
ol oy S 3 N85l e
J

S H’U,OHHso + ||u||L1([;Hso) + HfHLl(I;HSo)
S—‘ HU’OHHSO + ”fHLl([;Hso) I}
where in the last inequality we have used the energy estimate
||UHLoo(I;Hso) S HuOHHm + ||fHL1(I;HSO) .

The proof is complete. |

According to Remark 23] after having the estimate for the u-solution to (23]
one can use the symbolic calculus to obtain the desired estimates for the original
solution (1,1, B,V) as stated in Theorem
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APPENDIX A

Definition A.1.
(1) (Littlewood-Paley decomposition). Let ¢ € C§°(R?) be such that
(A1) P() =1 for |6] <1, (@) =0 for 0] > 2.
Define
Yr(0) = 5(2_’“6‘) for k € Z, wo =Ko, and p=vPr—r_1 fork>1.

Given a temperate distribution u and an integer k, we introduce Sxu = ¥ (Dy)u,
Apu = Spu — Sp_1u for k > 1, and Agu = Sou. Then we have the formal decom-
position

(A.2) u= Z Agu.
k=0

(2) (Hoélder spaces). For k € N, we denote by W*>(R?) the usual Sobolev
spaces. For p = k+o, k € N, o € (0,1) denote by W*>°(R?) the space of functions
whose derivatives up to order k are bounded and uniformly Hélder continuous with
exponent o.

Definition A.2. Let u be a tempered distribution in R?. We define the spectrum
of u to be the support of the Fourier transform of u. Then u is said to be spectrally
supported in a set A C R? if the spectrum of u is contained in A.
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Let us review notation and results about Bony’s paradifferential calculus (cf.
[, 221).

Definition A.3.

(1) (Symbols). Given p € [0,00) and m € R, I'7"(R?) denotes the space of
locally bounded functions a(x,£) on R% x (R®\ 0), which are C* with respect to &
for € # 0 and such that, for all « € N¢ and all £ # 0, the function z Oga(x,§)
belongs to W?>°(R?) and there exists a constant C,, such that

1 (0% m—|x
Letting a € I'7'(R), we define the semi-norm

(A4 M@= s swp 1+ 1e) e magal €

’ lal<2(d+2)+p [€]>1/2 Wee (R4

(2) (Paradifferential operators). Given a symbol a, we define the paradifferential
operator T, by

—

(A5) Tou(€) = (27) / X(€ = 0. m)@(E — m,m)p(m)a(n) dn.

where @(0,¢) = [e"%(z, &) dz is the Fourier transform of a with respect to the
first variable, x and p are two fixed C'*° functions such that

1 1
(A.6) plm) =0 for Inl< 2, ply) =1 for |n| = 7,

and x(6,7) is defined by x(0,1) = 3725 £r—3(0)0r(n).

We remark that the cut-off function y in the preceding definition has the follow-
ing properties for some 0 < g1 < g9 < 1:

(A7) X(m,€) =1 for [n| <ei(1+6),
x(n,&) =0 for |n| > e2(1 4+ |8).

Definition A.4. Let m € R. An operator T is said to be of order m if, for
all p € R, it is bounded from H* to H*~™.

Symbolic calculus for paradifferential operators is summarized in the following
theorem.

Theorem A.5 (Symbolic calculus). Let m € R and p € [0,00).
(i) If a € T*(RY), then T, is of order m. Moreover, for all p € R there exists
a constant K such that

(A-8) 1 Tall g s prm < K Mg*(a).
(ii) If a € T (RY),b € I’ZT/ (RY), then T, T, — Tuyp, is of order m +m/ — p with

atb := Z (;f!)aaga(x,g)agb(x,f).

lal<p

Moreover, for all p € R there exists a constant K such that
(A9)  NTaTy = Taspll gy pru—m—mrso < KM (@) Mg" (b) + K Mg™(a) M (b).
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(i) Let a € T7"(R?). Denote by (T,)* the adjoint operator of T, and by @ the

complex conjugate of a. Then (To)* — T} is of order m — p with

bi= Y (_i')aagaga(z,g).
jal<p

Moreover, for all p there exists a constant K such that

(A.10) 1(Ta)" = Toll g grn—mro < KM (a).
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