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On a Generalization of the Prime Pair Problem

1. Introduction. One of the many unsolved problems in the theory of prime
numbers concerns the celebrated conjecture by A. de Polignac [1] about primes
which differ by two. Prime pairs (or twin primes) are generally believed to consti-
tute an infinite set but to date no one has succeeded in proving or disproving this
conjecture.

It was established by Brun [2] that the sum of the reciprocals of all prime pairs
is bounded but whether this boundedness is due to the finiteness of the set or to
the “thinness” of an infinite set has not been determined.

2. Prime n-tuples. In generalizing from prime pairs to prime n-tuples we
must first define what is meant by a prime n-tuple.

Definition: a prime n-tuple is a set of # odd primes pi, ps, - -+ pn such that
the difference An = p, — p1 is a non-trivial minimum.

The meaning of “‘non-trivial” will now be explained. For » = 3 we can exhibit
a set of three consecutive odd primes such that A3 = 4 (i.e., 3, 5, 7). We consider
this a trivial minimum, however, because (with one exception) in every set of
three consecutive odd integers one of the integers in the set is composite since
it is divisible by 3. The single exception to this rule is the case where the number
divisible by 3 is the number 3 itself. Generally, we consider a set of # consecutive
primes a trivial prime n-tuple if one of the primes of the set is always a factor of
one of the terms of any sequence of consecutive odd integers having the same value
for An.
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3. The generalized problem. We are now in a position to state the generalized
prime pair problem:

(1) For a given n, what is the value of An?
(2) For a given n, is the set of primes which yield Az finite or infinite?

Clearly, the second question remains unanswered for all # > 2. The first
question, however, can be answered for specific values of # by establishing the
following conditions:

(A) Show that for every set of 7 odd primes p1, P2, - - - , pa that An > U where
U is some positive integer.
(B) Exhibit a set of # odd primes such that An = U + 2.

- 4. Anexample. The procedure followed in establishing condition (A) will be
illustrated for n = 8. Beginning with 1, write down 14 consecutive odd numbers
(mod 10)

135791357913517.

Now, assuming the first number represents a prime, the 2nd or 3rd and every
3rd number thereafter is divisible by 3; one of the 2nd, 3rd, 4th, or 5th and every
5th number thereafter is divisible by 3, etc., for 7, 11, 13, . -.. Taking every
possible combination of assigning factors there will be one or more combinations
which leave a maximum number of terms of the sequence which have not been
assigned factors. Placing the factors which have been assigned underneath the
terms to which they have been assigned, the maximum combination for this se-

quence is

135791357 7
3 3 53
N 7

913
3

~N L1 »n

We need not assign any further factors since 11, 13, 17, --- , can always be
assigned in such a fashion as to involve only terms which have already been as-
signed factors. If the same procedure is followed for sequences of 14 odd numbers
beginning with 3, 7, and 9, respectively, it is found that there is no combination
that will leave more than 8 unassigned terms and two combinations that leave 8
unassigned terms, i.e.,

3 91

v »n

7 3
3 3

N

and

79135791357913
3 53 35 3

If we repeat the same process for 13 consecutive odd numbers we find there is
no way to assign the factors to leave 8 terms unassigned. Since the difference be-
tween the first and 13th odd number is 24 we clearly have condition (A) satisfied
when U = 24. Now, if we can find a set of 8 consecutive odd primes (mod 10)
equal, respectively, to the 8 unassigned terms in any one of the three sequences
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determined above we shall have proved that A8 = 26. The following primes com-
plete the proof.

11, 13, 17, 19, 23, 29, 31, 37.

When conditions (A) and (B) have been established, the procedure described
here gives all the essentially different poissible types of n-tuples for a given n
and by solving one or more linear indeterminate equations the exact form of each
type of n-tuple can be obtained. Thus, for » = 8, there are, at most, three different
types of 8-tuples, viz.,

(a) 210x 4 11,13, 17,19, 23, 29, 31, 37
(b) 210x + 173, 179, 181, 187, 191, 193, 197, 199
(¢) 30x 4+ 17,19, 23, 29, 31, 37, 41, 43.

5. Some further questions. The preceding discussion raises some new questions:

(3) Are there values of # such that An > U + 2?

The writer has verified that An = U 4 2 for all # < 10. On the other hand
an exhaustive search of the first two billion numbers failed to disclose a
single 19-tuple of the types prescribed by the above procedure.

(4) Are there some possible types of n-tuples for which no n-tuple exists?

For example, there are, at most, two types of 10-tuples; a 10-tuple for one
type has been exhibited but not for the other; one possibility is that none exists
for the other type.

6. Numerical results. The writer has computed Az for n < 26 and determined
all the possible types of n-tuples for each # in this range; these are tabulated in
Table I. It is convenient to describe a given type of n-tuple by specifying the small-
est prime in the sequence with respect to an appropriate modulus followed by the
succession of differences between the constituent primes. It is observed that a
kind of ‘“‘duality” exists between the different types of n-tuples for a given # such
that if the set of differences for a given n-tuple is known, its dual will have
these same differences in reverse order. Some n-tuples are self dual and do not
yield distinct types, such as # = 6. An examination of Table I shows that for
n = 2, 4, and 6 there is only one type of n-tuple; for » = 8, there are 3 types;
for n = 3,9, 15, and 22 there are 4 types; for n = 13 there are 6 types; for all
others in the table two types are given, each the dual of the other. In a recent at-
tempt to discover another n-tuple that is self dual the writer ascertained that for
n = 41 there are 8 distinct types of possible 41-tuples.

The numerical results obtained in this investigation were performed on an
IBM 701 electronic calculator. Four separate programs were written. Program I
was designed to search for 4-tuples; an exhaustive search of all numbers
<5,073,379 was made and 549 4-tuples were discovered.

Program II was designed to search for 7-tuples of the types

(A) 210« + 11,13, 17, 19, 23, 29, 31
(B) 210x 4+ 179, 181, 187, 191, 193, 197, 199.

Seventeen 7-tuples of type (A) and twenty-four of type (B) were discovered
in an exhaustive search of all numbers <157,131,419,
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TABLE 11

1st term of n-tuple n

00 O\ DD b= p=b b

10

25
65
75
85
119
157
178
185
190
207
210
240
256
394
429
435
450
678
691
733
742
761
792
804
841
868
879
936
1006
1240
1247
1284
1347
1362
1379
1401
1442
1546
1571

11
1277
5639

88789
13143
13147
65701
84723
26609
55709
68701
46773
80647
60993
40439
73429
00501
60091
43459
04371
89599
37871
36131
01709
58441
31921
81929
34019
02591
16361
56533
73537
66249
70527
08399
27029
04549
18211
88709
25991
58627
66079
16071
69149
64997
61241
43347
17051
14319
35191
31419
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Program III was designed to search for 8-tuples of the type
(C) 30x + 17,19, 23, 29, 31, 37, 41, 43.

Ten 8-tuples of this type were obtained in a search of all numbers
<137,943,347.

Program IV was the unsuccessful attempt to find a 19-tuple. As a check on the
above calculations program II was recently re-run on an IBM 650 magnetic drum
calculator; there was 100 percent agreement between the results of the two
machines.

An examination of Table I shows that all #-tuples in a given range of numbers
for 7 €< n < 15 can be determined by examining only the n-tuples obtained from
the three types given above. This subsequent calculation yielded three 8-tuples
and one 10-tuple for type (A), four 8-tuples and three 9-tuples for type (B) and
three 9-tuples for type (C). These results are tabulated in Table II. Since a 9-
tuple may also be an 8-tuple, and a 7-tuple, etc., the highest ranking designation
is given in each case.

7. Conclusion. The prime pair problem has been shown to be the simplest case
of a more general problem. Essentially, the problem poses two questions:

(5) How “‘clustered” can a given number of primes be?

(6) How many such “clusters’ are there?

The first question is considered equivalent to the question, what is the smallest
range of natural numbers that can contain 7 primes? The scheme proposed in
this paper gives a necessary range; it is suggested but not proved generally that
this range is sufficient. It is proved to be both necessary and sufficient for all
n-tuples for n < 10.

G. H. Hardy [3] and W. W. Ball [4] have made conjectures concerning the
number of prime pairs and higher n-tuples under a given magnitude but the results
of this investigation are too meager to expect any degree of accuracy from the
formulas that have been proposed.

The programs for this investigation were not the most efficient since the
writer had a limited amount of time to write, debug and run them. With a more
elegant approach to the programming and by using the more sophisticated logic
of the IBM 704 these calculations could be accelerated by a factor of 200 or more.

The writer wishes to express his thanks to the referee for his comments and

suggestions.
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