A Simplex Sufficiency Condition for Quadrature
Formulas

By C. S. Duris

1. Introduction. In this paper a procedure is described for deriving interpolatory
type quadrature formulas by inverting linear systems of differentiation formulas.
Because interpolatory type quadrature formulas are uniquely given in terms of
the interval of integration and the interpolating points (see Krylov [6]), no new
integration formulas result. By carrying along the remainder terms for the differ-
entiation formulas, remainder terms for the quadrature formulas can be obtained.
Using this procedure a sufficient condition is given for a quadrature formula to
have a remainder of the form Mj™ (), where f is the function being integrated
and M is a constant. This is equivalent to the statement that the formula is simplex
(see Daniell {8]). Applications of this sufficiency condition are made, and in par-
ticular a fairly thorough investigation of the formulas having form

) [0 d~ G(=1) + Cf@) + GI®) + Caf)
ismade for —1 < a < . < 1.

2. Numerical Differentiation Formulas. Let y(z)€ C ! [a, b]. The Lagrange
interpolation formula with remainder, which interpolates y(z) at the n 4+ 1 dis-

tinct points o , &1, - - - , Za € [a, b] is given by (see [1], [2], [3], [6], or [7])
(2.1) y(@) = 2 L@y + Ealy; o),

where y; = y(z;) and

n

(x — z)

(2.2) I (z) = =0iki (T; — @)

The remainder term E,(y; ) can be expressed in terms of a divided difference as
(using notation of [1])

(2'3) Eﬂ(y; Z) = ""n(x)y[xo 1y 1, "t 5, Ty 33],
where m,(z) = (£ — %) (x — 21) -+ (& — ), or in terms of an (n + 1)st deriva-
tive as
: (n+1)
e = M
(2-4) En(yv x) Wn(x) (n ¥ 1)! )
where min (2o, -+ - ,Zn ,2) < £(z) < max (o, -+ ,Zn , z). In most of the analysis

we will choose to use the remainder term as it appears in (2.3).
In the following P, is the linear space of dimension n + 1 consisting of all real
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polynomials of degree less than or equal to n. An immediate consequence of the
Lagrange interpolation formula is

LemmMa 2.1. The nth degree polynomials I,"(x) fork = 0,1, - - - , n given by (2.2)
form a basts for P, .

Using the notation

4

(2.5) di"(z) = o " (z),
and differentiating (2.1) we get
(2.6) v'(z) = ;-Zo d;"(z)y; + Ra'(z),

where
(27) Rnl(x) = Tﬁ/(x)y[xo’ iy Ty x] + Tn(x)y[xoy tty Tay, T x]

A second lemma of importance is now given.

LemMa 2.2. The (n — 1)st degree polynomials d;"(z) forj = 0,1, --- , n span
the space P,_; , and any n of these n + 1 polynomials form a basts for P,_; .

Proof. Every polynomial ¢ € P, is the derivative of a polynomial p € P, .
Thus for any ¢ € P,

g(z) = p'(z) = d"(2)p(s) + di"(2)p(;1) + -+ + du”(2)D(Zn).
Hence d;"(x) forj = 0,1, --- ,nspan P,_; . Since 1 € P, we know that
do"(z) + di"(z) + -+ + du"(z) = 0.

Thus di"(2) = — D j—0;j d;" (), which implies that any set do"*(z), - - - , iy (z),
dir1(z), - -+, da"(z) is a basis for P,_; . This proves Lemma 2.2.

Let 20,21, - -+, 2, be n 4+ 1 distinet points in [a, b] not necessarily equal to the
z’s defining the I;"(z)’s. If we evaluate (2.6) at these z/s we get the following
system of n + 1 equations:

¥ (20) = do"(20)y0 + di"(20)y1 + -+ + du"(20)yn + R (20)
(2.8) y,(zl) =dy"(z21)yo + di"(z1)ys + -+ + da"(21)ys + Rnl(zl)
¥ (2a) = do"(2a)y0 + A" (2)ys + - + da"(22)yn + R (22).

Recall that yx = y(xx).
The (n + 1) X (n 4+ 1) matrix

do"(20) di"(20) -+ da"(20)

do" (21) d"(z21) -+ da"(21)
(2.9 W = . . .

do*(z:) " (2n) -+ du™(za)
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is the matrix representation of the operator d/dr on P, with respect to the basis

(2.10) LMz) = ]I (” — z") fork =0,1, -+ ,n.

i=0i52k \%j — %

Thus as a corollary to Lemma 2.2 we have

CoROLLARY 2.2. The rank of W is n and every n X n submatriz of W s non-
singular.

Proof. 1t is quite clear from Lemma 2.2 that the rank of W is n. Consider now
for 0 < 4,7 £ n the submatrix

((do™(z0) -0 dia(z)  dia(z0) o0 da’(20) }

o : : :

l do"(zi-1) - dia(zim)  dpna(zim) - dn"(2i-1)
(2.11) n N ,, n .

do"(zi+1) -+ di-1(zi) dj+1(zi+l) cos da(2ie0)

i : : : :

[ d(zn) -+ dia(za) dina(z) o0 da"(2a)
The columns of this matrix are the components of di"(z) with respect to a basis of
Lagrange coefficients using 2y, - -, 2i_1, 2i4q1, ' - , 2s fOr interpolating points.

Thus by Lemma 2.2 these columns are linearly independent and hence the matrix
is nonsingular. This proves the corollary.

3. Derivation of Quadrature Formulas. If we let y(z) = [7, f(¢) dt and we drop
the first equation in (2.8) we get the system of equations

( prz1

| f(z) dz
dn di - dn ' f(z1) — Ra'(21)
(3.1) dn dyy - dpa f”f(x) dzl = f(zzz) — R (=) '
d.nl dnz -+ dnn ‘E" f(Zn) - Rn,(zn)
| f: :n f(z) dx)

Here we have used the notation d;; = d;"(z;) for1 < 7,5 < n.

Let D = (d;;) be the n X n matrix in (3.1) and let D,; be the (¢, j)th cofactor
of the matrix D. Since by Corollary 2.2 we know D is nonsingular we get the follow-
ing theorem by applying Cramer’s Rule to (3.1).

TrEOREM 3.1. The n X n system of equations (3.1) can be solved to obtain the
integration formulas

(32) [ de = 3 Chste) + Balfiza, 20
fork =1,2, .-+ n where
(3.3) Ci = Dy

det (D)
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and

(3.4) Ru(f; o, mi) = —;C?,,R,.’(z,.).

The term R.(f; o, xx) is the remainder term for the integration formula. It is
interesting to note that we obtain the remainder for this integration formula by
applying the integration formula to the negative of the remainder term for differ-
entiation.

A formula is said to be exact for a specified function if the remainder term is
zero for that function.

Lemma 3.2. Formula (3.2) is exact when f is a polynomial of degree n — 1 or
less.

Proof. Since the differentiation formulas in (2.8) are exact when y(z) is a
polynomial of degree n or less, the integration formula (3.2) obtained from (3.1)
will be exact when f(x) is a polynomial of degree n — 1 or less.

LemMA 3.3. The coefficients C7, given by (3.3) can also be found by

Tk

(35) s [ L7 a Jorj=1,2,n
zo

where

(3.6) L (2) = (2 — 2)

=150 (25 — 2:)

Proof. Since (3.2) is exact for polynomials of degree n — 1 or less we may put
f(z) = L;"7*(2) and know that

n Tk
(37) > L) = [ L) de
i= zg

Noting that L;""(2;) = 0if j = ¢ and L;""(2;) = 1 we get (3.5). This proves
the desired lemma.

From Lemma 3.3 we learn that formula (3.2) does not really depend on any
of the z;’s forming the system of equations (3.1) except zo and z; . For this reason
we will take x; = 2,41 for 1 < 7 < n — 1. Note taat if the upper limit, z; , of the
integration is not one of the z;’s we may take k = n, because r, is not restricted
to be one of the z,’s.

Henceif 2; = 2,1 for1 £ 7 £ n — 1 term w,(x) in (2.3) becomes

(3.8) m(2) = (T — Zo)(x = 22) -+ (z — 22)(x — 2,).

For convenience in what is to follow we will write m.(x) = m.(z)(z — z,.),
where

(3.9) Ta1(Z) = (T — o) (T — 22) -+ (T — 2a).
Thus the remainder terms for differentiation at the z;’s are

(3-10) Rn,(zi) = Wi»—l(zi) (Z,‘ - xn)ylxo 3R,y """y Rn, Tny zl']
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for2 < 7 =< nand
(3.11) Rn,(zl) = ‘ﬂ'n,(zl)y[xo y22, " 52, Tn, )
. + Wﬂ(zl)y[xo 1%, " %, T, 21, 21].

For our purposes we will modify (3.11). Note that

wn(zl)y[xo 1y 22, " , 20, 2pn, 21, zl]
(3.12)

— ma@)ylwe, 22, 0,y m, m — e, 2, o, 2, T, 2},
and 7, (21) = mn-1(21)(21 — Zn) + wn_(z1). Hence (3.11) can be written as
(3.13) R.)(21) = mna(z1) (21 — Ta)ylxo, 22, -+, 20, Ta, 21)

+ ma(2)yl®o, 22, -0, 20,21, 21).

Using (3.10) and (3.13) in (3.4) we get

Rfl(f; Zo , xk) = - E C?kr:b—l(zi)(zi - xﬂ)y[xo 322, 321, Zp, zl’]
(3.14) =
- Crk‘l'n—l(zl)y[xo yR2, " %0, 2, 21].

4. A Simplex Sufficiency Condition. In [8] Daniell studies remainders for inter-
polation and quadrature formulas. In this paper he defined simplex formulas. This
definition is (see also Kunz [7]):

Definition 4.1. A formula is said to be simplex of order m, if

(1) The formula is exact for polynomials of degree m — 1 or less and not exact
for z™.

(2) If the formula is exact for any function f € C™[a, b], then f*™ (z) = 0 for
some z € [a, b].

From [7] or [8] we learn the following about the formulas given by (3.2):

LeMMa 4.1. The integration formula

Tk n

(32) [ @) a2 = 3 Ch i) + Bai )
zo =

18 simplex of order n of and only if

(4.1) Ru(f; %0, z) = Mf™(§)

where £ 18 some point in [a, b] and M 1s a nonzero constant.

Since d"2"/dz" = n!, Daniell [8] shows that in (4.1)

1 * n = n n
(4.2) M=nl{j; T dx—ZC.-,,z;}.

0 =1

We are now in position to prove the following theorem which gives a sufficient
condition for formulas of type (3.2) to be simplex. For convenience in stating this
theorem we have defined 2,41 to be z, in (3.14). Recall also that in (3.14)

Ta(T) = (2 — 2)(x — 22) -+ - (T — 2z5).
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THEOREM 4.2. If for s = 1,2, - - - , n the n quantities

(4.3) (2. — za+1);c?k1r;—l(zi)
have the same sign, and Crima—1(21) 18 2ero or has this same sign, then
(4.4) Ru(f; o, o) = —ylZo, 22, , 20, & 1) 20?];1’,.,(25)
where T (2) = Ta1(Z)(T — 2Zn41), Zny1 = Ta, and min (21, -, 2p41) = &,
n = max (21, -+ , Zay1) ; Which implies formula (3.2) is simplex of order n.
Proof. Repeating (3.14) here we have
Ru(f; 2o, 24) = — Z C?k‘;r:._l(z,-) (2i = 2a41)y[0, 22,y 20, 2o, 23]
(4.5) =
- Ci‘kﬂ'n—l(zl)y[xo yR2, " %, 21, zl]'

Considering one term in the summation we have

C:"kw:&—-l(zi) (zt' - zn+l)y[x0 Iy 22, ,2n, zn+l ) zi]
(4.6)

= Chmna(z)ylzo, 22, -+, 20, 2] — Yo, 2, -+, 2, 2nsl}.
By telescoping

y[x0’22"" ,Z",Z.'] _y[xoyh)"',zn,zn+1]

(4.7) n
= Z.{y[xoa'z?’ 7zﬂ’zc] - y[x0y22, ,zn,za+l]}-

=1

Now note that

y[xorh)""zn’zs]_y[xo;@y"’,zn,zc+l]
= (2 — z)ylxo, 22, -, %, 2, 24l
This gives
y[xoiz2)°"727!721']—y[xo7z27""zn7zn+1]
(4.8) n
= E(Z,—Z,+1)y[xo,22,"‘,Z”,Z.,Z,.H].

=1

Using (4.8) and (4.5) we get

n n
Rﬂ(f; %o , xk) = - Zl C?kﬂ';—l(zi) Z (2, - zt+l)y[x0 yR2, " , %, %, z:+l]
1= 8™
— Chmna(a)ylro, 22, , 2, 21, 2l

We now use the fact that D % a;Y mib, = 2 s1b, 2 =1 a;. This gives

n
Ru(f; 0, 7)) = —Z;y[mo,zh e 2y 2, Zetd)
Z

(4.9) s
. (z, - z3+1) z; C:’lk"r;—l(zi) - C;’k"r’n—l(zl)y[xo 322, """ y8n,%1, zl]‘
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Hence if (2, — 2,41) O i=1 Cimn-1(2:) do not change sign (some of these terms may
be zero) and Ciimw_1(21) has this same sign or is zero

Rﬂ(f;xoyxk) = —y[xo’22’ )zn:“f’"]
(4.10) . .
. {Z; (2 — ze11) Z_‘{ Chimn—(2:) + C;‘k"rn—l(zl)} )

where min (o, 21, - ', 2041) < &9 < max (o, 21, **- , Znt1). Noting that
(4.11) ;nl (2, — z.+;)iZ;C?k1r:._1(z.-) = ‘Z;C?krf._l(z,-)(z.- - Zap),

Zx = zxforl £ k = n, and that m.(2) = m1(2) (& — 2,41) We get

4 R, m) =~y o, b ol Ol (20,
Recalling that y(z) = f:., f(t) dt where f € C"[a, b)] gives

(412) y[xo,z2, ,z,,,é, 77] = (;Tl'mf(n)(i)’
where min (2o, 21, - -, Za41) = £ < max (%o, 21, -, 2nq1). Thus (4.12) in
conjunction with (4.4) implies the integration formula (3.2) is simplex.

In applying Theorem 4.2, since the terms (4.3) and Chim,_1(21) must be com-
puted anyway, the constant multiplying —y[x,, 22, - -+, 2a, & 7] in (4.4) is just
the sum of Clima—(21) and the terms in (4.3). This is seen to be true by (4.10).

5. Examples of Closed Type Formulas. Consider as the first example Simpson’s
Rule

(5.) [ 10 at ~ 2 1sa0) + a7(a) + s(a),

where a; = ao + th for 2 = 0, 1, 2. Since it is easy to check that Simpson’s Rule is
of order four, we know that corresponding to the formula (3.2) Simpson’s Rule
can be written in the form

(52) [F5w = et + Rifm, 20,
where
(5.3) R(f;21,2) = — ;10241"3/(26)(‘3{ —z)yla, -, %, 24

Here we have taken 2y = 20 = ap, 2, = 21 + h, 23 = 21 + $h, 2. = 2; + 2h, and
2 = 21 + Ih. Note z3 < z; < 2. By pairing up the Ci/’s with Simpson’s Rule we
get Cis = 3k, C2y = 4h, C3s = 0, Cis = h/3.

Since z; = zp,
(5.4) m(2) = (2 — 21)(z2 — 22) (2 — 23) (2 — 24),

and we have 73’ (21) = —3h°, 7' (22) = 31, m'(23) = —3K° and m5'(2:) = h®. We
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now see that Theorem 4.2 applies because
1
(21 — 22)2 C:nl'sl(zi) =k,
=1

2
(20 — 23)2 03473’(zi) = hs’
=1

O

3
(23 — ZA)Z; Céﬂ’a/(zi) = %hs’

4

(2 — zs)z‘{ C’:urs'(za) =0,
and Cis(z;) = 0. Hence for Simpson’s Rule
(5~5) R4(f; 20, 24) = —y[zl y 22,23, 2, & n]'&h(’r
where z; < & 7 < 21 + 2h. If we use the fact that ylz, , 2 ,25,2.,¢ 7] =
(1/5Y) f® (&) forz; £ & < 2z + 2h we get
(56) R( . _ h5 (4) [ =

. 3f;20124) = _9—0f (&).

Note that since Y_i=1 Cisrs (2:) = 0 it does not matter what values 2z has, be-
cause the only place z; enters in is in the term, see (4.9),

4
Ylor, 22, 25, 2, 2, 25) (20 — Zea)}:l Chams' (2:)
e

and this term is zero.

For the second example we consider the general four point closed quadrature
formula

1
(67 [ @) dz~ Cuf(=1) + Cifa) + Cof®) + Crf(D),
where —1 < a < B8 < 1. The coefficients C; are given by
1
. = As
(5.8) C; L L (s) ds,

where

sy _ (8—a)(s=B)(s—1)
B =T raa e
s,y _ (s+ D =p)(s—1)
L) = G T)(a = A — 1)
sy _ (8+D(s—=a)(s—1)
LG = g —ae -1

sy _ s+ 1) —a)(s—8)
Lo =—g—aa-»

(5.9)
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Carrying out the integration in (5.8) gives

1

e gy

[2a+ats -2,

e PR P = B — 1) [3’3]

(5.10)
Cg = 1 [éa]
B+ DB —a)B—-1L3 1
1 2
O = s = ﬁ)["ﬁ (-1+a+6 + 2aﬂ].

From Theorem 4.2 the sufficient condition for these formulas to be simplex of order
four is that

(a) [—3(1 + « + B) — 2a8],
(5.11) (b) [—3(1 + « — B) — 208},
(e) [-3(1 —a —8) — 208]

do not change sign. The fourth term is zero and need not be considered, as is also
Co‘)l'a( -1 ) .

By setting the terms in (5.11) equal to zero we can divide the triangle —1 < a,
B < 1, a < B up as shown in Figure 5.1. Excluding the lines« = 8, @« = —1, and
B8 = 1, the disjoint shaded region indicates where (a), (b), and (¢) of (5.11) have
the same sign. Thus any point (a, 8) in this shaded region corresponds with a
simplex formula (5.7) of order four. The point (—1/4/3, 1//3) corresponds with
the Gauss-Legendre quadrature formula for two points, which is known to be

8 R
l// b= —T¥3a
p= -1 =Ly W~
da (lvl)
b Ve
B= l—g ] < // %
]_.
“ +— / =, 1+ a
e B=1T"3a
A g
e
/ / ]
(L) T i
~~g=2a+1
/
(=1, -1

Figure §.1
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simplex of order four. Similarly the points («, 8) in the shaded region and on the
lines @ = 0 or B = 0 correspond with Simpson’s Rule.

In [5] Bragg and Leach have an example in Section 4 which indicates that on
the line 8 = 2a + 1 the formulas are simplex of order four. In Figure 5.1 this line
is shown, and it is quite clear that the line enters the unshaded region. This indi-
cates that the conditions defining the shaded region are really only sufficient
conditions.

Since the mth divided difference of a polynomial of degree m is a constant, if the
sum Y 2 Chm, (25) in (4.4) equals zero we know the formula under consideration
has order greater than or equal to n + 1. If we solve for « and 8 so that for formula
(5.7)

Com (—=1) + Cim () + Cord (B) + Com/(1) = 0

we get the curve 8 = —1/5a. On this curve the formulas are of order five except
at the point (—1/v/5, 1/4/5), which is known (see [8]) to be simplex of order six."
All other points in the triangular region correspond to formulas of order four.

6. An Example for an Open Type Formula. As an example for open type formulas
consider

6 [0 d~ S g + @) + G + 115G,

where 2; = xy 4 sh for ¢ = 1, - - - , 5. Hence for this example 7, ;(z) = ms(z) =
(x — zo)(z — z2)(z — z3)(x — 21). Also m(z) = m(x) = (x — 7)) (x — 22)-
(z — z5)(z — 2z)(z — 2).

Thus we have n3 (21) = 5h°, w5 (22) = 4h°, w3’ (23) = —3K°, 75’ () = 8K, and
m3(21) = —3Ih*. Also for this example C}y = §5h, Cas = 5k, Chs = 2#ch, and C3, =
$%h.

Applying Theorem 4.2 we have

(21 — 2)Clams () = (—h) (%2R,
(6.2) (22 — 2)[Clams (21) + Caems' (22)] = (—h)(%E + $)B,
(25 — 24)[0:471'3'(21) + C;m's,(zz) + 03411'3’(33)] = (—h) (& + 3% — %)h47
and
(2 — 2)[Clams’ (21) + -+ + Clars(20)] = (—h)(3E + § — § + %&)h".

These quantities are all seen to be negative and Cisrs(z1) = —58h° is also negative.
Hence we have from Theorem 4.2 that

(6°3) R-‘l(f) Zo, 25) = y[zo 122,523,224, E: ﬂ]{% + 3%' - 2% + '555' + %?'}hs

or

(6-4) RS(f, Zo , xs) = %_5 6y[x(] )y R2,%3, %, E) "7]~

1T am indebted to the referee for pointing out the existence of this curve.
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Using now the fact that y[zo, 22, 23, 24, &, 2] = f*(F)/5! for z, £ & < 25 we have
(6.5) Ri(f, 20, 7s) = 250 (2).
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