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EQUIDISTRIBUTION THEOREMS
ON STRONGLY PSEUDOCONVEX DOMAINS

CHIN-YU HSIAO AND GUOKUAN SHAO

ABSTRACT. This work consists of two parts. In the first part, we consider a
compact connected strongly pseudoconvex CR manifold X with a transver-
sal CR S action. We establish an equidistribution theorem on zeros of CR
functions. The main techniques involve a uniform estimate of Szegd kernel
on X. In the second part, we consider a general complex manifold M with
a strongly pseudoconvex boundary X. By using classical result of Boutet de
Monvel-Sjostrand about Bergman kernel asymptotics, we establish an equidis-
tribution theorem on zeros of holomorphic functions on M.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The study of equidistribution of zeros of holomorphic sections has become inten-
sively active in recent years. Shiffman—Zelditch [19] established an equidistribution
property for high powers of a positive line bundle. Dinh-Sibony [I0] extended
the equidistribution with estimate of convergence speed and applied it to general
measures. More results about equidistribution of zeros of holomorphic sections in
different cases, such as line bundles with singular metrics, general base spaces, and
general measures, were obtained in [3H5L[8LOLT7I8]. Important methods to study
equidistribution include uniform estimates for Bergman kernel functions [I6l20] and
techniques for complex dynamics in higher dimensions [I1]. Our article is the first to
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study equidistribution on CR manifolds and on complex manifolds with boundary.
In the first part, we establish an equidistribution theorem on zeros of CR functions.
The proof involves uniform estimates for Szegd kernel functions [I3]. In the sec-
ond part, we consider a general complex manifold M with a strongly pseudoconvex
boundary X, and we establish an equidistribution theorem on zeros of holomorphic
functions on M by using classical result of Boutet de Monvel-Sjostrand [2].

We now state our main results. We refer to section 2] for some notations and
terminology used here. Let (X,T19X) be a compact connected strongly pseudo-
convex CR manifold with a transversal CR S! action e? (cf. section ), where
T19X is a CR structure of X. The dimension of X is 2n 4+ 1, n > 1. Denote
by T € C°°(X,TX) the real vector field induced by the S! action. Take an S*
invariant Hermitian metric (-|-) on CT'X such that there is an orthogonal decom-
position CTX = T10X @ T%' X @& CT. Then there exists a natural global L? inner
product (-|-) on C°°(X) induced by (-|-).

For every ¢ € N, put

072_7'(' ;27

X, ={zeX:ePox#a,v0ec( ), €9 ox =z}

Set p := min{g € N : X, # 0}. Put X, = X,. For simplicity, we assume
that p = 1. Since X is connected, X; is open and dense in X. Assume that
X = U';;%)Xp]., 1=po<p1 <---<pi—1, and put X, 1= U;;llij.

Let 0y : C*°(X) — Q%1(X) be the tangential Cauchy—Riemann operator. For
each m € Z, put

(1.1) Hp 0 (X) == {u € C>(X) : Tu = imu, Oyu = 0}.

It is well known that dim Hy, (X) < oo (see [15]). Let fi € Hy, (X),..., fa, €
H,?ﬁm(X ) be an orthonormal basis for H,?ﬁm(X ). The Szegd kernel function associ-
ated to Hl?’m (X) is given by:

dm

Sm(a) 1= Y"1 fy(a)

When the S action is globally free, it is well known that S, (z) ~ m™ uniformly
on X. When X is locally free, we only have S,,(x) ~ m™ locally uniformly on X,q
in general (see Theorem BI]). Moreover, S,,(x) can be zero at some point of Xging
even for m large (see [I5] and [12]). Let

(1.2) a=[p1,...,pi-1);

that is, a is the least common multiple of p1,...,p;—1. In Theorem B0 we will
show that there exist positive integers 1 = kg < k1 < - -+ < kt—1 independent of m
such that

1
em”™ < Som (%) + Skyam (@) + -+ Sk, _jam(z) < =m™ on X
¢

for all m > 1, where 0 < ¢ < 1 is a constant independent of m. For each m € N,
put

t—1
(13) Am(X) = U Hl?,k:jam(X)'
j=0
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We write dpu., to denote the normalized Haar measure on the unit sphere, defined
in the natural way by using a fixed orthonormal basis,

SAn(X) :={g € An(X); (glg) =1}.
Let a,, = dim A4,,(X). We fix an orthonormal basis {gj(-m)}am of A, (X) with

j=1
respect to (-|-), then we can identify the sphere S2?m~1 to SA,,(X) by

k
(21, 2q,,) € S%m~ 1 szg](-m) € SA,(X),
j=1

and we have
d52am—1
ditm = —— 17>
vol (§2am—1)

where dS2¢m~1 denotes the standard Haar measure on S?*~~!. We consider the
probability space Q(X) := []~_, SA,,(X) with the probability measure du :=
[T _1 ditm. We denote u = {u,,} € Q(X).

Since the S! action is transversal and CR, X x R is a complex manifold with
the following holomorphic tangent bundle and complex structure J,

(1.4)

0
1,0 s
THX @ {C(T ~ig )
B

= —, Ju=riuforue TH°X.
on

Let v(z,6,n) be a nontrivial holomorphic function on X x R. We write [v = 0] to
denote the current of integration with multiplicities over the analytic hypersurface
{v = 0} determined by the nontrivial holomorphic function v on X x R. That is,
for a smooth 2n-form g € Q2"(X x R) with compact support in X x R, we have

(1.6) ([ =0],g) = /{ N

Denote by 9 (resp., 8:) the d-operator (resp., 0-operator) with respect to the com-
plex structure in (CH). By the Lelong—Poincaré formula [7, 111-2.15] and [16, The-
orem 2.3.3] (see Proposition 1)), we have

(1.7) (o = 0], g) = %/5510g|v|2/\g.

For u € A,,(X), it is easy to see that there exists a unique function v(x,n) €
C*(X x R), which is holomorphic in X x R such that U|n=0 = u (see Lemma [2.6)).
For all g € QP4(X), we extend ¢ trivially in the variable n on X x R. Then, for
[ € Q" (X) and every x(n) € C°(R), f Awo A x(n)dn is a smooth 2n-form on
X x R with compact support in X x R. We then define ([v = 0], f Awg A x(n)dn)
as in ([C6). The main result of the first part is the following.

(1.5)
JT

Theorem 1.1. With the above notations and assumptions, fiz x(n) € C§°(R) with
f x(n)dn =1, and let ,, be a sequence with lim,,,_, me,, = 0. Then for du-almost
every u = {um} € QX), we have

(1.8)

1 1 7 LR o kG
m —( [om=0], fFAwoA—x(—-)dn ) = L N
i ([om =0l fAwon —x(_=)dn) = a T+ ki + -+, w/x xAf A
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for all f € Q""Yn=1(X), where vy, (x,n) is the unique holomorphic function on
X x R such that vm‘nzo = um(x), @ = [p1,-..,pt—1], [ Nwo A —X( L)dn is a
smooth (n,n) form on X xR, the duality (-,-) in (L8)) is given by (L6, 77 denotes
the coordinate on R, wqy is the Reeb one form on X (see the discussion in the
beginning of section 2.2), and Lx denotes the Levi form of X with respect to the
Reeb one form wy (see Definition [2T]).

Remark 1.2. We explain the role €, in Theorem [Tl For simplicity, assume that
t =2 and my := am, mg := akym. Let u € Hy, (X)® Hy,, (X). Let (z,60,¢) be
BRT coordinates on an open set D of X (see Theorem [25]). On D, we write

U=u +u = al(z)eiml‘g + aQ(z)e"ng IS Hgml (X))@ Hl?’mz (X).
Then the unique holomorphic function v(z,60,n) € C*°(X x R) with U|n=0 =uis
given by
v(z,0,m) = i (2)e"™ CH 4 G ()2 O,
Then, formally
Lo
< [’U(Z, 6‘7”7) = 0]7 f(Z, 6‘) Awo A 6_X(_)d77>

m 5m

(L9 = ([in(2)em @+ 4 ()™= =0, 7(z,6) Awo A ——x( L))

m

= ([an (z)e" ™ OFiemm) - fig (z)e 2O = O, f(2,0) Awo A x(n)dn).

From the last equation of ([L9)), intuitively speaking, when me,, — 0, the integral

{00z, 0,m) = 01, (2,0) Avwig h —x(=)d)

m 5m

will converge to the integration of “CR” current ([u(z,60) = 0], f(z,6) Awp ).

Remark 1.3. Assume that the S'-action is globally free. Let u € HY, (X). Let
(2,0, ) be BRT coordinates on an open set D of X (see Theorem Im) On D, we
write u = 1i(2)e'™? and the unique holomorphic function v(z,6,7) € C®(X x R)
with v‘n:O = u is given by v(z,0,n) = u(z)e™@*+M  Then {v =0} = {u=0} xR
and for every €, > 0, we have
1

([v(2,0,m) =01, f(z,0) Nwo A —X(5 Jdn)=([v(z,0,m)=0].f(z,0) Awo A x(n)dn).
For the globally free case, we do not need &, in Theorem [[.1]

When the S!-action is globally free, then t =1, a = 1, 4,,(X) = Hl?’m(X), and
QX) = [l SAm(X) = TIp—; SHy,,(X). From Remark L3, we deduce the

following.

Corollary 1.4. With the same notations and assumptions in Theorem [, if the
St-action is globally free, then for du-almost every u = {u,,} € Q(X), we have

m—oo M

(1.10) lim i([vm =0],f Awo A x(n)dn) = %/XEX/\f/\wo

for all f € Qn=L"=1(X), where v, is the unique holomorphic function on X x R
such that vm‘ = U,
n=0
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Let Y be a compact Kéhler manifold with dim¢Y = n, and let L be a line
bundle over Y with a smooth Hermitian metric & such that the induced curvature
RE is positive on Y. Let ey, be a local frame of L. We write |ez,(y)|, = e~?. Then

L' = 200¢. Take w := ;=R to be the Kihler form of Y. Denote by H°(Y,L™)
the space of all holomorphic sections of L™. Set Q(Y,L) := [[>~_, SH°(Y,L™)
with the probability measure du := [[°_, dum (cf. (L)) As an application of
Theorem [LLT] we obtain the classical equidistribution theorem on line bundles (see
e.g. [19, Theorem 1.1] and [I6, Theorem 5.3.3]).

Corollary 1.5. With the above notations and assumptions, for du-almost every
s={sm} € QUY, L), we have
. 1
(1.11) mlgnoog[sm =0l=w
in the sense of currents.

Now we formulate the main result of the second part. Let M be a relatively
compact open subset with C* boundary X of a complex manifold M’ of dimension
n + 1 with a smooth Hermitian metric (-|-) on its holomorphic tangent bundle
TH°M’. The Hermitian metric on holomorphic tangent bundle induces a Hermitian
metric (- |-) on @7 H2AR(CT*M'). Let r € C°°(M’,R) be a defining function of
X; that is, X = {ze M';r(2) =0}, M = {ze€ M'; r(z) <0}. We take r so
that ||dr||> = (dr|dr) = 1 on X. In this work, we assume that X is strongly
pseudoconvex; that is, 90r|p.ox is positive definite at each point of X, where
THWX = THM'NCTX is the standard CR structure on X. Let dvy be the
volume form on M induced by (-|-), and let (-|-)p be the L? inner product on
C§°(M) induced by dvys and let L?(M) be the completion of C§°(M) with respect
to (-|-)a. Let H?Q)(M) = {u € L*(M); Ou=0}. By using classical result of
Boutet de Monvel-Sjostrand [2, Theorem 1.5], we see that C'*°(M )ﬂH(2)( ) is
dense in H&)(M) in the L?(M) space, and we can find g; € C°°(M )ﬂH ) (M)
with (g | gk )m =0k, 4,k =1,2,..., such that the set
(1.12) A(M) :=span {g1,82,...}
is dense in H?Q)(M). That is, for every h € H?Q)(M), we can find hy € A(M),
¢=1,2,..., such that limy_,., hy = h in L?(M) space.

To state our equidistribution theorem, we need to introduce some notations. For
every m € N, let A,,(M) = span {g1,...,9gm}, where g; € H(Q)( YN C*(M),
j=1,...,m, are as (IL.12)). Let du,, be the equidistribution probability measure
on the unit sphere

SAn(M) :={g € An(M); (9lg)m =1}.
Let 8 := {bj};il with by < b < --- and b; € N, for every j = 1,2,.... We consider
the probability space

(1.13) M, B) =[] SAs, (M
j=1
with the probability measure

(1.14) dp(B) = [T dno,-



1118 CHIN-YU HSIAO AND GUOKUAN SHAO

We denote u = {ur} € Q(M, ). For g € H?Q)(M) N C>(M), we let [g = 0] denote

the zero current in M.

Let B*0*M'" = {u € T**'M’; (u|8r) =0}, where T*%' M’ denotes the bundle
of (0,1) forms on M’. Let B*19M’ := B*0-1M’ and let B*PY M’ := AP(B*1OM') A
A(B*O*M"), p,qg = 1,...,n. Let wy = J(dr), where J is the standard complex
structure map on T*M’, and let Ly € C*°(X,T*!'X) be the Levi form induced
by wp (see Definition 21]). Our second main result is the following.

Theorem 1.6. With the notations and assumptions above, fix ¢ € C§°([—1, —%])
There exists a sequence B = {bj};i1 independent of 1 with by < by < -+, b; €N,
j=1,2,..., such that for du(8)-almost every u = {ug} € Q(M, ), we have

(1.15) klim ([ug = 0], (20)krp(kr)p AOr AOr) = —(n + 2)%00/ Lx ANwoA ¢
— 00 X

for all ¢ € C(M, B™ =1 M"), where ¢y = Jg (x)dx, Q(M, B) and du(B) are
as in (LI3) and (LI4), respectively.
Remark 1.7. By the result of Boutet de Monvel-Sjéstrand [2, Theorem 1.5], we
have
2 —(n T

Z;’;l lgj(z)|” ~ ’r ( Jr2)(z)| in M.
The numbers b; are chosen so that the function Zgjzl |gs(z)* ~ }r’(”+2)(az)| on
{r € M:—1 <r < -3} (see Theorem £.6). In general, > 7_, g5 ()| could
not be asymptotically |r’(”+2)(x)‘, and we cannot not take b; to be j. It is an
interesting question to determine the subsequence b;.

Remark 1.8. Note that for any smooth (n,n) form on M, we can write ¢ A Or A
Or near the boundary X, where ¢ € C®(M, B**~ =1 M’). From the proof of
Theorem [[.6, we actually prove that for du(S8)-almost every u = {ux} € Q(M, B),
we have

(1.16) len;()(%( [we = 0], gi )+ i—

121 [
5 % /M 00 log(—r) A gk) =0,

for all k-uniformly test form gx € Q" (M). Here k-uniformly test form g, €
Q" (M) means that for any smooth (1, 1) form 4, the integral | gi At is uniformly
bounded in k. For example, k*r¢(kr)é A Or A Or is a k-uniformly test form, where
¥ € C5°([-1,—1]) and ¢ € C>°(M, B*»~1"~1)["). In Theorem 6] we take special
test form ¢ (kr)¢AOr AOr since Theorem [[6 aims to show the asymptotic behavior
of the currents {[ur = 0]} when the supports of test forms tend to approach the
boundary X.

The paper is organized as follows. In section [2] we collect some notations we use
throughout and we recall the basic knowledge about CR manifolds. In section Bl
we recall a theorem about Szegd kernel asymptotics and give a uniform estimate of
Szegd kernel functions. Section Ml is devoted to proving Theorem [[LIl In section [
we first construct holomorphic functions with specific rate near the boundary, and
we prove Theorem

2. PRELIMINARIES

2.1. Standard notations. We shall use the following notations: N = {1,2,...},
No = NU{0}, R is the set of real numbers, R, := {z € R; > 0}. For a multi-index
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a = (ag,...,a,) € Nj, we denote by |a] = aj + ...+ a, its norm and by [(a) =n
its length. For m € N, write « € {1,...,m}" if a; € {1,...,m},j=1,....n. ais
strictly increasing if a; < ag < ... < ay. For x = (z1,...,2,), we write
¥ =z xon,
b olel
Op, = =—, 09=0%...09" = ,
Z j axj T T Tn or™
1 o a1 [ 1
ij:€8xj, D:C :ljx1 Dw:, Dx:;ax
Let z = (#21,...,%n), 2j = Xgj—1 + %25, j = 1,...,n, be coordinates of C". We
write
2=z, ZY =20t 70,
0 1 0 0 0 1 0 0
8Zj:—:—< —1 ); a?j:T:_< +1 )7
aZj 2 axgj,l a,ng 6zj 2 axgj,l a,ng
glel gled
0 =05 ...00m = el oF =071 ...05" = 5

For j,s € Z, set 0;, =1if j =5, §;, =01if j # s.

Let W be a C°° paracompact manifold. We let TW and T*W denote the
tangent bundle of W and the cotangent bundle of W, respectively. The complexified
tangent bundle of W and the complexified cotangent bundle of W will be denoted
by CTW and CT*W, respectively. Write (-,-) to denote the pointwise duality
between TW and T*W. We extend (-,-) bilinearly to CTW x CT*W. Let G
be a C* vector bundle over W. The fiber of G at * € W will be denoted by
G,. Let E be a vector bundle over a C*° paracompact manifold Wi. We write
G K E* to denote the vector bundle over W x W7 with fiber over (z,y) € W x W,
consisting of the linear maps from E, to G,. Let Y C W be an open set. From
now on, the spaces of distribution sections of GG over Y and smooth sections of
G over Y will be denoted by D'(Y,G) and C*(Y,G), respectively. Let E'(Y,G)
be the subspace of D'(Y,G) whose elements have compact support in Y. Put
Ce(Y,G):=C>=(Y,G)NE'(Y,G).

Let G and E be C*° vector bundles over paracompact orientable C'°° manifolds
W and Wi, respectively, equipped with smooth densities of integration. If A :
C§° (W1, E) — D'(W, G) is continuous, we write K 4(x,y) or A(z,y) to denote the
distribution kernel of A.

Let H(z,y) € D'(W x W1, GRE*). We write H to denote the unique continuous
operator C§° (W1, E) — D'(W,G) with distribution kernel H(z,y). In this work,
we identify H with H(z,y).

Let M be a relatively compact open subset with C'*° boundary X of a complex
manifold M’. Let F be a C* vector bundle over M’. Let C*°(M,F), D'(M,F)
denote the spaces of restrictions to M of elements in spaces C°(M', F), D'(M', F),
respectively.

2.2. CR manifolds. Let (X,T*YX) be a compact, orientable CR manifold of
dimension 2n + 1, n > 1, where 71X is a CR structure of X, that is, 79X is a
subbundle of rank n of the complexified tangent bundle CT X, satisfying T1°X N
T%1X = {0}, where T®'X = T1.0X, and [V,V] C V, where V = C>°(X,TH0X).
We fix a real nonvanishing 1 form wy € C(X,T*X) so that (wo(z), u) = 0, for
every u € THOX @ TO1 X, for every x € X. We call wy Reeb one form on X.
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Definition 2.1. For p € X, the Levi form Lx ,, of X at p is the Hermitian quadratic
form on T)-°X given by Lx ,(U, V) = —(dwo(p), UAV ), U,V € X,
Denote by Lx the Levi form on X.

Fix a global nonvanishing vector field T € C*°(X,TX) such that wo(T) = —1,
and T is transversal to T*9X @ T%1X. We call T Reeb vector field on X. Take
a smooth Hermitian metric (- | -) on CTX so that T1°X is orthogonal to T%1 X,
(u | v) is real if u,v are real tangent vectors, (T'|T) = 1 and T is orthogonal
to T1OX @ TY'X. For u € CTX, we write |u|?> := (u|u). Denote by T*1:°X and
T*91 X the dual bundles T1°X and T%' X, respectively. They can be identified with
subbundles of the complexified cotangent bundle CT* X. Define the vector bundle
of (p, q)-forms by T*P4X := (APT*LOX) A (AIT**1X). The Hermitian metric (-|-)
on CT'X induces, by duality, a Hermitian metric on CT™*X and also on the bundles
of (p,q) forms T*P9X p,q = 0,1,--- ;n. We shall also denote all these induced
metrics by (-|]-). Note that we have the pointwise orthogonal decompositions:

CT*X =T*X o T*01X & {dwp : A € C},

(2.1) CTX = T'OX @ TOLX @ {\T: A € C}.

Let D be an open set of X. Let Q7:4(D) denote the space of smooth sections of
T*P1X over D, and let Q59(D) be the subspace of QF7(D) whose elements have
compact support in D. For each point x € X, in this paper, we will identify Lx ,
as a (1,1) form at . Hence, Lx € Qb (X).

Now, we assume that X admits an S'-action: S' x X — X, (¥, 2) — ¥ o x.
Here we use ¢ to denote the Sl-action. Let T € C*(X,TX) be the global real
vector field induced by the S'-action given as follows:

_9
~ 20

Definition 2.2. We say that the S'-action ¢ (0 < 6 < 27) is CR if

(2.2) (Tu)() (u(e™ o z)) ‘ ,ue C=(X).

0=0

[T,C(X,THX)] € (X, T"X),

where [, | is the Lie bracket between the smooth vector fields on X. Furthermore,
the Sl-action is called transversal if for each x € X one has

CT(x)® T (X)® TO' X = CT, X.

If the S' action is transversal and CR, we will always take the Reeb one form
on X to be the global real one form determined by (wp, u) = 0, for every u €
TYX & T%'X and (wo, T) = —1, and we will always take the Reeb vector field
on X to be T Hence, we will also write T' to denote the global real vector field
induced by the S'-action.

Until further notice, we assume that (X, T1°X) is a compact connected strongly
pseudoconvex CR manifold with a transversal CR S'-action e?. For every ¢ € N,
put

2w 2

(2.3) X, ={veX:ePor#u,Y0ec(0,=), ¢ ox=ux}.
q

Set p := min{qg € N : X, # 0}. Thus, X,ce = X,. Note that one can renormalize
the Sl-action by lifting such that the new S'-action satisfies X; # 0 (see [6]). For
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simplicity, we assume that p = 1. If X is connected, then X is open and dense in
X. Assume that

X =UZlX,, 1=ipo<p1<- <pi1.

Put Xsing = Xl

sing

: t
convention that X,

= U;;llij, and X7, = U;;iij for 2 <r <t—1. Take the

sing *

= (). The proposition below follows from [6].

Proposition 2.3. Here, X!. s a closed subset of X, for 1 <r <t.

sing
Fix 6y € [0, 2m). Let

de™ : CT, X — CTi0, X
i@o

denote the differential map of e**© : X — X. By the properties of transversal CR

Sl actions, we can check that

e THOX - TY,) X,

00 1
(2.4) de® . TO X 1% X

eif0 <0

de™ (T(z)) = T(e0z).

Let (e?%)* : A9(CT*X) — AY(CT*X) be the pull back of e% ¢ =0,1---,2n + 1.
From (24)), we can check that for every ¢ =0,1,--- ,n

(eo)* . 7*04 X 5 Tr0a

etfoz

Let u € Q%9(X). The Lie derivative of u along the direction T" is denoted by
Tu. We have Tu € Q%4(X) for all u € Q%9(X).

Let 9, : Q%9(X) — Q%41 (X) be the tangential Cauchy-Riemann operator.
From (Z4)), it is straightforward to check that

(2.5) T0, = 0,T on Q*(X).

For every m € Z, put Q%9(X) := {u € Q¥9(X) : Tu = imu}. For ¢ = 0, we
write C°(X) := Q%0(X). We denote by 0, the restriction of d, to Q%9(X).
From (Z3]) we have the 0y ,,-complex for every m € Z:

Opom = - — QX)) — Q29(X) — QLT (X)) — ...

)

For m € Z, the gth 0y ,,-cohomology is given by

_ Kerdy : Q%4(X) — Q%0T(X)
T Imd, : QRN (X) = Q%Y(X)

(2.6) Hy,,(X)

Moreover, we have [15]
dimHg’m(X) < oo forall g=0,...,n.

Definition 2.4. A function v € C*°(X) is a Cauchy—Riemann function (CR func-
tion for short) if dyu = 0; that is, Zu = 0 for all Z € C>°(X,T*°X). For m € N,
H l?’m (X) is called the mth positive Fourier component of the space of CR functions.

We recall the canonical local coordinates (BRT coordinates) due to Baouendi-
Rothschild-Treves (see []).
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Theorem 2.5. With the notations and assumptions above, fix xo € X. There exist
local coordinates (x1,--- ,xant1) = (2,0) = (21, ,2n,0),2; = Toj_1 + iw2;,1 <
J <n,zony1 =0, centered at xo, defined on D = {(z,0) € C" xR : |z| <¢,|0] < d},
such that

0

. T=
=0 z,= L 2200 L,
T 0z oz o0 T

where {Z;(x)}7_, form a basis of T;°X for each x € D, and ¢(z) € C*°(D,R)
is independent of 0. We call D a canonical local patch and (z,0,¢) canonical
coordinates (BRT coordinates) centered at xg.

Note that Theorem holds if X is not strongly pseudoconvex.
On the BRT coordinate D, the action of the partial Cauchy—Riemann operator
is the following
= " ou Oy Ou
Opu = — —i——=—)dz;.
v Z(azj oz, 000
Jj=1
We can check that

= Op ~ 09
j=1 j=1

Hence the Levi form is

1 —
(28) £X = _Zdw0|TlvOX = 6830

Ifue Hgm(X), then dyu = 0. Tt is equivalent to

— —i—— =0, Vj.

0z, 0z 00 J
Moreover, since T'u = imu, u can be written locally as

ul, = e™m0(z).

Then

o 0

—fl + m—ipﬂ

3zj aZj
(2.9)

9~ m
= —(ae™¥) =0, Vj.
azj( ) j
That is to say, ae™? is holomorphic with respect to the (21, ..., 2, )-coordinate.
Let X x R be the complex manifold with the following holomorphic tangent
bundle and complex structure J,

0
1,0 .
T°X o {C(T Zan)}’

JT = 2, Ju = iu for u e THOX.
an
Lemma 2.6. Let u € ®pez mj<nCoe (X) with Oyu = 0, where N € N. Then there

ezists a unique function v, which is holomorphic in X X R such that v =0 = U

(2.10)
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Proof. Let D be a canonical local coordinate patch with canonical local coordinates
x = (z,6). On D, we write u = ZmeZ_lmKNum(z)emw. Note that in canonical

local coordinates z = (z,6), we have T = %. Set

V= Z um(z)eim(e-i-in)_

meZ,|m|<N

From Opu = 0, it is easy to check that v is holomorphic on D x R with respect
to the complex structure (Z.I0) and v|,—¢ = u. If there exists another function v
satisfies the same properties. Then ¢ — v is holomorphic, (¢ —v) ‘77:0 =0. Sov=w.
Thus, we can define v as a global CR function on X x R, and we have v|,—o = u.
The proof is completed. O

3. UNIFORM ESTIMATE OF SZEGO KERNEL FUNCTIONS

In this section, we will give a uniform estimate of Szegé kernel function on X. We
keep the notations and assumptions the same as in the previous sections. We first
recall a recent result about Szeg6 kernel asymptotic expansion on CR manifolds
with S action from Herrmann-Hsiao-Li [13].

For z,y € X, let d(z,y) denote the Riemannian distance between x and y induced
by (-]-). Let A be a closed subset of X. Put d(z, A) := inf {d(z,y); y € A}.

Theorem 3.1. Recall that we work with the assumptions that X is a compact
connected strongly pseudoconvexr CR manifold of dimension 2n+ 1, n > 1, with a
transversal CR S'-action. With the above notations for Xp,.,0 <r <t—1, there are
bij(z) e C®(X), j=0,1,2,..., such that for any r =0,1,...,t—1, any differential
operator Py : C*°(X) — C*(X) of order £ € Ny and every N € N, there are g > 0
and Cn independent of m with the following estimate:

‘Pg (Sm(x) — i i m Nz_:l mn_jbj(x)) ‘
s=1 §=0

¢ _ 4142
<Oy (mn—N +m7L+§e meod(z, X7 ) )7 Ym>1, Vo € Xpﬁ

where bo(x) > € >0 on X for some universal constant €.

2m(s=1) .
Note that when m is a multiple of p,, then Y 77 e” » ™ is equal to p,. When
27 (s—1) .
m is not a multiple of p,, then 27 e~ » ™" is equal to 0.

Corollary 3.2. With the above notations and assumptions, we have
Sm(z) <Cm™, Ym>1, z € X,

where C' > 0 is a constant independent of m.
Fizr=0,1,...,t — 1. There is a mg > 0 such that for every m > myg, p,|m we

have

- 1
Sm() = " (prbo() — ere 0N — ey )

for any x € X, , where c; > 0 is a constant independent of m.

Corollary 3.3. With the above notations and assumptions, let r = 0. We have
lim —Sm(I)

m—oo mmh

=byo(z), Vo € Xyeg -
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Let z,2; € X. We have
S () = Sm(21) + R (2, 1),

Ry (z,21) = /01 %(Sm(m +(1- t)x1)>dt.

By Theorem Bl with | = 1, we have the following corollary.

(3.1)

Corollary 3.4. We have
| R (z,21)| < Can+%d($,$1), V(z,z1) € X x X,
where ¢ > 0 is a constant independent of m.
The main result in this section is the following.

Theorem 3.5. There exist positive integers k1 < - -+ < ky_1 independent of m and
mo > 0, such that for all m > mg with p;lm, j =0,1,...,t—1, we have

1
™" S Sm(@) + Sk () + -+ -+ S ym(7) < Cm", Y € X,

where Sy,m(x) is the Szegd kernel function associated with Ht?,kjm(X): and C >1
is a constant independent of m.

Proof. Put XSlng = Xyeg. We claim that for every j € {0,1,...,t — 1}, we can
find ko ;=1 < kg <--- < k—1—; and mg > 0 such that for all m > mg with ps|m,
s=7,5+1,...,t—1, we have

1
(3.2) am" < Sm(@) + Skym () + -+ 4+ Sk, ym(x) < CmM™, Vo € X

sing ?

where C' > 1 is a constant independent of m.
We prove the claim ([3.2) by induction over j. Let j = ¢ — 1. Since XSmg =0,
by Theorem [B1] we see that for all m > 1 with p;—1|m, we have

Sm(z) =m"™ on X:m;

The claim 32) holds for j = ¢t —1. Assume that the claim ([B.2]) holds for some 0 <
jo <t—1. We are going to prove the claim (32) holds for jo — 1. By the induction
assumption, there exist positive integers kg := 1 < ky < --- < ks_1_j, independent
of m and mg > 0 such that for all m > mg with ps|m, s = jo,jo +1,...,t — 1, we
have

(3.3) ém” < A (&) = Sa(@) Sy (@) 4 Sy, m(x) < O, Var € X29

sing ?

where C' > 1 is a constant independent of m. In view of Corollary 3.2 we see that
there is a large constant Cy > 1 and ml > 0 such that for all m > my with p;,_1|m
and all z € X, , with d(z, X0 ) > \/—,

sing we have
(3.4) Sm(x) > em™,

where ¢ > 0 is a constant independent of m. Fix Cy > 0, where Cj is as in the
discussion before ([3.4), and let £ € N and m > 1 with ps|m, s = jo,jo+1,...,t—1.
Consider the set

C
Shom = {x € Xy, s d(z, X2,) < \/%}
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Let € Sk,,. Since X7 is a closed subset of X by Proposition 23] there is a

sing

such that d(x,xs) = d(z, Xb]f’ng) By @), we write
Am(x) = Sm(x) + Sk1m(x) + 4+ Sktquom(x)
Z(Sm(fﬂz) + Sk (T2) + -+ Sktflfjom(xz))
+(Rm(x’x2) + Rklm(x’xz) ++ Rkt—l—jom(xva))

= Am(z2)(1 + v (2, 22)),

point 29 € Xio

sing
(3.5)

where

O (@,2) = (A (22)) 7 (B (2, 22) + Ry (@,22) -+ + R,y (@,2)).
Then with Corollary 341
on]  —om o
Um| S mitr < —.

vk

From [B3) and (3.0]), we see that there is a large constant k;_;, and mg > 0 such
that for all m > mgy with ps|m, s = jo,jo + 1,...,t — 1, we have

m=" n+%

(3.6)

N . ) Co
(3.7) Am(z) >em”, Vo€ Sy, m= {x € Xy, 1 dz Xglong) \/TW} )

where é > 0 is a constant independent of m. In view of ([B4]), we see that for all
m > max {my, ma} with p;,_1|m, we have

(3.8) Sky_jom(x) = em", Vo € X,

Pjp—1

: Jo Co
with d( X51ng ) \/m7
where ¢ > 0 is a constant independent of m. From (B8] and (B1), we get the claim
B2) for j = jo — 1. By the induction assumption, we get the claim (B3:2) and the
theorem follows then. O

4. EQUIDISTRIBUTION ON CR MANIFOLDS

This section is devoted to proving Theorem [Tl For simplicity, we assume that
X = X,, UX,,, po = 1. The proof of general case is similar. Let k; be as in Theo-
remB30l Let oo = [1, p1] = p1. Werecall notations used in section[ll For each m € N,
put Ap(X) = Hp o (X)UH gy (X), SAR(X) = {g € Am(X); (g]g) = 1},
and let dp,, denote the normalized Haar measure on the unit sphere SA,,(X).
We consider the probability space Q(X) := [[,°_; SA,,(X) with the probability
measure dp = [[°_; dfim,.

We first recall briefly the Lelong-Poincaré formula (see [7, 11I-2.15] and [16
Theorem 2.3.3]).

Proposition 4.1. Let Y be a complex manifold, and h be a meromorphic function
on 'Y, which does not vanish identically on any connected component of Y. Then
h is locally integrable on'Y and satisfies the following:

(4.1) ([h=0],w) = /{h—o} w= %/0510g |h| A w,

where w is any test form on'Y .
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Let u € SA,,(X), and let v(z,6,n) be holomorphic function on X x R with
V|y=0 = u. For simplicity, let m; := am, ma := akiym. On D, we write

u=uy +up =iy (2)e"™? +ay(2)e™? € Hy . (X) & Hyp ., (X).

Then,

v = ﬂl(z)eiml(’_m”’ + ﬁg(z)eim"“g_m?”.

Let g € Q2"(X x R), ([v = 0], g) is defined in ([L6). Denote by & (resp., 5) the
O-operator (resp., -operator) with respect to the complex structure in (LH). Since
v is holomorphic with the complex structure, then by the Lelong—Poincaré formula,
we have

(12) (v=0.9)= 5 [ 30105 |oP Ag.

This is globally defined which is independent of the choice of BRT coordinates in
the following local calculation.

Let D be alocal BRT canonical coordinate patch with canonical local coordinates
(2,0,0). Let x = (x1,...,22n41) = (2,0), 2j = x9j_1 +iz9;, j =1,...,n. We
choose a partition of unity {¢,} on X, and consider ¢,g with suppyy C D. So we
can assume suppg C D x R. On D x R, we have

- %) 1,0 0 .
:Z 8 82 )ae)dz —l——(%—za )(—wo + idn)
(4.3) ! 5 J)a 5 ;
SN 54 L0 wn i
3—]; oz o ae)dzj—f—z(ae—i-za )(—wo — idn).

Recall that
= Op = 0o
=1 Jj=1
Then
n n n n
. . Op ) op . ) Op ) Op . _
_ o) =do — . F Az, _ kPO hadyry
wo+id(n — ) zZazj dZJ_HZ(%j Zj+idn Z;azj dz; z;aéjdzj

=df —2i Za—dzj—l—zdn
Jj=1

Denote by d and 0 the standard d-operator and d-operator on (z, §4in)-coordinates.
For simplicity, let h be a function (or form) on X x R, and we have:

(44) (O)(e.0.1=0) = Y (G (20— )+ 7o D T = )i

(G0 = ) = 508, = @) (—wn + id(n — )
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=S et — ) + TS L = )y

—1
1 oh Oh & a |
+5(%(&9,77—30)—za—n(z,e,n—g@))(dG—Qz;a—zjdzj—I—zdr])

-, 0h dp(z) Oh

_j=1(8zj (2,0, QD) azj an( 9 77 @))d’z]
1 0h oh .

+5(@(279m—s@)—16n(z 0, — ¢))(dO + idn)

= a(h(z’gvn - 50))

Similarly we have

(45) (5h)(2, 0; n— 50) = g(h('za 9’ n- 90))7 (55%)(23 0; n- 90) = ag(h(zv 93 n- ‘P))
Fix x(n) € C(R) with [x(n)dn = 1. Let f € Q) """'(D). Note that

az v(z,0,n—p(2) =0, =1,....,n, (& —I—ia%)v(z,e,n — ¢(z)) = 0. From this

observatlon, #2), @A), (ET) and the Lelong—Poincaré formula, we have

<[U(Z, 9377) = O]v f(z’g) A wO(zv 0) A X(U)dm

O 2 L [ a0 otz 6.0 97 A J(10) Aol 0) A x(n - @)~ )

To prove Theorem [Tl we only need to show that for du-almost every {u,,} €
Q(X), we have

.1 1 L4+ kP
4. lim —([vy, = 0], —()dn) =a—2+ —
(4.7)  lim —([om = 0] waOAemX(am) n)=a T

/ ﬁX/\f/\UJ(L
X

where vy, (z,m) € C®°(X x R) is the unique holomorphic function on X x R with
U (2, 1) [g=0 = Um ().
It follows from (6] that

(10 =007 A A —x(Z2)dn)

m

(@8) =g [ B0loglm(z)em ) g gy (et
s

n— 1
A F(2,8) Ao A X(—E)—(dn - dp).

Let Sy, (resp., Sm,) be the Szegd kernel functions of 1y, (X) (vesp., Hy,, (X)).
By using the same arguments as found in Shiffman—Zelditch [I9, Section 3] and
Ma-Marinescu [16, Section 5.3] and (£8), we deduce that for du-almost every
{um} € Q(X), we have

(4.9)
tim (= (o = 0], F Awo A —x()dn) — o
m—oo \M m ’ “o me Em TI 2m7r
) 2ma(p—mn) 2ma(p—n) n—ey 1o -
001og(e Sy e Sma ) NN wo A X( . )E (dn—dy) ) =0.

Let F, = e?mile=mg 4 e2male=ng
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Proof of Theorem [L1l. In view of (@3], to prove Theorem[IT] it suffices to compute
) = — 1
(4.10) lim L/(‘)@logFm/\f/\wo/\x(u)—(dn—dgo).
m—o0 2Mmm Em  Em

Recall that Sp,, + S, = m™ on X (see Theorem B.3)). We write F' = F,,,a; =
Sy, a2 = S, for short. We have

OOF _OF A OF

(4.11) d0log F = - 73

We can check that
OF = §(e?™1(¢=m gy 4 e2m2(e=m)g,)
(4.12) = 2= g, + 2m2(#=1) g,
+2myar 2™ (g — ) + 2maage®™ 2P I(p — 1),
OF = §(e?m1(e=m g, 4 e2ma2(e=m)g,)
(4.13) = 2PN g, + 2201 g,

+ 2mya1e?™ (o — 1) 4 2maare®™ 2D H(p — 7).
and
OF NOF = (2™~ g, + ¢2m2(e=m g,

+ 2m1a1€2m1(¢—n)5(¢ —n)+ 2m2a262m2(s@—n)3(@ —n))
A (62m1(<ﬁ*n)5a1 + 62m2(¢*n)5a2

+ 2mya1e*™ DI (p — 1) + 2maaze®™ 2P (p — n)).

(4.14)

Moreover, we have
HOF = 8(62’”1(“’_")&11 + e2m2(v=1) jg,,

+2miar ™ TN — ) + 2maaze”™ O — 1))

= 2™ ™M 9day + 2m1 2™ Mo — ) A day

+ 222 §Pay + 2mee?™2 "M d(p — 1) A dag

+ 2m1a1e*™ 79D (¢ — 1) + 2m10(ar1e*™ P A D(p — 1)

+ 2maaze®™ TN — ) + 2mad(aze®™ =) A D (p — 1),
and furthermore, we have

2m19(are®™ =) A D(p — )

(4.15)

(4.16) " .
= 2my (2™ P 9ay A D(p — 1) + 2myar 2™ DA — ) A D(p — 1))
and
2mo0(age2™2(P=MY A §(p —
(417 20(az ) A O(p —n)

= 2my(e*™2P M day A D(p — ) + 2maaze®™ 2P (o — 1) A d(p — 1)).
We first compute the following kinds of terms in (Z.I0):

(4.18) /62mj(“"”7)3(<p—77)Aéaj/FAwaoAx(ng_—@)gi(dn—dw), je{1,2}.

m

(4.19) /62"”(4’_")5(90—77)/\8aj/F/\f/\wO/\)((77 L'zj)gi(dn—dcp), je{1,2}.

Em m
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(4.20) /%eszw’v)aéaj/FAwaoAx(t—@)gi(dn—dp), je{1,2}.

(4.21)
_ — 1
ajezmj(“’_")62"“‘(“’_7’)8ak/\8(go—77)/F2/\f/\w0Ax(775—('0)6—(d77—d<p), J.ke{l,2}.
m m
(4.22)
a —¥m 1 .
/ajezmj(‘P_”)eQm’“(“’_”)aak/\a(@—n)/F2Af/\cu0Ax(n 6('0 )5—(dn—dcp), Jke{1,2}.
m m
(4.23)
1

_ - 1
—e2m7(“"_")62’”"(w_”)aaj/\Gak/FQ/\f/\wo/\Xmg—(p)6—(d7]—dgp), J,ke{1,2}.

m m m

It is straightforward to check that
A —n) Awo A (dn —dp) =0, 8 —n) Awo A (dnp — dip) = 0.

From this observation, we see that terms (£1]), (£I9),(@21]), and [E22) are zero.
For ([E20) and [@Z3)), note that lim,, o me, = 0, then lim,, o, e275(#=7) =1

in the support of y (=2 ) From Theorem [3.I] and Lebesgue dominate theorem, we
have

‘/ L om;o-m 994, /F/\f/\wo/\x(né_ S0)81 (dn—dw)‘

m m

(424 mn + mn+1 7m150d ( Xsing)
<_/ 1 — —0 asm — oo, Vje€{1,2},
and
) B — 1
’/ aeQmJ(g;—n)e?ﬂlk(‘P_n)aaj Aday/F2 A f Awg A X(ne—@)g_(dﬂ - d@)‘
(4.25) s

mf + m?ﬂe*”modz(“:*xf‘-ing )

m —0 asm — o0, Vjke{l,2}.
m

From (4.14), (A.13)), (.16), (£I7), and the discussion above, we conclude that the
only contribution terms in ([@I0) are those involving 00y, which is exactly the Levi
form Lx of X. Then for du-almost every {u,,} € Q(X), we have

1 1
lim —([vy, Awo A — d
o (fom = 0], f A wo mX(gm) n)
n—¢ 1
= lim —/8310gF A fAwo A x(—=)—(dn — dp)
m—oo 2ma Em m
(4.26) = lim _r (2m1a162m1(“"7")—|—2m2a262m2(‘ﬁ*”))

m—o0 2T
n—p, 1
000 A f Ao Ax(—= —)—{dn—d)
L i aSam(l')+k1aSak1m(x)
i / Sam (@) + Sakym (@)

From Corollary B3] Theorem Bl Lebesgue dominate theorem, and (£26), we
deduce (). Theorem [I] follows. O

854,0/\]”/\0.)0.
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5. EQUIDISTRIBUTION ON COMPLEX MANIFOLDS
WITH STRONGLY PSEUDOCONVEX BOUNDARY

In this section, we will prove Theorem Let M be a relatively compact
open subset with C* boundary X of a complex manifold M’ of dimension n + 1
with a smooth Hermitian metric (-|-) on its holomorphic tangent bundle T*°M’.
From now on, we will use the same notations and assumptions as in the discus-
sion before Theorem We will first recall the classical results of Boutet de
Monvel-Sjostrand [2] (see also second part in [14]). We then construct holomor-
phic functions with specific rate near the boundary. We first recall the Hérmander
symbol spaces

Definition 5.1. Let m € R; ST, (M’ x M'x]0,00[) is the space of all a(x,y,t) €
C>®(M' x M'x]0,00[) such that for all local coordinate patch U with local co-
ordinates © = (z1,...,%2,42) and all compact sets K C U and all a € Ng"“,
B € N2 ~ € Ny, there is a constant ¢ > 0 such that }82‘358?a(x,y,t)} <
c(1 + [t (z,y,t) € Kx]0,00[. Here ST is called the space of symbols of
order m type (1,0). We write Sy o° =[S

Let ST (M x Mx]0,00[) denote the space of restrictions to M x M x]0, 00| of
elements in ST (M" x M'x]0, oo[).

Let a; € STS(H x Mx]0,00[), 7 =0,1,2,..., with m; \, —oc, j — co. Then
there exists a € S7'g (M x M x]0, 00[) such that
— > a; € ST (M x Mx]0,00[)
<5<k

for every k € N. If a and a; have the properties above, we write

oo
a~ Y ajin SY8(M x M x [0, 00]).
j=0

Let dvps be the volume form on M induced by (-|-), and let (-|-)a be the
L? inner product on C§°(M) induced by dvys, and let L?(M) be the completion
of C§°(M) with respect to (-|-)a. Let H(Q)( ) = {ue€ L*(M); du=0}. Let
B : L?>(M) — H°(M) be the orthogonal projection with respect to (-|-)as, and let
B(z,w) € D'(M x M) be the distribution kernel of B. We recall classical result of
Boutet de Monvel-Sjostrand [2].

Theorem 5.2. With the notations and assumptions above, we have
oo

(5.1) B(z,w) = / e PE (5w, t)dt + H(z,w)

0
(for the precise meaning of the oscillatory integral f e =Wtz w, t)dt, see Re-
mark 5.3 below), where H(z,w) € C>(M x M),
b(z,w,t) € S"H(M x M x]0, o),
b(z,w,t) ~ Z] 0 b (z,w)t" 9 in the space Sf'(’)'l(M x M x]0, 00]),
bi(z,w) € C®°(M x M), j=0,1,..
bO(ZaZ) # Oa KRS Xa

(5.2)

)
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and

(5.3)

d(z,w) € C°(M x M),

d(z,2) =0, z€X, ¢z,w)#0 if (z,w) ¢ diag (X x X),

Im¢(z,w) >0 if (z,w) ¢ X xX,

#(2,2)=r(2)g(z) on M, g(z)€ C>°(M) with |g(z)| > c on M, ¢ > 0 is a constant.
Moreover, there is a content C > 1 such that

(5.4)

1
o (dist (2,9))? < |dyo(z, )] + [Im (z, )| < C(dist (z,)), V(z,y) € X x X,

where d,, denotes the exterior derivative on X and dist (x,y) denotes the distance
between x and y with respect to the give Hermitian metric {-|-) on X.

Remark 5.3. Let ¢ and b(z,w,t) be as in Theorem 5.2l Let y = (y1,...,Y2n+1) be
local coordinates on X, and extend yi,...,¥2,+1 to real smooth functions in some
neighborhood of X. We work with local coordinates w = (y1, ..., ¥Y2n+1,7) defined
on some neighborhood U of p € X. Let u € C§°(U). Choose a cutoff function
x(t) € C*(R) so that x(t) =1 when |¢t| < 1, and x(¢) = 0 when || > 2. Set

(Bou)(2) = /0 h /Meww)tb(z,w,t)x(et)u(w)dw(w)dt.

Since dy¢ # 0 where Im ¢ = 0 (see (5.4))), we can integrate by parts in y and ¢, and
obtaiilimeﬁo(Bﬁu)(z) € C°°(M). This means that B = lim._,o B, : C®°(M) —
C*>°(M) is continuous.

We have the following corollary of Theorem
Corollary 5.4. Under the notations and assumptions above, we have
(5.5) B(z,2) = F(2)(=7(2)) "2 + G(2) log(—r(2)) on M,
where F,G € C*®(M) and |F(2)| > c on X, ¢ > 0 is a constant.

Since COO(M)HH&)(M) is dense in H&)(M) in L?(M), we can find g; €

C“(H)QH&)(M) with (g | gk )m = 0;%, 7,k =1,2,..., such that the set

(5.6) A(M) :=span {g1,82,...}

is dense in H&)(M). Moreover, for every u € L?(M), we have
(5.7) Z;.Vzlgj(u\gj)M—)Bu in L2(M) as N — oo.

Fix k € N, k large. Fix o € M with i < |r(zo)| < % Let © = (x1,...,%on12) be
local coordinates of M defined in a small neighborhood of z¢ with x(z¢) = 0. Let
X € C5°(R?"*2) with x = 1 near 0 € R?"*2, For £ > 0, put x.(z) = e~ "2y (L).
From (57, for every € > 0, € small, we have

o0

(5-8) (g5 1 x )nrl* = (Bxe | xe -
J=0
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Since B(z,w) € C*°(M x M), we have
(5.9) gg%(_z; (951X ) = Blao, zo)m(wo),
j:

where m(z)dzy - - - drop2 = dvyy.
From ([B.7), for every 1,69 > 0, €1, €2 small, we have

o0
D 1095 I xe )ar = (g5 1 xe )l
(5.10) s
= (BXe, | Xey ) = (BXey | Xeo )M — (BXey | Xey )t + (BXey [ Xen )t

Since B(z,w) € C*(M x M), we deduce that for every > 0, there is a C5 > 0
such that for all 0 < 1,62 < Cy, we have

(5.11) D105 I xe ar = (95 [ xen Iua[* < 6.
7=0

Now, we can prove the following.
Theorem 5.5. We have Z;i1 lg; (z0)> = B(xo, zo)m(xo).

Proof. From (£.9), it is easy to see that
(5.12) > lg;(xo)[* < B(xo, mo)m(xp).
j=1

Let 6 > 0, and fix 0 < g9 < Cs, where Cs is as in (5.11)). Since 3272, [(g; | Xe, Il <
oo, there is a N € N such that

o0

(5.13) > (g5 Ixeo )l < 0.

j=N+1

Now, for every 0 < € < ¢q, from (.I1]) and (&I3]), we have

(5.14)

2 2
> (g lxa)ul* <2 Z (g5 1 x ) = (g5 I xeo)nal? +2 > 1951 xe0 )]
J=N+1 j=N+1 J=NH

2 2
<2 (g5 |xe)ar = (g5 | xeo )nal* +2 ) 10951 X0 )]
J=1 j=N+1
< 4.

From (&14)), we deduce that

(5.15) hm sup Z [(g;]xe)n 2 < 46.
j=N+1
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Now,
oo N
Z ‘g] :L‘() > Z |gj :EO = Z 9gj |X€
j=1 j=1
(5.16) > Timinf (3195 Ixe Jar Zl 95 1x )
j=1 N+1

>hmlnf2| (gi 1x )l —hmsupZI (g5 xe)ml”.
e—0 N+1

From (£9), (515), and (BI6), we deduce that

i |95 (0)|* > B0, wo)m(wo) — 4.
Since ¢ is arbitrary, we conclude that
(5.17) i |9 (0)|* > B(zo, 0)m(w).

From (BI7) and (5I2), the theorem follows. O

From Theorem [5.5land (5.0)), we deduce that there is an N,, € N such that

(5.18) "2 (@0) > lgi(xo)*| > 5 [F (o)l

where F' is as in (5.5]). Let

(5.19) hoy = —y———— Zgj ‘gj )|
Z |gj (il?() j=1

Then, hy, € H&) (M)NC°(M) with (hg, | hsy )ar = 1, and there is a small neigh-
borhood Uy, of z¢ in M such that

(520) hay(@)] > 7 1F(@)].

Assume that {:c eEM, 5 <|r(@)| < +} C Uy UUr, U- ~+UUs,, , and let hy; be as
in (519), j = ,ay. Take B € N be a large number so that

{hxovhmla"'ahzak} C Sparn {glag2v~",gﬁk}'

From (B20)), it is easy to see that

|F(z)] on{z €M, 3 <|r(z)| <1}

.

(5.21) [P Zm 2l >
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Note that |F'(z)| > ¢ on X, where ¢ > 0 is a constant. From this observation and
(E21), we get

Theorem 5.6. There is a kg € N such that for every k € N, k > ko, we can find
Bi € N such that

B
(5.22) r"2(@2) > gi(@)P| = co on {we M, & <|r(x)| < 1},
j=1

where cg > 0 is a constant independent of k.

Let b; = Bro+; € N, j =1,2,..., where §; and k are as in Theorem [5.6l For
every m € N, let A,,,(M), SA,, (M), and du,, be as in the discussion before ([I3).
Let 5 := {b; };’;1, and let Q(M, 8) and du(B) be as in (LI3]) and (I.I4)), respectively.
For each k =1,2,3,..., let

by
Pe(w) = lgj(@)[*

Let ug, € SAp, (M). Then, uy, can be written as uy, = Z?’;l Ajg; with Z?’;l N =
1. We have the following.

Theorem 5.7. With the notations and assumptions above, fix ¢ € C5°([—1, —%])
Then, for du(B)-almost every u = {uy} € Q(M, ), we have
(5.23)
— 1 _ —
lim (( [ur =0],(20)krip(kr)pAOr AT )+ — / (log Pk(x)) kmﬁ(kr)@@@\@r/\@r) =0,
™ JM

k—o0
for all ¢ € C*(M, B~ L=t M),

Proof. The proof essentially follows from Shifffman—Zelditch [I9], we only sketch
the proof here. By using density argument, we only need to prove that for any
¢ € C(M, B*"~Ln=1T* M), there exist du(3)-almost every u = {uy} € Q(M, B),
such that

(5.24)
kl;n;(( [ug =0], (20)kryp (kr)pAOrAOr >+% /M( log Py, (m))k‘r¢(kr)85¢/\8r/\5r> =0.

We claim that

Ry = /
S2bk_1
1

+ 1 /7(10g Py (2))krp(kr)0dé A Or A grrd,ubk N = O(E)
M

by
(1> Ajgj =01, (20)krp(kr)g A or A Or)
(5.25) j=1

™

From (5.25), we see that >_;-, Ry < 400, and by Lebesgue measure theory, we get

(E24). Hence, we only need to prove (G5.25)).
For (z,y) € M x M, put

:

St ong@ S A )
e e [ (2 [

fio = —%krw(kr)c?g(b(y) AOr A Br € Ce° (M, T+ ),

)dﬂbk (A,
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By using the same argument in [19] (see also Theorem 5.3.3 in [16]), we can check
that

(5.26) Ry — / Qi) fuo(@) A fiy).

M x M

Moreover, from Lemma 5.3.2 in [I6], there is a constant C} > 0 independent of
(z,y) € M x M such that

(5.27) |Qk(z,y) — Cx| < C, Y(x,y) € M x M,
where C' > 0 is a constant independent of k. From (5.27)), it is easy to check that
1
(5.28) (@t - C) i) n )| = O
Mx

By using integration by parts, we see that fﬁxﬁ (Qk (z,y) —Ck) fe(@)Afr(y) = Ry.
From this observation and (5.28]), the claim (5.25) follows. O

Proof of Theorem [LG. In view of Theorem [5.7] we only need to show that
1 3 a )
lim —— / (log Py (x))kry(kr)0dp A Or A Or = —(n + Q)Lco/ Lx ANwo A ¢,
k—oo T J3F 2 7 Jx
where ¢o = [ ¥(z)dz. Now,

_ % /_( log Py () ) krt(kr) 006 A Or A D

M

- /_( log(Pi(x)(—r)"™*2(2)) ) ko (kr)9D A O A Dr

M

(5.29) Lot /

™ JM

<log(—r)(x)>krw(kr)85¢ A dr A Br

_ _% /_( log(Pi() (=)™ 2(2)) ) ko (r)506 . Or A r

M

— in2—;2 /_( log(—r) (x))kr@b(kr)@@;ﬁ Awo Adr,

M

where wy = J(dr), J is the standard complex structure map on T*M’.
From Theorem [5.6] it is easy to see that

(5.30) lim L /M( log(Pk(x)(—r)"+2(x)))kr¢(kr)35¢ AOr Adr =0.

k—+oco T

By using integration by parts, we have

2 —
_ an‘; /ﬁ(log(—r)(x))km/;(kr)aaqs Awo A dr

= —z‘nz—;Q /M<(85 log(—r))(x)>krw(kr)¢ Awg Adr

n+2
2T

(5.31)

=—i /_ A0r(2)kp(kr)d A wo A dr
M
— —(n—|—2)ico/ Lx ANwoA¢ as k — oo,
2T be

where ¢ = [ ¢(z)dz. From (£.29), (530), and (5.31)), the theorem follows. O
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