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Certain Expansions of the Basic
Hypergeometric Functions

By Arun Verma

1. Introduction. In a recent paper Jerry L. Fields and Jet Wimp [7] have used a

very elegant method by induction through Laplace transform to derive a number

of expansions of hypergeometric functions. In this paper, I have used certain basic

integrals and the method of induction to derive certain expansions of basic hyper-

geometric functions of a very general character. The following usual notation has

been used throughout the paper. Let

[a], = [q% « (1 -qa)il -O ••• (1 '), = 1,

and

(a 4- z)x =
f[( a + Xqk) (1
hk \a + xq*+*J ' 0- = IT (i - V)-
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Also, let

fin..)- r~\        A   UnM- x"
1 as I < 1,f(ar);xl      f. [(a,)], i* ,    ,   , ,.      ,

•*-L (ft.) rhmmn'   i«i<laod

and

B,(«, /3) = So1 f_1(l - a0i-i dig, t),

where

1 *     •     •
-,-So fiy) diq, y) = x £ q'fiq'x),
í — q »=o

and (ar) means r parameters of the type at, a2, • • • , ar.

The basic analogue of the Laplace transform [4, 5] is defined as

gis) = qL.fix)  =     _    So"""' Eqiqsx)fix) diq, x)

_ (iZLí)¿g</(8-y)/(1_g)<

(1.1)

The inverse is defined by the complex integral

(1.2) /(*)-¿5/■*(«)«.(«) *,

where the path of integration C encircles the origin, and can also be deformed into a

loop, parallel to the imaginary axis. Also

Eq(x) - E ^L- ,

e,(a;)  = £nT> I * I < 1-

2. We now proceed to derive the following expansion

-z)Y(n_im

(2.1)

3,      fía,), (cr);.rw"|   = A [(aP)l»[«]»[<3]»(
r i+ML   (bi).(O   J      £o [l].[(6i)W[7 + n]„

v      a     l~n + a' n + & n + W;1! v      <r>      ["-»,» + T, (cr);wql

To prove this result, we first prove that

„m(m—1)/2/ _TV"

.      21L        C        J      m>o     [l]m[y + m - l]m

..   »   \~a + m,b + m;x~]      .   !~A, ß, 7 -f- m — 1, — m; w~]

X2<H        y + 2m       J'4*3L C,a,6 J'

Proof of (2.2). The right-hand side of (2.2) equals to

y f     i-)mxm+nqMm-i)l2[a]m+n[b]m+n [A, B,y + m-l, - m; w~]

i^o tío [lWl]n[T 4- m - l]m[7 + 2m]n ' * ' |_ C,a,b J '
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Setting m + n = r, and changing the order of summation, we get

,2.3) ± S*Wr xr ¿ {_r]m r A TA, B, y + m - 1, - m; wl
1—0      [ljr m-0 L C, O, O J

The inner series equals to

V f-»i- <T ¿ UlilBl.fo- + m - lM-ml, w'
^o [1]J7 + m - IWt + 2m]r-m f=o [l]i[C],[o],[6]t

y [AUBUt - 1], uf A [-r]m[y - 1 + sU-m].[j7 + fljfrr + hW
* h   [l].[C].[a].[b].[y]r  t. [1]J7 + rUh - «4*7 - *1p*

where [a].* = (1 + <f)(l + oa+1)(l + qa+2) ■ • - (1 4- o^-1).

Now setting m = s + I, we get

1   ^ [A].[B],[-l].[-r].[^y + ftfty + èl.*l7 - 1 4- «].(-»)'
~ Mr ¿Í [l].[Cl.[o].[6].[7 4- r].[i7 - SRFr - H?

T.-.(.+i>/s       Tt - 1 4- 2s, [§7 4- ¿ -f s], [$y + h + s]*, -r 4- s; qr~'~]

XÇ *3 L [*Y - i + s], [fry - h + «]*, 7 + r -f s J •

But by a particular case of the sum of the well-poised 6*5 it can be easily seen

that the above 4*3 vanishes except for r = s, when it reduces to unity. Hence the

above expression, after a little simplification becomes

[A]r[B]r g-rw

[C]r[a]r[b]T    ■

Substituting this value of the inner series in (2.3), we get the result. Forw = q

this result reduces to a result due to Agarwal [3; 3.2]. Further letting A, B,C tend

to infinity, we get the basic analogue of a result due to Luke and Coleman

[9; 1.8].
Now we proceed to prove (2.1 ) by induction. Suppose (2.1 ) holds for some values

of p, r, I and m. Multiplying both sides by a;*-1, and taking the g-analogue of Laplace

transform (1.1) on both the sides and making use of the result [5; 9.2]:

-J— So*"1 Eqiqsx)xk-1 diq, x) = r* ft (\ ~ qTk) <     KU(fc) > 0].
1 — q 3=0 \1 — aI+v

We get that

\iap), icT),a; to/si = A [(ap)]n[tt]n[/3]n[4,(-s)^

,+h-i**., L      (6l);(dm)      J      £0       [1]B[7 + n]n[(0/)]„

v   n(»-i)/2      ,       [-n,n + y, (cr); wql
X  q H-2*m+2 a    j j   \

|_ a, ß, (dm) J

_.     [n + a,n + ß,n + iap),n + ¡r; 1/s]

p+3*mL 2n + y+l,n+ibt) ]'

for Rl(o-) > 0. Thus replacing s by (1/x) the induction with respect to 'p' is seen

to be true. To effect the induction with respect to T replace x by (l/.c) in (2.1) and
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then multiplying both sides by x~° and taking the inverse of the g-analogue of the

Laplace transform (1.2), we get

\iap), icr);wsl = A [iaP)]n[a]n[ß]ni-s)nqnln~iy2

t+M+m+l ^    (6|)> (dm))(rJ £, [ï]n[{bl)Uy + n]n[(r]n

[-n,n+y,icr);wq~] ' n + a,n + ß,n + iap);s

X  r+*~» |_ a> ßj (dm) J   •  ̂ +2 [3» + T + 1, » +   (6i)) n + ffJ .

Similarly, the induction with respect to r, m can be effected. But for p = I = 0,

r = 2, m = 1 and Ci = A, Ci = B, di = C and w> = w/q in (2.1) we obtain (2.2),

and hence the proof by induction of (2.1) is complete. The conditions on the param-

eters can be waved off by analytic continuation.

(2.1) is the g-analogue of a result due to Fields and Wimp [7; 1.3]. If we let a

and ß tend to infinity and take r = 0, m — 1, we get the basic analogue of a result

due to Toscano [8; 1].

3. In this section, I proceed to derive, with the help of (2.1), another expansion

of a more general character. Putting w = 0, replacing p by (p — 2) and setting

a = ap_!, ß = ap in (2.1), we get

, _ y [iaP)]ni-x)Y{n'1W  +     r n+iap);x 1

í=o     [l]„[(0i)]»[74-n]„    'l+1 |_2n + 7 + 1, « + (&i)_T

Replacing (a„), (o¡), 7 by (ap) -f- fc, (6j) 4- k and 7 4- 2/c respectively and multiply-

ing both sides by [icr)]kiwx)k/[l]k[idm)]k, then setting n + k = t, we get

[icr)]jwx)k = [ihMMUqw)" A [(ap)]t[-¿]t[7 + ¿U

,[l]»[(d-)]* [l]*[(aP)M(dJk    Hi   [l]«t(6i)U7 + A«

v C-rVo,(i-1)/2 d>^ [       ¿+(aP);z

Summing both sides from k = 0 to », and changing the order of summation on the

right-hand side, we have

Vicr); wxl = A[(a„)],(-s)y('-1)/2

rmL    (dm)    J        h     [1],[(6|)],[7 + Í],

v   * i4-(ap);x [(6,), (cr),7 + t, -t;qw~]

Then using a technique similar to one used in the deduction of (2.1), we get the

general expansion

■-x)Y(n-1)l2

r.[7 + n]n

to     f(cr), iet);wxl   . A [(ap)]„[(et)]n(-a:

hl    m+l     (dm),(fn)    J ^0        [l]„[(60]n[(/u)]„[

(oís v       <b (a») +n' (e<) + n'x
(31) X 3,+'*'+u+1 [_(&«) + n, if.) + n, 2n + y 4- ij

A      f(6i), (cr),7 + n, —n;gio"|'¡+'+2*^L («,),(0 J'

(3.1) is the g-analogue of a result due to Fields and Wimp [7; 2.4]. For p = 2,1 = 0

and ai = a, 02 = ß it yields (2.1).
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4. In this section, I proceed to deduce a generalisation of the g-analogue of

Euler's transformation for a2<ï,i viz.,

/ai\ * Pa, i>; xl       ,. a+b-cx ,   \c — a, c — b; xqa+b~c~\
(4.1) 2*1      ' c'       = (1 - xq        )c_a_62$1 c

The result to be proved is:

*{(au);2] = (1~22S,,+1"',)ff'-s'+i

ff t ¿»S- a I"'* " Sp+1 + y°-l:Pp ~ ap+l '' ̂ 8p+l~"],
r-1 nr=0 L Pp + 7jr-l J

where

p-i
[Or -  Sr + 7r-l]«r[pr  ~   «H-J.r IT   [«'+2 +  7r-l]nrgn'(Sr + ,_'r'

p+r

(4.2)

Anr —

[l].r II  [Pl + 7r-J»,

and

<Sr = «i -+- a2 4- • • • 4- «r ;    <rr = pi 4- p2 + ■ • • + pr,    yr = ni + n2 + ■ ■ ■ + rir

r = 1,2,3, ■■■ ;y0 = 1 and | z \ < 1, | g | < 1.

For p = 1, this gives (4.1). To prove the formula (4.2), we multiply both sides by

^p+s-i (j _ qt)„p+1-ap+1-i replace z by zt and take the basic integral from 0 to 1.

Then integrating both sides by making use of a result of Jackson [6], we get

Btiap+2 ;Pp+1 - ap+2) $ r^2^] = II  ¿  A.S'
L    \Pp+l)    J l—l   nr-0

x Z
[o-P — Sp + yp-i]np[pp — ap+i]npznpqn" p^p+i—'pi

"P-0 U]»„[pP +  yp-l)nr

X So1 <****«-*(l - gí)pp+1-«í+2-i(l - **gi,p+l~'')v-,,+1 d(9,0

"3 =   TT1    ê   A    2"r    è   ̂ P — *Sp + 7p-l]»p[pP — «p+Un,,

r_!   „r_o       "' »„-0 [l]nr[pP 4"  7J.-J»,,

X Bq[yp + ap+2 ; Pp+1 - ap+2]2",>g"',<SJ•+1"~'',,,

x * r^1 _ ^ '7p "*"ap+2 ; 2i1 L Pp+i + 7P J ■

Then applying (4.1) on the right-hand side of (4.3), and dividing throughout by

Bq[ap+2 ; pP+i — <*P+2], we get the formula (4.1) with (p 4- 1) in place of p, which

completes the induction proof. This is the basic analogue of a result due to Mac-

Robert [2; 29, p. 363].

5. In this section, I deduce the basic generalisation of Saalschütz 's theorem. To

do so, multiply both sides of (4.1) by (1 — z)3p+1 — ap and equating the coefficient
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of z" on both the sides and simplifying, we get the required result in the form:

to f" («jH-i), — n;q 1 _ [aP — Sp]n[pP - yil,
L(Pp)> 1   —   aP + <Sp+l  —  nJ [Pp]n[ffP  —  S„+l]„

P—1    1 —7r-

xn z [<7r  -  (Sr 4"  7r-l]»,[pr  ~  artl]»,Wr-l  ~  »]»,

r— 1        n r—0 WnrWP  —   Sp -f  7r-l]nr[l   —  pp -f  «p+l 4-  7r-l   —   u]nT(5.1)
p+i
II   [«I + 7r-d«r

w   '°r+2_ _n,(Sr + 1-<rr)+->,_i(«-p_i-Sp+l)
A ~5=1 ï

Il   [P< + 7r-l]»r

This reduces to the basic analogue of the Saalschütz theorem [1; 8.4(1)] for

p = 1. Moreover (5.1) is also the basic analogue of a result due to Mac-Robert

[2; 30, p. 365]:
In particular, taking p = 3 and ai = a, a2 = b, a¿ = c, at = d; pi = e, p2 = /.

Pi = g in (5.1) we get the basic analogue of another result due to MacRobert [2:

p. 366], viz.,

bto \ a,b,c,d,-n;q
4 Le>/> 9> 1 + a+b + c + d- e -f - g — nj

[e+f+g-a — b — c]n[g - d\n

(5.2)
[e+f + g-a — b — c — d]n[g]n

xZ
[e - a]p[e - b]P[-r*]p[c]P[d]pgp(/-c+1)

=o [l]p[e 4-/4-g-a-6- c]p[l + d - g - n]p[e]p[f]p

e+f~a-b + p,f — c,p — n,p -\- d;q
X<**[e + ■ f 4- g — a — b — c + p,l - g + d + p — n,f + p

Further, putting g = c and writing c for d and / for g in (5.2), we have

[e+f-a- b]n[f - c]n<<P3 r a,b,c,-n;q ~|
Le,/, 1+a + b + c-e-f-nJ [«+/-   a   —   b   —   C]n[f\n

(5.3)
v   *   I c,e - b,e - a, - n;q

le +f - a - b,e,l + c - / -wj

which is a basic analogue of a result due to Whipple [10]. Further applying (5.3)

to the right-hand side of (5.3) we get the basic analogue of still another result due to

Whipple [10].
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Boundedness of Difference Kernels
of Bessel and Fourier Series

By Shih-Hsiung Tung

1. Introduction. Let a» , m = 1, 2, • • • , be positive zeros of Bessel functions

•/„(x) of the first kind of order »¿ —\, arranged in increasing order. The kernels

of Bessel and Fourier cosine series on [0, 1] are denoted as

if

(1) BMix;t) =  23 2tJ,iamx) J,iamt)J7+iiam)

and

(2) Cm = CMix; í) = 1 4- 23 2 cos (mirx) cos imvt).
m=l

We define the difference kernel to be

(3) D„ix; t) = Buix; t) - CMix; t).

Two series S = 23 s» and T = 23 k are said t° De equiconvergent if

.lim„-.oo (<S„ — Tn) = 0, where Sn and T„ are partial sums of the first n terms of

the series.

Here we study the boundedness (Theorems 1 and 2) of the difference kernel

and the equiconvergence (Theorem 3) of Bessel series of a Lebesgue integrable

function on [0, 1] and its corresponding Fourier cosine series. The proof of the

boundedness of the difference kernel of two series is mainly based on the applica-

tion of the asymptotic expansion of Bessel functions and their zeros. The equi-

convergence theorem, which is a direct application of Theorem 2, is a stronger

result obtained by a simple and straightforward proof comparable to the analogous

ones given in [6] and [8]. We notice that the cosine series may equally well be re-

placed by a sine or sine and cosine series.

2. Preliminaries. The following results are needed later.

Lemma 1. If a is real, 6 2: 0 and 0<n?iy — k?¿l— n<l for some integer
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