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High Accuracy Quadrature Formulas from
Divided Differences with Repeated
Arguments

In the numerical solution of differential equations, one uses quadrature
formulas to relate the unknown functions to their derivatives. While the functions
enter only at the beginning and end of the range of integration, all intermediate
values of the derivatives may enter. For checking purposes at least, it would be
advantageous to increase the accuracy of the quadrature formulas by permitting
weights to be assigned to intermediate values of the functions, as well as their
derivatives. An interesting method of obtaining such formulas is given below.

Given a function f(x) and #» + 1 distinct values of the argument xo, x1, - - -, X,
the nth order divided difference of f(x) with respect to these values of x may be
defined as

(1) f(xOYxlr "’rxn) = ,,Z:of—(:[;_‘;)’
where
(2) II, = ﬁ (xp — x2);
HoH
for example,
f(x0) flx) f(x2)

B JCmn ) = o — ) T Gor — x0) (s — wa) T (o — 00) (52 — 1)

An upper limit can be obtained for the value of a divided difference by means
of the following theorem, see [1]. If f(x) and its first n — 1 derivatives are finite
and continuous and the nth derivative f(* (x) exists, then

f™ ()

(4) f(xo, X1, '°°1xﬂ) = n!

where £ lies in the range between the smallest and largest of the arguments
Xo tO X,

For a divided difference involving a repeated argument one takes the limit as
two initially distinct arguments approach one another; thus

f(xd') " £(x0)

xo, — X0 X0 — xo,

(5) f(x0,20) = Lim f(xo’, %0) = Lim [ ] = dixof(xo)°

x0’ —x0 x0’ —x0
In general, as shown in [2],

ko + 1 ki +1 kn:"l

—A N )
(6) f(xot crry X0y X1y 0y X1y Xy ""xn)

1 Oko+ k1 4+ ks,

= kolky!- - -ky!l 9xo%0dx,%t -+ dx,kn

f(xov X1, * xn)
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and, for the special case k; = k, for all 7,

E+1 E+1 E+1
A A N \—

(7) stf(xo’...’xo,xh...’xb...’xm...'xn)

1 o9k f(xs)
(k'>"+1[1..£ax. P I
where I, is given by (2).

From (7)
1 AT 9k s
® Fo= (k™ ,z_:., [ I._I., ax;"] L,
l " I L 1
= EyR L lf( ») [,Igloax. ]I—I;I
i%p
and since in (8)
* 1 k! 1 )
© Wil G-l P
one has
E+1 k+1
— ) ’ \ _ 1 2 9 flxs)
(10) Fk =f(x0’ Tty X0yttt Xy oty xn) = ;-! pz-:o ax’k l—ka-l-l
Therefore by Leibnitz's Theorem
E+1 k+1
A ey ——A— n k
(1) Jlxo, » o+, %o, <+ oy Xny 00y %0) = X 3 Np¥f®(x,),

=0 s=0
where ) (x,) represents the sth derivative of f(x,) and

1 ke 1
sk — s)! ax b T+

(12) N, =

Special Case k& = 1

From (12)
a3

(13) N = —1II,2 = - 2]I,'II,*

ox,

Nt =11,

where

aIl, i 1

r— =

(14) Iy =5 =1L X —

For equally spaced arguments x; = xo + th, where ¢ = 0,1, ---,n, one has
from (2)

(15) I, = (=1)*p!(n — p) k.
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Likewise, from (14)
(16) Hp, = (—1)"_pp!(n - P) ![Sp - S,._,,]h"_l,

where So = 0 and

r

) S, = Zl, for r#=0;
=1
therefore, from (13)
_ —2[S, — Sa—p]
P\ — p) 1T
— 1 .
Relpln — )1

Multiplying (11) through by (#!)? k2" and making use of (4), one has

N
(18)
Ny

n n 2n+1
(19) S Auif(5) = b 5 Bagf () — o famtn (p),

=0 =0 D,
where x9 < ¢ < x,, and one sets
(20) Anp = ZI:SP - Sn—p][cp"]2
(21) Bap = [Cp* ]
and

_(@n41)!
(22) D, = =
In the above equations
n!

@) e = i —

are the binomial coefficients.

The first two quadrature formulas corresponding to n = 1 and #n = 2 are the
trapezoidal rule and Simpson’s rule, respectively, applied to the derivative of
f(x). The formulas for higher value of # have the usually undesirable feature of
involving the value of the integrated function f(x) at intermediate values of x
between x¢ and x,. They should, however, due to their very small remainder
terms, prove useful in checking the accuracy of integration in the numerical
solution of differential equations. Moreover, these quadrature formulas should
be advantageous in the solution of two-point boundary value problems, since
these must be solved by a relaxation or by an iteration method.

K. S. Kunz
Schlumberger Well Surveying Corp.

Ridgefield, Connecticut

1. L. M. MILNE-THOMSON, The Calculus of Finite Differences, Macmillan & Company, London,
1933, p. 5-6.
2. Ibid., p. 14.



90

HIGH ACCURACY QUADRATURE FORMULAS

Tables of the coefficients in (19) are given below :

_ e e e e e O

O B =

16
25
36

36
100
225

TaBLE 1
Coefficients A,
2 3
3
11
* 3
80
© 3
_200 200
3 3
525
-3 0
TABLE 2
Coefficients B,
3 4
1
16 1
100 25
400 225

36

5 6
137
30
162 49
5 10
D,
6
30
140
630
2772
12012



