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A RIGIDITY THEOREM ON THE SECOND FUNDAMENTAL
FORM FOR SELF-SHRINKERS

QI DING

ABSTRACT. In Theorem 3.1 of The rigidity theorems of self-shrinkers (2014),
the author and Y. L. Xin proved a rigidity result for self-shrinkers under the
integral condition on the norm of the second fundamental form. In this paper,
we relax such a bound to any finite constant (see Theorem 4.4 for details).

1. INTRODUCTION

Self-similar solutions for mean curvature flow play a key role in understanding the
possible singularities that the flow goes through. Self-shrinkers are type I singularity
models of the flow. Huisken made pioneer work on self-shrinking solutions of the
flow [22[23]. Colding and Minicozzi [§] gave a comprehensive study for self-shrinking
hypersurfaces and solved a long-standing conjecture raised by Huisken.

Colding-Tlmanen—Minicozzi [9] showed that cylindrical self-shrinkers are rigid in
a very strong sense. Namely, any other shrinker that is sufficiently close to one
of them on a large but compact set, must itself be a round cylinder. See [25]
by Guang—Zhu for further results. Lu Wang in [37[38] proved strong uniqueness
theorems for self-shrinkers asymptotic to regular cones or generalized cylinders of
infinite order.

For Bernstein type theorems, Ecker—Huisken [I7] and Wang [36] showed the
nonexistence of nontrivial graphic self-shrinking hypersurfaces in Euclidean space.
For 2 < n < 6, Guang-Zhu showed that any smooth complete self-shrinker in R™*1
which is graphical inside a large, but compact, set must be a hyperplane. Ding—
Xin—Yang [I4] studied the sharp rigidity theorems with the condition on Gauss map
of self-shrinkers. In high codimensions, see [2,BLI0,I3L26] for more Bernstein type
theorems.

Le-Sesum [30] showed that any complete embedded self-shrinking hypersurface
with polynomial volume growth must be a hyperplane provided the squared norm
of the second fundamental form |B|? < 1. Cao-Li [1] showed that any complete
self-shrinker (with high codimension) with polynomial volume growth must be a
generalized cylinder provided |B|? < 3. Later, Cheng—Peng [5] removed the con-
dition of polynomial volume growth in the case of |B|? < % (see [4L[6,12,[42] for
more results on the gap theorems of the norm of the second fundamental form). In
[12], Ding—Xin proved a rigidity result for self-shrinkers if the integration of |B|™ is
small. In this paper, we improve the small constant to any finite constant.

For a complete properly immersed self-shrinker ¥” C R"*!, Ilmanen showed

that there exists a cone C C R™*! with the cross section being a compact set in
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S™ such that AX™ — C as A — 04 locally in the Hausdorff metric on closed sets
(see |28 Lecture 2, B, remark on p. 8]). In [35], Song gave a simple proof by
a “maximum principle for self-shrinkers”. For high codimensions, with backward
heat kernel (see []]) we show the uniqueness of tangent cones at infinity for self-
shrinkers with Euclidean volume growth in the current sense with the condition on
mean curvature (see Theorem B.3)).

e-regularity theorems for the mean curvature flow have been studied by Ecker
[15,16], Han-Sun [19], lmanen [27], Le-Sesum [29]. Now we use the one showed by
Ecker [10] starting from self-similar solutions, and obtain the curvature estimates
for self-shrinkers, see Theorem Combining Theorem [3:3] Theorem and
backward uniqueness for parabolic operators [I8], we can show that self-shrinkers
with finite integration on |B|™ must be planes, which improves a previous rigidity
theorem in [12]. A litter more, we obtain the following Theorem.

Theorem 1.1. Let M be an n-dimensional properly noncompact self-shrinker with
compact boundary in R"™  and let B denote the second fundamental form of M.

If

(1.1) lim |B|"dp =0,
7= JMNBy,\B,

M is contained in an n-plane through the origin.

2. PRELIMINARY

Let M be an n-dimensional C?-submanifold in R™*™ with the induced metric.
Let V and V be the Levi-Civita connections on M and R"T™, respectively. We
define the second fundamental form B of M by

B(V,W) = (VyW)N =Vy W — VyW

for any V,W € T'(T'M), where the mean curvature vector H of M is given by
H = trace(B) = Y ._, B(e;,e;), where {e;} is a local orthonormal frame field of
M.

In this paper, M™ is said to be a self-shrinker in R™™™ if its mean curvature
vector satisfies

XN
2.1 H=—
2.) -
where X = (21,...,Tn1m) € R"T™ is the position vector of M in R"*™ and (--- )N

stands for the orthogonal projection into the normal bundle NM. Let (--- )T denote
the orthogonal projection into the tangent bundle T'M.
We define a second-order differential operator £ as in [§] by

cf = div <e‘XTZVf> = Af - (X.V)
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for any f € C%(M). Let A be the Laplacian of M, then for self-shrinkers,
(2.2) AIXP? =2(X,AX) +2|VX|? = 2(X,H) + 2n = —| XV |? + 2.

In [8], Colding and Minicozzi defined a function Fx, ;, for self-shrinking hy-
persurfaces in Euclidean space. Obviously, hypersurfaces can be generalized to
submanifolds naturally in this definition. Set ®; € C*°(R"*™) for any ¢ > 0 by

1 _1x?
@t(X):We T

For an n-complete submanifold M in R"™™, we define a functional F; on M by

1 1x|2
F,(M) = Ody = ———+ @ d fi t >0,
t( ) /M tap (47Tt)”/2 /Me M Ior

where dp is the volume element of M. Sometimes, we write F; for simplicity if there
is nothing ambiguous in the text. If a self-shrinker is proper, then it is equivalent
to the fact that it has Euclidean volume growth at most by [7] and [11]. We shall
only consider proper self-shrinkers in the following text.

Now we use the backward heat kernel to give a monotonicity formula for self-
shrinkers with arbitrary codimensions, which is essentially the same as the self-
shrinking hypersurfaces established by Colding—Minicozzi in [§].

Lemma 2.1. For any 0 < t; <ty < 00, each complete immersed self-shrinker M™
with boundary OM (may be empty) in R"T™ satisfies

n /tt L (1 - %) (/M |XN2<I>S(X)du) ds.

Proof. We differentiate F;(M) with respect to ¢,

n n X2 2
(24) Ft’:(47r)—at—<a+1>/ (_E+| | )e_i_tdu'
M\ 2 4t

A straightforward calculation shows (see also [I1])

1x|2

2 1
—e' i div <e§_tV|X|2> =~ AIXP + L VIXP - VIXP
1
=—2(H,X)—2n+ z|XT|2
(2.5)
:‘XN|2

1 X|?
_<1_¥) \XN|2+%—2n,

XT2
-l-%—Qn
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where the third equality above uses the self-shrinkers’ equation ([2.I]). Then
(2.6)

F :(4@*51&45*1)/ (— ~div (e’it V|X|2) - < —> XN 2e )dp
v\ 1 1
1 —n(z41) T _1x? 1 N2 ,&
=—(4m)" 2zt~ (2 -2 (X" vom)e” = —(1— = |X |“e” = dpu
4 oM t

_ 1 (X7 von ) ®y(X) — ! (1——)/ XN 2D, (X)dyp,

2t Jous 4t
where vg)s is the normal vector of OM in I'(T'M). Then we complete the proof by
integration from t¢; to to. [l
Denote
1
(2.7) Gy(M) £ F/(M) + —/ (X" vonr) @4 (X)
2t Jomr

_ 1 1 N2
- 4t(1 t)/MX 28,(X)d

The above lemma implies G¢(M) < 0 for each self-shrinker and ¢t > 1. If OM is
bounded and has finite (n — 1)-dimensional Hausdorff measure, then the limit

([ caona)

always exists and is a finite negative number. Hence, it’s clear that lim;_, o F3 (M)
exists.

3. UNIQUENESS OF TANGENT CONES AT INFINITY FOR SELF-SHRINKERS

For any n-rectifiable varifold V' C R"*™ we define a functional =; by

1

\:t(‘/v f) = (47Tt)n/2 stV

fe~ Ea dﬂv

for any t > 0, where uy is a measure on R"t™ associated with the Radon measure
of V in R"™ x G(n,n + m).

We suppose that M is a self-shrinker in R*™™ \ Bg with boundary OM C dBg
for some R > 1 and H" 1 (OM) < oo. Let ¢ € C1(R"*™ \ {0}) be a homogeneous
function of degree zero. Namely, for any 0 # X € R*t™,

¢(X) = ¢(1X1¢) = ¢(¢)

with & = % Then

(3.1) Oy, = Z<X| X )3£J¢

and

_ 6 . N _
82) (907 = 3 (S - ) 0000 < 1XI72 X (35,0)" £ XTIl
J.k J
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Taking the derivative of E,(M, ¢) on t obtains

(3.3)

n n X|? 2
8t5t(M,¢):(4ﬂ)fsf<5+1> ( g u) g,

41
:(47T)_%t_(%+1)/ ( ¢dlv<
M

0] 1 _xP?
VIXE) < (1) e S i
Combining X - V¢ = 0, we have

/ —?dN( — VX|2> du
v 4
1. 9 1 5 _Ixi2
= —Zdlv = V|X\ dp + —V¢~V|X| e 1 dpy
(3.4) M

I /Xque B

2 Jom

=—= ¢<XT,V3M>67ﬂ——/ XN~v¢edeu.
2 Jom 2

Set cp = 27'(47)" R - H""L(OM). Substituting [32) and B.4) into ([B3)

obtains

(3.5)
—_ _ _n, _(n = _1x2
|0:Z¢(M, §)| < 27" (4m)~ %t (QH)(/ (XN [Vole™ T dp
M

n |¢|0ReifH"1<aM>) T 16lolGe ()]

. XN
<2 (4m)"E~ (B /' dlre”
X] 9]

§|¢‘O (|Gt(M)‘ + th_(§+1))

-1 1 N2, - 1XE 12 o X2 12
+ 27 4m) "5t~ G |g| / |IXN2e” 5 dp / | X |2~ du
M M

<I9lo (1Go(M)| + cpt=(5+D)

1/2
[t _n,_(n o _1xI?
+|¢|1|Gt(M)|1/2 t——l ((471’) 2 (3+2) /N[ |X| 26 it dﬂ> .

Put D, = M N B, for every r > 0. There is a constant ¢y > 0 depending only on
M such that for all » > 0

S d - 10lo (1GH(M)| + ert= ()

/ ldp < cor™.
D,
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Note that M c R*t™ \ Br. Then for n >2,t > RQ, one has

(3.6)
n t 1|2 . . »
f,_f/ We_ odp <tz Z / X|2€_  dp
" k=—1— [1°g(fR 2) 2k+1\/_\D2k\/-
2log 2
- 1 e
<t 2 Z 4_ke—4' / 1
k’=—1—[%] D2k+1\/Z\D2k\/z
og
= —1
<cg Z gke=4"olk+n 4 Z 4—ko(k+1)n
k=0 szli[%]
> 1+[‘052(;£;2>]
<cg Z gh(n—2)tn,—45"1 | Z )k 2)in
h=0 k=1

<(4m)%¢; (1 +logt —2log R),

where c; is a constant depending only on n, cy. Therefore

(3.7)
1/2
03, 9)] <y/ar VI8! Gi(M)|  +1¢lo (G (M) + cqt=F+D)
1
<o °g§|¢|1+th Y +1)|¢|0+(|¢|0+|¢| )IGi(M).

Theorem 3.1. Let M be an n-dimensional self-shrinker in R"™™ with Euclidean
volume growth and boundary OM C 0Bg. If

(3.8) lim sup (rl_"/ |H) < oo
r—o0 MnNB,.

then there is a sequence t; — oo such that
M, 2t7'M ={X e R"™| t,X € M}
converges to a cone C in R"T™,

Proof. By co-area formula, we can choose R’ > 0 so that H""1(OM) < oo with
OM C OBr. Denote R’ by R for convenience. Let M; = t'M = {X ¢
R™t™| tX € M} for any t > 0. Since M has Euclidean volume growth and (B.8)
holds, then by compactness of varifolds, there exists an n-rectifiable varifold T in
R™*™ with integer multiplicity and a sequence of ¢; such that M;, = ¢, M —~Tin
the sense of Radon measure (see 42.7 Theorem of [34] for example).

Denote ¢ and Z¢(M, ¢) as above. Set u; to be the volume element of M;. Since
(3.9)

_ 1 _lx2
Ep2(M, ¢) = W/M pe T dp = (ar n/Q/ e th = E1(My, 9),

then for all R > 0,
(3.10)

R R 1 _1x12 _
Zlggo E1(Myr,¢) = Zlggo Er2(My,, ¢) = W/T¢ e ar? dup = Eg (T, ¢).
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Note that G¢(M) does not change sign for ¢t > 1. Fixing 0 < r < R < oo, from

BZ0) we have

(3.11)
t2R?
S (M, 0) ~ Zpre(M0) < [ 020 0)lds
tir
t2R?
i 1+logs _(n
S/ 1221611+ crllos™ D + (|plo + 1) IG(M)] ) ds
t?'rQ 45(8 — 1)
2 p2
c1 *® 1+logs 2 —h—2 /tiR
<= ——d —(t; Gs(M)d
<SG [, et ) enldlo+ olo + 10| [ Gu(ads
for all t; with rt; > 2. Since
(3.12)
t?R? t?R? tR* /4
/ Gs(M)ds| < / Ft’(M)ds+/ (—/ <XT,1/3M><I>S(X)) ds
tfrz tfrz t%r2 2s oM

t2R?
<[Fersa) - Famn|+ [ (Gt @anms ) as

t?,a 2s

R -n n— -n
= | Fiaya (M) = Bz (M) | + = (4m) =201 (M) ()

and lim;_, ., F} exists, we obtain

(3.13) Zlgglo E1(My,r, ¢) = Zlg& E1(My,r, ¢) = Ege (T, ¢).
Hence
(3.14) SU120) = (s [ 0 T
. —t\+; - (47Tt)n/2 - Hr
is independent of ¢ € (0, 00).
Clearly,

0<H™"(TNB,) < cor™

for some constant co > 0 and all » > 0. By the following lemma for V(r) =
me B, ¢ dur, we conclude that

(3.15) 7“_"/ ¢ dur
TNB,

is a constant independent of r. An analog argument as the proof of 19.3 in [34]
implies that T is a cone. O

Lemma 3.2. Let V(r) be a monotone nondecreasing continuous function on [0, 00)
with V(0) =0 and V(r) < csr™ for some constant cs > 0. If the quantity
Y
R — -
e, )

is a constant for any t > 0, then r—"V(r) is a constant.

(3.16)

Proof. There are constants kg, k1 > 0 such that for all ¢ > 0,

[ 2 0 2
(3.17) / e~ TdV(r) = kot"/? = /@1/ e tdr",
0 0
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namely,

(3.18) /000 efﬁd(V(r) — k™) = 0.
Integrating by parts implies

(3.19) /000 (V(r) — kyr"™) re= " dr = 0,

Suppose that there is a constant 79 > 0 such that V(rg) — k17 > 0 (or else we

complete the proof by B.I9)). Then there is a 0 < § < % and € > 0 such that

V(r)—kir™ > eforallr € (rg—96,r9+0). Set t, = %Tg; then in (0, 0o) the function

2

rPe”
attains its maximal value at r = ry.
Now we claim
iz r0+0 2 9
2 2 _r-
(3.20) I / rPe ' dr = / e dt = /7.
p—00 Ty ro—~4 —0o0
In fact,
L proté 2 =
I( ) ép;i: / rPe” o dr :p%e%/ 0 (1 + S)pe 2(1+S)2ds
0o Jro- -7
s
w5 VP t \? _p(z2.2
(3.21) :/° <1+—) 55T ) ar
N /D
3
o VP
,%\/ﬁ
When —% < s < 00, a simple calculation implies
8 2 3
min {0, 533} <log(l+s)—s+ % < %

Combining the above inequality, we get

E\/;E —t2+i
limsup I(p) < lim sup/ e VP dt

(3.22) . pee SV
3.22 ,
—lim [ e mRa :/ et at
p—o0 7%\/5 e
and
%\/I_) 2 0 t2 8+3
lim inf I(p) > lim e~ dt + lim inf e PG gt
p—o0 p—o< Jg P00 —%\/z_)
(3.23) 0
[e'e] 2 0 42 (178_t> [e'e] N
0 p—00 7%\/5 -

Hence we have shown ([3.20).
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For p > 1,

%6% 0 r2 oo

ppH / r"+pe_¥dr:rg/§ (n+p)1og(1+ ) ~VPt—5 gt

T ro+98 S
(3.24) oo VP N

t +2 n t2
Sr(’}/ TP T5 VP gt < rg/ evEtT T gt
7o VP VP

Then
(3.25)

2

p262 o _r
lim inf —— / (V(r) —kr™)rPe o dr
0

jamde el rr- +1

p565 ro+9 2 ro—04 a2 [e%e} 2
> lim inf ~— e/ rPe” o dr — Ky / PP dr — Ky / r"tPe” B dy
P00 To ro—a 0 ro+98

2

p%e% ro—0 - B o0 n Lo
>ey/m — Kkiry lim sup F/ rPe 273 dr +/ 5 dr
0 0

p—00 %\/ﬁ
)
—75 VP t 0 _42(1_ n
=e\/7 — Kk17{ lim sup ’ eplog(1+ﬁ)e ft—_dt—i—/ e ! € \/Ft)dr
oo \J-vp A Vp
_%\/1—,
>ey/m — Kkiry lim sup / VPl VP gy = e\/T.
p—o0 —/P
Taking the derivative of ¢ in [B19)) yields
(3.26) / (V(r) — k™) P2+~ dp = 0
0
for any t > 0 and k = 0,1,2,.... If we choose p = 2k + 1, 73 > e, and t, = %rg
in (329), then we get the contradiction provided k is sufficiently large. Hence
V(r) — kir™ = 0. O

Theorem 3.3. Let M be an n-dimensional smooth self-shrinker with Euclidean
volume growth and boundary OM C dBg in R™"t™. If B8) holds, then the limit
lim, oo 7'M exists and is a cone, namely, the tangent cone at infinity of M is a
unique cone.

Proof. We claim

(3.27) Tllg)lo <r_” /M N qﬁd,u)
nB,

exists for every homogeneous function ¢ € C1(R"*™ \ {0}) with degree zero. Sup-
pose

(3.28) lim sup r*”/ ¢ddp > lim inf r*”/ o
MNB MNB

r—00 r—0o0

for some homogeneous function ¢ € C*(R"*™ \ {0}) with degree zero. Then there
exist two sequences p; — oo and ¢; — oo such that

(3.29) lim p;"/ odp > lim q;”/ odp.
1— 00 Mmel 1— 00 I\JrTBq7
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By compactness of varifolds and Theorem [B] there exist two cones Ci,Cs in
R™™™ with integer multiplicities and subsequences py, of p; and gy, of g; such that
My, — Cy and My, — Cs in the sense of Radon measure. So we have

/ ddpc, = lim / pdpp,, = lim p,;"/ odp
C1NB; 100 My, 1B ' =00 MNBy,

(3.30) > lim q,;"/ ¢dp = lim ddpg,
11— 00 v MNB 11— 00 qui ﬂBl i
= / Gdpicy,
C>NBy

which implies
_x?
(3.31) [ oe e, > [ oo F e,
Ca

by co-area formula.
From the previous argument, the limit

1x12

(3.32) tlggo Ei(M, o) = tlgglo (it n/2/ de” T du
exists. It infers that

¢ X = li P de~ xE

¢ dpo, = Jimy = im0
(3:33) . _1x2 1x12

:.hm ¢€ 4 = ¢e 1 d:u’CQ
i—oo Jas Cs

K,

However, ([B.33]) contradicts (B:31). Hence, the claim ([B:27)) holds.
If lim;_ 0o r;lM — O, lim; 0o s;1M — (O, and C* # C~ are cones, then

from (B33) one has

1x 2 1X |

(3.34) pe” T duc+ = / pe” 1
o+ c-

for every homogeneous function ¢ € C*(R"*™ \ {0}) with degree zero. It’s clear
that

(3.35) /Cm%,1 ¢= /cm631 ”

Arbitrariness of ¢ implies C™ = C~. Therefore, the tangent cone at infinity of M
is a unique cone. ([l

4. A RIGIDITY THEOREM FOR SELF-SHRINKERS

Let us recall an e-regularity theorem for mean curvature flow showed by Ecker
(a little different from Theorem 1.8 in [I6]).

Theorem 4.1. For p € [n,n + 2], there exists a constant ey > 0 such that for any
smooth properly immersed solution M = (My)ic(—a,0y of mean curvature flow in
R™™ and every Xo which the solution reaches at time to € [—1,0), the assumption

(4'1) IX07tD £ sup n+27 / / Blp < ¢
V=to<p<p'<2 (p 2 J MyNBa(Xo)
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implies

SN

(4.2) sup | o? sup sup 1BI* ) < (€0 " Ixo,t0)
O'E[O,l] tE(to—(l—O’)Q,to) MtﬂBlfg(Xo)

For completeness, we give a proof in the Appendix which is based on Ecker’s
proof. Let us consider the mean curvature flow in Theorem [£.1] which starts from a
self-shrinker. Let M be a self shrinker; then the one-parameter family M, = /—tM
is a mean curvature flow for —4 <t < 0. In this case,

(4.3)

2 o
Ixgty=  sup  (p?—=p?) 72 / / |BIP") dt
V—to<p<p' <2 —p'? V—=tMNB3z(Xo)
1
_ n42-p 5 2
= sup (p/2 — pz) 2 /p / |BIP | =dr
V=to<p<p'<2 7 +MNB2(Xo) r

2 e g
= sup 2(p%=p°) 2 / rp_"_3/ |B|Pdy | dr.
V—=to<p<p'<2 > MnNBz,(rXo)

For any —% <tgp<0and Xg € V—tgM, Ix,+, < € implies

1 2
(4.4) —  sup sup 1BI* < (€0 ' Lxouto) " -
4 te(to—,to) \/TtMmB%(Xo)
Hence
2
(4.5) sup sup  [BI* | <4 (e Ixo0)" -

te(2,(—to)~1/2) %MﬂB%(Xo)
Now we have the following curvature estimates for self-shrinkers.
Theorem 4.2. Let M be an n-dimensional proper self-shrinker in R*t™. If for

some p € [n,n + 2) there is

(4.6) lim |B|Pdp =0,
R—oo MNBar\Br

then there exist constants c,rq > 0 such that for all v > ro and t > 4 we have
1

P
(4.7) sup |B| < ¢ sup/ |BPdu | .
MNMOB( g1y t \ s>r JMnB,.\B,

Proof. For any € > 0, there exists a constant rq > 2 such that for any r; > rg we

have
sup / |B|Pdu < e.
r>ry MQBQT\BT

For any vector X € R"*™ with |X,| > 27 + 2, it is clear that
Bar(rXo) C (B(xol+2r \ Biixol-2r) € (Ba(ixol-2r \ Bxol-2)r) -

Let X € v/—tM with | X| > 2r; + 2 and ¢t < 0; then
(4.8)

|B|Pdu < / |B|Pdp < sup / |B|Pdp < e.
MNBz, (rX) MO (Ba(x|-2)r\B(x|-2)r) s>r1 J MNBas\Bs
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In view of (3], one has

(4.9)
1
2 2 —# ? 5, p—n—3 p
Ix. < sup (p”?—p°) 2r dr - sup |B|Pdu
0<p<p’<2 a r>r1 J MNBs,\ B,
_nt2-p

So——— sup (p®—p%) 7 (PP = pPTTR) swp / |BIPdp.

2+n—po<p<p<2 r>r1J MOBy,\B,

Since for each fixed a € (0,1] and each s > 1,

8 sZa _ 1 S — 520471
4.10 — ] = — >0
(4.10) as<(s2_1)a) o=
then
SZa -1 i SQa -1 )
su % = lim = =
o1 (82— 1) sheo (2 1)

So we obtain

2 2e
411 Ixi< " Sup/ BlPdp < — =5
(4.11) T2t n—pion MﬁBQT\BTl | 24+n—p

Let € = 2:2=P¢q, let | X| > 2rq 4+ 2, and let —% < ¢ < 0. Then combining ([@F) we
have

1

(4.12) sup sup |B|| <2fe! sup/ |BPdu |
s€(2,(—t)~1/2) %MHB%(X) r>r1J MNBa,\ B,

which implies

1
P

2 (et sup/ |BPdp | > sup sup |B]
r2r1J MNBa\By Xe+MNOBayr, 42 \ $MNB1 (X)
2

(4.13)
= sup t sup |B|
|X|=2r1+2,tXEM \ MNB (tX)
>t sup  |B|
MNOBai(ry +1)
for any r > r1 and t > 2. This suffices to complete the proof. O

Lemma 4.3. Let M be an n-dimensional proper noncompact self-shrinker in R"T™
with

(4.14) lim sup/ |H|Pdp < oo
MNB3,\B,

r—00
for some p > 2. Then every end of M has at least Euclidean volume growth.

Proof. For any end E of M, there is a constant o > 0 such that OF C B,,.
Replacing E by E \ B,, if necessary, we have OF C 9B,,. Set FE, = EN B,. For
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0<s<1andr >ry, we have

— (r " ldy ) = —(n — s)r "ts / ldp +r ”+S/ —_—
or E, E mros, | X7

[d

> — (n _ S)TfnJrS*l/ 1dﬂ + ,r,fnJrsfl/ |XT‘
E ENOB,

T

1
@5y == (=9 [ adu et [ et [
E, 2 E, OE
Zsr””rs*l/ ld,u—21"7”+571/ |H|?dp
E, B,

1—2

2
zsr*”“*l/ ldp — 2r— st (/ IH”du> (/ 1d#> :
E B Er

r

Set
TER
B,

then

~ ~1_2 P
8.V, >3V, — o in=9)-1y 7w (/ Ideu>
T
(4.16) B ,

& ea( o) () )

For any 7 > 0, let ¢ € N with 2¢ < r < 2¢+1. By ([@I4), there is a constant ¢ > 0
such that
(4.17)

q
1
/ |H|Pdp < / \H|pdu+/ |H|pdu§c(q+2)§c<OgT+2>_
Er k=0 Bar+1\Eqk B log 2

From [31,[33], every end of any self-shrinker has at least linear growth. For any
& > 0, there exists a constant rs > 0 such that for all r > rg,

_% 5
1d, < -

()

then (@I6]) implies
~ 5V

4.1 Vs > —.

(4.15) 0,75 >

By the Newton—Leibniz formula,

~ ~ 0s V5 1

(4.19) log Vs(r) > log Vs(rs) —|—/ V(s )d > log Vs(rs) + = log -

rs ‘/5 S 2 s

Denote V(1) = Vy(r). By (@I86),
~2 4 _2n_ g
(4.20) Ve > —— |H|Pdp | r~» .
D \JE,
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There is a constant sy > e such that for all s > sg the inequality log s < s7 holds.
Hence combining [@I4) and ([@20)), for any ro > 1 > max{sg,ro} we have
(4.21)

/ T2 / T2
52 2 nc _2n_ nc _n_
Vo (re) —Ve(ry) > ——/ r~ % logrdr > ——/ e e > —dry "
p T1 p T1

for some constant ¢’ > 0. ([@I9) infers

lim r°V(r) = oo
T—>00

for any ¢ > 0. Combining ([@2I]), we obtain
- 1~
(4.22) Ve (ry) > 5V%(rl) >0

for some fixed sufficiently large r1 > max{sg,ro}. This suffices to complete the

proof. O
Now let us prove the following rigidity theorem.

Theorem 4.4. Let M be an n-dimensional properly noncompact self-shrinker with
compact boundary in R* ™, If

(4.23) lim |B|"du = 0,
7= JMNBy,\B,

M is contained in an n-plane through the origin.

Proof. From Theorem 2] we obtain

(4.24) lim (r sup |B|> =0.
Bsr

r—00

Let M, = r—'M for any r > 0; then M, N (BK \ B%) for any K > 0 has bounded

sectional curvature. On the one hand, M, N (BK \ B 1 ) converges to a smooth

manifold with a C1® metric in the Gromov-Hausdorff sense. On the other hand,
Theorem B3] implies that M, converges to a unique cone C in R®*! in the current
sense. Hence for any = € C'\ {0}, there is a neighborhood Q, of x such that Q, NC
can be represented as a graph with a C1< graphic function. Hence by Fatou’s
lemma, Q, N C is flat by (@24)). So we conclude that M, converges to a union of
finite n-planes through the origin as  — co. Note that every end of M converges
to a union of finite n-planes through the origin by Lemma 3l Therefore, up to
rotation there are a constant R > 0 and a smooth graph graph,, C M over R\ Bp

with the graphic function u = (u?,...,u™). Moreover, there is a constant cj; such
that
(4.25) |DIu®(x)| < eprlz] It

on R™ \ Bg for any j = 0,1,2 and 1 < a < m. Here, ¢ps is a general constant,
which may change from line to line.

Let gij = 0ij + 21 <qem uiug, and let (g*7) be the inverse matrix of (g;;). From
the equation of self-shrinkers (see [10] for instance)

ii o —u®+z-Du®
(4.26) Z g = —

— 2
1<é,j<n
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we have

1

Apu® =——=0,, (gkl\/detgiju?)
\/detg;;
(4.27) ) . o
Oz, (g”\/detgkl) uf + Em - Du® — -

1
Denote g7 (z) = g (x,t) = ¢/ (%), then

- \/ detgij

(4.28)

dij — gij‘ <c Z |Vt
B

where ¢; is a constant. Let Q(z,t, Duf, D?>u") = % (515 - gij) ug;
(R™\ Bgr) x R*, from (28] one has

(4.29) |Q(z,t, Du’, D*u")| < —= Z |Vgnu?],

. ; then on

N

where ¢y is a constant.
Denote a™ (z,t) = af (%) and U%(z,t) = v/tu® (%) Then

0 T 1 T 3: 1
otV el =5 () =5
g ToF A <\f) ( t) T

y 1
=— —g/uf, + —=Agnu®

VIV
Hence for any (z,t) € (R"\ Bg) x R*, by combining (£29) we have

0 <—Z|VRnUﬂ|

1\9
Sk

(4.30)
= Q(x,t, DuP, D*u").

Z_
t

4.31 —U* 4+ Apn U
(3) atU—I—R

Due to Theorem 1 (with the version of vector-valued functions) by Escauriaza—
Seregin—Sverdk in [I8] (see the following content in Theorem 1 of [18]), we obtain

U*=0 on R"™\ Bpg,
and then graph,, is contained in an n-plane through the origin. Hence M is also
contained in an n-plane through the origin by the rigidity of elliptic equations, and
then we complete the proof. O
5. APPENDIX

Let us prove Theorem [Tl There exist o1 € (0,1), t1 € [to — (1 — 01)?,to], and
X1 € My, N B1_4, (Xo) such that

01|B|’ = sup |o? sup sup |B)? ] .
(X1,t1)  oel0,1] te(to—(1—0)2,t0) M:NB1—_,(Xo)

Denote \; = |B|*1‘ . Then
(X1,t1)

sup sup B|” < —.
te(to—(1=F)%t0) MiNB,_ oy (Xo) Al
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Since
o2 01\2
Bg(Xl)X tl——,tl CBl_u(Xo)X to—(l——) ,to ,
2 4 2 2
then A
sup. sup |B|* < IV
te(ts— Ity MNBg () !

Let Ix, s, be as in {I)). It is sufficient to prove

1
01)\ < (60 IXo,to)p

for a certain uniform constant ¢y > 0 depending only on n provided Ix,:, < €.
By contradiction, we assume

8=

01Af1 > (Galfxo,to)
Denote A £ \; (egllxo,to)% < o1.
Define -
M, = At (M)\25+t1 - X1)
for s € (—4;\"51 , t‘)}\gtl) where we have changed variables by setting X = \Y 4+ X3
and t = A%s +t;. Then M is a smooth solution of mean curvature flow satisfying

—~ 1
0 € My, \B\‘ 00 = (@ Do) <1

and

1N

sup sup |B|2 <4 (Galfxo,to)
se(f— 0) MSQB%\

Since o1 > A, then

SN

sup sup \B\Q <4 (Ealfxo,to)
s€(—%,0) MSQB%

By scaling, it follows that

n+ P +t1
(5.1)  Ixyt = sup ( ) / / |B|p
o VTRe<p<p<a \PP = ’2“1 M, nBz Xo X1
Since —1 < tg < 0 and to — (1 — 01)? < t; < tg, we choose p? = —ty, p'? — p? =

p'? +t1 =2)\2 > 0. Noting that X; € My, N B;_,,(Xp), we have

(5.2) Iy, 22 5 / /.
-2 MSQB%(O)

Now let’s recall the evolution equation for the norm of the second fundamental form
in [41]:

|B”.

% MsﬂBl
2

d
(5.3) (d—s —AMS> B = —2|VB[> + 2[RV + 2> 82, < 3|B|*.
o,

Since

3

sup  sup |B|? < 4 (Galfxo,to)
se(—%,0) M.NBy

<4,
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then

d 3
(5.4 (%~ ) 18P < Fi6p+ < ool

By the mean value inequality for mean curvature flow in [I5], [16] (where the case
of submanifolds is similar to the case of hypersurfaces), there exists a constant c(n)

such that

0
5.5 B|P §cn/ / BJ|?,
(5.5) II(O,O) ()_ MSmB%II

1
4

which implies

_ n+2—p
(5.6) €0 Ixoty < c(n)27 2 Ixy i

This is impossible for the sufficiently small ¢y. Hence we complete the proof of
Theorem (.11
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