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Formulas for Bivariate Hyperosculatory Interpolation

By Herbert E. Salzer

Abstract. For a given function f(x, y), bivariate hyperosculatory interpolation formulas
are obtained by employing a suitably constructed binary nic p,(x, y) that is fitted to
the values of f(x, y) and its first and second partial derivatives at the m points (x;, y;) of
a rectangular # X k Cartesian grid, where (x;, ys) = (xo + p:h, yo + qik), p: and g; are
small integers = 0, i = 0(1)m — 1, m = 2. In terms of the variables (p, q), where x =
xo + ph,y = yo + gk (and f(x, y) = F(p, q)), we have p.(x, y) = P.(p, q). Often, for P.(p, q)
having a specified desirable form, this problem turns out to be insoluble for every con-
figuration of the points (x;, y:). When this is not the case, it generally requires considerable
investigation to find a practical configuration of points (x;, y;) for which there is a solution
of the form P,(p, ). Formulas are found for choices of P.(p, q), and soluble configurations
of points (x;, y;), that have dominant remainder terms in

hkefs.. o(r times)y. ..y (s times)( X0, Vo)

whose orders r + s are as high as possible. Three two-point formulas, two three-point
formulas and one four-point formula, including all remainder terms through the order

n, form=2]
n+1, form=3,4)"

are given here in convenient matrix form.

r+s=[

1. Introduction. This present article is concerned with some formulas for m-point
bivariate hyperosculatory interpolation over an # X k rectangular Cartesian grid,
where we interpolate for f(x, y) by means of a binary nic p,(x, ), which together
with its first and second partial derivatives at (x,, y;) agrees with f; = f(x;, y.),
fn = fz(xi’ y.'), fw = fv(xis y:’)» fzu = fzz(xia y.‘), f:w = :v(xb y.-) and fwc = fw(xia J’c)’
X, = Xo + p:h, y; = yo + gk, where p; and g; are small integers = 0,i = 0(1)m — 1,
and x = x, + ph, y = yo + gk. Such formulas might be specially convenient when
f(x, y) is the solution of a second-order partial differential equation where some, or
even all, of the first and second partial derivatives are readily available at (x;, y;),
either as a byproduct of a numerical solution of the equation, or from the equation
itself,

2. Previous Related Work. To review briefly the situation for osculatory and
hyperosculatory interpolation up to the present investigation, we recall first the
very widely known fact that for a single variable we can always find a unique poly-
nomial of degree n, say P,(x), such that at any m points x;, i = 0(1)m — 1, regularly
or irregularly spaced, real or complex, we have P{9(x;) = f(x)), j: = O(Dk;,

m-1

i=0 ki + m = n 4 1. For two variables, even for ordinary interpolation, say in
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120 HERBERT E. SALZER

fitting a binary nic like a + bx + cy + dx* + exy + fy* + -+ + rx" + sx"'y +
s " to f(xi, ¥:),i = 0,1, -+, (n+ 1) + 2)/2 — 1, there is the restriction
that the determinant |1, x,, y., X3, X9, ¥4 -+, X% X7, -+, ¥i| # 0, which
appears to be just mildly restrictive. It was the detailed investigation of bivariate
osculatory interpolation, i.e., fitting a binary polynomial to f,, f,, and f,,
i = 0()m — 1, that brought out some surprising results about the insolubility of
the problem under a wide variety of conditions [1]. Thus there were some cases
where a binary polynomial of prescribed form fails for any choice of points (x;, y;),
and in other cases where it may fail for just certain special configurations of the
points (x;, y;).* To obtain solutions in the former cases, it was necessary to slightly
distort a natural looking choice of a binary polynomial, by leaving out a lower
degree term and adding one of higher degree. For binary polynomials that were
not generally insoluble, it was often found that the closest and most symmetrical
configurations of (x;, y;), e.g., . . for three points, or ;  for four points, did not
have a solution, and a considerable amount of searching was necessary in order to
find the closest configurations that were soluble. But for the present problem of
bivariate hyperosculatory interpolation, it turns out that these difficulties of finding
a suitable binary polynomial, and also configurations of (x;, y;) that have a solution,
are so magnified that there is much less leeway in the selection of workable formulas.

The foregoing discussion indicates how we may be misled in expecting certain
properties in univariate interpolation to hold in multivariate interpolation. Thus
all the standard forms of the interpolation polynomial in one variable, e.g.,
Lagrangian, Gregory-Newton, Newton-Bessel, Everett, and even Newton’s general
divided difference formula, have mixed confluent forms of every variety. But for
bivariate interpolation, there is no unambiguous definition of a formula for pre-
assigned confluent points of specified multiplicity, since in the process of the confluence
of points in the two-dimensional plane, the direction of approach determines the
form of the result. Furthermore, even when the direction of approach in the confluence
of points is specified, in general certain limiting confluent forms may not exist.**

In connection with bivariate interpolation, the terminology ‘“irregularly-spaced
points in two dimensions” in most books on classical numerical analysis, is restricted
to refer to points (x;, y;) that are irregularly spaced in the x- and y-directions con-
sidered separately, but not completely irregularly in the x,y-plane. Consequently,
interpolation formulas given for those so-called irregularly-spaced points are usually
restricted to arguments (x;, y;) that lie in a rectangular grid formed by rectangles
of different sizes. For attempts to give suitable definitions of confluent forms, in
connection with several suggested new divided difference formulas for functions
of two variables where the arguments (x;, y;) are spaced in a completely irregular
manner, see [2] and [3].

The wide restrictions on the composition of the binary polynomials and the
arrangement of the points (x;, y.), when there does exist a solution to a bivariate
osculatory or hyperosculatory interpolation problem, is indicated in the structure of

* In [1] there are many illustrations for both cases, e.g., the simplest, for the former, being
the general impossibility of fitting a 4+ bx + cy + dx? + exy + fy*to fi, f-; and fy,, i = 0, 1.

** E.g., while we may fit a binary quadratic to any f(x, y) specified at the 6 points (0, 0), (1, 0),
©, 1, (1, 1), (2, 1) and (1, 2), there is no limiting confluent form as (1, 0), (0, 1) — (0, 0) and (2, 1),
(1, 2) — (1, 1) (see previous footnote).
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the relevant determinant. It seems from experience that we must, in the confluent
cases, avoid a binary polynomial whose general functional appearance is too sym-
metrical in x and y, and a configuration of the points (x;, y;) that is too regular.
Apparently, for the confluent cases in one variable, this problem does not arise
because the determinants are closely related to the nonvanishing Vandermondian.
But it appears that in the confluent cases for two variables over a Cartesian grid, where
the binary polynomial does not lack solutions for every configuration of the points
(x;, y:), there are still a number of ways in which the horizontal or vertical alignment
of even some of the points (x;, y;) may cause the determinant to vanish for many
configurations of all the points (x;, y;).

3. Change of Variables. Now it is convenient to shift variables from x, y to

D, g, where p = (x — x,)/h and ¢ = (y — y,)/k. Then f(x, y) will be denoted by
F(p, q), and f; = f(x;, y;) = F(p:, q;) = F;. The partial derivatives of F(p q) with
respect to p and q atP = Ps and q = 4q. namely Fpa = 7(pn q')a @ = a(pu qt)’
F,,. = F,(pi, @), Fou. = Fo(pi, ;) and F,,, = F,(p;, ;) are related to the partial
derlvatlves of f(x y) with respect to x and y at x = x; and y = y, by F,, = hf,,,

kfth’ PDi hzfzzi’ FIW!' = hklell‘ and FGQ‘ = szllﬂo" In general,
Fpovp qova = Bk faures vevuns

(r times) (s times) (r times) (s times)
so that for small # and k, as r + s increases, the

(r times) (& times)
becomes very much smaller than the corresponding

forir w

(r times) (s times)

The interpolating binary nic p,(x, y) is denoted by P.(p, g).

4. Remainder Terms. To estimate the accuracy of bivariate hyperosculatory
interpolation of F(p, q) by a uniquely determined P,(p, q), in the absence of an exact
expression for the remainder F(p, q) — P.(p, q), we obtain its dominant terms from
its Taylor expansion about (p,, g,) = (0, 0), just as in [1]. One straightforward way
to find those dominant terms (which is not the most convenient way in view of 1V
below) is to expand each

Fpovp aveass  r+s=0,1,2, is0,

(r times) (s times)
that occurs in P,(p, q), about (0, 0), and to subtract that form of P,(p, q) from the
Taylor series for F(p, ¢) about (0, 0). The remainder is then seen to be given by

(I) F(p’ q) - n(ps Q) = Z FD"'p a°*qo Kr.:(p’ Q),

r,8 (r times) (s times)

where K, .(p, q) are polynomials in p and ¢g. From the uniqueness of both P,(p, ¢q)
and the Taylor series, we obtain immediately the following four guiding rules as to
which (r, s) terms are to be found in the right member of (1), and also how to find
the polynomials X, .(p, g) most conveniently:
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1. If P(p, g) contains a term Kp“q", there will be no (r, s) term in the right mem-
ber of (1).

II. If P(p, q) lacks a term Kp'q’, there will be an (r, s) term in the right mem-
ber of (1).

III. If P(p, q) has a term of the form K(p"q" + p°q’), then in (1), K, .(p, q) =
_Kr.u(p9 q)'

IV. The application of (1) to F(p, ) = p'q’, for which the right member has
just a single term, yields for K, .(p, q) the explicit formula

2) K. .(p, 9 = (1/r's)) [p'q" — P.(p, q) for the function p"q°].

5. Determination of Formulas. All formulas have the same quadratic part, the
first six terms of the Taylor series about (p,, go) = (0, 0), namely,

2

2
3) F(p, q) = F0+pFPo+qFGo +%Fvvo+qupao+%Fqu+ .

Those six terms also constitute the optimal hyperosculatory formula for m = 1.

For m = 2, say (0, 0) and (p,, ¢,), we must solve a 6 X 6 linear system for the
coefficients of the higher degree terms in P.(p, ¢), to meet the interpolation con-
ditions at (p,, ¢;). In view of I-III above, those six terms should be of the lowest
possible degree. Consider the 6 X 9 matrix of pq’ with its first two partial derivatives,
i + j = 3 and 4, for every (p,, ¢,). We may drop the subscript 1 and refer to that
matrix as P. No polynomial P,(p, g) can have four independent cubic terms because
the four cubic columns in P are linearly dependent, as seen from the multipliers 1,
—3p/q, 3p*/q" and —p*/q’ for q % 0, and a vanishing ¢° column for g = 0. The
author conjectured, and T. N. E. Greville proved in 1960, that rank P < 6. Greville
showed the linear dependence of the rows of P by verifying that for any polynomial
P(p, q) consisting only of cubic and quartic terms,

P(p, q) = 3pP, + 3aP, — 1:0° Py, — iPqPpq — 139 Poo ***

These properties of P show that no two-point formula can have more than five
independent cubic and quartic terms, of which there cannot be more than three
cubic terms. Thus an optimal formula, from the standpoint of highest degree dominant
K'k® terms in the remainder, should have three cubic, two quartic and one quintic
terms. The closest configuration of two points is (po, o) = (0, 0) and (p,, g:) = (1, 0).¥
It has the drawback of not being symmetrical with respect to the p, g-grid. At this
point, we introduce the notation “A” for the determinant of the linear system of
equations for the coefficients in any formula under consideration throughout this
article. For (0, 0) and (1, 0), the nonquadratic part of the interpolating quintic Ps(p, ¢),
subject to the conditions of A # 0 and Py(p, g) being symmetrical in p and ¢,} can
be only of the form a(p® + ¢°) + bp’q + cpg® + d(p* + q*) + e(p’q + pq°)

*** The result in [1] on the impossibility of finding a binary quadratic for two-point osculatory
interpolation is expressible as the simplest Greville-type identity: If P(p, q) has only quadratic
terms, P(p, q) = ipP, + 1qP,.

t For (0, 0) and (0, 1) just interchange p and g in the formula for (0, 0) and (1, 0).

1 Here symmetrical means not unchanged in value on interchanging p and g but unchanged
in general functional form.
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+ f(»° + ¢°). For the corresponding formula, with remainder terms through the
Sth order, see Al in Section 6 below. The points (po, o) = (0, 0) and (p,, ¢;) =
(1, 1) are situated symmetrically with respect to the p, g-grid, though their distance
apart is nearly 13 times that for (0, 0) and (1, 0). There are altogether 30 symmetrical
forms for P4(p, g), of which 18 have A = 0 and 12 have A 5 0 for that configuration.
Of the permissible 12, two representative choices of Py(p, q) are Py(p, q) = quadratic
part + ap’ + b(p'q + pg) + o + dp* + ed' + f(° + &) (“extreme”
power weighted), and Py(p, q) = quadratic part + a(p® + ¢°) + bp’q + cpd* +
dp’q + epd + (¢ + P°q") (“central” power weighted). For the corresponding
formulas, with remainder terms through the 5th order, see AII and AIII in Section 6
below.

For m = 3, say for points (0, 0), (p,, ¢,) and (p,, ¢,), it is natural to meet the
18 interpolation conditions with a polynomial P4(p, q) having the 15 terms of the
complete quartic and which preserves its symmetrical form with the three quintic terms
ap’ + ¢) + b(p'q + pd") + (BT + p°q’). Obtaining Py(p, q) requires the solution
of a 12 X 12 linear system. It was found that A = O for these 14 configurations of
base points (heavier dot for (0, 0)):

.
®e . 6 - 0 O o . 0 ® « + 0 9o . o ® - @ - O o

and A > 0 for these four configurations:

The scarcity of configurations where A > 0 is underscored by noting that the last
three are variations of just

e .

under one of or both the transformations (p, g) — (g, p) and (p, @) = (2 — p, 1 — gq)
which leave the above selected P4(p, g) unchanged in its symmetrical form. For the
formula corresponding to the configuration

with remainder terms through the 6th order, see BI in Section 6 below. We may
use BI for any other “knight’s move” configuration of three points, with the proper
definition of p and ¢. E.g., for (0, 1), (1, 1) and (2, 0) replace (p, q) by (p, 1 — ),
remembering not to overlook the changes of sign in

Fporp qovese
(r times) (s times)

A different nonsymmetrical Py(p, gq) was employed for the very nice-looking sym-
metrical configuration
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having the least diameter of 2'* = 1.41 ... (cf. with diameter of 5% = 2.24 ... for

-

@ .

Of the 20 possible combinations of three terms in p'q’, i + j = 5, to add to the
complete quartic part of Py(p, q), A ¥ O for just these 4: p°, p'q, ¢"; P°, pd", ¢'; P°,
’d, ¢; P, P°’q’, ¢°. The second and fourth combinations are essentially the same
as the first and third resp. because of the symmetrical form of both the

configuration and the complete quartic part of Py(p, q). The p°, p°q", ¢ combination
was chosen because it appears more balanced in p and g than p°, p'q, ¢°. For the
corresponding formula, with remainder terms through the 6th order, see BII in
Section 6 below. As a rule, BII is preferable to BI because it has fewer terms, smaller
coefficients, a generally smaller remainder,}+t is easier to compute, and the

configuration is more convenient and adaptable than

(e.g., in interpolating for the solution to a problem in a region that is bounded
naturally by a square, where the

configuration might be inapplicable or less convenient).
For m = 4, for points (0, 0), (pi, 91), (P2, g2) and (ps, ¢s), there is the very natural
and attractive-looking

configuration. The 24 interpolation conditions are satisfied by a symmetrical sextic
P«(p, q) that has the 21 terms of a complete binary quintic and three terms in p'q’, i +
j = 6, which must include p°¢® to have symmetry. Of the combinations p°, ¢°, or
°q, pd’, ot p'q, p°q", A ¥ 0 only for p°q, pg’. For the corresponding formula, with
remainder terms through the 7th order, see CI in Section 6 below.

To go beyond m = 4 for second derivative formulas, or to find formulas for
m = 2 involving third- or higher-order derivatives, it is recommended that one develop

111 Exceptions may occur when

F’voo’ qn‘q.
(r times) (s times)
is practically the same as
Fpop  goeeaqs r+s=35,
(s times) (r times)

for h and k sufficiently small,
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a single comprehensive machine program for eliminating P,(p, q) and configurations
of (p;, g;) where A = 0, and then solving for the coefficients of P,(p, q) and the
dominant remainder terms in cases where A 5 0. It may be anticipated, on the basis
of [1] and this present work, that one will discover an even greater scarcity of satis-
factory interpolating polynomials P,(p, ¢q) and sufficiently close configurations of
points (p;, g;) for which A 5 0. For instance, in two-point hyperosculatory interpola-
tion involving third derivatives, we might wish to satisfy the 10 interpolation con-
ditions at (p,, ¢:) with a Py(p, q) having, beyond a complete cubic part for the 10
conditions at (0, 0), 10 of the 11 possible quartic and quintic terms p’q’, i + j = 4
and 5. But that is impossible because rank R < 10, where R is the 10 X 11 matrix
of p'q’ and its first three partial derivatives. In fact, the rows of R satisfy a very
strong Greville-type identity, since the first six alone are linearly dependent, the
multipliers being 1, —2p/5, —2q/5, p°/20, pq/10 and ¢*/20. This implies that if
we replace the four third derivative conditions at (p,, ¢,) by any other four conditions,
not necessarily involving derivatives, or even the point (p,, ¢,), the corresponding A
will still vanish,

6. Schedule of Formulas. Every formula is given in matrix form

“) F(p, q) = aAB” + vBS" + -- -,

where aAB” is the interpolating polynomial P,(p, q) and yBs" is the sum of the
dominant remainder terms. The matrix form has the advantage (besides its obvious
compactness and convenience) of providing either the coefficients a, b, ¢, ... etc.,
by first taking the product a4, or the polynomial coefficients of

Foip qeevass r+s=20,1,2

(r times) (s times)
(analogous to Lagrange interpolation coefficients), by first taking the product 48"
Obtaining a4 (A4B87) first might be preferable for machine storage when there are
fewer (many) sets of

Fpovp qovain r+s=0,1,2,

(r times) (s times)

and many (fewer) arguments p and gq.

Every formula given below, including all the dominant remainder terms, was
checked by having it reproduce exactly a function F(p, q) that was chosen to be a
polynomial with integral coefficients and of such degree that the dominant remainder
terms constituted the entire remainder.
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Two-Point Formulas.
Al (Po, qO) = (Oa 0), (Pu QI) = (ls 0)

a is the l x 12 matrix ”FO, Fvn Faos FWo’ Fpaoa Fﬂﬂo’ FI’ Fm! Fau Fm’ Frc:’ Fcc:“’
A is the 12 X 12 matrix

100000-10 0 0 15 0 =6
010000 -6 0 0 8 0 =5
001000 0= 0 0 2 0
1 s 1
©00z00-3 0 0 7 0-F
000010 0-20 0 1 0
1 -1

00000% 0 0-3 0 0 0
000000 10 0 0 =16 0 6
00000GO0S-4 00 7 0 -8
000000 O 3 0 0 -2 0
1 1
cooo0o00 % o o -1 o %
000000 0 -1 0 1 0
co00000 0 o0 % o0 0 o

B i} tlllae 1 X 12 matrix ||, p, g, P*, pa, 4, ° + &, P9, p4’, ' + ¢, P°q + pd',
r+qll :
Y is the 1 X9 matrix ”(F ope F, awo)/ 6’ (F PR F, cqaa.)/ 24’ (F poPAe F, wu.)/ 6,

FD’DGGo/4’ (meu - FG!MGGQ)/]'ZO’ FWGQ/24) Fmddo/l2’ Fwﬂqdo/lz, FDGGGG./24”’
B is the 9 X 12 matrix

0 0 =1 o o0

0 0o -1

0
0
0 -1 0
-1 0

0 -1

-1

0
(]
0
1
0
0
0
0 0
0

0
0
0
0
o
1
]
(]
0

© © ©o o o ©o o ©
© o o o o o o o
© o o © o ©o o

©o ©o »m o © o o o ©
©o m 0 o o o © ©o ©°
~ © © © o © o o ©°

0
0
0
0
1 0
0
0
0

OOO{OOO

0
(]
[
[} ]

and 3 is the 1 X 12 matrix ||p’q, pd’, &, P°q, P°4, P4, &, P'a, P°4’, P°4’, pd". €.
AIL (o, g0) = (0, 0), (p1, q1) = (1, D).
a has the same form as in AI above, but a different value, since (p,, ¢,) = (1, 1)
instead of (1, 0).
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A is the 12 X 12 matrix

100000 -5 0o -5 ¥ ¥
o 10000 -z o -3 X B .3
o0 100 0 -3 o -7z ¥ .2
o 0o 0 -;- ) --1-1% 0 -1"’—2 % % -%
0 0 0 0 O %-% ) --i—:— % % -%
0 0 0 000 5 0 & -1?“ -% s
6 0 0 0 0 0 -% 0 -% l:- % -3
© 00000 -3 o -% % % -3
00 0 0 0 0 % 0 % -% -% %

1
©o 000 0 0 % % % R
0 0 00 0 0 % ) '1lz' -2 -% -i-

Bis the 1 X 12 matrix ||1, p, ¢, P°, pq, €, P°, P’a + pd’, &', P, ', B° + &,
‘Y is the l X 9 matrix “(FDPGO - FDGGO)/Z’ FPPI’GO/6’ Fpl’ddo/4’ quqq./6’

(FPDP,PO - FGGCGG.)/IZO’ FPPP@¢0/24’ Fﬂpwu/lzs Fﬂpﬂdﬂo/lz’ FP¢¢¢00/24|
B is the 9 X 15 matrix

-.:. %-%%oooo 0 00000 o
%-%-% %-%100-% 00000 0
111 1-2010-X 00000 o
2 2
%-%-% %u}ool-%ooooo )
%o o-%~%ooo%%oooo-%
%-1-1 %-%ooo %-%1000-%
%-1-1%%000-%-%0001-%

2

and & is the 1 X 15 matrix ||p°, P’q, pd’, &', ', P°q, P°T, pd, &', P, P'e, P4, 1T,
rd, ¢|l.

AlIL (Po, Qo) = (Oa 0), (Pn ql) = (13 l)°

a is identical with that in AII
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A is the 12 X 12 matrix

1 9 _9 15 15
1 0000 0-2 -2 -2 2 2 .3
o100 00 -2 .3 o 2 1.3
2 2 2z 2
s 7 9 3
0 -= -3 4 2 .=
0 01 0 0 : o z 2.2
0o 0o o L o o -3 .1 5 , 1.1
2 8 "8 8 2 &
00 0 01 0 - -1 -y & 3.1
2 2 z 2
N 1
© 0000 3 -3 2-3 3 1-3
o 0 0 o o o i &2 85 15 15
T ¢ & =2 T2
5 35 9 3
00 0 0 0 -5 3 .3 4 .3
"3 T "3 4 -2
o 0o 0 0o 0 o -5 .2 3 4 s .3
: "4 1 2
1 1 1 1 3 1
0o o o L .1 1 1 3 1
° 0 0 s "z 2z "¢ "% 4
T 1 1 1
0o 0o 0o 0o o o L1 L 1 _, ., 2
T 4 3 13
1 1 1 5 1 1
©o 00000 : -3 -3 -3 %

Bis the 1 X 12 matrix ||1, p, ¢, P’, pq, &, P° + ¢, V¢, p4’, P°a, p4', P’ + P°4|l,

vis the 1 X 9 matrix ||(Foppe — Foea)/6s Fopppe/24, Frpaas/4s Facaas /24, Fipppp, /120,
Fwwao/24a (Fmaco - Fwaqqo)/129 Fpawqo/249 chvao/lzol I»

B is the 9 X 15 matrix

%-%%-%ooooooooooo
-%%%-%1-%0%0000000
-}--:--%%o--;-l-%ooooooo
-%%%-%0%0-21000000
-%4-1-%0-502010-%-%00
-%2-1-%0-20%001-%--:-00
o%-%oo-%o%ooo%-%oo
-%-1 z-%o %o-%ooo-%-%1o
-%-1 4-%0 %o--:-ooo-%-—01

and § is identical with that in AIl
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Three-Point Formulas.

BL (Po, qo) = (Os O)s (pl’ ‘b) = (ls 0)’ (Pz, q2) = (2: 1)

« is thc l X 18 matrix ”Fo’ F’O’ FGO’ FWG’ FDCO’ Fﬂdo’ Fl, Fﬁl’ Fql’ FW:’ FDG)’ Faa;a
Fz’ FP!’ FG!’ F”t’ FPG!’ FGGIH’

A is the 18 X 18 matrix

100000 =10 2 -4 -2 15 -40 18 16 -9 =6 20 -14

19 1 19 13

©010000-6 = -3 819 6 1 -6-3 -3

7 1 101

L 2 . -6 - -= =

©01000 0-2 > -85 0 3 5 -2 0 -2 2

1 s 17 5 1 3 17 1 1 7 1

0002003 1¢ 12 "2 2 & 2 o6 -1 1z 12

7 5 5 1 11

00 0 010 0 3 3 0 ] -3--2 3 0o 0 ; 3

1 1 13 1 01 7 1 1 1

000003 1z ! ° § 2" oz o

00000 O 10 -16 21 -62 -15 S0 -27 66 24 6 -15 6
27 15 9 27

000000 -4 2 2 -3 727 2 55 -2 -3 5 -2

3 9

000000 O 6 3 -3 O0-8 > 3 -4 0 3 -7

1 5 23 21 5 25 27 1 5 1

0 0 = -2 = .= o 2.2 £ .6 = -2 =

000000 -0 Tl 27T % z "4 2

000000 O 0 9 -18 o-1-l:i -10 o 1-%

coooo0oo o L 3_7 o0-1-5 g-5 0o 1.3

2 2 4 2 4

000000 ©O0-54<-17 64 0 10 9 -82 33 0 -5 8

000000 O =2 5 -2 o-4-§sz-1zo z-%
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000000 0 === 8 0 = ==-== -1 2

° 6 6 s ":s°s Y% ow:
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° 000 o0-%p % 5 0% % ¥°% 0% s

gis the 1 X 18 matrix ||1, p, ¢, p°, pq. ¢'» P’ P4, 4", €', V', P°a. P°d - > 45 P +
¢, r'q + pd', Pq + Pl

v is the 1 X 10 matrix ||(Fyopope — Fuaeae)/120, (Froppas — Fraeaa)/24
(F””"‘“ - Fvl"lﬂﬂo)/lz’ vawpvo/720s mem:co/lzoi mewao/483 vamaqo/36s anaao./48’
Fpaaeaae/120; Fagaeaa./720),
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B is the 10 X 22 matrix
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and & is the 1 X 22 matrix ||p%, p'q, pd’, &, P', P'a, P°’, pd", &', P°, P'a, P°T’> P'd",
rd', ¢, 0°, e, v'd, P°F, P°ds pd’s ¢l
BIL. (po, 40) = (0, 0), (1, q1) = (1, 0), (P, ¢2) = (O, 1).
a has the same form as in BI above, but a different value, since (p,,
instead of (2, 1).
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. P i;,the 1 X 18 matrix ||1, p, g, P, pa, €, P°, P°a, P4’ &> P, P°a, P°T’> P4’ 4> P’
ra, qll

yis the 1 X 10 matrix ||F,popee/24, Foveaeo/ 125 Focaaae/2% Fopowone! 7205 Frppppa, /120,
Fooppaas /48, F, /36, Fypeqaao/48, F, /120, Fugqeeas/ 720},

B is the 10 X 22 matrix

010 00-2-1 00 01 100 00000000
000 00 0-1 00 00 110 000O0GOGOO0O0
001 00 0 0-20 00<-101 00000000
2100 035 0 0 0050 000 01000000
020 00-5-2 00 00 200 00100000
000 00 0 0 00 0O0-100 00010000
000 00 0 0 00 00 00O 00O0O1000
000 00 0=t 00 00 100 00000100
002 00 0 0<-50 0O0-200 00000010
000-100 0 05 00 000<-50000001

and & is identical with that in BI.

Four-Point Formula.

CL (Po, Qo) = ©, 0), (Pu q) = (1,0), (P, ) = ©, 1), (s, ) = (1,1).

a is the 1 X 24 matrix ||Fy, F,., Fuos Fppos Foaes Fuaos Frs Fos Foyy Fopyy Foopy Fug,s
FZ: Fm’ Fq,, Fw-, va an-s F89 F,,,, qu me Fw.s F«-”,




132

EN

=

© o o
o © © »~» O

©o o o o
© © © o

(-]
(-]

(-]
(-]

oo o o o
© © o o

©o © © o o
© o o o°o

(-]
(-4

00

is the 24 X 24 matrix

0
0
1
0

(-]

(-] © © o o © © o o

© o o o

(-]

© © i © © o©°

© ©o o o o o © © o o (-] © O o ©o

(-]

(4

[
0
0
0

© O o o

© o o o o

(-]

o ©o o o

0

o © ©o o o i~ o © o o o

© o o o©°o

(-]

© © o o

[

=10

]
© ©O pjlu o o

10

(-] © © o o o ©o Wi~ © &

o © © o

(-]

-8
-8

-1

© O wre O B a

e o &
OHO&

0

-3
-8
-2

b

©o M O & i~

A 4 pl~ o

(-]

0

=10
0
-6

o O © O wplja o

o

10

-4

© © © ©o wmi+ o

HERBERT E. SALZER

© o Mjuo o

-15

(-]

o © o o

© © ©o o

© O wplu o

&

© o M=o o

o o o o

>

-9

-9
-6

o ~ » &

ol -

5 wle -

]
o o o

®i~ o

15

(-]

[}
o © wi~ o

© © o o wnluo

o

-15

o © o o

(-]

b &

© o ©o © (-] © o o o (-] Pl O o

o

-6

-1

-1

o & L &

oufom

O&QN&

-15
o
-8

Mja o

-
o o

(-]

wja ©

-6
M)
-8

© ©o ©o o |~ o

o © o o6 wmro o

o

| && OON:HOM&O © © DNl o u o
o b » &

©o © wi~ o

o o nreo & &

© ™ N »

o =

o =

ouo&-ul.—-o

-2

[-]

-

O & o o

i~ o

o

(-

o&omwl.—-o

wi~ o

B is the 1 X 24 matrix ||1, p, ¢, P*, pa, &, P°, P’a, p4’> €'> V', P°a, 0°G’> P4’ &', 1",
e, P°T, P°’d, pd', ¢, P°a, P°T, pd’ll,
‘y is the l x 12 matrix ”FDDPPPﬂo/720’ FPP?DGGO/48’ FPPGGQGQ/48’ F¢¢¢q¢00/720’
F’DPPFPP./SMO, FPD?DDPGO/720’ mevmao/240a FPPPPGG¢0/144’ FDP?OGGG 0/144’ FP’GQC¢00/240’
FD¢¢¢'¢'0/720, FGGGGQGGO/5040“’
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B is the 12 X 30 matrix

-1 000 3 00O0UO0-S00UO0UO0O0O10UO0UO0UO0OO0OO0OOOOOOOOO
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0 00-1000O030O0O0O0OOO0O-30O0O0O0OO0OO0O110O0O0O0OO0OOO0OO0

-3 0008 00O0O0-600O0O0O0OO0OO0OO0OOO0OO0OO0O1O0O0OOOODO
000OO-100O0OO0OSOOO0OO0OO0O-S0O0O0O0OOO11lO0O0UO0OO0O00O0
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0-1 0002 000O0-10100U0U0OW0-200U0000O010000
0 0-1 00002 0O0O0O10-100W0O0-2000U0W0UW90O0100T0
0 0-2 0 0023 0O0O0OUO0D-3 00O0O0OO0OO0OO0O-100U0O0O0O0O1O0TO0
0 00O0O0OOO-1L0OOOOS3O0O0O0OO0OO0OO-S 0O0OO0OOOO10
0 00-S00OO0®S8O0O0OOOO0O-000O0DO0OO0OO0OOOOOOOO1

and & is the 1 X 30 matrix ||¢°, p’q, p&’, &', 1", P’ P°T> pd’s &', ', P'a. P’ T, 'S pd's
¢, 1°, 'e, P'd, P'e, P'd pd’, & T p°e, BT 'S e P° pds 4L
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