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By I. M. Longman

1. Introduction. In various physical applications, and in particular in geo-
physics, there arises a need for the numerical evaluation of integrals of the type

(1) L= [ nwe a
and
(2) = [ Re® a

where z is a positive number, and where g(¢) is, at least for sufficiently large ¢, a
monotonically decreasing function of ¢. Here Jo(t), J1(¢) denote the Bessel func-
tions (of the first kind) of orders zero and one, respectively.

A method of computation of (1) and (2) has been given by the author [1] for
the case x = 0, and this method can also be applied to the evaluation of (1) and
(2) for small values of z (such that the interval 0 — z is within the first few cycles
of Jo and J, as the case may be), even if the integrals diverge for x = 0. The present
paper presents an alternate method (which is easily extended to large values of z)
for the case where g(¢) is a function of the type that can be expanded as a series
of inverse powers of ¢

(3) g(t) = a0+ at™ +at "+ -,
when ¢ is sufficiently large.

2. Description of the Method. Suppose, then, that we wish to evaluate an
integral of the type (1) or (2), where for simplicity we will suppose that an ex-

pansion of the form (3) is valid when ¢ > z. Then our integrals can be expanded
in the forms

4) L

I

aof Toe) de o [ o0 de + a [ Bocta -,

®) M=a[ h@d+a| KO d+a[ WOFd+

so that (1), (2) can be evaluated if we can evaluate integrals of the type

(6) L, = f o)™ dt, n=01,2 -
and-
™) M, = f TA(0E™ dt, n=10012 .

We will see later that the series (4), (5) are quite rapidly convergent for « > 1,
the rapidity of convergence increasing with x. However it should be noted that in
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a number of applications (for example propagation in layered media, seismology
problems) the integrals we need to evaluate have pt in place of ¢ in the arguments
of the Bessel functions, where p is a positive number which may be as high as 20.
After making the appropriate scale-factor transformation we obtain the integrals
(6) and (7) with a factor p” " in front of each integral. For this reason the inte-
grals (6) and (7) are often required with high precision and at least ten place
accuracy would be needed for such application.

With regard to the integrals L, , M, , the only published tables known to the
author are one of

[ 70y a, 2 = 0(0.01)10
o
by Lowan and Abramowitz [2], from which we can obtain L, as
Lo =1 —f Jo(t) dt,
o

and one of L,, for z = 0 (0.1) 10 (1) 22, by Lowan, Blanch and Abramowitz,
[3]. Watson [4] gives a table of the maxima and minima of

fo " To(t) dt

and this table has been extended by the author [1], who has also pointed out an
error in Watson’s table. Also Smith [5] and Lowan, Blanch and Abramowitz [3]
give asymptotie expressions for L; . For large values of x beyond the range of the
published tables we can use the series

(8) jo" Jo(t) dt = 2[J1(z) + Js(x) + Js(z) + ---1.

Also we have the obvious result
(9) Mo = J o(x)

It is not the purpose of this paper to give extensive tables, but rather to present
a general method for their computation, and to illustrate their use by way of an
example.

3. Method of Computation. Integration by parts show that the L., M, satisfy
the following recurrence relations for a given value of z:

(10) L,= —x"Ji(z) + (n + )M,
(11) M, = 2 "Jo(x) — nlnp
from which we deduce

_ Jo(z) _ Ja(zx) _ L,
(12) b= Den "D @t D
and

_ Jo(=) Ji(z) _ M,
(13) Moy = nn + 2z ' (n + 2z nln + 2)°

Equation (12) has been given by Smith [5] where he uses it to obtain an asymp-
totic expansion for L, . Thus starting from L, and L,, which are either obtained
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from existing tables, or must be calculated, we can use (12) to compute successive
L,’s. Furthermore the form (12) shows that for even moderately large z, L, tends
to zero very rapidly as n increases. This makes the calculation of the series (4)
a very rapid process.

With regard to the M,’s, starting with the relations

Mo = Jo(x)
M1 = Lo + Jl(x)
M, = 3(L, + x—lJl(x))

(which are obtainable from (10), (11)), successive M,’s can be computed by
means of (13). Some L,’s and M,’s have been computed in this way, and these
are given in tables 1 and 2.

With regard to L, and L, , these are obtainable (by interpolation if necessary)
from existing tables ([1], [2], [3], [4], [5]), or, for large z, by means of asymptotic
expansions. The interpolation can easily be carried out accurately using Taylor’s
theorem. Examples of such interpolation are given in Longman [1]. Asymptotic
series for L, are given by Smith [5] and by Lowan, Blanch and Abramowitz (3],
while for Lo we can apply Smith’s method to obtain the result

2 o2 2
f Jo(t)dtNJo(x)l:-l-—l_:3+135 1.3x;5.7+.“]
(14) z 2 2 52 =2
~n 1= S+ TSR

and for large z this can be used to compute L, using the known asymptotic series
for Jo(X), Jl(X)

4. Tables. Tables 1 and 2 were computed from equations (10), (11), (12) and
(13) and existing tables [2] and [3] of Ly and L, by the use of an IBM 709 computer
at the Western Data Processing Center of the University of California, Los Angeles.

5. Example of the Use of the Tables. Suppose we wish to compute

1= [T @/ + Dl a
Using the expansion
E+D) T == (t>1)
we have
I=L —Li+Ls— Lg+ ---,
from which we obtain
= —0.001042.
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