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1. Introduction. It is often assumed in the solution of two point boundary

problems by finite difference methods that an accurate answer is obtained pro-

vided the mesh length is small and the numerical calculations are carried out with

sufficient accuracy. The object of the present note is to illustrate by means of

worked out examples the extent of the disagreement which often exists, even

for small mesh lengths, between corresponding exact solutions of ordinary differen-

tial and difference equations. Although the differential equation chosen for purposes

of illustration in the present paper is a particularly simple one, the difficulties out-

lined are quite general and arise in the numerical solution of more complicated

equations subject to two point boundary conditions.

The equation considered is

(i) <k + pVkfx + ky==0, (k>0)

with the associated second order central difference replacement

(2) (14- lph)yr+i - (2 - h2)yT 4- (1 - ¿p/i)i/,-i = 0,

where p, k are constants, yr+i, yr, 2/r-i are the values of y at x = (r + 1)H, rH,

(r — 1)H respectively, and h = y/kH (where H is the mesh length). In all cases

the range of the problem is from x = 0 to x = L where

(3) L - (N + 1)H,

and N is the number of internal nodes. Corresponding exact solutions of (1) and

(2) are compared for two types of boundary condition.

2. Function given at both ends of the range. Consider the boundary conditions

y = 0 at x = 0 and y = Y at x = L. The solution of (1) becomes

(4a)

if p2 < 4, and

(4b) y =

_ sin \-\/4 — p2y/kx  hKJ-VS») i

sin \y/4 — p2 /

sinh hy/p2 — ̂ y/kx  ipci-v**)-.

sinh èVP2 - 4 I

up2 > 4, where I = y/k L. No finite solution exists for general x when

(5) 1=    ^— (r-1,2,3, •••)
V4 — P2
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The solution of (2) becomes

(6a) v   - (2 + vhY^       Sin rB
{b&) Vr      \2^ph) sin (N + 1)0

where

cos 6 =

if p2 + h2 < 4, and

2 - h2

V4 - p2h2

(6b) * = Ji _ ¡^ y (r=l,2,...A0

where

2 - h2 ± hy/p2 + h* - 4

2 + pA

if p2 + h2 > 4. No finite solution exists at general nodes for ranges satisfying

(7)   I- \/2(Af + l)[l -/|/l - -COS -4(V+1)2^"V+1.'-     dT-l.V"*)

Ranges for which either the differential or the difference equation has no finite

solution are said to be critical.

It can be shown that for a prescribed value of K, a critical range of the difference

equation given by (7) either approaches a critical range of the differential equation

given by (5) or tends to infinity as N tends to infinity. Due to the presence of

the mesh length, however small, in a difference calculation, there is never exact

correspondence between critical ranges of differential and difference equations,

and an attempt is now made to determine the effect of this lack of correspondence

in critical range on the agreement between exact solutions of differential and as-

sociated difference equations.

Calculations are carried out for p = 0, y/2, 1.9, 2.0, \/4.99 and for h — 0.1,

0.2. Values of y are obtained from (4) at x = L/2, and from (6) at the

node r = (N + l)/2. The difference between corresponding exact solutions of

the differential and difference equations, is expressed as a percentage of the solu-

tion of the differential equation, and the resulting values are quoted in Table 1.

It should be pointed out that when x = L/2, (5) requires modification, and in

fact no finite solution of the differential equation exists for

Also the sign in front of the percentage differences is plus or minus depending on

whether the difference equation solution is greater or less than the differential

equation solution.

There are the following points to be noted in the table :

(1) The values of I for which the differential equation has no finite solution

are indicated, and it is clear that poor agreement exists between the exact solu-

tions of the differential and difference equations in the vicinity of these critical

values.
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(2) As p approaches the value 2 from below, agreement between the exact

solutions deteriorates and when p = 1.9, for example, the error is in excess of 2%

when h = 0.1 for any I > 8.2.

(3) Once p has attained the value 2, the critical ranges of the differential

equation are at infinity and the percentage errors increase monotonically with I.

(4) The P-condition numbers are given for p = 1.9, 2.0, V4.99 when h = 0.1.

The magnitude of the P number indicates the order of difficulty of obtaining an

accurate numerical solution of the appropriate difference equation. The numbers

are large in the vicinity of critical ranges.

3. Function and derivative given, one at either end of the range. Next con-

sider the boundary conditions y = 0 at x = 0 and y' + ay = jS at x = L. The

solution of ( 1 ) becomes at x = L,

(8a) yVk " 2ß
5 - p + \/4 - p2 cot vW hi

if p2 < 4, and

(8b) y Vfc - -7-,
8 - p+ Vp2 - 4 coth Vp2 - 4 \l

if p  > 4, where I = y/k L and 8 = 2a/\/~k. The solution ceases to be finite when

(9a) I = 2(rr-j) (r = 1, 2, ■ ■ • )

V 4 — p2

where

_i V4 — p2
<£ = tan    -2--*-

if p   < 4, and when

(9b) ¿^-^L^iogZ-p-^ZZJ
Vp2 - 4        5 - p + Vp2 + 4

if p2 > 4. It should be noted that the derivative condition at x = L causes critical

ranges to exist for p2 > 4 as well as for p2 < 4.

If the derivative condition at x = L is replaced by

2yN - [(2 - h2) + (2 + ph)hbh] yN+1 + (2 + ph)h -^= = 0,
vfc

the solution of (2) becomes at the node r = N + 1,

ßh(2 + ph)
yVk= -

(10a)     JV j o/2 + päV      sinArö
A - (2 + ph)\bh - 2] + 2 ( 0^y, ) ^-t-

\2 — pA/  sin (.(V + 1)0
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where

1 — ip2h2

if p2 4- h2 < 4, and

ßh(2 4- ph)iVk= -■(10b) 2/v" " vv _ ~
[h2 - (2 + pA)|5A - 2] 4-2:

\N+1   —   ßN+l

where

. 2 - h2 ± A\/p2 4- A2 - 4
X'M=- 2 + pA

if p2 + h2 > 4. No finite solution exists when

(lia)    l = 2(N+ 1) [l - a/1 - 77/^, cos ^-^

where

tan ^ =

4(JV 4- l)2 AT 4- 1 J

[(4 _ h2) - p2]h

(K=l,2,---N)

5(1 - i p2h2) 4- \p(h2 - 2)

if p2 4- A2 < 4, and when

(lib)
A2 - hy/p2 4- h2 - 4- 2"|

A2 4- AVpH- A2 - 4 - 2J

n+í

= 5(1 - \p2h2)h + \p(h2 - 2)h - vV 4- h2 - 4

5(1 - |p2/i2)A 4- ip(/i2 - 2)Ä 4- Vp2 4- A* - 4

if p2 4- A2 > 4. Again, it can be shown that the critical ranges of the difference

equation given by (11) approach the corresponding critical ranges of the differ-

ential equation given by (9) or tend to infinity as N tends to infinity.

Calculations are carried out for p = 1.9, 2, 3 with A = 0.1. A range of values

of 5 is covered for each value of p. The values of y-\/k/ß for the differential and

difference equations are obtained from (8a) and (10a) respectively when p = 1.9,

and from (8b) and (10b) respectively when p = 2, 3. In Table 2, the percentage

differences between corresponding exact solutions of the differential and difference

equations are quoted for p = 2, 3, whereas the actual differences between cor-

responding exact solutions are quoted in units of .0001 for p = 1.9. This is because

the exact solution of the differential equation for p = 1.9 is sometimes so small

that the percentage differences are misleadingly high.

There are several points arising from Table 2.

( 1 ) An entry co in the table means that the differential equation has no finite

solution for the appropriate values of I and 5. As in Table 1, poor agreement exists

between exact solutions in the vicinity of these critical values.

(2) When p = 1.9, critical values occur periodically for each value of 5, but

when p = 2, 3 there is at most one critical range for each value of 5. For example
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when p = 2, as b increases from 0 to 2, the value of the critical range increases

from 1 to oo. For any value of b > 2, there is no critical range.

(3) The lack of agreement between exact solutions in the vicinity of critical

ranges seems to be less pronounced than was the case in Table 1.

4. The effect of reducing the mesh length on the accuracy of finite difference

solutions. So far, exact solutions of the difference equation have been obtained for

mesh lengths of 0.1 or 0.2. Calculations are now carried out to show the effect of

reducing the mesh length on the accuracy of finite difference solutions.

Considered the differential equation

S+«*îky = 0 (fc> 0)

subject to the boundary conditions y = 0 at x = 0 and y' + ay = ß at x = L.

The values of yy/k/ß are calculated from the conventional second order central

difference replacement for a range of values of b and N when yfkL = 4 and p = — 6,

and are shown in Table 3.

The differential equation itself has no finite solution when b =  —12.32, whilst

the difference equation has no finite solution at the following values of b and N

N      3 10 12 15 31
b    +1.95    +66.98    -85.28    -28.61    -14.40

63 127 oo
-12.79    -12.44    -12.32.

It is the lack of correspondence between critical conditions of the differential and

difference equations which causes poor agreement to exist between the exact so-

lutions. For example, when y/kL = 4, b = —15, the difference solution at x = L

is —.1180 for N = 3, and as N tends to 29, the solution increases monotonically

to + oo. For N > 29, the solution increases from — oo reaching the value — .9034

when N = 63. Thus although the mesh length h( = y/kH) is as small as ^e, the

exact solution of the difference equation is approximately 20% less than the exact

solution of the differential equation. Of course, for values of b less than —15, the

infinite step in the solution of the difference equation occurs at a value of N less

than 29, (see Table 3) and so the solution of the difference equation for N = 63

is correspondingly more accurate. When b = —30, for example, the error is re-

duced to 2.65 %, which nevertheless is still appreciably large.

Table 3. Values of yy/k

3
10
12

15

31
63

- . 1826
-.0263

+ .0262

+.1020

+ .3706
+ .5282
+ .6016

-12

-.1433
-.0253

+ .0273

+.1204

+ .8343
+2.5442
+6.1623

-12.32

±oo

-15

-.1180
- .0244

+ .0284

+ .1469
± co (29)

-3.3183
- .9034
-.7476

-18

-.1002
- .0235

+ .0297

+ .1885
± oo (23)
-.5551
-.3836
-.3524

-21

-.0871
-.0227

+ .0311

+ .2628
± œ (20)
-.3029
- .2435
-.2305

-24

- .0771
- .0220

+ .0326

+ .4338
±oo(18)
- .2083
-.1784
-.1713

-27

-.0691
-.0213

+.0343

+ 1.2420
±oo(16)
- .1587
- .1407
-.1363

-30

- .0626
- .0206

+ .0362
± co (14)

-1.4391

-.1282
-.1162
-.1132
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Fig. 1.—Convergence of finite difference solution toward solution of differential equation.

Fig. 2.—Comparison of finite difference solution with solution of differential equation

for varying 5.

Two figures are now given to illustrate some of the results contained in Table 3.

Fig. 1 illustrates the manner in which the exact solution of the difference equation

converges towards the exact solution of the differential equation as the number of

internal nodes is increased. The outstanding feature is the infinite step in the

solution. Reduction of the mesh length only improves the solution of the difference

equation once the infinite step has been passed. Fig. 2 compares the exact solutions
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of the difference equation when A = §, ^t respectively with the exact solution of

the differential equation, for a range of values of 5. The solutions are infinite at

5 = —14.40, —12.79, and —12.32 respectively, and the diagram clearly illustrates

how this difference in the critical value of 5 causes poor agreement to exist between

the exact solutions over a wide range of 5.

5. Concluding remarks. Although in the present note, no attempt has been

made at an exhaustive study of the accuracy of finite difference solutions of two

point boundary problems, sufficient examples have been given to show the lack of

agreement which can exist between exact solutions of a differential equation and

its associated central difference replacement. It is also unlikely that conditions are

improved by using alternative difference schemes either of the same or of higher

order, since critical conditions of the differential equation have their counterparts

in all difference replacements. In fact the use of higher order replacements may well

complicate the situation further by introducing additional critical conditions into

the system. This was certainly found to be the case in step-by-step difference solu-

tions of initial value problems by Todd [1].

An important point illustrated by the results in Fig. 1 is that in order

to guarantee a reasonable answer using difference methods it is necessary but by

no means sufficient for the exact solution of the difference equation to tend to the

exact solution of the differential equation as the mesh length tends to zero. In fact,

the computor is well advised to obtain solutions of the difference equation for a

range of mesh lengths in order to detect any infinite step in the solution of the

difference equation. For example, in Fig. 1, convergence occurs only for A < -fV

Finally, with regard to the accuracy of the numerical results presented in the

present paper, it should be stated that all calculations were carried out on a 10 x 10

electric desk machine, the latter being used to its full capacity in all calculations.
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