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[7] has eonjectured that
In p(g9) ~ Vg

The maximum difference observed is 300, whereas in this region a gap of 1040
may exist.
(e) Largest pair: The largest observed pair is

1000000000149342 4+ 1.

Acknowledgement. We wish to thank the referee for his suggestions as to the
presentation of the above data.
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A Note on Expansions Involving
Meijer’s G-Functions

By Arun Verma

1. Introduction. The expansions of Meijer’s G-functions in a series of similar
functions and their products with terminating hypergeometric functions, have
been studied by several mathematicians as for example Meijer [6], Wimp and
Luke [10] and others. It has been shown by the author [7] that these expansions
can be written out easily from the known expansions of elementary functions by
using induction through Laplace transform and its inverse. However, it is strange
to notice that there is not even a single known expansion of Meijer’s G-function
in a series of product of G-functions. Also recently, the author [8], [9] has
obtained the expansions of G-functions of two variables (defined by Agarwal [1])
in a series of similar functions and in a series of products of G-functions of two
variables and terminating hypergeometric functions. In this paper, using the
Laplace transform and its inverse, expansions of Meijer’s G-function and its exten-
sion in a series of products of similar functions are obtained. The results given are
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just to illustrate the method and obviously a variety of similar results could be
multiplied.

2. Notations. Let
l[al, =a(a+ 1)(a+2)---(a+n—1), [ahp =1,
then the generalised hypergeometric function ,F, is defined as
(ar); z:l v @)l .. _
(1) ,Fa[(b,) —ngomz, T<8+1 or T—S+1,|Z|<1,

where (am,y) means (N — M + 1) parameters ay , am41, -- ', ay, but when
M = 1, then instead of writing (au,x) we write simply (ax).
The Meijer’s G-function is defined as

.n (ap) _ _1_ (bm) - Eyl - (an) + £ ] £
@ 6] 0) = [ ZE TGN e
0=m=qg0=n=<pp+q¢<2(m+n)|argz|<ir[—p — q¢+ 2(m + n)],
where C is a suitable contour. For details see Erdelyi [5] and
r [(ap), (bq);:l _ Tlariay] - - - Ta,]T[ba][bs] - - - T{b]
(Cr), (da) F[61]F[Cz] e I‘[cr]F[dl]r[d’l] o r[d:] )

Lastly the G-function of two variables defined recently by Agarwal [1] is*

(8:)

ol

T ¢! [ )

gz | =~ [ [ et 4wt 'y de di,
Ly (Bq);(ﬁé')J

(3) Bm) = & (v01) + & Bry) — 1, (v2y) + m;
¢(£7 77) =T|1l— (Bmﬁ'l.q) ’+’ E, 1 — ('Yi;l+1.t) - E) , )
1 — (Bmgtrer) + 1,1 — (yyptr,er) — 0
_ 1 — (&) + £+ ]
et =T [<en+1.p> o (5) 4+ £+l

where 0 Emy <¢q, 0Sm=<¢, 0=n=t 0=<n=st 0<n=p

The sequence of parameters (8m,), (Bm,), (¥s1), (v»,) and (e) is chosen such
that none of the poles of the integrand coincide. The paths of integration are in-
dented, if necessary, in such a manner that all the poles of

T[(Bn,) — £ and T[(Bn,) — n]

lie to the right and those of I'[(y,,) + &, I‘[('y:z) + q] and T[1 — (&) + & + 7]
lie to the left of the imaginary axis.
The integral (2.3) is convergent if

p+qg+s+t<2(m+ n+n),
p+q¢ +s+t <2(my+ v+ n)

* It may be mentioned that the G-function of two variables which we are taking is a slight
variant of that given by Agarwal [1], though in essence the function is the same.




A NOTE ON EXPANSIONS INVOLVING MELJER’S G-FUNCTIONS 109

and
largz | < wlmi 4+ n4+n—3(p+ g+ s+ 9],

largy | < wlme + vo+n — 3(p + ¢ + s+ ¢)].
3. Cooke [4] has shown that

mZ_:l (3mz) T (mz) (3my) T, (my)

1 x?

TG F Ly 0 e F L F 5

(1) =

szl[%—u,%;u+l;;—2], T>y>z>0pr> 3
In the notation of G-functions (3.1) can be rewritten as

23 et (vt w) @t (L] n14y) =141 44

(2) 1/2
+ Y inn(v + DG <_£
T Yy

From this we deduce the following general expansion

- r,8+1 X 1, (ap), 1 + M R,8+1 Yy 1, (aP)y 1 + 14
2 2 Gifra <n_z (b) ) Grir.a (17 (Bo) )
(3) = —T [(br), 1 - (as)y (ﬂs),l - (aR); ]
14+v14p1-— (br+l.q); (as+1,p), 1 - (ﬂn+1,o), (Ols+1,p)

1/2

Yy yrtrserstr (2| 1,(a), 3 — (Bo), (armrp), 1 + 1
+ p sim W(V + 2)G2+p+0.2+q+P ( y % -, %, (bs), % _ (ap), (bs+1,q) 3
provided # >y > >0, g, v> -1 0=5r=<q, 0=s=<p, 0ZR=Q,
0=S=Pp+qg<2(r+3s),P+Q<2(R+ S)and

largz| < 47[2(r 4+ s) — p — q],
largy| < 37[2(R + S) — 2 — Q],

and the series of products of G-functions on the right has a meaning.

We prove this result by the method of finite mathematical induction. To do so,
we suppose that this result holds for certain values of 7, s, p, ¢, R, S, P, Q. Replace
& by z/t on both sides, multiply both sides by £ and take the Laplace transform
with respect to ‘“¢”’. Using the result

f e dt = Tlyl, Rly >0,

0

we find (3.3) with r replaced by [r 4+ 1].* This completes the induction with re-
spect to ““r”. Similarly to complete induction with respect to “p”, replace x by xt

* The restrictions on the parameters arise due to the particular method followed and can
be waived off by analytic continuation.
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and multiply both sides of (3.3) by ¢ °. Then taking the inverse Laplace transform
with respect to “¢” and using the result

fez“'dt P[] Rly > 0,

we find the relation (3.3) with p replaced by [p + 1]. Similarly, the induction
with respect to s, ¢, R, S, P and @ can be completed. But forr =0 = s = p =
g=R=8=P =R, (3.3) reduces to (3.2) and this completes the proof of
(3.3), by induction.

On the other hand, if we start from the following result due to Buchholz [2]:

Jv(x'YV,n)Jv(x'Yv.n) _ wJ,(x2)

=1 [on1(re )2 — 700)  4J4(2)

0 <z =X £1, and v is not an integer, the zeros of z°J,(z) being arranged in
the ascending magnitude of Rl(y,,,) > 0, are v,, (n = 0,1, 2, ---), and we make
use of the Laplace transform and its inverse, to get the following very general

result:
o 4l GIE (f_ 1, (a),1 +» G”“( z :’,Ss;xn),l +u)

| (b) i v
1, (a), 1 + ")[{cot ] (2)

[JV(Z)YV(XZ) - J,(XZ)Y,(Z)],

n=1 [0]r+l('Yv,n)]2(z2 - Vg,n)
(bs)

9 . X
= 72 'G;’-}ﬁl (—2
2

X

— Y.(2)}G5%% (—

— cosecmvGiSte <:-v;
2
where
0=sz=XZ=1, 0=q=r, 0=PE=S, 0=Q =R,
0=<p=s, r+s<2(p+q), R+ 8 < 2P+ Q),
|arg 1/2"| < 3x[2(r +s) — p — 4], |arg1/2°| < $x[2(R + S) — P — Q]

and the series of products of G-functions on the left-hand side has a meaning.

4. In this section, we proceed to find the expansions of G-functions of two vari-
ables in a series of products of two G-functions. To prove such a result we start
from a known result due to Burchnall and Chaundy [3, Eq. 26]

WD g g 1 [bl, [b'],
F®la; b,b'5¢, ¢ 2, 9] = gﬁ[l], ERt

(1) ,
.x,y,([a+r,l)+7,x:|F[a,—l-r,b —|—r,y], 2]+ |y] <1,

c+r c +r
where F®[a; b, V', ¢, ¢'; z, 3] is the Appell’s second function and is defined as

[a m+n b]m [b ] m n
NZ—O nZ=0 1]m (1], [clm [c’]n vy
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Then rewriting (4.1) in terms of G-functions of two and one variables using
[5, 5.6(1)] and [1, 3-iv], respectively, we get

xc+c'—a—l ‘
1+b—cl+b =¢ O

Givito. 221 = —————
L I I VP S riTa + 1)
Yle - 1,0;¢ — 1,0

(2)

x e (l|e
e1fljc —r,2¢c — 1

(e Tr¥ o), Isltlui<t

Then using the Laplace transform and its inverse, we can generalise (4.2) to
the result:

—7r,2c — 1
a+c—1,b+c—1

2l€ 4+ —a—-1 _I .
rit o Db AN AR O P
([14P:14QL0.[24R: L ............................... J =iriTla + 7]
Yie —1,(ca),0;¢ — 1, (dr),0
(3) 'G;i}'zgt-‘q <y|2 c 2 —b —C (dr))
' 1 —¢ +r (bo),2 — 2

~Gl+p'2+' 12 —CcC —a, 2 —-b— c, (CR)
24R,2+P | 1 —c+r,(a,),2 — 2 ,

where
lz|+ 1yl <1, 0=p=P, 0=¢=Q O0=r=Rg,
0=t=T, P+ R<2(1 4+ r+ p), Q+T<2(1+q+ 1),
|argz| < $x[2(1 +r + p) — P — R],
largy | < $r2Q +g+¢) — T — Q]

and the series on the right hand side has a meaning. This contains [3, 92] as a
special case.

Similar expansions can be obtained if one starts from [3, 28] and [3, 30]. But if one
starts from the expansions [3, 27], [3, 29], [3, 31], due to Burchnall and Chaundy,
expansions of products of two G-functions in a series of G-functions of two vari-
ables, can be written.
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Approximations for the Psi (Digamma) Function
By William T. Moody

A series of approximations has been derived for the psi function. As used here,
the psi function is defined as the derivative of the natural logarithm of the gamma
function; that is

_dlnT(z)] _ I(x)
Ve = e T T

The approximations are best in the Chebyshev sense, in that the magnitude of
the maximum error in the prescribed interval is minimized. Each approximation is
of the form

y(1 +2) = i—%; — +—21—x"+’ + ;ci(x‘ —2") 4 e(z), 0=z=1,
wherein
v = 0.5772 - - -, (Euler’s constant).

Values of the constants, ¢;, and the limiting values of ¢ for n = 4, 5, 6 are given
in Table 1 below. The error of the approximation vanishes at the end points.

TABLE 1
Values of Constants

N 4 5 6

€ <....... 1.3 X 10-¢ 1.3 X 10~ 1.3 X 108
7 Ci
1 +0.644876 +0.6449266 +0.64493313
2 —0.201186 —0.2019040 —0.20203181
3 +0.077968 +0.0812656 +0.08209433
4 —0.026867 —0.0334532 —0.03591665
5 — +0.0111653 +0.01485925
6 — — —0.00472050
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