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On the Error in the Numerical Integration of

Chebyshev Polynomials

By D. Nicholson, P. Rabinowitz, N. Richter and D. Zeilberger

Abstract. A general method is described to compute the exact error in the numerical

integration of a given polynomial by certain types of integration rules. This method is

applied to get exact errors in the integration of certain Chebyshev polynomials of the first

kind by Gauss and Lobatto rule and asymptotic errors in the integration of Chebyshev

polynomials of both kinds by Gauss, Lobatto and Radau rules.

1. Introduction. In this work, we consider the error in the numerical integra-

tion of the Chebyshev polynomials of the first and second kind, Tj(x), Un(x) by

Gauss, Lobatto and Radau integration rules. We first derive explicit expressions

for the error in the numerical integration of T2n+2k(x) by an «-point Gaussian inte-

gration rule and by an (n + 1) -point Lobatto rule, for k = 0, 1, 2. The method used

for deriving these expressions can be applied for any l:H, although we only go

up to k = 2 since the number of algebraic manipulations grows rapidly with k. It

can also be applied to U2n+2k(x) and in fact to any sequence of polynomials and in

addition can be applied in connection with any numerical integration rule. We then

derive asymptotic expressions as n tends to infinity for the error in the numerical

integration of T2n+k(x) and U2n+k(x) for fixed k ^ 0, using the three integration

rules mentioned above. Actually, for the Gauss and Lobatto rules which are sym-

metric rules, the error in the numerical integration of Chebyshev polynomials of

odd degree is identically zero so that we need consider only polynomials of even

degree, T2n+2k(x) and U2n+2k(x).

2. The Error in Gauss and Lobatto Integration Using a Fixed Number of Points.

The Gaussian rule of degree 2n — 1 with respect to the interval [—1, 1] has the n

roots of the Jacobi polynomial 7^0,0)(x) i = P„(x), the Legendre polynomial) as its

n abscissas [1, p. 33]. Denoting the error committed by applying this rule to 7\(x)

by E„iTk), we have the following relations:

EniTk) = 0, ft £ 2* - 1.

E„iT2m+1) = 0,        m £ 0.

The Lobatto rule of degree 2n — 1 with respect to the interval [— 1, 1] consists of

n +■ 1 abscissas, of which n — 1 are the roots of the Jacobi polynomial Pf-:î\x),

and the other two are the endpoints of the interval [1, p. 37]. Denoting the error
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committed by applying this rule to Tt(x) by En,-fTk), we have the following similar

relations:

En+l(Th) = 0, k á 2h - 1,

En+liT2m+1) =0,        m\% 0.

In the Gaussian case let us now write

k

(1) T2n + 2k(X)   =    [Pia'°\x)f   Y,  «i"*"   +   Ü2n-2(X),
i-0

where Q2n-2(x) is the remainder in the division of T2n+2k(x) by [Pna,a\x)]2. We then

have the following expression for En(T2n+2k):

En(T2n+2k) =   f  [Pl°-0)(x)]2 ¿ a<*>x2í dx

(2) J-,

t-0 J-l

This is true since En(Q2n-2) = 0 and since [^0,0>(x)]2 vanishes at the abscissas of

the integration rule. The integrals in (2) can be evaluated explicitly as follows: By

repeated use of the following recurrence formula [2, p. 83]

(2n + l)xPl°'0)(x) = (« + l)P«\°\x) + nP?J?(x),

we can replace x,C0,(.x) by ]£*--< c\°P^;f\x). By the orthogonality of theP<00,(x),

we have that

f \t cY'piifix)]1 dx = ¿ c\in f [PiifMf dx
J-\ Lj'--¡ J )--; J-i

and hence, using the formula [2, p. 82]:

we have finally that:

EniT2n+2k) =   ¿ a[k)   ± c<i>2  f  [P?+?(x)f dx
¡-0 i-Í J-l

= 2 ¿ «<*>   ¿ cS.i)2/(2n + 2; + 1).

For the Lobatto case, we apply the same method, replacing [Pl°'°\x)]2 by

(1 — x2)[P"_]1)(x)]2 in (1). In this case, we use the corresponding recurrence formula

[2, p. 83]:

i2n + 3)xP(nul)ix) - (« + 1)P:,u(x) + (ft + 2)PÍlZuix)

and the following formula for the evaluation of the integrals:

|   (l - x2)[Pluvix)]2 dx = 2(« + 2)(/i + l)/2ft + 3.
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Table I

Exact Error in the Integration ofT2n+2k, k = 0, 1,2, by n-Point Gauss

and (n + l)-Point Lobatto Rules

E„iT2n+2k) En+iiT2n+2k)

["2>!):

L (2«)!
1

2« + 1

2-2-4-4

"22"(/i!)212   (h + 1) ft+ 1

.  (2n)!  J   ni2n +1) n A   2n)

2« • 2«
Î1-3-3-5 ••• (2n - 1)(2« + 1) ' 2

2« + 1

1 + (2« - l)(2n + 3).

An   - 48«2 - I3n + 6

i2n - 1)2(4«2 - 9)(2n + 5)

EniT2n)
3(2« + 1)

(2« - 1)(2« + 3)
En+l(l 2n)

9(An3 + I6n2 - I3n + 10)
E„(I 2n) ¡~, 1\2/A    2 n\/l I      c\   Ln+iil 2„)(2n — 1) (An   — 9)(2/¡ + 5)

The results in the Gauss and Lobatto cases for k = 0, 1, 2 are given in Table I.

(For k = 0, the results can also be obtained from the standard error terms since in this

case /<2n)(£) is a constant.)

Remark. This method is applicable to the calculation of the error in the numerical

integration of any polynomial Pn+k(x) by any integration rule of degree n — 1 with

respect to an arbitrary weight function w(x). We just replace (1) by the following:

n

Pn+k(x) = Un(x) £ a{*V + &,_,(*),        U0,
i-O

where IIn(x) = r(x)[.s(x)]2 with r(x) = YlV-i (* ~ *<)> *00 = IIî-i (■* ~ J><) and
fti + 2«2 = n. The points xu • • • , xni, ji, • • • , y„, are the abscissas of the integration

rule with s(x) orthogonal to all polynomials of degree g n2 — 1, with respect to the

weight function w(x)r(x). The case nx = 0 corresponds to integration rules of Gaussian

type while «2 = 0 corresponds to interpolatory rules.

3. Asymptotic Expressions for the Error in Gauss and Lobatto Rules as n —> °°.

To get the asymptotic behavior as n —* «> of the error in the numerical integration

of T2a+2k(x) and U2n+2k(x) where k is held fixed, we use the method of the previous

section except that we replace Pla,a\x) by its asymptotic formula due to Darboux

[2, p. 194]:

(3) '(cos 6) = n~l/2k(6) cos (A/0 + </>) + 0(n"3/2),

where k(6) = 7r"1/2(sin 0/2)
■a-l/2

N = n + a + %, (f> = -(a + |)ir/2, and 0 <

Since we are interested in the case where a is an integer, we derive the following

formula from (3):

[Pla-a)ix)f = f A:2(0)[1 + cos (2/V0 + 2*)] + 0(0
2n

= 2"[1 + (-1)   sin i2n + 2a+ l)0][™(sin ey"^]'1 + 0(0
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If we now define San(x) = (1 - x2)0,[P<!;«<")(x)]2, we have that

s; (cos 0) = 22"[1 + (-1)" sin (2h + l)0][x(« - a) sin 0]_I + 0(n"2).

Rewriting (1) with x = cos 0 and with [^°'0)(x)]2 replaced by S"nix), we get the

following asymptotic relation for T2n+2k(x):

T2n+2kicos 0) = cos (2n + 2*)0

= 22a[l + (-Da sin (2« + 1)0 + 0(0][(« - a)x sin 0]"'

(4)
• Y, b{k] cos 270 + O2a„_2(cos 0),

1-0

where

k k

JZ blk] cos 2J0 =  X a.iicos 0)2i.
i-0 i-0

For U2„+2k(x), we get a similar relation :

U2n+2kicos 0) = sin (2n + 2k + l)0/sin 0

= 22a[l + (-1)° sin (2« + 1)0 + 0(0)[(« - a)x sin 0]"'

(5)
• ¿_, c«f cos 2;0 + R2n-2icos 8).

i-0

Multiplying (4) and (5) respectively by sin 0, we get the following formulas:

sin (2/1 + 2k + 1)0 - sin (2« + 2k - 1)0

k

£ Záfeos 2J0 + 0(0]
«2a+l      k

(40 m    '-

\a-,2a       A:

+ (    J) 2     ¿ ¿>(*!fsin (2/1 + 2; + 1)0 + sin (2n - 1) + 1)0,
rrx        ,'_o

+ £>2„-i(sin 0),

«2ü        k

sin (2/i + 2* + 1)0 = — Z c("-[cos 2,/fl + 0(0]
ftir   i-o

(5,) + (-1) 2- ¿ Caïfsin (2/1 + 2j + 1)0 + sin (2/i - 2; + 1)0]
«ir        frs

+ ^„"-i(sin 0),

where Q^-^sin 0) and .R2„_i(sin 0) are odd polynomials of degree 2n — 1 in sin 0

and are equal to certain linear combinations of sin (2/ + 1)0, / = 0, • • • , n — 1.

Multiplying (4') and (5') respectively by sin (2n + 2/ + 1)0, / = 0, • • • , k, and

integrating both sides between 0 and t, we get:

[«« - »<-„,] 2 = — I H(2„ + 2/+l)2-4/ +    ("   }J
(6)

i-[0«,   + bao   00|], / =  0,  • • •   , *,
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(7)

where

22a
_

°il -   —
2        nw

y cw\ —
h    a'Yi2n

An + Al + 2

+ 21+ ir - 4/
-.2 + 0( o]

T-[C«¡    + Cao    Soi], I   =   0, , k,

itt = 0,        t y- k,

=1,        / = k.

Here we have used the following well-known results:

Jo
sin kd sin 16 d6 = - Sk,,        k ^ 1,

o 2

(8)        /    sin £0 cos Id dB = 0,        /c
•»0

/c

/ or k = 0,

[i + (-ir+,+1],     * è 1,  * * /.

The asymp

(9)

(10)

. <i) _
Oal —

f,(1) —o„a —

hw —
Oal —

. (0) _
O«o —

<-al

r<0)

A:' + r

otic solutions of the linear systems of Eqs. (6) and (7) are as follows:

-1)*/i2's*t[Í„-Í(M)I]tO(1)1       U2,    /-O, •••,*,

-ir+i/i2-2a-v + o(i),

-l)a/i2~2<V + O(l),

-l)"ft2-s""lir + 0(1),

-l)a/i2"2a + V5t¡ + O(l),       kUl,    f-0. ••-,*,

-l)a/i2"2°x + O(l).

Returning now to the general form of (2), we get:

E(T2„+2k) =  f 5"n(x)(¿ fl(.V') dx
J-1 \,-o /

=   /     ^(cos 0)( ¿ ba- cos 270) sin 0 d6
Jo \,-o /

and a similar expression for E(U2„,2k) in which ¿^ is replaced by c(k). Inserting

the asymptotic expressions for Sl(cos 0), £><*'■ and cik) derived above, we get the

following expressions:

En+aiT2„+2k) =   f    [(-1)" + sin (2/1 + l)0][cos 2kB - cos (2k - 2)0] dd
Jo

+ 0(0,        k\\2,

En,a(T2n+2) =   [   t(-l)° + sin (2/1 + l)0][cos 20 - §] dd + 0(/i_1),
Jo

En+a(T2n) - | J    [(-1)" + sin (2/1 - 1)0] dd + 0(0,
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E„+aiU2n+2k) =   [   [i-I)" + sin (2/î + 1)0]2 cos 2/c0 dd + 0(0,        U 1,
Jo

En+aiU2Z)=   [   [(-1)" + sin (2«+ 1)0] ¿0 + OOT1).
Jo

Here the notation En+a refers to the error committed when using a rule whose

general structure we shall describe in the forthcoming remark. If we now evaluate

the above integrals using the formulas in (8), we get the final results:

En+aiT2n+2k) = 0(/i_1),        k ^ 2,

En+aiT2n+2) = (-l)" + V/2 + 0(0,

(11) En+aiT2n) = (-1)V2 + 0(0,

E„,aiU2n+2k) = 0(0,        k £ 1,

En+aiU2n) = i-l)°T + 0(0.

Remark. Results (11) are valid for every nonnegative integer a and correspond

to integration rules of degree 2n — 1. For a = 0, 1, the corresponding rules are the

Gauss and Lobatto rules respectively while for a W\ 2 the rules are those which

incorporate values of the integrand and its first a — I derivatives at the endpoints

±1, namely:

f fix) dx ~ °¿ Wk[f\-\) + /<*>(+1)] + £ AiKxd
J-\ k-0 i-1

where xx, • • • , xn_„ are the roots of the Jacobi polynomial Pi!aa)(x).

The results for a = 0, 1 are included in Table II.

4. Asymptotic Expressions for the Error in Radau Rules as n —> <». The Radau

rule of degree 2n with respect to the interval [—1, 1] consists of n + 1 abscissas, of

which « are the roots of the Jacobi polynomial P^1,0)(x) and the additional abscissa

is at the point xn+1 = 1 [1, p. 37]. There is a second Radau rule symmetric to this

one with respect to the origin but it suffices to discuss the first one. The error in

the numerical integration of Tm(x) and UJx) by such a rule is zero for m ^ 2n.

Hence we are concerned with E*+1(T2n+k) and E*+1(U2n+k), feèl.

Now, by the Darboux formula for P^-ß) (cos 0) [2, p. 194],

P¿a,í)(cos 0) = n~1/2ki8) cos (W0 + 0) + 0(/i"3/2)

where fe(0) = O2 (sin 0/2)-"-1/2 (cos 0/2)-^1/2, N=n + (a + ß+ l)/2,

4> =  -(a + l/2)ir/2,        0 < 0 < t,

we see that the asymptotic behavior of P"0)(x) is given by

(12) *'••(« 0) = -(-^-J2 Sín [(" + Z~ */4] + 0(02).
y W sin 0/ sin 0/2

Thus

rnU.t»/ ûm2/i m 2[1   — SÜ1 (2/1 +  2)0] _2[P;    '(cos 0)] (1 - cos 0) = -7—-h Oin   )
nx sin 0
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Table II

Asymptotic Error as n —> =° in the Integration of Tm and Um by

Gauss, Lobatto and Radau Rules

Gauss «-Points Lobatto     (/7+l)-Points        Radau    (n+l)-Points

k       T2n+2k(x)      U2n+-2k(x) T2n+2kix) U2nr2kix) T2n+1+k(x)        U2n+1+k(x)

'-i-ö   °Q i+°Q     «©     -G)     <€

-©   «©   «o   *
<$ <)   <$   °(~) i-e)   »(-:
oi ol w w w "i'\/¡/ \nJ \n/ \n/ \n/ \n

and by analogy to (4) and (5) we have

2[1 - sin (2/1 + 2)1

rm sil

+ ß2„(cos 0),

T        r a\ Jzil   ~ sm Kzn  "T"  ■¿-">J  J    o<-   -¡¡-A   V  j<*> o-
,iri r2n+t(cos 0) = S-:—-h 0(n   )( ¿^ d¡    cos dj
(13) (, ht sin 0

n      /       m       J2[l - sin (2h + 2)0] _2 1  fci   ,„
,1/n C2„+t(cos 0) = \-—-+ 0(n   )> 2_,e¡    cos 0y
(14) I, /17T sin 6 )   7~T,

+ tf2n(cos 0).

Proceeding along lines similar to that in the previous section, we get the following

relations:

d{k) =  -inri««*-«, - íu_3)¿] + O(l),        y = 0, • • • , k - 1,    kW 2,

4" = -nT/A + O(l),

ef = -mriit-m + O(l), ; = 0, • • • , k - 1,    A è 2,

ei" = -»t/2 + Oil).

Inserting these into (13) and (14), we get the following asymptotic expressions:

r2n+t(cos 0) - sin (2/1 + 2)0-1 [cos      _        _ cos      _ 3
sin 0

+ 0(0 + ß2n(cos 0),        kW 3,

r2„+2(cos 0) = Sm i2n f2Je~l cos 0 + 0(0 + e2n(cos 0),
sin 0
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_      ,       „       sin (2/1 + 2)0 — 1   .   _. _,.   .   ,_   ,
r2n+1(cos 0) = -;   .  '-h Oin ') + ß2n(cos 0),

z sm a

2A: sin (2/1 + 2)0 — 1        „       ...   ,   M _K
í/2n+t(cos 0) = -\   7    '-cos (* - 1)0 + Oin ')

2 sin 0

+ i?2„(cos 0),        k W 2,

sin (2/1 + 2)0 — 1   .   _. _,.   .   _   .
t/2n+1(cos 0) = ■-^-t—7^-h Oin ') + R2nicos 0).

sin o

From these, we derive our final results:

EtAT2n+k) = 0(0,       k = 2,   kW A,

E*+1iT2n+3) = t/2 + 0(0,

&i(7Wi) = -t/2 + 0(0,

£„s+i(C/2n+l) = 0(0,       * ^ 2,

£f+i(r/î,+1) = -t + o(0.

In Table II, we summarize the asymptotic behavior of the errors as n —> <*> in the

integration of T"m(x) and t/m(x) by Gauss, Lobatto and Radau integration rules.
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