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CONJUGACY CLASSES OF COMMUTING NILPOTENTS

WILLIAM J. HABOUSH AND DONGHOON HYEON

ABSTRACT. We consider the space Mg, of regular g-tuples of commuting
nilpotent endomorphisms of k"™ modulo simultaneous conjugation. We show
that Mg, » admits a natural homogeneous space structure, and that it is an
affine space bundle over P?—!. A closer look at the homogeneous structure re-
veals that, over C and with respect to the complex topology, Mg, is a smooth
vector bundle over P21, We prove that, in this case, Myg,n is diffeomorphic to
a direct sum of twisted tangent bundles. We also prove that Mg, » possesses a
universal property and represents a functor of ideals, and we use it to identify
My,n with an open subscheme of a punctual Hilbert scheme. Using a result
of A. Iarrobino’s, we show that Mg, — P97! is not a vector bundle, hence
giving a family of affine space bundles that are not vector bundles.

1. INTRODUCTION

The space of commuting matrices {(4, B) € gl,, @ gl,, | [AB] = 0}, oft called the
commuting variety, has received a fair amount of attention, especially in regard to
the irreducibility question [MT52,MT55Ger61,[GS00]. The nilpotent commuting
variety is the closed subvariety consisting of commuting nilpotent pairs, which has
also been researched extensively by several authors: Baranovsky [Bar01] (char(k) =
0 or char(k) > n), Basili [Bas03] (char(k) = 0 or char(k) > n/2) and Premet [Pre(3]
(for all characteristics) showed that the space is irreducible and has dimension
n? — 1. Baranovsky went on to conjecture that the corresponding variety for any
complex semisimple Lie algebra g is equidimensional of dimension dim g. Indeed, a
more general statement is proven in the aforementioned article by Premet: When
the characteristic of the algebraically closed base field k is good for a connected
reductive group G over k and the derived group of G is simply connected, each
irreducible component of

{(X,Y)eg|[XY] =0, X,Y nilpotent}

has dimension equal to that of the derived group [G, GI.

In this article, we shall be concerned with the space M, , of regular g-tuples
of commuting nilpotents Nq,..., N, € End(V) up to simultaneous conjugation,
where k is an algebraically closed field and V' is a k-vector space of dimension
n. A g-tuple (Ny,...,N,) is said to be regular if N/'"' # 0 for some i. It is
rather surprising that this natural space, with a definite moduli theory flavor, has
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completely evaded any research activity. Indeed, it turns out that M, ,, exhibits a
rich and interesting geometry which will be revealed throughout the paper. In the
rest of the introduction, we shall give a detailed overview of our results and a road
map for the paper.

We begin by associating with a g-tuple (NVy, ..., N,) of commuting nilpotents in
End(V), a k-algebra homomorphism

p: klzx1,...,zs] — End(V),

That is, we have an associated representation of Ag,, = klz1,...,24)/(1,..., 24"
In Section [2| we shall prove that two cyclic representations p, p’ are isomorphic if
and only if ker(p) = ker(p’) (Proposition [Z4]). Moreover, an annihilator ker(p) of
a regular representation is of the form a(qi) for some automorphism « of Ay,
where q1 = (z9,23,...,24) (Lemma [ZJ)). Hence the space Mg, of regular g¢-
tuples of commuting nilpotents modulo conjugation can be realized as the orbit
space Aut(A,,)/G1, where Gy is the stabilizer of ;. The subsequent sections are
devoted to the study of the structure of this orbit space.

In Section 3], we define relevant algebraic groups and gather some basic properties
which will be employed in the study of M, ,,. The parabolic group P; = GL4(k) N
G1, the group Z, , = ker(Aut(A4,,,) = GL4(k)) of linearly trivial automorphisms,
and the quotient group Z, ,,/(Z,,, N G1) play especially important roles. These are
affine group schemes, and we compute their dimensions.

In Section @l we show that M,, as a homogeneous space is isomorphic to
an affine space bundle over P9~! with fiber isomorphic to the quotient group
Zyn/(Zgn NG1) (Proposition E3)).

Proposition. We have an isomorphism My, ~ GLq(k)x" L, ,, /(Z,.,NG1), where
Py acts on Ly /(Zgn N G1) by conjugation. In particular, Mgy, is an equivariant
bundle of relative dimension (¢ — 1)(n — 2) over szl.

Due to this proposition, it is clear that the P;-space structure of the quotient
group Z, n/(Zyn N Gi) is the key for understanding the bundle structure of M, ,,
over P9=1. To this end, we further investigate the structure of groups Z,, and
Zyn/(Zyn NG1) in Section Bl Corollary [5.4] gives a coordinate system under which
Zyn/(Zyn N Gr) is identified with an affine space, and this allows us to study the
affine bundle structure of M, ,, in an explicit manner in the subsequent section.

In Section [l we build on the results from Section Bl and study the topology
of Mg, as a complex manifold over C. Algebraically, the P;-space structure of
Zyn/(ZynNG1) is not very well behaved. But once we pass to the smooth category,
the Pj-structure is easy to understand due to our work in Section Bl We prove the
following.

Theorem. The moduli space Mg, as a smooth fiber bundle is isomorphic to the
direct sum EB;L;; Tpa—1(+7) of twisted tangent bundles.

In Section [7, we shall prove that M, , is a fine moduli scheme in the sense of
algebro-geometric moduli theory. The space My ,, is an orbit space Aut(A,.,)/G1
parametrizing length n ideals of A, ,,, and we can show that the induced sheaf Z(q1)
on it has a universal property. The next theorem follows from this.
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Theorem. The space Mg ., is a fine moduli scheme for the moduli functor Mg, :
Sch/k — Sets from the category of k-schemes to the category of sets, defined by

Mg .n(S) = {Ideal sheaves T C Og @y, Ag.n ARR and flat over S},

where ARR is short for “annihilates regular representations” (Definition [T1]).

By using the universal property, we can readily identify M, , with an open
subscheme of a suitable Hilbert scheme. Our main theorem below will be proved
in Section [8

Theorem. M,, is isomorphic to an open subscheme of the punctual Hilbert
scheme Hilbﬁ)] P,

This implies that Ms, has Hilb[%] P? as its completion since the latter is ir-
reducible (cf. [Bar0ll Theorem 7]). In general, the punctual Hilbert schemes are
reducible and M, ,, sits inside a particular component [lar72b].

Finally, we use a theorem by Tarrobino [[ar73] and show the following.

Theorem. M,,, — P! is not a vector bundle in the algebraic category forn > 4.

This is quite interesting on its own: Examples of affine space fiber bundles that
are not vector bundles are quite rare.

2. THE ARTINIAN ALGEBRA Ag, AND ITS REPRESENTATIONS

With a g-tuple (Ni,..., Ny) of commuting nilpotents in End(V'), one can asso-
ciate a k-algebra homomorphism

¢: k[z,...,zy] — End(V),

Since N;’s are nilpotent, ker(¢) contains the ideal J, , generated by all forms of
degree n in the variables z1, ..., z4. Of course, J, ,, = m{j, where mg is the maximal
ideal generated by z1,...,z,.

Definition 2.1. Let A, ,, = k[x1,...,%4]/Jgn, and let m = mg/J, ,,. We shall call
Ag.n the ring of n-nil polynomials.

Clearly Ay, is an Artinian k-algebra of k-dimension ("1771).

A representation of A, , will mean a k-algebra homomorphism p : A,, —
End(V). Through a representation p, V is endowed with an A, ,-module struc-
ture. We denote it by V,. The correspondence between g-tuples of commuting
n-nilpotents in End(V') and representations of A, ,, is bijective. For this reason, we
consider

q
Ny i= {(Nl,...,Nq) e [Ta™ | N =0,[N;, N;] = 0 Vz‘,j}

as the variety of representations of A, in V, regarded as a subvariety of the g-fold
product of the affine n2-space with underlying vector space End(V).

Definition 2.2. A representation p is called regular if p(u™~1) # 0 for some u € m.
It is said to be cyclic if there is a vector v € V' such that p(A4,,) -v="V.

Definition 2.3. A g-tuple (Ny,...,N,) of commuting nilpotents in End(V) is said
to be regular (resp., cyclic) if the corresponding representation p : A, , — End(V)
determined by p(x;) = N; is regular (resp., cyclic).
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Evidently a regular representation is cyclic. Also, the regular (resp., cyclic)
representations form a Zariski open subset N, o (T€sp., ./\/’qf ) of the variety

Ngn = {(N1,...,Ny) € My, (k)®?|[N;N;] = 0,N* =0 Vi, 5}

of g-tuples of commuting nilpotent matrices since it is the complement of the van-
ishing locus of a collection of suitable minors. Note that this does not mean that
the nonregular locus is determinantal since the nilpotency condition defining N,
is in general not determinantal. We write M ,, (resp., Mg ) for the set of equiva-
lence classes of points of J\/:; » (resp., ./\/’,i ,,) under simultaneous conjugation. Clearly
M n is a proper subset of Mg . Note that we will drop the superscript “r” when
we pass from N, to the quotient M, ,, for notational convenience later on.
Given a representation p, we write A(p) for the annihilator in Ay, of V,.

Proposition 2.4. Let p and p’ be two cyclic representations of Aq,,. Then'V, and
Vo are isomorphic as Agqn-modules if and only if A(p) = A(p'). The isomorphism
classes of cyclic representations of Ag,, are in bijective correspondence with ideals
in Agn of codimension n.

Proof. If p is cyclic with cyclic generator v, then the annihilator of v is equal
to the annihilator of V,, and the map a — av induces an isomorphism between
Agn/A(p) and V,. It is trivial that if two representations are isomorphic, then
their annihilators are equal. All that must be shown is that if I is an ideal in
Ay of codimension n, then there is a cyclic representation (p, V') with annihilator
I'= A(p).

If I is of codimension n, then A, , /I is a vector space of dimension n, so there
is an isomorphism (of k-vector spaces) 6 : A,, /I — V. Define p by the equation
p(a)v = 0(af~1(v)). This gives a representation of A4,, with cyclic vector 0(1). O

Lemma 2.5. Let (Z1,...,2Z,) be a regular g-tuple, i.e., Zf_l # 0 for somei. Then
(1) any Z; is a polynomial in Z;, and
(2) if (p, V) is the corresponding representation, then there is a k-algebra iso-
morphism p(Aq ) ~ k[z]/2"k[z].

Proof. Suppose that Z; is of rank n — 1, and let v be a vector not annihilated by
ZP~Y Then {v, Zv, Z3v,..., Z} *v} form a basis of V: If Z?;Ol a; Z'v = 0 with
ag=a;=-++=am_1 =0 and a,, # 0, then we would have

anmfl(amva) _ _anmfl(amleszrlv 4+ 4 anilznflv) =0,

which is contradictory of our choice of v. With respect to this ordered cyclic basis,
Z, is represented by the n xn matrix X, with 1 on the subdiagonal and 0 elsewhere.
An elementary computation shows that any n x n matrix commuting with X is a
polynomial in X. The first item follows, and we let f; denote the polynomial
without a constant term such that f;(Z1) = Z;. Then the kernel of p is generated
by x; — fi(z1), so p(Agr) is isomorphic to Ay, /(x2 — fo(z1),..., x4 — fe(z1)) =~
klz] /(1) O

Definition 2.6. We let GA, ,, denote the algebraic group of k-algebra automor-
phisms of Ay ,,.

Note that GA,, is a linear algebraic group since it is a closed subgroup of
GL(Ag ), where A, ,, is viewed as a finite-dimensional k-vector space.
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Definition 2.7. A subset {ui,...,u,} C Ay, will be called a system of nil pa-
rameters of A, , of length r if the A, ,/(u1,...,u,) is isomorphic to 44—, . The
variables z1, ..., 2, are called the standard nil parameters.

Remark 2.8. Throughout this paper, we shall let g1 denote the ideal of Aq, gen-
erated by 2, ..., 4.

Lemma 2.9. Let p be a regular representation. Then there is a system of nil
parameters, Ui, . . ., uq such that A(p) is the ideal generated by us, . . ., u,. Moreover,
there is an automorphism o € GAy ,, such that a(z;) = u; and a(q1) = A(p).

Proof. Since p is regular, p(u;)"~! # 0 for some u; € m. We have seen that this
implies that the image of p is of the form k[z]/2z"k[z], where p(u1) is the class of z.
Let q = ker(p). Now p induces the map ¢ : m/m? — (2)/(z2) of cotangent spaces.
Choose va,...,v, € m, whose images in m/m? form a basis for the kernel of .
Then there is a polynomial f;(z) € 2%k[z] such that p(v;) = f;(2) modulo 2"k[z].
Hence v; — fj(u1) € q, and it is congruent to v; modulo m?. Let u; = v; — f;(u1),
Jj = 2,...,q. The elements uj,us,...,u, are a basis for m/m?, so they generate
Agn as a k-algebra. That is, they are a set of nil parameters for A, . The elements
Ug, ..., U, generate an ideal ¢’ C q and A, ,,/q’ ~ k[2]/2"k[z]. Hence by dimension
count, ¢ = ¢'. It immediately follows that we may define an automorphism « €
GA,,,, such that a(z;) = u; and a(q1) = q = A(p). O

Lemma 2.10. Let I be a colength n ideal of Aq . The following are equivalent.

(i) I is the annihilator of a regular representation.
(i) Agn/I ~k[z]/(z"), where k[z] is a polynomial ring in one variable z over
k.
(iii) dimg I/m?NI=q—1.

Proof. If I is the annihilator of a regular representation, then by Lemma [2.9]
Agn/I =~ k[uq]/(ul). Suppose that there is an isomorphism ¢ : A, ,,/I — k[z]/(z").
Then there exist polynomials f; of degree n without constant terms such that
z; = f;(C), where ¢ = ¢7!(2) equal modulo m? to Y a;x; # 0 (since otherwise
¢"~! = 0). Let ¢; be the linear term coefficient of f;. Modulo m?, z; = ¢;¢ and
¢ =Y a;x;, 50 ¢ = (3] a;c;)C in the k vector space m/m?, ie., 3 a;c; = 1. Hence

we see that I/I N m? is spanned by z; — ¢1(, ..., 2, — ¢, with a single relation
Zai(a:i — Cz() =0.

Assume (iii), and let {ug,us, ..., u,} C I give rise to a basis of I/INm?. Expand
it to a basis {uy, uz, . .., uq} of m/m? with a linear form uy. Then Ay, /(uz, ..., ug)~
Elu1]/(ul), so I = (ua,...,uq) by dimension reasons. Then I is the annihilator of
the representation p : A,, — End(A44./I), p(x;) = u;-, which is regular since
ul ™t £ 0. O

Definition 2.11 ([Kle98,/She09]). An ideal of A,, satisfying the conditions in
Lemma 2100 is called curvilinear or aligned.
Remark 2.12. Note that if I is curvilinear, then the type of I is
T, :=(1,1,...,1,0,0,...),
—_——

ie., dimg(Aqn);/I; =1for j=0,...,n—1 and 0 otherwise, where I; is the set of
degree j initial forms of members of I. This follows since there is a graded algebra
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isomorphism A, /inl ~ k[z]/(z"), where inI is the graded ideal generated by the
initial forms of I. There is a decomposition

Hilb"R= | ] Zr
|T|=n
of the Hilbert scheme of colength n ideals of R = k[[x1, ..., x4]] according to the type
T, and the r = 2 case has been extensively studied [lar72alTar73l[[ar77,/G90]. They

study the component of the punctual Hilbert scheme that contains the stratum
Zr, . This is closely related to our results in Section [§

3. PRELIMINARY RESULTS ON THE ALGEBRAIC GROUPS OF AUTOMORPHISMS
OF Aqn

We let 2 denote the k-vector subspace of Ay, generated by z1,...,24. By
abusing notation, we shall identify Q with the cotangent space m/m?. Let o be
an automorphism of A, ,. Then o(m) = m, so o induces a linear automorphism
of Q. The map which assigns to o the associated automorphism of Q ~ [[%_, kz;
is clearly a group morphism from the group GA,, of automorphisms of A4, , to

GL(Q).

Definition 3.1. Let m : GA,,, — GL(f2) denote the morphism which sends the
automorphism ¢ of A4, , to the associated linear automorphism in GL(2). Also, we
identify GL(Q) with GL,(k) by using the basis Z1,. . ., Z,.

Clearly 7 is surjective: Let €; be the subspace of Q spanned by xo,...,z,. Any
a = (o) € GLy(k) naturally defines an element & € GA,,, defined by a(z;) =
Zj a;;25. This defines a section x : GLg(k) — GAg p, and we frequently identify
GL, (k) with its image in GA, ,, as the group of linear automorphisms of A, ,. An
automorphism o € GA, ,, will be called linearly trivial if it is in the kernel of 7. If o

is linearly trivial, there are quadratic expressions s;(z1,...,24) € m?, i=1,...,q
such that o(x;) = z; — s;,. We let Z ,, denote the kernel of =
(3.1) 1 =2, = GA,p — GLg(E) — 1.

We also wish to describe the stabilizer G of the ideal q;. Note that 7 carries G
to the stabilizer P; in GL,(k) of the codimension 1 space €4 in Q = m/m?. Then
the exact sequence [B.I)) restricts to the exact sequence

(3.2) 1-Z,,NGy -G — P — 1.

The section x carries P; to the stabilizer of ; in GL4(k). As a consequence,
GA,,, and G, are compatibly semidirect products GL4(k)-Z,., and P; - (Z4,,NG1),
respectively, so the action of an element of GL4(k) on A, ,, is determined by its linear
action on 2.

We first offer some preliminary results on the algebraic groups involved.

Proposition 3.2. The ezact sequences B1) and B2) with the section x induce
isomorphisms of varieties

GAqgn = GLy(k) X Ty,
Gy~ P x (I‘L" N Gl)
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Moreover, the following hold:

(1) The groups Iy, and Z,, NG are unipotent. Let I(gm denote the subgfoup
of Ly.n consisting of elements which reduce to the identity modulo mi*2.
Fach of these groups is normal in GAg4,

(2) There is an isomorphism of additive group schemes Ig’n/Ijj‘ll ~
(mI+2/mi+3)a,

(3) There are natural isomorphisms of varieties

Ty = (1112)(11)7
(3.4) Zyn NGy~ m? x (qum) @Y,

The exponents in parentheses represent iterated Cartesian products.
(4) The groups GA,,,, and Gy are connected affine group schemes.

Proof. The two initial product decompositions follow from the existence of the
section x. We define a map « from Z, ,, to (m?)(@ as follows: For o € Z,,,, o(z;) =
x;+u; for some unique element u; € m?. Let a(0) = (uy,...,uq), the corresponding
g-tuple of elements of m2. Conversely, given any such g-tuple, consider the elements
r; = x; +u;. Let A = k[z},...2;7] be the subalgebra of A,, generated by these
elements. The z} generate m/m?, so the associated graded of A and that of A, are
the same. Hence the two algebras are of the same dimension and the z/ constitute
a system of nil parameters. Thus there is an automorphism of A, , sending x; to
x}, so « is surjective as well as injective. This establishes ([B.3]).

The element o € Z,,, is in Z,, N Gy if and only if o(x;) € q1 for i > 2. Now
o(xi) = x; + u;, with u; € m?, so o € Z,,, N Gy if and only if u; € g1 Nm? for each
i > 2. Said otherwise, o € Z,,, N Gy if and only if a(c) € m? x (qgm)@=1. Thus
B3) is established.

For the first item, if Z, ,, is unipotent, then its subgroup Z, , N G is as well. To
see that Z, ,, is unipotent, we examine the filtration of item 1. The surjection Ay, —
Agr, v < n, induces a surjective map GA,, — GAg, with kernel Z; 2, whence
each of the groups is normal in GA,,, . Hence if 0 € Ig—’n, it induces the identity on
Agn/mI T2 Consequently, o(z;) = z; + ui(z1,...,24), u; € mI*2. Suppose that T
is another such automorphism, and that 7(z;) = z; +v;(z1, . .., 7,) with v; € mi+2.
Then oot (z;) = o(zi+vi(z1,...,24)) = TiF+ui(z1, ..., xq) Fvi(@1+us, ..., xq+uy).
Now v; is a polynomial with lowest degree terms of degree at least j + 2, so we may
write v; (T1+u;, . . ., Tqtug) = vi(z,. .. ’Iq)+Z(V17...,Vq) Clvt g UL - - .g?. In this
last expression, the g-tuples (v4,...,v,) have nonnegative integral entries with at
least one positive entry, and the coefficients ¢, ... ,,) are polynomials in the z; with
no constant terms. Consequently, since u; is of degree at least j+2, all terms except
the first are in m/*3. In particular, o o 7(z;) = @; + ui (21, ..., 2q) + vi(21,. .., 24)
mod(m/*3). For 0 € I/, let a;(0) = (o(z1) —21,...,0(z,) — 24), where the
overline denotes the class in m/T2/mJ*3. The preceding calculation shows that
«; is a homomorphism to the additive group scheme (m/™2/m/™3)4. For any ¢-
tuple (uq,...,u,) with all of the u; € mT2 the elements z; + u; are a system
of nil parameters, so there is an automorphism o sending z; to x; + u; for each
i. It follows that o is surjective. Hence Z,, admits a finite filtration so that
successive quotients are group schemes of additive type isomorphic to the vector
spaces m7*2 /m/*3, Hence it is unipotent and connected. ([l
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We compute the dimensions of the groups Z,, and G1 NZ,, and the relevant
homogeneous spaces.

Proposition 3.3.

(1) dim(Z,,) = ¢((*I"7") — (¢ + 1)),
dim(Z, r 0 Gh) = (1577 4 (g V() — (g4 1) — (n— 2),

(2) "

(3) dim(GA,n) = q("77)) — a,

(4) dim(G1) = g(*£"}") —gn+n -1,

(5) dim(GA,, /G1) = (g — 1)(n—1),

6) dim(Zy.n/(Zyn (1 G1)) = (a - 1)(n - 2).

Proof. First, note that A, , is graded and isomorphic as a vector space to the sum
of the first n — 1 symmetric powers of the vector space of dimension ¢. Hence its
dimension is equal to the dimension of the forms of degree n — 1 in ¢ + 1 variables,

that is, (q:ﬁgl). Hence the dimension of m is (qzzzl) —1, and the dimension of m?

is (1" —q— 1.
Now we wish to compute the dimensions of the ideals q; and qym. Now A, ,,/q1 >~
k[z], where z is the residue class of z in k[z]/2"k[z]. The isomorphism sends the
residue class of z1 to z. Hence dim(qq) = (“I"]") — n.
Now note that q; N m? = qym. To see this, note that an element of m? can be
written in the form 22 f(x1) + u with v € qym. Thus modulo qy, this just becomes
(2)2f(%), so it lies in q; if and only if 23 f(x1) = 0. This means that q; Nm? = qym.

Hence we may compute the dimension of q;m from the exact sequence
0 — qum — m? — (2)%k[z] — 0.

As a consequence, dim(qim) = (7" — (g +1) - (n—2) = (") —g —n+ 1.

To compute the dimensions of the groups Z,, and Z,, N G;, we recall the
isomorphisms (B3] and (34). Hence as a variety, Z, ,, is isomorphic to the g-fold
Cartesian product (m?)9. That is, it is isomorphic to affine k-space of dimension

-1
a((277) = (g +1)).

Applying B4), Z, N Gy is isomorphic to the product of the vector space m? and
the (¢ — 1)th Cartesian power of the affine space qym. We find that dim(Z, ,, N G1)
is
q+n—

n—1

qg+n—1
n—1

)=+ T e - -2,

Since dim(GL4(k)) = ¢* and dim(P;) = ¢*> — ¢ + 1, we may use the exact se-
quences (B1) and [B:2) to compute the dimensions of GA, ,, and G;. The formulae
in the theorem can now be obtained from some basic algebra computations com-
bined with these results. ]

4. THE QUASIHOMOGENEOUS STRUCTURE ON M, ,,

Due to Lemma 2.9, we can identify the space M, ,, with the orbit GA,, - q1,
giving it a homogeneous space structure. From now on, we will use the following.

Definition 4.1. M, , means the homogeneous space GAg,, - q1 ~ GA,,, /G1.

Lemma 4.2. There is a natural fibration m : My, = Mg n—1 with fiber isomorphic
to AL,
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Proof. Note that there is a natural projection 7 : Aq, — Agn—1 sending I + m”
to I + m"~!. This induces a homomorphism ¢ : GA, ,, — GA,,_1, which in turn
leads to a surjective map of orbits M, , = GAqn-q1 — GAgn-1- 91 = Mgn_1.
Define
U ={I € Mg,z &1}

Let I € U*. By Lemmal[2H applied to the regular g-tuple (1., ..., z2.) of endomor-
phisms z;-(a+1I) = z;-a+1 of A, /I, there exist polynomials f;(t) = E;:ll a;sts
such that Ty = f](.IZ) or r; — f](xz) el VJ }é i. Since <Ij - fj(xl»j;ﬁi has the
same k-dimension as I, it equals [; i.e., I is completely determined by the coeffi-
cients a;, of f;, and it follows that U* ~ Ala=D(=1) " The fibration =, in terms of
the coordinates (aj), is simply the projection (a;s)"Z; + (a;s)"Z1, and the lemma
follows. O

Proposition 4.3. M, ,, is an equivariant bundle of relative dimension (¢g—1)(n—2)
over ]P’Zil. More precisely, we have an isomorphism

Mgyn = GLy(k) ™ T, 0 /(Zy O GY).

Here, Py acts on Z,,,/(Zyn N G1) by conjugation; i.e., p-[o] = [pooop™!], where
o denotes the multiplication (composition) in the automorphism group GAg .

Proof. Since Z, ,, is normal in GA, ., P1 normalizes it, and we may consider the
semidirect product H = P; - Z, ,. Recall the exact sequence ([8.2). Since P; can
be viewed as a subgroup of GA, , as above, we may write the stabilizer G as the
semidirect product Py - (Z,, N Gi1). In particular, G; C H. By Lemma 2.9 GA,,,
operates transitively on M, ,, which can be written as the orbit GA,,-q1 =
GAyn /Gh.

Since Gy C H, there is a natural GL,(k)-equivariant fibration

w:GAy, /G — GA,, /H

with the base GA, ., /H = (GAqp [Zgn)/(H/Tyr) = GLy(k)/ Py = P{™". Since w
is a Pj-equivariant fibration, it equals GL, (k) x©* w=1(P;). The fiber w=1(P) is
H/G,, where the groups on the top and the bottom are the semidirect products
P-1,, and P;-(Z,,,N G1), respectively. Hence the fiber is isomorphic to Z, ,, /Z, N
G1. It has dimension (¢—1)(n—2) by Lemma[33l Note that P; acts on Py-Zy ,,/P; -
(Zg,n N G1) by left multiplication and on Z, ,,/Z, ,, N G1 by conjugation, and a P;-

space isomorphism from the former to the latter is given by [pz] — [pxp~!]. a
Remark 4.4.
(1) Alternatively, one can think of the equivariant bundle map w as the com-
position

qu — Mq,n—l — = ./\/lq72,
where each arrow is the fibration in Lemma This is induced from the
natural projection Aq, — Ag2, and since GAg 2 ~ GL4, the induced orbit
map GA,n/G1 — GAgy2/G1 ~ GL, /P; is indeed the fibration w above.
(2) A colength 2 curvilinear ideal of A, 5 is graded since nil-parameters of A4, o
are linear. Conversely, generators of a graded curvilinear ideal of colength
n are necessarily linear since they must have a linear term (curvilinearity)
and are homogeneous at the same time. Hence the ideals parametrized by
M, 2 are precisely the graded ideals of colength 2. Via this correspondence,
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the fibration w can be thought of as I — gr(I), where gr([) is the associated
graded ideal generated by the initial forms of members of I. And there is

a “zero” section of w defined simply by sending gr(I) to itself (forgetting
the grading). This will be used in the proof of Theorem

In order to complete our examination of the structure of M, ,,, we shall determine
the structure of the fiber Z ,, /(Z,,,N G1) as a Py-variety. Then by examining the P;-
space structure over k = C, we shall see that M, ,, is diffeomorphically isomorphic
to a sum of twisted tangent bundles over P41,

5. MORE ON THE GROUP Zg,

We wish to understand the structure of Mg, as a fiber bundle over ]P’Zfl.
By Proposition 3] it is a homogeneous fiber space whose fiber is the P;-space
Zyn/(Zyn NG1). Note that Z,,,/(Z,, N G1) has a Pj-structure through conjuga-
tion since P; normalizes both groups. To analyze M, ,, it is crucial to understand
the P;-space structure of Z, ,, /(Zy.n, N G1).

We begin with a product decomposition for Z, ,, and an invariant version of (3.3)).
First, we consider a group I' C 7, ,,, which we will demonstrate to be a geometric
complement to Z, , N Gj.

Definition 5.1. Let I' be the subgroup of Z,,, defined
I'={0€GA,,:0(x1) =11, o(x;) =z + 27 fi(x1), i > 2}.

Proposition 5.2. The multiplication morphism p : I' X (Zy, N G1) = Ly s an
isomorphism of varieties.

Proof. Since I' N (Z,, N G1) = {e}, it is clear that p is an injective morphism of
varieties. Since each f; has degree 2 < deg(f;) < n—1, dimT = (¢ — 1)(n — 2).
Hence by Proposition B3] the dimension of I' x (Z, ,,N G1) is equal to the dimension
of 7, ,,. We may regard Z, ,, as a I' x (Z, , N G1)-space with the action (u,v) - g =
ugv~!. Then Im(u) is the T' x (Z,., N G1)-orbit of e. Hence it is open in its closure,
which is Z,,. Since it is a product of affine spaces, it is affine and hence its
complement is, if nonempty, of codimension 1 given as the zero set of a polynomial
fonZ,,. But f|Im(p) is a nonconstant unit, which, by a well-known theorem of
Rosenlicht, is a character. This is impossible since Z, ,, is unipotent and has only
trivial characters. O

Now consider the ring k[z] where 2" = 0. Any automorphism ¢ of k[z] is uniquely
determined by ¢(z). The element ¢(z) can be any element in zk[z] not in z2k[z].
Refer to such elements as generating elements. If u is a generating element, then
u™ 1 # 0 and ™ = 0. Given any two generating elements u; and us, there is a
unique automorphism ¢ such that ¢(u;) = ug. As before, we let 1 denote the
subspace of Ay, generated by za,...,z,.

Proposition 5.3. Let q' be an ideal in A, ,, generated by a system of nil parameters
such that ' = Q1 modulo m?. Then there is a unique homomorphism ¢ : Ag, —
k[z] such that p(x1) = z and Ker(¢) = q'. Moreover, there is a uniquely determined
linear map v : Q1 — x3k[x1] C Ay, such that the elements u — y(u), Vu € Q,
generate q'. In particular, the elements x; —~(x;), i > 1, are a set of nil parameters
of length ¢ — 1 generating q'.
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Proof. Since q' is generated by a set of nil parameters of length ¢ — 1, there is an
isomorphism J : A, ,,/q" — k[z]. Let ¢ be the composition of 8 with the natural
surjection A, — A, ,/q". Since ¢g is surjective and the image of its kernel ¢’ in
m/m? is equal to the image there of €, ¢o(z1) must be a generating element.
Hence there is a unique automorphism 6 of k[z] carrying ¢o(z1) to z. Replacing ¢o
with 0 o ¢g = ¢, we may assume that ¢(zq) = 2.
Since q' = ©Q; modulo m?, it follows that, for each u € €, there is an element
u — s, with s, € m? such that ¢o(u — s,) = 0. Now ¢ carries m? to 2%k[z], so
¢(u) = ¢(s,) is a polynomial in z with neither a constant nor a linear term. Let
#(u) = fu(z). Define a map v : Q — x%klx1] C A, n by setting v(u) equal to
fu(z1). Tt is clear that v is a linear map since it is a composition of the linear map
¢|Q1 and the inverse of the isomorphism k[z;] — k[z]. Moreover, ¢(u — y(u)) =0
for all u; that is, these elements are in ¢’. Consider the elements x; — v(x;), i > 1.
These elements clearly constitute a system of nil parameters of length ¢ — 1. Hence
they generate an ideal of codimension n which is contained in q’. It follows that
they generate ¢'.
Since q’ is generated by a system of nil parameters of length ¢ — 1—namely,
!/

x; = x; — y(z;)—we have Ay, = k[r1,2,... 2], and the uniqueness of ¢ follows

since ¢ is determined by ¢(x1) = z and ¢(z}) =0, i =2,3,...,q. O

Note that there is an obvious isomorphism between I' and Homy (1, 22k[2]), and
we shall identify the two in the following corollary.

Corollary 5.4. There is a natural isomorphism of varieties ¢ : Ly n/(ZynN G1) —
Homy (Q4, 2%k[2]).

Proof. Consider the morphism

- —1
V:Tyn B T x (T, NG 25T,

where p is the multiplication morphism (which is an isomorphism due to Propo-
sition [£.2]) and 7 is the projection onto the first factor. The subgroup Z, ., N Gy
acts on Z,, by the right multiplication, and on the product I' x (Z,, N G1) by
the right multiplication on the second factor. Obviously ¥ is Z,;» N Gi-invariant,
so it descends to give the desired morphism ¢ on Z,,/Z,, N G1. The ideals ¢’
in Proposition [5.3] are precisely the ideals in the Z, ,-orbit of q1, and hence the
statement of the proposition means that 1 is bijective. Now it follows that v is an
isomorphism since it is a bijective morphism between affine spaces. (I

In order to give a complete description of M, , = GL4(k) xP1 Z, ., /(Z,., N G1),
we must yet provide an explicit formula for the action of P, on Z,,/(Z;, N G1).
To this end, we need to concretely describe the Pj-action on Homyg (1, 22k[2]) that
makes 7 in Corollary 5.4 Pi-equivariant. This will be taken up in the subsequent
section.

6. My, AS A SMOOTH FIBER BUNDLE

In this section, we shall work over k¥ = C and work in the category of smooth
manifolds: We regard the algebraic groups GAg.n, Zyn, etc., as (complex) Lie
groups. We will also consider homogeneous spaces Z, , /(Zg,n N G1) and GA, ,,/G1



4304 WILLIAM J. HABOUSH AND DONGHOON HYEON

as smooth manifolds, and the isomorphism
¥ Iyn/(Tyn N G1) — Hom(Qy, 2%k[z]) ~ ClaD(n=2)

and other relevant maps as smooth maps.
Let f € Z,,, and s; = y(x;) be the polynomials (in z) associated with f(q1) as
in the Proposition 5.3l There is a natural commutative diagram

qu’ﬂ

T

Zon/(Zyn NG1) T> Hom(9y, 22k[z]),

where 7(f) maps z; to s;(z). Then the Pj-action on Homy (4, 22k[2]) can be
written in terms of s; as follows. Let p = (p;;) € Pi, and let f(q1) € Zynqi.
Then by Proposition 53] we have f(q1) = (z2 — s2(z1),...,24 — s¢(x1)) for some
polynomials s;(2) = E;:Zl b;j27 with no constant and linear term, and

pefla) =p- (w2 —sa(@1),. .0 mg —sg(x1)) = [ Y pijwy —si | D_pija;
J J i

1

Setting g = p~+ and performing a Gauss elimination, we get

(3, iy — si(Xo; pyms))ize = (2 9wi(X; iy — $i(X2; P13 @s)))ik>2
= (v =2 glm‘si(Zj P1iT;))k>2-
This is a fairly complicated action and is not well understood in general. But in

the special case in which p;; = 0 for j > 2, the action is linear. Then in terms of
(bi;j), p- f(q1) corresponds to

(1) (P~ irbrjply)-

Restating this in terms of representations, we obtain the following.

Lemma 6.1. Lett € C, and let py : P — Py be the group homomorphism

p_{p% S}H[pltl) tg}’

where R, 0, Q are of size 1x(q—1), (g—1)x 1, and (¢g—1) x (g—1), respectively. Let
Y, be the Py-space whose underlying variety is Ly n/Zqn N G1 on which Py acts by

p-lo] = [ee(p)oed(p) ']

Then Yy is isomorphic to ]_[;L;Ql Q1 ®C;, where C; is C acted upon by the jth power
of the character A\(p) = p11 Vp € Py.

Note that for t # 0, Y; ~ Y} as Pj-spaces since o;(p) = 7p7~ %, 7 = [ 6 ? } ,
2

so ®,([o]) = [ror™1] is a Pi-equivariant isomorphism from Y; to Y;. Let B =
Speckl[t], and let Y = Y x B be the Pj-space on which P; acts by p - ([0],t) =
([pe(p)owpe(p)~1],t). Consider £ := GL, x1Y — GL, /Py x B~ P! x B. Tt is
an isotrivial family of affine (¢ — 1)(n — 2)-bundles over P4~!: We have

E; = &|(PT! x {t}) = GL, x™Y; ~ GL, x"'V] ~ M.
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Recall that two smooth manifolds X7, X5 are said to be deformation equivalent
if there exists a smooth family X — S over a smooth connected base S and two
points s1, $2 € S such that the fibers &, are diffeomorphic to X;, i =1, 2.

Proposition 6.2. The moduli space M, as a smooth fiber bundle over P41 is
smooth deformation equivalent to the direct sum

n—1

693‘:2 Tpa—1(+74)

of twisted tangent bundles over P41,

Proof. Consider the one-parameter family F; := GL, x1Y; of affine bundles over
P9=1. Then Ey = @?;21 Tpa—1(+j) since Q7 corresponds to the tangent bundle,
and C; to Ope-1(+j). Since By = M, ,, it follows that as smooth fiber bundles
M., and @;:21 Tpa—1(+7) are deformation equivalent. O

Our moduli space My, is a fiber bundle over GL,(k)/P; = P?~! with fibers
F :=1,,/T;n N Gy. Since F is an affine space, the theory of microbundles can
be applied to show that M, , as a smooth fiber bundle is isomorphic to a smooth
vector bundle; i.e., its structure group reduces to the general linear group.

Theorem 6.3. The moduli space Mg, as a smooth fiber bundle is isomorphic to
the direct sum @?;21 Tpa—1(+7) of twisted tangent bundles.

Proof. First, note that there is a distinguished zero section 0,, : P4~! — M, ,
defined by sending § € GL, /Py to g - ¢1 or, equivalently, to
(9,0) € GL, x™ Hom(Qy, 22C[z] /(™).

In terms of ideals, this is defined by sending a graded ideal to itself forgetting
the grading (Remark [£4]). Let N denote the R-dimension of the affine space
Hom(Qy, 22C[2]/(2™)). The isomorphism classes of smooth fiber bundles with fibers
diffeomorphic to RY is functorially in bijective correspondence with the homotopy
classes of maps from P9~1 to B Diff(RY,0)], where B Diff(R",0) is the classifying
space of the group Diff(RY,0) of diffeomorphisms of RY fixing 0. By the Alevander
trick, the natural inclusion

GLy(R) — Diff(RY,0)

is a homotopy equivalence, and it follows that (M, , — P4971,0,,) has a reduction of
structure group to GLy (R). More specifically, up to diffeomorphism, M, ,, — P4~!
is isomorphic to the normal bundle of the zero section 0,,. By Proposition [6.2] the
maps corresponding to the two smooth vector bundles M, ,, and EB;L;; Tpa—1(+7)
are homotopy equivalent. Hence they are isomorphic as smooth vector bundles over
Pt O
Corollary 6.4. Let w : My, — Mg n—1 be the fibration in Lemma 2. Then the
kernel w=1(0,,_1) is isomorphic to Tpa—1(n — 1).

Proof. In terms of the coordinates b;; above, the kernel is defined by b;; = 0 Vi,
j=1,...,n—2. By equation (), it is the bundle associated with the P;-space

P (bin1) = (P )irbrn—1011 "),
which is Q* ® C,,_1. The corollary follows. O

In fact, the corollary above holds for any algebraically closed field.
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7. UNIVERSAL PROPERTY OF M, ,

Let G := GA, . Recall that M, ,, = G/G;1 (by definition), G; = Stabg(q1).
We have observed in Proposition 3] that M, ,, ~ GL, x"'Z, ., /(Z, , N G1). From
the natural sequence

0— q1 _>Aq,n — Aq,n/ql —0

of G1-representations, we obtain the sequence of induced sheaves on G/G:

0— IG/Gl (Q1) — Ig/(;l (A(L") — IG/Gl (Aq,n/ql) — 0.

Definition 7.1. An ideal sheaf 7 C A, ®i Og over a k-scheme S is said to
annihilate reqular representations over S (we abbreviate this as “ARR over 5”) if
there exists amap p : 4, , Q1 Os = V®,Og of Og-modules such that, for all closed
points b € S, py 1= p® Lyp) : Agn @k k(D) = V @y k(D) is a regular representation
and ker(pp) = Z ® k(b).

We shall prove that Z¢ /¢, (¢1) is an ideal sheaf of Z¢; /3, (Agn) =~ Opm, , @k Agn =
Om, |71, ..., 24]/my such that the following hold:

(i) It annihilates regular representations over M, .

(ii) It is undversal : For any k-scheme S and an ideal 7 of Og ® Ay» ARR
over S, there exists a unique morphism fz : S — Mg, such that (fz x
1)* (Ig/(;l (ql)) ~ 7, where 1 is the identity morphism on Spec A .

Remark 7.2. Recall from Proposition [Z4] and the definition preceding it that ker(p)
in (i) above is called the annihilator of the representation p and is denoted by A(p).

Proposition 7.3. The ideal sheaf I/, (q1) is ARR over My .

Proof. By Corollary 5.4l and Proposition 53] we may naturally identify the homo-
geneous space Ly, =Ly n/(Zgn N G1) with

Homy, (4, 2%k[z]) = Speck(b;; |2 <i< ¢ 2<j<n-1],
where the coordinates b;; are the obvious ones determined by

h(z;) = Ti bij(h)z?  Vh € Homy(Qy, 22k[2]).

j=2

Hence on Z ,,, we have an ideal

n—1
Z/{/:: P — bz 7 C—”j ! ! q'
<w 2 J"””1> my
=2 2<i<q
The right-hand side is the global section ring I’(qu n) ®p Agn. Subsequently, a

versal ideal sheaf U” on GL, (k) x Z,,,, is obtained by further moving &’ around by
the GL,(k)-action:

q n—1 q J
k ms b’L j 5 )
(7.1) U= <Z ayry — Z bij <Z a11$l> > C o jm? :cq]7
=1 j=2 =1 2<i<q 0
where k[GLg(k)] = klaim |1 < 1,m < q|, s0 k[a;m, bij, x2,...,24]/mf is the global
section ring of OGLq(k)XTq_,,, Rk Agn-
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Since P; acts diagonally on GL4(k) x Z,., by p- (g,v) = (gp~*,p-v) and U" is
obtained by letting GL,(k) act on U’, U" is plainly invariant under the Pj-action
and descends to give an ideal sheaf U on the quotient Mg, = (GLg(k) x Zy,,) /Py,

0—=U—Om,, @k Agn =W —0.

By construction, U is clearly ARR over Mg ,,. It is easy to see that U is equal
to Zg/c, (q1): Since they are ideal subsheaves of the same sheaf O, , @ Agn of
algebras, it suffices to show that their fibers are exactly the same as the fibers of
OM,.,. @k Agn. Let 0 € G. The fiber of Zg /¢, (q1) at 0G is by definition o(q1).

q,n

By our analysis in the previous sections, especially Proposition [(.3]
(7.2) o(ar) = (i) - (Y wi + silan))

for a unique ((ai;), (bi;)) € GLy xM"Z,,,, where b;; are determined by s;(z;) =
Z;:; b;jz;. Comparing (T.2) with equation (7)), we see immediately that o(q;)
is precisely the fiber of U at oG . |

1=2,...,q

Proposition 7.4. The ideal sheaf 1), (q1) = U is universal over Mg .

Proof. Let S be a k-scheme, and let Z be an ideal of Og ® A, ARR over S. Let
V denote the quotient of Og ® Ay, by Z. Let m : § x SpecA4,, — S be the
projection, and let u; € H°(S, m,End(V)) be the endomorphism of 7,V defined by
multiplication by x?fl. Since Z is ARR, for each s € S, there exists an 7 such that

tils # 0 € End(mV)|s.

Hence there exists an open subvariety T' 3 s of S and a section v € 7, V(T') such that
pile(ve) # 0forallt € T. Ats, {v]s,x;v|s,22-0]s, ..., 27 0|} is a basis for V|, ~
k™. After shrinking 7 if necessary, we may assume that {v,z;-v,z2-v,... ,:C?il v}
is a framing of )V over T. That is, 2! - v’s give rise to an isomorphism

O;‘?n — 7T*V|T

over T. But with respect to this framing, multiplication by z; is represented by
an n X n matrix B with 1’s on the subdiagonal and zeros elsewhere. Any matrix
commuting with B is easily shown to be a polynomial in B, and the p;’s commute
with each other. So, we have, over T,

n—1
xj = Z bzt (mod Z®eg Or), by € T(Or), j#i.
=1

By dimension reasons, x; — Z?:_ll bjizl generates Z over T, and it induces a unique
morphism ¢p : T — Mg, such that (Y x 1)*U = Z|rxspec A,.,,- Indeed, we have

a well-defined lifting p : T — GL,, x Homy,(Qy, 22k[2]) of ¢r given by

t— (g7ft)7

where f is the homomorphism defined by bj;(t), and g € GL,, is the permutation
matrix g - ¢y = a4, g - x; = x1, and g - ¥ = xy, for all k # 1,i. Then fi(qq1) is
the ideal defined by x; — Z;:ll bj(t)xl, 7 # 1, and g - fi(q1) is precisely the ideal
T|{t} xSpec A, ,» Which also is plainly seen to be equal to 1/;} o).

We claim that these 97’s glue together to give the desired morphism S — M .
Indeed, consider ¥ and ¥z, given by ¥r(t) = (g, f;) and g (') = (¢', f/,). At any
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point ¢ € T'NT" in the intersection, we have g- f;(q1) = Zy¢yxspec A, = 9 - fi(a1),
and it follows that

(¢, ) = (gpi ' pe - f1)
for some T-point p of P;(T). The dependence of p; on t is certainly algebraic, and
it follows that ¢ and ¢y agree on T NT’, defining a morphism TUT" — M, ,.
Since (v x 14, ,,)*U = Irxspec 4,.,, for each T', the sheaf U is universal. a

Theorem 7.5. The space M, is a fine moduli scheme for the moduli functor
My : Sch/k — Sets from the category of k-schemes to the category of sets, defined
by

My (S) = {Ideal sheaves T C Og ®y, Ay, ARR and flat over S}.

Proof. The contents of Propositions and [C.4] combined give the assertion of the
theorem. 0

There is a natural set map 7 : N, — Mg, that sends (Ni,...,N,) to the
kernel of p : klz1,...,24 — End(k™), p(z;) = N;. From the universality of Mg »,
it follows immediately that this is a morphism of varieties.

Corollary 7.6. There is a GL,, invariant orbit map 7 : N(}"n — Mgn.

Proof. Consider the natural map
(9/\/(;” ®p Agn — Oqum ®y End(V)

defined by sending f(21,...,24) € Ony, (U)[21,...,24] to f(Ni,...,Ny), where
(Ny,...,N,) are, by abuse of notation, regarded as sections of ONr over a given
open set U C N on- The kernel K of this map is an ideal sheaf ARR over N .

giving rise to a morphlsm N, qm — Mgn, which is constant on GL,, orbits due to
Proposition 241 By the universality of M, ,, (Theorem [(H), we conclude that 7 is

algebraic. O
8. THE MODULI SPACE AS AN OPEN SUBSCHEME OF A PUNCTUAL HILBERT
SCHEME
Let X, ..., X, denote a set of homogeneous coordinates for P4, [0] := [1,0,...,0],

and let z; = X,;/X, be the affine coordinates of the affine chart {Xy # 0}. In
this section, we shall consider the relation between M, , and the Hilbert scheme
Hilb™ P? of length n zero-dimensional subschemes of P?. The Hilbert scheme is
defined by its functor. That is, for any scheme S over k, we have

Hom(S, Hilb" P?) = {Z C P} | Z is surjective, finite flat over S of degree n}.
Let P2 be the nth symmetric product of P? that parametrizes length n cycles

of P4. Recall the Hilbert-Chow morphism ¥ : Hilb" P? — P9 that maps a
zero-dimensional subscheme Z to its underlying cycle [Z].

Definition 8.1. The punctual Hilbert scheme Hilbf’o] P? is the reduced fiber of the
Hilbert—Chow morphism ¥ over the cycle n - [0].

That is, the punctual Hilbert scheme H ilbﬁ)] P? parametrizes the zero-dimensional
subschemes of length n with support at the single point [0] € P9.

Theorem 8.2. M, is isomorphic to an open subscheme of the punctual Hilbert
scheme Hilbyy, P9,
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Proof. The universal quotient Oy, , ® Agn = W 1= Opm,,, @Agn/La/c, (q1) gives
rise to a map 7 : M,,, — Hilb" P? by (abusing notation and) identifying z; with
the affine coordinates x; of P? at [0]. Since = = 0 for all 4, W is supported at [0].
Also, Mg, is nonsingular (and hence reduced in particular) since it is an affine
space bundle over P4~1. It follows that the map n factors through the punctual
Hilbert scheme Hilbyy; P?.

Consider the universal quotient sequence

0—>J—>@Hilbf6 pa[T1,. .., 7] = Q=0

I
on the punctual Hilbert scheme. Multiplication by z;- : @ — Q defines an
(’)Hilb%] pe-linear map and the locus where x?_l is identically 0 is a closed sub-
scheme, say, Z;, of the punctual Hilbert scheme. Then U := Hilb’[“o] PI\ (), Z; is
an open subscheme of Hilb’[ﬂo] P?. Now the restriction of J to U is ARR by con-
struction of U. Hence by Proposition [[.4] we have the corresponding morphism
fr:U — Mg, providing an inverse to 7. |

Remark 8.3. Due to Lemma 210] M, ,, and the stratum of the punctual Hilbert
scheme consisting of curvilinear ideals are the same as sets. They are indeed iso-
morphic schemes by the previous theorem.

9. My, — P97 IS NOT A VECTOR BUNDLE

We shall prove in this section that, as opposed to the result (in smooth category)
of the previous section, M, , is not a vector bundle over P?~! in the algebraic
category. This result can be regarded as an extension of the following theorem by
Tarrobino [Tar73lTar77].

Theorem 9.1 ([lar73l Theorem 1]). The variety Z parametrizing linear ideals
I C K[[z,y]] of colength 4 is locally trivial over P! but is not a vector bundle.

Here, an ideal I C (x,y) is said to be linear if I is not contained in (z,y)2. Tt
is equivalent to I being an annihilator of a regular representation (Definition [71])
since f € I satisfies f*~! % 0 in k[[z,y]]/{z,y)" if and only if f & (z,y)?. The
map from Z to P! is given by sending I to its associated graded ideal gr(I), which
is linear and also of colength 4 (cf. Remark FE4)). We note that the map Z — P!
is precisely our fibration My 4 — M > induced by the natural map Az 4 — Az .
The key ingredient of the proof of the above theorem is that there is no section of
Mo g — Mgy g =~ Tp1(+1) =~ Op1 (+3) [[ar?3, Lemma 3.

In fact, the theorem above is a special case of a more general statement that the
variety Zr of curvilinear ideals of type T is a locally trivial affine space fibration, but
not necessarily a vector bundle over a complete variety G of graded ideals of type
T [lar72al Theorem 3]. The curvilinear case is when T'=T,, = (1,1,...,1,0,0,...).

——

n
See Remark 4] for a relevant discussion.

Theorem 9.2. M, , — P71 is not a vector bundle in the algebraic category for
n > 4.

Proof. Let w,, denote the fibration M,,, — P71, It is induced by the natural
projection A, , = k[z1,...,x,/m" — klz1,...,24/m?> = A;2. Consider the set
map

Moy = My n
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sending a commuting pair (N7, N2) to the g¢-tuple (N1, Na,...,N3). It can be
readily seen that this map is algebraic: Recall the universal sheaf over My ,, from
Proposition [[4l We denote it by U. Consider the associated ideal sheaf

U :=u-+ OMz,n<I3 —X2,..., Ty — x9) C OMz,n Rk A‘Ln'

Note that this annihilates regular representations of A, ,: For any [I] € My ,, we
have

U @ k(1) = U@ w((T]) + (25 — 3, .., 5 — 2)
=14 (x3—x2,...,0q0 — T2) Cklx1,...,24),

which annihilates a regular representation since I C k[z1, zo] satisfies I ¢ (x, y)2.
By the universality (Proposition[74]), U’ induces a morphism ¢ : My, = M.
Let I C Ay, be a colength n ideal annihilating a regular representation, and
let (N1, N2) denote the commuting pair of nilpotents associated with I; i.e., I is
the kernel of Ay, — End(k™) given by mapping z; to N;. Obviously I + (z3 —
Ta,...,Tqy—T2) is contained in the kernel of 4, ,, — End(k™) given by x1 — N; and
x; — No Vi > 2. Then it must equal the kernel since they are of the same colength.
It follows that ¢ corresponds to the map (N1, Na) — (N1, N2, Na, ..., Na).
Suppose that w,, is a vector bundle. From the commutative square

@, H(l(P)) = Moy ——— Mg

| -

~ Jpl ~ TPg—1
Myy ~P Mo ~Pi-1,

we conclude that My, — P! is also a vector bundle. But then Mo, should be
isomorphic to G};:ll Tpr (+7) ~ @;:11 Op1(j + 2) by Theorem In this case,
the projection my, 3 : My, — Mg 3 induced by A, — Ag 3 is simply the bundle
projection @;};11 Op1 (j42) = Op1(+3) and hence admits a section o. Now consider
the following diagram:

Tn,4

M27n —— ./\/l274

4,3

o Mo s,
which is commutative since 7, 3 = m4,3 0 7, 4. Hence we have a section m,, 4 0 o of
Ta,3, contradicting [Iar73, Lemma 3]. O
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