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An Interior a Priori Estimate for Parabolic
Difference Operators and an Application

By Magnus Bondesson

Abstract. A general class of finite-difference approximations to a parabolic system of
differential equations in a bounded domain @ is considered. It is shown that if a solution
U, of the discrete problem converges in a discrete L? norm to a solution U of the con-
tinuous problem as the mesh size 4 tends to zero, then the difference quotients of U, con-
verge to the corresponding derivatives of U, the convergence being uniform on any com-
pact subset of Q. In particular, U, converges uniformly on compact subsets to U as 4
tends to zero, provided there is convergence in the discrete L? norm. The main part of
the paper is devoted to the establishment of an a priori estimate for the solutions of the dis-
crete problem. This estimate is then used to derive the stated result.

1. Introduction. Let Q@ be a bounded domain in R'*’, The points in R'** will

be denoted by X = (¢, x) = (¢, x1, - -+, X,). In @ we consider the inhomogeneous
system of differential equations
1.1) LU= D, U~— > A,DIU-=F,

lalsM

where the N-vector F(z, x) and the N X N matrices 4,(¢, x) are in C*(Q). We also
assume that the differential operator L is parabolic in Q@ in Petrovskil’s sense, which
implies that any solution of (1.1) is in C*(Q).

Let \ be a positive constant and let # and k be positive parameters such that
k = M\hY. We introduce the mesh

{X € R X = (wok, nh, -+ ,vsh), v; integers},

and denote by Q, the set of meshpoints in . Let the difference operator L, be con-
sistent with the differential operator L and be determined by

L UG, x) = k' Y [a(t, x, DU, x + vh) — b,(t, x, UG — k, x + vh)],

where a, and b, are smooth N’ X N matrix valued functions. Furthermore, we require
that L, is parabolic in Q in the sense of F. John. Then we approximate (1.1) by the
equation

(1.2) L U, = M,F, xXe o,

where M, is an operator consistent with the identity operator and Q is, for instance,
the maximal subset of @, in which L,U and M,U are determined by the values of
Uin Q.
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44 MAGNUS BONDESSON

Let U be a solution of (1.1) and U, be a solution of (1.2). Further, let 2, CC
Q, CC Qandset Q7 = @, N {X:7 < T},i= 1,2 Our result is that if (1.2) ap-
proximates (1.1) with order of accuracy p and the same holds for the difference
operator 0, and the differential operator Q, then

(1-3) IQhUh—QUIh.n.T = C(hp"" ”Uh_ UHA.Q,T), h=h, TER,
where the constants C and A4, are independent of the particular solution U, and
| V|n,o = max | V(X)],
X€EQ

1/2
Wls = (et 3 1ve0r)”
XEMW

From (1.3) we conclude that if U is a solution of a mixed problem for (1.1) and
U, is a solution of a corresponding discrete problem with L, U, = M,F in Q; and
such that ||U, — U||s o, — 0 as h — 0, then Q,U, converges uniformly in @, to QU.

To derive (1.3), we start by proving, in Section 2, three lemmas, which are con-
sequences of our assumptions about the operator L,. In Section 3, we use these
lemmas to prove an a priori inequality for the difference quotients of functions ¥
defined in the meshpoints. This inequality essentially states that

s Vllnar = CUILAVIIng.r + [ Vlla0a), h = ho, |af = M, TER.

In Section 4, we combine the a priori inequality with the discrete Sobolev inequality
to obtain (1.3). Finally, in Section 5, we illustrate our results by two simple examples.

The methods used in Section 3 are to a great extent taken from [11], where results
similar to ours were proved for the elliptic case. Related questions for the pure
initial-value problem for the homogeneous counterparts of (1.1) and (1.2) have
been considered by Thomée [10] and Widlund [12]. In this case, convergence of
the discrete solution U, to the exact solution U is not assumed, but is part of the result.

I wish to thank Professor Vidar Thomée for suggesting the problem and for
his constant encouragement during the writing of this paper.

2. Notation and Preliminaries. Let Q be a bounded domain in R'**. The points
in R'*¢ will be written X = (1, x) with x € R’. If Q, is a domain such that &, C @,
we shall write @, CC Q. Unless otherwise stated, all the functions considered have
their values in the N-dimensional complex vector space. For N-vectors V = (v,

., vy) we use the Euclidean norm |V| = (3 |v:[))"* and for N X N matrices
A the induced norm [A4| = sup {|4V]:|V] = 1}.If 4 is an N X N matrix, we let

\(4), j =1, --- , N, denote the eigenvalues and p(4) denote the spectral radius,
i.e. max |N\(A4)].

Greek letters a, 8, v, u, v, will denote d-dimensional multi-indices with integral
components. If « = (a,, - - , ;) is such an index, we shall write |a| = . |a;].

We define the translation operators T:T% by
TiT UG, x) = UGt + jk, x + ah)

and the difference operators 9,, d,, and 4,, by

1
9, = ;(Tt - D, 9, = Tt_l 9., axi =

(T;i - I)s

S -
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where 1 is the identity operator and e, is the ith unit vector in R®. If the integer j and
the a,’s are nonnegative, we will use the notation
F) i+leal

DD = ————— |
1 a ad
9; 9. - 0z

0107 = 9,92 -+ 9t
Note that these definitions depend on the positive numbers k and 4. However, we
preferred not to indicate this in the notation. Also, we shall frequently suppress
the subscripts ¢ and x.

Now, consider a differential operator L defined by
2.1 LU = (D, — P(D,))U= D, U — Z A, DU,

lalsM

where the N X N matrices 4,(¢, x) are assumed to be in C”(Q). This operator is
said to be parabolic in @ in Petrovskii’s sense if for any X € Q there is a positive
constant C such that

max (Re x,( > Aa(X)(ié)“» S -ClY, (ER, =g un
i lal=M
Throughout this paper, we shall assume that the positive parameters k and A
satisfy a relation k = M, X\ = constant. Let C(Q, /) be the set of N X N matrix
valued functions A = A(X, k) such that for any @, CC @, 4 is infinitely differentiable
in @, X [0, o] for some positive 4,. We then approximate the differential operator
L by a difference operator L, given by

2.2) L U@t x) = ;1(— [4, U@, x) — B, T;' U, x)],

where the operators 4, and B, have the same form, e.g.
A, = 2 alt, x, DT, a, € Cy(Q, h), K< .

IvIsK

We say that L, is consistent with L in Q if for any U € C*(Q) and any X €& Q
L UX) — LUX) = o(1) ash— 0.

L, is said to be a consistent operator if it is consistent with some differential operator
of the form (2.1). The notion of consistency is introduced analogously for other
types of difference operators.

Our first lemma gives a simple representation of the operator L,.

LEMMA 2.1. Suppose that k = Nh™. Then the difference operator L, given by (2.2)
is consistent with the differential operator L in (2.1) if and only if A, is consistent
with I, the identity operator, and

Ly, = A, 9, — Py,
where P, has the form
Ph = Z: cav(t’ X, h)Tt_lT: 0:‘9 Cay E C?(Q, h)

lalsM,»

with c., #~ 0 only for a finite set of indices and
Car(t, X, h) = Coy(t, %,0), a0,
2 carlt, X, 0) = At x).

(2.3)
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Proof. The proof of the sufficiency part is obvious. In order to prove that the
conditions are necessary we write

1 _ — - -
L, = Aha:—W(Bh— Ah)Ttl = 4,9, —PhTtl = 4,0, — Py,

where for certain g, € CX(Q, h)
By =" 3 bt x, DT..

Since L, is assumed to be consistent with L, we find by taking U(z, x) = U(x) €
C=(R% that for (¢, x) € Q

B, — P(D) U@, x) = o(1) as h — 0.
This means that, for fixed 7, Lemma 2.2 in [11] applies, giving
P,= 2 cult, x, T 07,

lalsM,»

where the coefficients c,, satisfy (2;3). The construction in that lemma shows that
¢., € Cy(Q, h) and hence P, = P,T;' has the stated properties. From (2.3), we
infer that P, is consistent with P(D,). Thus, we have for any U € C°(Q) and any

 x) € Q

A, 0,U(t, x) — D, U(t, x) = o(1) ash— 0,
and, by taking U(z, x) = tU(x), we get Z, a/t, x, 0) = I, which implies the con-
sistency of A, with /. This completes the proof of the lemma.

We now introduce the principal parts A4, By, and L; of the operators 4,, B,,
and L,, respectively, namely

v 1
A= 2 alx, 00, L= (4 — BT,

v

where B! is defined ia the same way as A;. If L, is a consistent operator, we find
from Lemma 2.1

2.4) LY = 479, — 2 calt,x, OT,'T. 32,

lal=M,v

Further, we introduce the symbols

A = AE X = 2 a(X,0) exp (iw-d), (ER, vi= 2 vk,

LD = Lir &, X = 1 1400 - B©lL,  rER, tER,

corresponding to the operators 43 and L;. Here, BJ(£) is defined in the same way

as A3(9).
We shall assume that for any @, CC @ there is a positive constant C such that
(2.5) ldet 44¢, X)| Z C, XE Q.

Consequently, the following notation makes sense:
E¢) = E¢, X) = A¢ X)7BE, X).
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Definition. The operator L, in (2.2) is said to be parabolic in  in the sense of
F. John [4] if it is consistent and if for any @, CC @ there is a positive constant C
such that (2.5) is satisfied and

(2.6) p(ERE, XD =1 —Ck g™,  |mgls7, XE Q.

The next lemma will be fundamental for the a priori estimate in Section 3.
Lemma 2.2. If L, is a parabolic difference operator in Q, there exists for any @, CC @
a constant C, such that

L, &, X7 S Go I, E#0, |Wy| ST, XE Q.

Proof. We have L)(r, §) = (1/k)A¢)I — e ™ Ej(¥)) and so it is enough to prove
that |(I — e ™ EN®)"| = C/(k |£|™). But we know (Lemma 3.4 in [10]) that

I(EX®)'| £ C,y exp (—Conk £]™),  |ht;] <,

uniformly for X € @, and hence we get for § > 0

(1 — e EE) | < Z I(EX@)'| = /(1 — exp (—Cuk [E]) < C/(k [E]™),

as required.

We will need some facts about Fourier series. The set of N-vector valued functions
defined on the mesh {X € R'** : X = (jk, vh) = (jk, v\h, -+ , vh), j, v, integers,
k = Mi™} is denoted by 911,. In the subset I} , = (U E M, : Y, , |UGk, vh)|' < =}
we use the norm

1/2
Uy = (kh“ > |U(jk,vh)|2> .
For U € I}, we introduce the Fourier transform

O(r,8) = k' X UGk, vh) exp [—iGkr + v k)], 1€ R, £E R,

with the sum defined as a limit in L*(Q), where Q = {(r, §) : |kr| < =, |hE;| <

j=1,---,d}. Conversely, if U & L*Q) the function U defined by

UGk, vh) = Qm) ™ f U(r, §) exp [iGkr + v-hE)] dr d&
Q

belongs to /; , and is the unique function in this space having the Fourier transform 0.
The Parseval relation holds, that is

Uk = @m)'* f |O(r, &)|° dr dt.
Q
We note that

@O0 (1,8 = k"' T ™ — D 0(r, &) = 32(®) 0 (=, §).

i=l

We shall consider also the space I; of functions U defined on the mesh
{x € R*: x = vh} and such that ), |Uh)|’ < . In this space the counterparts
of the facts above are obvious.
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Now let the principal part operator L, be parabolic and have coefficients which
are independent of X. It then follows from above that (LU) (r, £) = L%, §U(r, %),
and hence for ¢ 0 we have (3°U) (r, £) = 0%({)LYUr, &) (LU) (r, £). This is the
key to the following lemma, which gives a representation for d%U(z, x), |o| = M.

Lemma 2.3. Let L) be the principal part of a parabolic difference operator with
coefficients independent of (t, x) and let T and T, be real numbers. Suppose that U
is a mesh-function such that U(jk, -) € I} for any integer j and U(jk, -) = O for jk < T,.
If F = LYUfort < T and F = 0 otherwise, then for |a| = M andt < T,

Q@7 UG x) = @n) fo L@ La(r, © ' F(r, §) exp [iGtr + x-§)] dr d.

Proof. 1t suffices to consider 7, = 0. The condition (2.5) shows that (45)™' is a
bounded operator on ;. Hence the problem
LYV = 8/F, t=jk>0,
V=0, t=jk =0,

2.8)

has a unique solution ¥ in 91, such that V(jk, -) € . Since L, commutes with
3%, we have V(1, x) = 93U, x) for t < T.

Let |a| = M. For meshpoints (¢, x) we denote the right member in (2.7) by H(t, x).
By Lemma 2.2, |9%(8)Ly(r, £)'| < constant, £ > 0, and so H € [}, and consequently
also H(t, -) € IX. We claim that H satisfies (2.8). This would imply the lemma. Taking
Fourier transforms we see that L)H = 9%F and hence it only remains to prove that
H(jk, x) = 0 for j < 0. But

H(t,x) = G * F(t,x) = kh® Y G(t — nk, x — vh)F(nk, vh),

where the mesh-function G has the Fourier transform G = 9%(&)L(r, £)*, and so
it suffices to prove that G(jk, x) = 0 for j < 0. We have, for j < 0,

(@m)'"'GUK, x) = k f. s [ f, e = RO dr] CHGRH R

i

l [f z_l_i(l - ZE?(E))_I dz] Bf(E)Ag(E)—leiz-E dt
|hEils~ 1zl =1

=0,

since the condition (2.6) shows that the function (I — zEX(§)~, & # 0, is analytic
in z for |z| £ 1 and the inner integral thus is equal to zero. The proof is complete.
We also state the Leibniz rule which will be used frequently in the technical

calculations later on.
The Leibniz Rule. If A is an N X N matrix valued function with rows in 91, and

if U € IM,, we have
0%(AU) = 2 (‘3‘—)(7“7 3Py = X (af)(aﬁA)(r"’ a*u),
Bsa Is Bsa ﬁ

where

- d
&= (@ a), T°=T TS, 8% = ar, (Z) =11 (g)
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3. An Interior a Priori Estimate. For any set @ in R'** and any real number T,
weput @7 = {(t, x) € Q:t < T}and @, = {(t, X) E Q: (¢, x) = (k, vh), j, v:
integers, k = M™}. Further, for U € 9%, we introduce the notation

1/2
1Ull.o = (kh“ 2 lU(X)F) ,
XEQ
” U”h.r.a.fl = Z IIGZ 6: U”h.n,
isr,lalss
U,z = [|Ulls zr+ay7, HUhror = Ullsr o, mivayr.

We now state the main theorem of this section.

THEOREM 3.1. Let @ be a bounded domain in R'** and let L,, given by (2.2), be a
parabolic (in the sense of F. John) difference operator in Q. Then, for any @, CC
Q; CC @ and any nonnegative integers r, s, there exist positive constants C, and h,
such that for T € R

HUlsrer00r F+ [[Uless00.0 S Co([ILa Ul roa00r + || Ullsgar),
hshy, UEOM,.

@3.1)

Remark 3.1. It might seem more natural to use the norm

HUIE.a = 25 (18] 65 Ulls.o.
Mi+lalsr
This norm is, however, unsuitable for the application in Section 4.
In order to be able to handle the implicit case, 4, > I, we define the fractional
difference operators 3! by

=1 j=0,
=r"79, 1=2j= M.

Note that ¥ = 9,. We often omit the subscript 1.

The proof of Theorem 3.1 will be carried out in several steps. We first treat a
principal part operator with constant coefficients and derive an estimate valid for
U € Du(Q), where D,(Q) = {U € M, : UX) = 0 for X ¢& Q}.

LEMMA 3.1. Let @ C R'*® be a bounded domain. Also, let L be the principal part
of a parabolic difference operator with coefficients independent of X. Then, there is
a constant C, (which depends only on the constants in the definition of parabolicity,
on the bound of the coefficients in L}, and on the spatial diameter of Q) such that

3.2)

2 1007 Ulhr = Co lILU|hzs  hS1, UE DR, TER.

itlalsM

Proof. Let |a| = M. Set T, = inf {¢ : (¢, x) € Q} and let F and H be the cor-
responding functions in Lemma 2.3. Then, using this lemma, the Parseval relation
and Lemma 2.2, we get for U € D,(Q),

1107 Ulla,r = I1HI = @o)2 {07()LC ) PG esey < C Ly Ulls. .

The discrete Poincaré inequality (cf. Lemma 2.4 in [11]) shows that

”U“h.O.M.T =cC Irnla);l Ha:U”h.T, h=1, UgE D(Q),
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where the constant C depends only on the diameter of  in the x-space. Hence, we get

(3.3) HUllhos.r £ ClIL Ulhey kKRS 1, UE DUD).

Since A? has a bounded inverse on /;, we conclude from (2.4) and (3.3) that
116, Ulla.x < C(HL?UHH + 2 e U”h,r) = C LU,z

If j # 0and j + |a| £ M, we thus have, using (3.2),
(3.4) 1187 05 Ullar = 1A 8, 02 Ulla,z < C 118, Ulla.r < C ||LyUl|s. 1.

Together, (3.3) and (3.4) prove the lemma.
Our first step towards an inequality for an operator with variable coefficients

is the following:

LemMa 3.2. Let L) be the principal part of a difference operator which is parabolic
in a bounded domain @ C R'*°. Then, for any Q, CC Q, there are positive constants
C,, ho and €, such that, if h < ho and T & R, we have

2 118195 Ullr £ Co |ILY UL
itlalsM
for every function U & Dy(Q) whose support has diameter less than «,.
Proof. Let X, € supp U. Defining the operator Lj(X,) by
LX) = 2 a(Xe, OT' 8 — 3 ca(Xo, OT T 0,

v lal=M,»

we have according to the preceding lemma with some constant C, independent of X,

A |Z|sM 1107 9°Ulln.r £ C ILAX)Ullhrs  hS 1, UE D).
On the other hand, it is readily shown, using (2.4) and the regularity assumptions
on a, and c,,, that for sufficiently small %, and e,

HLAX)U — LeUllr £ 2 [|(@(Xo, 0) — a,(X, ONT” dU||s.r

+ 2 Ca(Xoy 0) = ca( X, ONT ' T’ 9 Ulls.r

lal=M,»

1 .
< 3_6 (LU 1o + U0, 2. 7)s

which evidently completes the proof.

We next extend this result to arbitrary functions in D,(2Q,).

LeMMA 3.3. Let L, be a difference operator which is parabolic in a bounded domain
Q C R'“°. Then, for any Q, CC Q, there are positive constants C, and h, such that

S 1188 02Ul S CoUILaUlls.r + 1 Ulln0.sr-1.7-4),

itlalsM

h é h09 U e f—Dh(szl)9 T e R-

Proof. Let ¢, be the constant in Lemma 3.2. There exists a finite sequence {¢,}~., of
scalar valued functions in C3() such that diam (supp ¢,) < ¢ and Y ¢,(X) = 1
in Q,. Now, let U € D,(2,). Then we have U = Y, ¢,U and, using Lemma 3.2 on

o;U, we getfor j + la| = M
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167 9° Ullar = 2 118" 0°@: Dllhr < € 2 |ILY@: V) ln. -
Since the ¢, are uniformly bounded, we have therefore

i IEISM ”5’ " Ulh.r
(3.5) e

= cl(lthUHu + |ILAU — LyU||s.r + max ||Li¢; U — ¢.-Lﬁu|lh.r)-

The last two terms inside the parentheses are estimated for sufficiently small # by
use of Lemma 2.1, (2.4), and the Leibniz rule:

1
(3-6) ”LI?U - LhUHh.T é 4C ”U”h,l.O,T + C ”U”h.O.M—l.T—Im
1

||Lig; U — ¢: L3 U|la.

3.7 1
6.7 S — M Ulsro.r + HUlsooae.2] + C | U||h.0.20-1, 7k
4C,

The estimates (3.5)+(3.7) prove the lemma.

To prove Theorem 3.1, we have to reduce the subscript M — 1 in Lemma 3.3
to zero. This can be done using a discrete analogue of a norm used by Friedrichs
in his investigations on elliptic differential equations (cf. [2] and [11]). Let Q be a
bounded domain and let 2, CC @, CC Q. Take a scalar valued and nonnegative
function ¢ & CY(Q,) with ¢ = 1 in Q,. We introduce the norms

NUIKE., = 2 |l¢™'*' a7 a2 Ullhars, O0=s=< M.

m+lalss
We now give a sequence of three lemmas concerning these norms. For simplicity,
we shall write T°* = TiT* and 9" ® = 9!9°.
LeMMA 3.4. Given i, p, j, B, g, m, a, swithq = 1,s 2 O and j + |8| + m +
la| £ g, m + |a| £ s £ M, there are positive constants C, and h, such that

(3.8) |[(T"* P37 85 Ulhr < Co ||UIN.7s h < hyy UE M, TER.

Proof. If m + Ial. = 0, (3.8) holds trivially. In particular, the statement is true
fors = 0. Lety = T"*3%°. If j + |8] + m + |a| < g, we have, by a Taylor ex-
pansion,

m+|al

|lﬁl é C Z hr¢m+|al-r.

r=0

For small 4, ¢ = 0 outside some 2, CC €, and we obtain for 0 < m + la] < s

|l 8™ 8" Ullh.r
- m+ | al -
— ”¢ am aa U”h,n,r é C E ”¢m+lal—rhr amaaU”h‘n’r
(3.9) T
m+|al
S C[nvu,‘.?i.r + 2 2 ety 8y UHM,T]-
rw=] Yl+n=m+|al=r;l,»

Now, the statement follows from (3.9) successively for s = 1, --- , M.
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LemMMA 3.5. Givenm, o, g, and swith1 = s S qandm + |a| £ s £ M, there are
positive constants C, and h, such that for h < h,, U € M, and T € R,

(3.10) 1107 895 U) — ¢° 87 35 Ull.r < Co || U101, 14
@3.11) 1187 92@° D |n.r < Co || U|IK%. 1.

Proof. The inequality (3.11) clearly follows from (3.10), which we prove separately
for the cases m % 0 and m = 0. In the first case we get, using the Leibniz rule,

51!5 aa(¢¢U) _ ¢c 57» 9°U
= 2 (g)(a%")(r“ ot Uy + 3 (“)(5"' S NT 0" U,
0<fsa 0sfsa B

and so (3.10) follows from (3.8). If m = 0 the second sum does not appear and (3.10)
follows for this case too.

The last lemma is of interpolation type.

LemMMA 3.6. Given s, | < s = M, and ¢ > 0 there are positive constants C, and
ho such that

(3.12) [|UIW s S e |UIW. 2 + Co || U7, B S hey, UE M, TER.

Proof. We prove the lemma by induction on s £ M. If s = 1 the inequality (3.12)
is obvious. Now suppose that (3.12) holds for s = 1, --. , § — 1. To establish it
for s = S = 2, we have to estimate only those terms ||¢™*'*'§79 “U||,.r for which
m + |e| = S — 1. This will be done first for m > 0 and then for m = 0. We use
the notation (U, Mhr = 2icr dey u(X)0(X). If m # 0, we get

6" 8™ 0" Ullir = @787 9"U, 67" 6" 8" Uhh.s
= @™ 90U, ¢ 29" 0% U, 1, m
=@ 89U, (U~ T, " Uhr,  m=1,
and then, using the Schwarz inequality and (3.8), we find that
(3.13) 116°7 8" 0°Ulli.2 < C 11U 2+ 1| Uli¥%5-. .

I
N

If m = 0, it follows from the argument in the corresponding proof in [11] that (3.13)
holds. From (3.13) and the induction assumption, we may conclude
€

S ULz + €Ul s-2.

A

HUI s, 7

€

2

A

HUIWS. 2 + 3 11 UIs-1.r + 3Co [| U3,z

This proves the lemma.

It is now possible for us to prove Theorem 3.1.

Proof of Theorem 3.1. We first prove the theorem for the case r = s = 0. We
assume that 4 is small so that the lemmas apply. We have

(3-14) ”U”h,l,o.rx,?‘ + HUHh.o,M,n,T § ”UH;(.%I_T,
(3.15) U = ; "nqs” 3" 3° Ullaur + | U|IS%-1 .
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Application of (3.10) in (3.15) gives
NUIwr £ 20 1187 8°@" DIz + C || UI[Th-1.1-

m+|al=M

Using Lemma 3.3 on the terms in the sum, we see that

(3.16) U r < CUIL@Y D).z + 116" Ulluo.se—r.r + U851 2]
By (3.11), the following holds:
(3.17) 6™ Ulls.0.a0-1.7 = C || U||\w-1.2-

To permit the switching of L, and ¢* in (3.16), we show that
(3.18) HL@" U) — 6" Li U,z < C || U131, -
To do this, we first notice from Lemma 2.1 that

L@"U) — ¢ LU = Y a,[T" 9@™ U) — ¢"T" U]

v

— 2 cITT'T %M U) — ¢MT'T 9% Ul = P + Q.

lelsM,»

We infer from the Leibniz rule and Lemma 3.4 that

HE a(T'$" — ¢™)T" 94U + a,T’[(36™) T U] i .

[1Plls, 7

<c WZ (T %™ dU||u.r + C||U|I. 2 = C || U\ h-1. 2.
=1,

The second term, Q, is estimated in a similar way and therefore (3.18) follows. Indeed,
our use of the operators 3" was necessary for the estimation of ||(7°9°¢*)haU||s.r =
[[(T"9%¢™)8™ " U||.» in the inequality for P. In the explicit case, 4, = I, the first
part of P would disappear and we could do without the operators 3™. Using (3.17),
(3.18), and Lemma 3.6, we transform (3.16) into

UK.z £ CUILy Ullaaur + 11 Ulla.0.7).

Thus, by (3.14), we have proved (3.1) for r = s = 0. By induction on s, we deduce
after some computation

(3'19) HU”h,l,s.n,T + ”U”};.O.M+a,n.7 é C(”Lh UHh,o.:,nJ + ”Ullh.Q,T),

which is the statement for » = 0. Finally, (3.1) follows for arbitrary r, s from (3.19)
by induction on r.

4, Convergence of Difference Quotients. Now, counsider in a bounded domain
Q C R'** the equation

4.1) LU = F,

where L is a parabolic differential operator and F & C"(Q) is a given N-vector valued
function. It is then known that any solution belongs to C°(Q) (see e.g. [1]). For each
value of the positive parameter h, we introduce a mesh {X & R'** : X = (jk, vh),
Jj, v; integers, k = Mh™}, where M is the order of the operator L, and denote by
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Q,, as before, the set of meshpoints in Q. Let L, be a parabolic difference operator
consistent with L in Q. Further, let M, be an operator of the form
J

MU, x) = 2 2 my,(t, x, DU — 0k, x + vh),

i=1 |vIsK
0 é 0,' é la m;,, e C;;(Q, h)-

This operator is required to be consistent with the identity operator. We then ap-
proximate (4.1) by the difference equation

(4.2) Lh Uh = MhF in 9;:,

where Q; is a subset of @, such that for any @, CC @, we have Q, , C Q; for 4 small
enough, and such that L, U and M, U are determined in Q; by the values of U in Q.
Any function U, defined in @, and satisfying (4.2) is called a solution of (4.2). We say
that (4.2) approximates (4.1) with order of accuracy p if for any U € C°(Q) and
any X € Q,

L UX) — M,LUX) = O(h") ash—0.

We observe from (4.2) that the operator M, has no effect on our problem if
F = 0. In fact, operators of this type were introduced to get the same rate of con-
vergence for the Cauchy problem for certain inhomogeneous differential equations
as for the corresponding homogeneous ones (cf. [3]).

We shall consider scalar differential operators Q and difference operators Q,
which for simplicity are assumed to be of the form

4.3) 0= .‘? 0.(t,x) DI, Q. E C7(Q),
alsa
and
(4.4) 0= ; Gas(t, X, DT 35, qay € CY (R, h),
alsq.r

respectively. We say that Q, approximates Q with order of accuracy p if for any
UE C°(Q) and any X € Q,

0,U(X) — QU(X) = O(K’) as h — 0.
We also introduce the maximum norm

|Uls.o = max | U(X)].
XEQ

In this section, we shall prove the following convergence theorem as an applica-
tion of the a priori estimate derived in Section 3.

THEOREM 4.1. Let Q be a bounded domain in R***. Further, let the difference oper-
ator L, in (2.2) and the differential operator L in (2.1) be parabolic in Q in the sense
of F. John and Petrouskii, respectively. Assume that (4.2) approximates (4.1) with
order of accuracy p and that Q,, given by (4.4), approximates Q, given by (4.3), with
the same order of accuracy. Then, if U is a solution of (4.1) and &, CC Q, CC €,
there exist positive constants C, and h, such that

IQ}. Uh - QUln,n,T § Co(h’ + ” Uh - U”h,n,T)y h é ho, T G R,

for any solution U, of (4.2).
From this theorem, we conclude that if for any @, CC @ we have ||U, — U||s.q, =
O(h") as h — 0, then for any @, CC Q,
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0w Uy — QUlu.0, = OGK™™®7) as h— 0.

In particular, choosing Q, = Q = I, we see that convergence in the norm || ||..q,
implies uniform convergence in ;.

In order to prove the theorem, we need a result due to Sobolev [9]. To state
this we introduce additional notation. Let  be a bounded set in R®. For functions
V defined on the cubic mesh {x € R’ : x = vh}, we set

1/2
(h” > IV(vh)l2> ,

vh€Ew

UV e = 2 105V

lajss

V.o

| Vs, o = max |V(h)|.

vhE€w

The Sobolev Inequality. For any two domains w, CC w, CC R?, there exists

a constant C such that
I Vlh-ﬁh § c ” V”h.[d/2]+1,un

where [d/2] denotes the largest integer < d/2.

The following lemma contains an inequality related to the Sobolev inequality.

LemMA 4.1. Let Q, and Q; be open cylinders, Q; = (T, T,) X w;, i = 1, 3, where
w, and w; are bounded domains in R® such that w, CC ws. Then, if T — T, is bounded
below by some positive number, there is a constant C, such that
4.5) [Ulrair = Co || Ulls1,1ar2141,0,75 Uem,.

Proof. The proof will consist of two parts, each of which is an application of
the Sobolev inequality. First, we note that, according to that inequality, there is a -
constant C such that for any 1 = jk,

max | U(t, vh)| = C [[U®, s, 1a/2141. 005 UE .

Yh€Ew,

Hence, (4.5) would follow in the case T < T, if we could prove that
g0 = [|UG ) |h1ar2101.00 S C I U||nn1ar2141.0.75
veEM, T,.<t=jk=T<T,.

4.6)

In the case T = T, which is treated similarly, we must prove this inequality instead
for T, < t = jk < T,. The Sobolev inequality for d = 1 shows that

“.7 gUk) £ Clglh,cr..m + 10:8lle.crnm), T < jk ST,
where the constant C depends only on the difference T — T,. It now remains to

substitute the expression for g into the right member of (4.7). Let the integers R and
S be such that (R — 1Dk £ T, < Rk and Sk < T < (S + 1)k. We then have

S
4.8) ||g[|i.<r..m = ; k Ig(ik)l2 =C ” Ull:.o,[d/2]+l.9;71

Hatg”:.(r,.ﬂ

S
Dk

4.9) 2 6 UGk, ln.w, — 05U — 1)k,-)||h_w,]

i=R [Ials[d/2l+l

c ” U“:.l.ld/zln.n.f,

IIA
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where the constants are independent of T. Together (4.7)-(4.9) prove (4.6). This
completes the proof.

Remark 4.1. Direct application of the (d + 1)-dimensional Sobolev inequality
on the pair (©,, 2;) in Lemma 4.1 would give an estimate similar to (4.5). The right-
hand side of this, however, would depend on difference quotients in the ¢-direction
of order greater than 1.

Now we can prove Theorem 4.1.

Proof of Theorem 4.1. 1t is evidently enough to prove the theorem for the case
Q, = (T, T;) X w, with w, a domain in R* and @, CC Q,. Also, we may assume that
T — T, is bounded below by some positive number. We choose the domain
Q, such that @, CC Q, CC @ and let k1 be small so that Q, , C Q. We then extend
U, in an arbitrary way to be a function in 9%,. The triangle inequality gives

(4-10) lQh Uh - QUlh,ﬂxT é lQh( Uh - U)|h.9.7' + I(Qh - Q) Ulh.n.f-

Since Q, approximates Q with order of accuracy p and U € C°(Q), we have for
the second term

(4.11) I(Qw — Q) Ulsa.r = CH

if 4 is sufficiently small. To estimate the first term, we let Q; = (73, T,) X w; be a
cylinder with v, CC w; and Q; CC Q,. By Lemma 4.1 and Theorem 3.1, we obtain

(4 12) |Qh(Uh - U)Ih,Q,T =C HU;. - U||h.1.{d/21+1+a.n,‘r

= C[lth(Uh - U)||h,o,[d/21+1+q.9,T + HUh - UHh.n,T]~

In Q,,, we have L (U, — U) = M,F — L,U = (M,L — L,)U. Making a Taylor
expansion and using the assumption about the order of accuracy, we find for X €
Q, and small A,
p+r—1
(MiL — LYU(X) = D h'U(X) + I Uy (X, h),
(4.13) i

r=1d/21+1+q,

where U,(X) is a linear combination of certain derivatives of U at the point X for
i<p+r—1and U, (X, h) is a linear combination of certain derivatives of U
at the points (z — 6(X, h)k, x + v(X, h)h), where (¢, x) = Xand 0 £ 6 =< 1. Since
U & C°(2), we thus get, for small A,

(4.14) HLW(Us — D|lh0 1421414007 = CH, TER.

(4.10)(4.12) and (4.14) prove the theorem.

Remark 4.2. Tt is seen from the proofs of Theorem 3.1 and Theorem 4.1 that
the regularity assumptions in Section 2 can be considerably relaxed. For the proof
of Theorem 4.1 it suffices to know about the solution U that U € C**"*¥(Q),
r = [d/2] + 1 + gq. If, however, we had used the norm proposed in Remark 3.1
or the idea in Remark 4.1, we would have to require more than this since k = 2™
(cf. (4.13)).

5. Examples. We now give two examples with d = 1 and N = 1 to illustrate
our results. In these examples L is the heat operator,
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2

ST}

L=

2
X

el
@

and L, is the parabolic difference operator,
Li=9, — T;'T;' 9%, k=M, AN<1i

Example 5.1. We consider the problem
LU= F inQ {4, x): 0 <t = T,0<x < 1},

U=1f onT = 0\ Q,

where we assume that F &€ C”(Q) and f are such that the problem admits a unique
solution U with D;D:U & C(Q) for 2i + j < 6. For the numerical solution of this
problem, we use the scheme

LU, = M,F in Q,,
U,=f onT,,
where
M,F(t, x) = §F(t, x) + T2[F(t, x + h) + F(t, x — W] + 3F¢ — k, x).

The use of an operator M, = I is justified by the fact that for any smooth function
V, we have (L, — M,L)V = O(h*) as h — 0 while only (L, — L)V = O(h*) as h —
0. Let U, be the solution of the scheme. From the definition of L, we derive easily
that

I Vlh,ﬁ é |Vlh,I‘ + C IL;. Vlr..n
for any mesh-function V. Replacing ¥V by U, — U, we thus have
Uy = Uha £ C|Li(Uy — Wha = C|(MyL — L) Uly0 = O(h*) as h — 0,

and consequently also ||U, — Ul||,.o = O(h*) as h — 0. Hence, if Q, approximates
Q with order of accuracy 4 and @, CC {(t,x): 0 < t < T,0 < x < 1}, Theorem
4.1 gives

0w Ui — QUls,0, = O(h*) as h— 0.
Example 5.2. We consider the problem
LU=0 in2={(t,x):0<1,0<x <1},
(5.1) U@, x) = f(x), 0=x=1,
Uu, 0= U@, 1) =0, 0<y,

where we assume that the function f is continuous and f(0) = f(1) = 0. The corre-
sponding discrete problem will be

Lh Uh =0 in Qh,
(5.2) U0, x) = f(x), 0=x=jh
Uy(t,0) = U@, 1) = 0, t =ik >0,

IIA
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where & is the reciprocal of some positive integer. Let U be the solution of (5.1)
and U, be the solution of (5.2). By extending our mixed problems to pure initial-
value problems, we see from [12] (cf. [5], [7], and [8]) that

|U, — Ulpg = O() ash—0,
where
r=a if f & Lip, [0, 1],
1 +a iff &€ Lip, [0, 1],

Hence, if Q, approximates Q sufficiently well and @, is a bounded domain such
that &, C Q, we get from Theorem 4.1,

0<asl.

I

[0 Uy — QUluo, = O(F) as h— 0.

In case f is only continuous, O(k") should be replaced by o(1) above. These results
could be obtained directly from [12]. Replacing L, in (5.2) by the implicit Crank-
Nicolson operator L,,

L,=0, — 3+ T71T7' 92, k = AR,

which is parabolic for any fixed A\, 0 < A < «, we deduce easily analogous results
(cf. also [6)).

Department of Mathematics
Chalmers Institute of Technology and
The University of Goteborg
Goteborg, Sweden

1. A. FRIEDMAN, Partial Differential Equations of Parabolic Type, Prentice-Hall, Engle-
wood Chﬂ’s, N. J.,, 1964. MR 31 #6062.

. O. HUBDRICHS, “On the dlfferentlablhty of solutions of linear elliptic differential
equanons, Comm. Pure Appl. Math, v. 6, 1953, pp. 299-326. MR 15, 430.

3. S. HARANGARD, “Some results on the rate of convergence for discrete initial-value
problems,” Report Department of Mathematics, Chalmers Institute of Technology and the
University of Goteborg.

. JOHN, “On integration of parabolic equations by difference methods,” Comm. Pure
Appl. Math v. 5, 1952, pp. 155-211. MR 13, 947.

5. M. L. Juncosa & D. M. YouNG, “On the order of convergence of the solution of a
difference equation to a solution of the diffusion equation,” J. Soc. Indust. Appl. Math., v. 1,
1953, pp. 111-135. MR 15, 746.

6. M. L. JuNcosa & D. M. Young, “On the Crank-Nicolson procedure for solving
parabolic partial differential equations,” Proc. Cambridge Philos. Soc., v. 53, 1957, pp. 448—
461. MR 19, 583.

7. J. LOFSTROM, “Besov spaces in the theory of approximation,” Ann. Mat. Pura Appl.,
(4), v. 85,1970, pp. 93 184.

Y. PEETRE & V. THOMEE, “On the rate of convergence for discrete initial-value prob-
lems,” Math. Scand., v. 21, 1967, pp. 159-176.

9. S. L. SOBOLEV “On estimates for certain sums for functions defined on a grid,” Izv.
Akad. Nauk SSSR Ser. Mat v. 4, 1940, pp. 5-16. (Russian) MR 1, 298.

10. V. THOMEE, “Parabolic difference operators,” Math. Scand., v. 19, 1966, pp. 77-107.
MR 35 #590.

11. V. THOMEE & B. WESTERGREN, “Elliptic difference equations and interior regularity,”
Numer. Math., v. 11, 1968, pp. 196-210. MR 36 #7347.

12. O. WIDLUND, “On the rate of convergence for parabolic difference schemes. II,”
Comm. Pure Appl. Math., v. 23, 1970, pp. 79-96.




