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A Finite-Difference Method for Parabolic Differential
| Equations with Mixed Derivatives

By Jan Krzysztof Kowalski

Abstract. In a recent paper, P. Jamet constructed a positive difference operator for a
parabolic differential operator whose coefficients are singular on the boundary, and
proved the existence of a unique solution of the boundary-value problem for the differential
equation using discrete barriers. In the present paper, Jamet’s results are extended to the
parabolic operator with mixed derivatives.

1. Introduction. Let G be a bounded domain in R** and P = (x;, +++ , X, 1)
denote an element of G. Let L be a differential operator of the form

i d’u
Lu(P) = Y, a;;(P) (P)
(1.1 fi=1 dx; dx;
< a d
+ 2 0P 3 (P) — c(Pu(P) — d(P) 5 (P).
=1 X ot
The coefficients a;; = a;;, b;, ¢ and d are smooth functions in the interior of G,

but they may be singular as P approaches the boundary G of G. The existence of the
solution and the convergence of its approximations depend on the type of the singu-
larities. We assume that the operator L is parabolic, i.e.

n

12 VYPEGYGE - #0000 3 anPhE >0,

c(P) = 0, d(p) > 0.
Let T, be a nonempty subset of dG; T, = dG — T;; f be a bounded function

defined on G which is smooth in the interior of G, and let g € C(G). We consider the
boundary-value problem

1.3) Lu(P) = f(P), P& G, u(P)=g(P), PECT.

We want the solution u to be continuous in G'\U T';, bounded in G and of the class
C%(G).

In [3], P. Jamet investigated problem (1.3), however, without mixed derivatives.
In the present work, Jamet’s fundamental theorem (Theorem 2.1) is applied to the
problem with mixed derivatives.

I1. Finite-Difference Operators of Positive Type. Let # = (4, -, h,,7)be a
parameter, m;-integer, and for each 4,
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G, = {Gry oo0 X0 DEGix; = miby,i= 1, ,njt = mot}.
Let G, and 8G, be two complementary nonempty subsets of G,. We assume that
max d(P,3dG)— 0 ash— 0.

PEIG

(We denote by d(B, B’) the distance between two sets B and B’ in R**'.)
To each point P € G, we associate a set 9U(P) C G, which satisfies

P& 9UP) and max max d(P,P)—0 ash—0,

PEGK P'EN(P)

and which is called the mesh-neighborhood of P in G,.

We say that G, is simply connected, if VP € G, 3 a sequence of points P, - - - ,
P, such that P, = P; P, € G4, 0 =i = k — 1; P, € 4G, and P;,, € JYP;) for
0<iz<k-1

Let o be a function defined on G,. We define the finite-difference operator

Q@.1) Lw(P) = 2.  A(P, Pu(P).
P'EN(P)

If, for all P & G,,
2.2 AP, P)> 0 for P’ # P; EMP)= Y, AP, P)Z0,

P'EN(P)

then the operator L, is said to be “of positive type” or “positive”.

The following maximum principle holds:

Let L, be of positive type, G, be connected and v be any function defined on G,
and such that VP € G,, L,o(P) = 0; then

max v(P) = max(O, max v(P))-
PEGH PEIGH
Now, we introduce some notations and definitions. For any given subdomain G’
of G, we define:

Gi=GNG, G=(PEGNG:UP)CGE), 96 =6 — G

Definition 2.1. Let G’ C G. We say that L, is consistent with L in the norm
Cu(G), if

Ve € C(G"),  max |Lp(P) — Le(P)] >0 ash— 0.
PEGH
Definition 2.2. Let G’ C G, H be any set of parameters A, {G,} ez be a family of

netsand § = {o(P, )} be a family of mesh-functions defined for each 4 on G, € {G,}.
We say that the family § is equicontinuous in G, if

Ve>03n>0VhRE HVYP, P E G,
d(P, P') < 1= [o(P, h) — v(P’, h)| < e.

Definition 2.3. Let G’ C G. Let {v(P, h)} be a family of mesh-functions defined
on G, € {G,}, and let u be a function defined on G'. We say that o(P, k) converges
uniformly to u(P) on G, if
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max |[v(P, ) — u(P)] >0 ash— 0.
PEGH

Now, let us consider an infinite set H = {h} of vectors & with zero as an accumula-
tion point and the corresponding family {L,} of operators.

Definition 2.4 Let Q € 4G. A function B(P, Q) is a strong (local) discrete barrier
at the point Q relative to the family {L,}, if there exists a neighborhood Ng of the
point Q in the relative topology of G such that:

(2.32) B(-, Q) € C(No),

(2.3b) B(Q, Q) = 0, B(P, Q) <0 VP &€ No — {0},

(2.3c) VP € Ng, L,B(P, Q) + E(P) = 1 for h small enough.

Now, we consider the following system of linear equations

2.4 Lw(P, h) = f(P), P& Gy, v(P,h)= g(P), P& dG.

It follows from the maximum principle that, if L, is positive and G, is simply
connected, then the system (2.3) has a unique solution v(P, h).

We shall assume that L, is positive and G, is connected. With these assumptions,
P. Jamet proved the following theorem, [3].

THEOREM 2.1. Let § = {v(P, h)} be the family of the solutions of (2.3) for all h
small enough. Let us assume

(i) There exists a function o & C(G) such that L,e(P) = 1, V P € G, and for all h.

(ii) For any G' C G' C G and for any sequence {o(P, h,); h, — 0} C &, there
exists a subsequence which converges uniformly on G’ to a solution of the equation
Lu = {.

(iii) At each point Q € T,, there exists a strong discrete barrier relative to the
Sfamily {L,}.

Then, problem (1.3) has at least one solution u(P). Moreover, if this solution is
unique, W(P, h) converges to u(P) as h — 0, uniformly in G — N(T';), where N(T';) is
an arbitrary neighborhood of T',.

In the subsequent sections, we investigate when the assumptions of Theorem 2.1
are satisfied.

III. Construction of the Finite-Difference Schemes for the Problem with Mixed
Derivatives. Let 4, = be positive numbers and G, be the rectangular net with the
step & for the space variables (x,, - - - , X,) and 7 for the time 7. At each point P € G,
we define a vector of positive integers [m.];.,....n-

At the point P, € G, we define a set

n

No(Po) = \J {P = Py + e;m;h, P = Py — e;m;h}

i=1

|V U U {P = Py + e;m;h + e;m;h-sgn a;;(Py),

=1 j=i+l

P = Po - e,-m,-h'sgn a,-,'(Po) - e.'m.'h}

U {Po, Py — en+17'}’

where e; is the versor of the x;-axis (1 £ i < n) in R*", and e,,, the versor of r-axis.
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By 3,(P,) we denote the sum of all segments joining the point P, to each of the
points of 9,(P,). Let
Gi = {PE G W(P) C G}, M= max m(P),

PEGH°
B1) Tu={P =0 ,x, 1) EG — G

min [t — | < rand Vimin |x; — x}| < AM.}.
Pum(zy,...,2Zn,t)ET, PET,

We choose the sets G, and 8G, arbitrarily, provided T';, C 4G, and G; C G,. At
each point P € G} we take 9U(P) = 914(P), and at the points P € G — G; we define
9U(P) arbitrarily, provided 9UP) N G; # & ; this choice guarantees the connectedness
of G, for h small. At each point P € G, — G} we define the operator L, arbitrarily,
provided conditions (2.2) are satisfied at that point. For P € G} we take

Lo(P) = 2 (P + 20 20 ahi(Pwies — 2 X0 ai(Pw.ics
(3.2) s=1 tml jmi+l i=1 jmi4

+ Z B:(P)v.; + v.:)/2 — c(Pw — d(P)vy,

where
v.(P) = [o(P + e;m;h) — v(P))/m;h,
vi(P) = W(P) — (P — esm:p))/meh, v, ;= ).
v.i0;(P) = (P + e;m;h + e;m;h) — 20(P) + v(P — e;m;h — e;m;h))/ K m;m;,
v i(P) = W(P + e;m;h — e;m;h) — 20(P) + v(P — e;mh + e;m;h)]/h*m,m;,
vi(P) = [W(P) — v(P — e,.i7)/T,
ali(P) = [a:;(P) + la.;(P)|)/2, aiy(P) = ai;(P) — ali(P); i,j=1,--*,n;

and

3.3) @) = AP =au®P) — 3 TayP)l,  BUP) = buP).

fml;i%d i
If the operator L, is positive, then its coefficients satisfy the following system of
inequalities

h
A(P) — 75 [B(P)] > 0.

If mh |b(P)| = o(A,(P)) for P near the boundary 9G, then the upper system is
equivalent to the system

(3.4 a.(P)— X %lai,(P)l > 0.

fml;iMs 1

Now, we shall prove the existence of the solution of system (3.4). Let
B = [b;,];,1.....n be an arbitrary matrix and assume that 0 < k = n — 1; k < j,
j < n. We denote
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b by .a- b
P o - SO RTRTTI
= [e e e 0000000 N ". = b _ b _ _ b _ ’
by, . k—-1,1 k—1,k—1 k-1,7
bu bk,k-—l bki
b1y b1 by, b by k1 by;
Bf e ’ Bf I R L R R R R )
br-1,1 br1,k-1 bra ! bi-1.1 be—1,k-1 bi-x i
b e bi.k—l b bu ce bi.k—l bc’i

where |B| = det B.

Let B*(m, p) be the minor of B after striking out the mth column and pth row,
let B"(m) = B*(m, k). We introduce the analogous notation for the minors of B*
B*; and B:,.

LeMMA 3.1. Using this notation, the following equality is valid:

(3.5) B'B;; — B. B!, = B'"'Bij’.

Proof. We carry out the proof by induction. For / = 1 the formula (3.5) is valid
(we take B° = 1). Suppose that the theorem is true for / = k — 1 = 1.
We compute the left and right side of the formula (3.5) for I = k.

Left

k-1
B“[Z (—1)**"b; B :(m) + b.~,~B’°"]

m=1

- Bi‘,-[i (—1*"b,,,B"(m) + bikB"“]

mem]

k-1
= 2 (=D"""b;n[B*B'y(m) — B'(m)B';] + b,;B*B*” — b,,B",B*",
We compute now the term in square brackets, using the Laplace formula.
BkBk:(m) - Bk(m)Bkt = Bk,(m)[z (_l)m+pbrmBk(ms p) 'i‘ (—'l)"'”’b,,,.B”(m)]

p=1

k-1
- B"(m)[Z (—1)™"b,.B"(m, p) + (—1)"'*"Bf,(m)]

»=1

= 3 (=1, [B*(m, p)B*(m) — B'i(m, p)B ().

p=1
We introduce a matrix C(m, p) = [c,,] with the elements:

1=5r<p p=r2k—1 r=i

1 é s< m bfa br+!.l bpa

mZs=<k-—1 by es1 bri1,e41 by,es1

s=j bn’ br+l.i bm‘
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B'i(m) = (—1)*'IC(m, p)Yi;',  B'i(m, p) = [C(m, p)I'}",
B*(m, p) = [C(m, p)I'"", B (m) = (—1)*'7’[C(m, p)IiT
Using the inductive assumption we get
B*;(m)B*(m, p) — B*(m)B*;(m, p) = —B*”'(m, p)B*}*(m).

Hence,

Left Z( 1)k+mbm. Z( l)m+’+lb,,,,Bk l(m p)Bk+l(m)

m=1
+ b;;B*B*' — b, B* B*'.
But

k—~1
Right = B""[Z (—1)™* b, B* ' (m) — buB*; + b;;B‘]

mm=1
k-1 k-1
= Z, (—1**"*'b,,B* ' (m) Z; (—1"*"b,,B* '(m, p)
m= =

- buBk‘lei + b”B"Bk—l = Left,

which concludes the proof of the lemma.
For each P € G we set

bii(P) = aii(P)’ i= j9
_Ia;i(P)l, i # j.

Il

THEOREM 3.1. If

Iy>0IM>0VPEG VG, - , ) Z b, (P& = v Zz.

i,j=1
and Ib,,'(P)I < M,

then the system of inequalities (3.4) has an integer solution and M; given by (3.1) are

bounded.
Proof. Let P be a fixed point. We transform (3.4) to the form

> biu; > 0, where u; = 1/m;.
i1

Fori = 2,3, ---, n, we multiply the first inequality by b;, and the ith by b,, and
sum them. Using the inequalities b;; > 0 and b,; < 0 for i # j, we get

Z wi(b1bs; — by;byy) > 0.

=2

Let b3 = (bubi; — buby;)/by and, fork = 2,3, --- ,n— landi,j2 k+ 1,
let 5% = (BiPbY — b{PbY))/bsy. Using Lemma 3.1 we deduce that

(3.6) b§:+l) — k+l[H b(l)]
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For k = 1 formula (3.6) is true. Suppose that it is valid for k = m — 1 = 1. Then

bf.yin+l) — [B:”,Bm _ Bm,B,"}]'[H b(l)] /bfn",:.) = B™ Bm+1[I’Il b(l)] /bf,::.)
l

(m-1) )
s Lo T
b(m)[H b(l)]2 L

therefore the formula (3.6) is true.

It follows from the assumption of the theorem that there exist two positive
numbers M, and C, (independent of P) such that Vk Vi, j = k, b!® > C,,
[b®| < M,. Moreover, for i # j, bED = (ppB — pBPp®) /BB < 0, because
b{¥ > 0 and the other three numbers are nonpositive. Therefore, for each k, we get
the following system of inequalities:

fI b(l)]_ m+1

1=1

be’:’u, i=kk+1,---,n

i=k

For k = n — 1 the system consists of two inequalities:

(3.7 BT ey B e > 05 B ey + bV u, > 0.

We put ! = 1 and set out to find the rational numbers uf, --- , p/_, and C, such
that (3.4) is satisfied for u; = Cp’ and 1/p; integer. From (3.7),

bi™ ot
l______l_ < “”_ <

(n—1) Tp—1
b "l n—1 Ibn"n 1
and
(n—1) (n—1) (n)
b _Ibmhl _ b o G
(n— ( —l) (n— =
Ibn"n— b "l n—1 Ibn"n— | MO
For

(n—1)
p = EI:———-J-L?,,_,) E(3M+ 1)+ 1]/ 3 ey 1) ,
o

1,n-1 CO

the following inequalities are valid:

(n—1) (n—1)
oz [————L”":i)" 32 1) + ]/ B(s Moy 1) 2 105l

BNy C, by 3Mo + Co’
(n—1)
px [ A3 2 4 1) 42 /(s 2 4 1)
n—1,n—1 0
< lb(n 11). + b(n—l) _ Cn0 .
= b 3Mo = Ib:";.‘i 3M,

We can take y/_, = p. Then

’ ___C_O__... and ”"/‘_ <%+ 2C,

Hn—-1 > 3Mo + Co = Vpa Co 3Mo = Vp-1.
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Moreover,
- C - Cs
(n—1) (n—-1) (n—-1) (n—1) 0 (n—-1) 0
b~ -1, n-xllu 1 + bn-l ]b l + b, -1,n-1 _3M-__+ Co Ib | > 3Mo- '_l_'_'Co »
and
_— . - bimh 2C, .
bty + bV 2 — [0 [;—)— +oa) T
_1n, 2C C
_ p(n) (n—1)| <%0 N
- b'm [bn n—1 3Mo > 3
Let
_ C co)
Kor = (3M0 + G’
Then

Z e Pul > Koy, I=n-—1,n.

s=n—1

Suppose that we have defined u/_,, --- , pl,, suchthat D *_,., b"‘“’p, >Kir
and », > pf > v, > 0forl =k + 1, ---, n, where K, v, v} depend only.on I, M,
and C,. Now, we must define !, K;, »;, v/ such that

> bPul> Ky, 1=k, ---,n and v} > pl > v > 0.

s=k

This system is equivalent to the system

n b(k) n b(k)
_‘-kz+lb(k)”:<”k<_§lb(k)#£, I=k+1’,..’n.

The following inequalities hold

S, M,

Oy = 8 8y
¥ s=k+1 b(k) K Co s=k+1
n b(k) (l:) n b(k+l) K, .
-2 (b‘“ TR T T R g
Let
- nrfa g 1) 2]/ s 2+ 1)
”k * Kk+l + + ch+l
Then
Kk+1 2Kk+1 < Y:) Kk+1
— Okl 2 < £8k+1 _ ’
o + 3M, + Koy = pi £ o + M, < ";l b(k) My — IM, ’
therefore
pp—— =Moo >y 4 2han

Co 5" T 3M,

3Mo + Kiii’
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and

< bie | K - Co K
2 bl z b,‘,:’[ D A s v ]— 2o 1wz

s=k =k+1 3M0 + Kk+1 s=k+1 3Mo + Kk+l'
and, for ] > k,

E b(k) ’ (k)[ i Jg(") ”, + 2Kk+1:| + i b;k)#, > K;,.H.

(k)
a=k sm=k+1 b 3Mo s=k+1 3

We can then take

_ Kiy _ CoKin )
K= mm( 3 "3M, + K

We have the estimates
Co> K> Co*/(BMo + 3C)" ™, i > [Co/(3M, + 3G,
5(m—k’n—k+1) (%y
C /-

%<3 2

For u!, --- , u/, defined as before, we take

m; = —1, lcm [E(a,,E(3M° + l)) + 2] ,
Mi km1,..., n—1 Kiia

where lcm denotes the least common multiple of the numbers in brackets for k = 1,
n—1;K, = Co,0,= |b71)|/b"7") _,. Then the numbers m; satisfy the inequality

n—1,n n—1,n—

s e[ 3 el ) ]
._V; k-lE Co ‘-211/ Kk+l+l +2
3Mo + 3C0)n—a+1 n—1 [ ( >
(——C0 II E n+ 1)

- E<3Mo(3Mo C:I:k3co)"""“ + 1) 4 2] _
V]
The estimate is independent of P, and the theorem is proved.

In the particular case, if we can take for each point P & G, the same numbers m,,
satisfying (3.4), then we can consider, instead of the square net, a rectangular net
with steps i, = m:h (i = 1,2, - - - , n). Then the mesh-neighborhood of each point P
consists of the mesh-points which lie nearest to P. In this case, the operator L need not
be uniformly elliptic, as the matrix [b;;] need not be positive definite near the bound-
ary.

However, if the coefficients of L are singular on the boundary, then the operator
L, given by (3.3) is not always of positive type. In this case we define following P.
Jamet:

IIA

zi+hi/2
bi(xy “ oy Xic1y Yy Xiwts "0y Xny t

.(P h) — exp‘[ (l 1, Y +1 3 vny )dy,

A’(xla Tt s Xic1s Vs Xig1s 0 5 Xy t)

zi—hi/2
o bi(xl’ ttt s Xic1y Vs Xivas Xy t)

a;(P, h) = exp f dy

zi Ai(xl’ Tt s Xim1s Vs Xyt s Xy t)
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and
a;(P, h) = A,(P)y(P, h) + o3(P, B)]/2,
B:(P, h) = A(P)lei(P, b) — o (P, B))/h,.

(3.9)

We substitute the «; and §; as defined in (3.2) for those i, for which A4, is singular.
The operator corresponding to (3.8) is always positive, because

a;,i,3 + B, + U.i)/z = A.‘[atv.i - a_.'UJ]/hs

and the coefficients o, and o are positive.

LeMMA 3.2. The operator (3.2) with the coefficients (3.8) is consistent with L in
the norm C,(GY) for any G' C G’ C G.

Proof. For G’ there exist the numbers N > 0, ¢ > 0 such that |b(P)/4;(P)]| = N
and A(P) = ¢for P € G'. Therefore

. _(h bi(P) ) _ hi b(P) 2.
(P, ) = exp(2 4y T o) = 1+ 5 20 + o6d;
- _ 4 _ hi bi(P) 2
ay(P,h) =1 2 4.(P) + O(n).
Hence,
(3.9) ai(P, h) = A4,(P)+ O(),  B«(P, h) = bi(P) + O(h).
Because
V,i,d + V,i,i = U545 — %U.i.i - %U.i,i
and
Ui+ 04, = ﬁv..-.; + ﬂiv.;.: — U,i-i»
m; m;
we have

n

Lw(P) = X [A:(P) + OUDW.cs + 2 X afi(P,iss

f=1 i=1 j=i+l

- > ¥ aiPu; + 2 B(P) + 0]

tml jmi+l

v;+v
2

t — (P — d(P);
= ; [a::(P) + O(hi)]l’..'.c

+ X X (6P Fv.47) + @i (PO, ; + 0.6}

imj =i+l

+ 3 P + 01 B2 — P — (.

Using this equation, we deduce that for v € C(G")
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max |Lp(P) — Lv(P)| = Ok + 7).
PEGH’

We take h;/r = const, therefore maxpeq,. |Lit(P) — Lo(P)| = O(h).

Moreover, if a;;, b;, ¢ and d € C*(G), then in any G’ C G’ C G the difference
quotients of the order p of «;, 8;, ¢ and d are uniformly bounded for all P € G and
for all A sufficiently small.

IV. Sufficient Conditions for Uniform Boundedness of the Solutions. In this sec-
tion we study the existence of a function ¢(P) which satisfies condition (i) of Theorem
2.1. The existence of such a function guarantees the uniform boundedness of the
approximations o(P, k). The following criteria are given in [3] (we assume that G, =
G? and L, is defined by formula (3.2) together with (3.3) or (3.8)):

1. Suppose ¢(P) > m > 0in G, then we can take o(P) = —1/m.

2. Suppose d(P) > m > 0in G, then we take ¢(P) = —(K + t/m), where K > 0
is chosen so large that ¢(P) < 0 in G.

3. If there exists an i such that 4,(P) > m > 0 and |b(P)| < M in G, then
o(P) = K(exp(px;) — K"), with p > M/mand K, K’ sufficiently large, satisfies condition
(i) of Theorem 2.1.

V. Estimates of the Solutions of the Finite-Difference Problem. Let L, be a
finite-difference operator of positive type which has the form (3.2) for all P € G_.
Let § = {o(P, h)} be a family of mesh-functions defined for each % on G, € {G,}
and such that L,o(P, h) = {(P), V P € G}; 5 be the family of all difference quotients
of order p of the functions of §; G’ be an arbitrary interior subdomain of G (i.e.,
G' C G’ C G). Let the numbers m; be the same for all P € G. Let the coefficients
a;;, b;, ¢, d € C**P(G) and their derivatives of order (n 4 1) be Lipschitz-continuous
in G’. We intend to show that the condition (ii) of Theorem 2.1 is satisfied.

We shall firstly prove the uniform boundedness of the sums 4"** Y o, WP, h),
where w are difference quotients of order <n + 1 of the functions of ¥, §*, 3. To
avoid complications in the proof, we will develop the argument only in the case n = 2.

Let & be so small that G, C G?. Then, at each point P & G/, we have

Ly=aw,1+ a120.1,2 +0.1.3) + a_120,1,3 + 0,1,2) + 02gl,2,3

(5.1)
+ 8. + U.T)/z + B, + U.E)/z —c — dv; = f,
where
ok it _ _
ay = a; + |asz], az = a; + lais], Q12 = Qig, Q.12 = Q13
h2 hl

and o;, B; are defined by formula (3.3) or (3.8).
Moreover, we shall assume that d = 1 in G’. There exist constants m and M,

such that for all P &€ G} we have

0 < m<a.(P,h)< M, |a£i(P)l < M: Iﬁa(P)l < M’ i’J= 1a2;
G wpl <M P <M @B <M forvE§

for 4 small enough. We assume that M is also an upper bound for any of the difference
quotients of «,;, B;, ¢, f of order <n + 2. We denote Ljv = Lo + v;.
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Let & = (hy, h,, 7) be fixed. We consider an expanding sequence of concentric
rectangles in G}, say {Q,, - -+ , Ow}, such that

01 = {P = (ih, jhs, k) EGL iy S i S i, i S jS jl. ki S k S ki};
i =& — Ly =i+ 1,jia=j —Lijn=jii+1,
kiss = ki — 1, ki = ki + 1.
We define
S =01 — Qi-1s Ry, = {P = (ihy, jhs, k) €E Qi i = iy V i = i1},
Ry = {P = (ihy, jho, k1) € Qu:j = j1 V j = ji},
Ti= Ru IR - )N Ry YR, ))
and hy/hy = N, 7/ = w, A = G+ + 201 + )M
LeMMA 5.1. For every function w defined on G, the following inequality holds:

(m — §Marhihy 35 30 20 W + wi + whs + wia)
Q:

< 2 £ 5 5 ol 1wl + A(Z T = T T

Ry, 141

)
(Z 2 anw' — 2 Eazzw) + ‘rhl(A + %)(ZS‘Z W+ wz)

Ra, 141 8141

(5.3)

+ 2M(1 + ;)rhlhz S W+ M Y W

Qi+ T+
Proof. For any function w defined on G,, we denote
w(ihy, jhe, k7) = w; w((i + Dhy, jhe, k7) = w*';
w((i — 1)y, jhs, k1) = W' w(irhy, jhy, k7) = W|iciss
wishy, jha, k7) — Wlichy, jhs, k7) = w|iZi:,
and analogous for the indices j and k. Let

- . .
C(w) = aTIW.l + anaww, + [(a+;2 + aiiz)w,iw.z + 12, TWW, 2 + a+12.2WW.T]

+ [(01:;2 + a:i2)w.1w.2 + a12,1WW,2 + asya,aww ] + Ol;;.w?z
B B:
+ azoww, + 5 (ﬂIW)l ww, + (BzW)z——ww2+cw,

i 2 . .
C(W) =auwsi+ aniwwi+ [(a:;z + a+iz)w.1w.§ + @pr2WW3 + ay12,3WW 1]

+ [@f: + aZihw,iws + oo, iww s + aizww il + apiw’s + o zww s

+ = (ﬂlW)l_6WW1+ (32”’) —B—WWz-l-cw

Let j, < j < ji, ko = k = kj. By summation by parts with respect to i, we get




PARABOLIC DIFFERENTIAL EQUATIONS 687

hhs 3 [CO0) + CW)]

S=io
so’

= hh, "E“ {—auww 1 — auww, 1+ wi(@_1.w).2
+ wila-12W)s — 0o WW T E — G WW.F — Qs WWp s
— @nww iz + Wileew).e + wal@w)s + woalesw),
+ wialanw)s — Giwws + Biww,, + Biww,, + Biww 1)/2
+ (WBw),: + wBaw)3)/2 — (Boww,» + Baww 5)/2 + 2cw’}
+ hfeiiw®iw, + anww’ + aiw i w, + aww’y

+ 01+12WW 2 + a+12W ‘ws 3+ [BH whiw + ISIWWH]/2} I’:-'Zol

1= °

Hence,

mhs 30 3 1C) + Cw)]

imio fmjo
0’ 4o’
= —2hh, Z E {anWW.l.T + a1 2w(w,1 3 + Wiz + aew(w,, + wi3z)

imio f=jo

+ apoww o3 + Biw(w,: + w31) + Bow(w,, + w3)l/2 — cwz}

".’ l
. P2 2 . .
+h Y {;‘ laly(w ™) — anw® + (@ — ai)ww*’]
j=1o 1
+ [a:;‘zW“W,a + a—lzwwfii + a::2W+iW.§ + a+12WWt;]
. . i=io’
+ ww" @B + B/2¢|
Ty
o’ l
. i i
+ b Z h [a (W ’) - azzw + (oez — azé)WW ]
imio \N2
+ [a:{2W+iW.1 + a—lzwwfii + a+12WW?\1i + aﬁzwﬁw.ﬂ
) imio’
+ ww'’ ;f + /32)/2
i=i

The following inequalities hold:

hy E [a:£2W+iW,1 + a—nwwt%] f:ff'

i=io

., i=jo’
{E [(Ot—n a::2)w+' v + (@12 — a-:z)WHW] + a—:zw ”I"‘-' }l

imiy
Smig =i

IIA

> Z 2 @+ BT A+ ]+ kW + )

t=io fmii,fo’

+— DD D ({8 i S CAR W E

=iy, 00’ Fmia,d0’
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1o
. i . i
I N Z [a+l2ww‘,+l, -+ a:uWHW.T]I;‘-;’:

imio
10’

< —ZAZ 2 2 G+ EITTY + Wl kw4 )]

imio §=j1,d0’

7 Z Z [(w+i+i)2+w2].

imiy,io’ f=j1,d0’

Therefore,

mhy 3 3 o) + Em]

s=io imio

S —2hs 30 3 widw + 2 h 2 3 O — a5

i=io =70 1 i=io

+ L5 O — T + E M 3 W )]

i=1do i=io tmiy,to’

+hl2 M 3 W+ )]

t=io f=i1,d0’

+3M S O {0 B+ 0+ 0

i=io §=i1.d0’

+ 2h,[w* + (W*)1}

+ M E E {1} + B’ Iw™Y + WY + (WY + Wil

+ 2m,0W° + (w*¥)*1}
+ M Z Z [(w+i+-‘)2 + W2].

i=11,50" i=71,70’

Summing from k = k, to k = ki, we get
Thihy D ; > [C(w) + C(w)]
< 2 T wilw + Tx(z IR Zanw)
Q

(5.4) ° Rioe

+1(5 S e - T T eaw?)

Ria,
oA Y W A Y D W M Y W
8. 8o T,
Now, let i, < i < i}, jo = j < ji. By summation by parts with respect to k, we get

(5.5) 7~ E (wi + w) = —27° Z wwe + [ — WLk

k=ko

Using the identity rw,; = (w, + w;) — 2w;, we deduce, for i, < i < i, jo = j = ji,
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ko’ ko’

2 +kik=ko’

T E WWep = WW  |gapr — 27 E ww;
k=ko k=ko

ko’

= —% Z W + w*"?*] — 27 E ww;.
k=

kiko’ k=ko

Taking this inequality into (5.5), we get

ko’ ko'
T wWDS A oww+2 Y W
k=ko

k=kqo k=ky k1’

hence

LEDIPIDNCESHERUTS I ID I LT 3 28

Multiplying this inequality by /2 and adding (5.4), we get
LDIPIDY [C(w) + € + 2 o} + w%)]

é 27'h1h3 E oz Z W(L:w - wi) + TA(E EauW2 - Z Ea,m’z)

'(5.6) Ry, Rio

+(5 Z e - L o)
+ 'rhl(A + 2)(282 DI w’) + M T W

The next step of the proof is to estimate rh,h, 3 35 3 g, (W?, + W + W%, + w?)
in terms of thh, 3 O Do, [C(W) + C(w)]. We have

(5.7) thhy 35 25 2 [Cw) + Cw)l = D+ E+ F + H,
e
‘where
D = 7hh, E Z E v’y + @iz + aliwaw, + @3 + aiia)w,iw,s
@
+ a3’ + atiw’t + (@i + alidwiws
+ @ + atidwaw s + asiw’l;
E = thh, Z Z Z w[all.lw.l + O_12,1W, 2 + A_12,2W ) + Q.12 IW,2 + Qy12,2W.T
0.

+ az oW, + ;w1 + a1, 1W,3 + Q_12,3W 1

+ a2aWs + Qi12,5W,1 + Qz3,3W,3];

F = 3thh, Y, OE DWW 4 Buiw ™+ Baaw i + Byawt ]
H = 2thhy 2, >, D cw* 2 0.
Qo

Using (5.2), we deduce
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> rthhy Z > [auw L+ el + ai{;)(% wh + )\w?z)
— Yaiis + am)( w'i 4+ Aw 2)
+ asiw’ + aniw’s + 3l + a:12)< Wi+ Aw 2)
= 3t e} v+ i) + ais |
2 thihm 30 30 320 W+ win 4 wh + W),

because for 4 small enough, o} — (a3i, — aXi)/N > m;

|E| £ 3Mrhyhy, Y Z 2wl (wal + [wel + [wsl + [wal)
—Thlhz E Z ZW + & Mkrh,h, E Z E(W1+ W2+W1+W2)

for any positive number «;
|F| £ 2Mrhh, >, Z > W
Using those estimates we deduce from (5.7)

(m — $Mx)Th,h, Z 02: Z W+ wh + Wi+ wl)

IIA

(5.9)

< thih, Y, QZ > [C(w) + Cw)] + 2M(1 + %)fhlhz DI IR
o ol

Lemma 5.1 follows directly from (5.6) and (5.8) and the obvious fact that the
preceding argument is valid for any / and not only / = 0.

LEMMA 5.2. Let G” C G" C G'. Suppose that functions y and z defined on G
satisfy for any rectangle Q, C G}, an inequality of the form:

Thyhy ZQ‘X_:‘ >
5.9 = TMO(Z >’ — Z Eqa,z) + TMl(E > o — Z Z‘sz)

Ry, 1-1 R3. 1—

+ Tthz(Zs 222 + Zs Zzz) + 7hih, M, E Z EZZ + M,,
1 -1 Qi

where M,, M\, M,, M, M, are positive constants and where ¢, and ¢, are positive
bounded functions defined on G}. Then, we have the estimate

(5.10) thihy 30 2 2V S Kby 20 3 37 + K,
A’ (7%

where the constants K and K’ depend only on the constants M;, on the bound of the
functions ¢, and ¢, and on the domains G’ and G"'.
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Proof. The proof of this lemma is a simple modification of the proof which is
contained in Courant, Friedrichs and Lewy [1]. It is based on a double summation of
inequality (5.9).

LemMA 5.3. If conditions (5.2) hold for n = 2, then the sums thihy D2 > g0 W
Sor all w, which are difference quotients of order <5 of the functions of ¥, are uniformly
bounded.

Proof. We will study separately each of these sums.

1. thihy D5 D5 D 6u v Weput w = o in formula (5.3). Since |[o(P, )| < M and
|Ly(P, )| = | f(P)| < M, it follows from Lemma 5.1 that

(m — $Mx)rhih, 3 QZ D W+ W+ Wi+ wh)

< 2M°V(G) + ‘r)\(z Danw — 2> a“wz)

By, 14 Ry

+ % (E D — > > anwz) + rhi(A + %)(ES‘E w2 wz)

Rs, 141 Ra1 81+

+ 2M(l + %)rhlhz D20 2w+ 16M,

Qi+

where V(G) denotes volume of G, o—diameter of G. Taking y* = w?, + w?, + w?; + w?;
and z = w, we get the inequality of the form (5.9). Applying Lemma 5.2, we deduce
that the sums rh,h, D D g, 0% are uniformly bounded.

2. thihy D5 D0 D6 U, . We take w, = ov,,. It follows from (5.1) that

Vi
Lyw, = {1 — oW1 — a+12.1(W:.‘2 + wi3) — a—u.l(W:.‘E + wi2) — 0122.1'-’?2‘.5
= BiaW 4 w)/2 = Bl +0°/2 4+ cw*.
Therefore, using (5.2), we have
[Liwi|-|wi] = M |wi|-[1+ M+ |wia| + Wil + [wia| + [wis
+ [wosl + 73] + 3wl + (Wi’ + P72l + [p.2D].

Since

2
il < (4 w2, Il lw ] S 5545wl
lwi|-[wi*| < 3wi 4+ w))
and thih, D D D gar Wi thihy 2 D D 6, 0%, are bounded, we have the inequality

thiby 2 2 D |Law- [wi] S M0
&

+3 Mrihe 20 2 2 Bl + @) + 0l + @19 +ols + G,

Likewise,
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Thlhz Z GZ Z |th,2l‘ |U.2| é mz(lt)
—

+ KE Mrh,h, Z GZ Z [0?2,2 + (UT;,I)z + 0?2,1 + (Ufzi.i)z + 0?2_1 + (Utli.i)zlo
—
If we substitute these two inequalities in (5.3) and take

2 2 2 2 2 2 2 2 2 2 2
z° =v,; + vy, y2 =011+ 01,1+ F Uzt 000 FULT Ve F Vs,

we get the inequality
(m — sM)yrhhy, D, > O 5
Qi
— M7hh, Z E (0?1.2 + 0?1,5 + 02.2.5 -+ 0?1,2 + Uz,z.i + U?l.i')

8141

= Mkx) + ‘r)\( RZ,, MZ anz® — 2 2 a“zz) + % (Z 2wt = 3 30 azzzz)

R Ra, 1+ Rai
+ Thl(A + %)(Zs X+ 2 X zz) + 2M<l + %)mizz PIPIDIES

For 7 small enough,

Mrhyhy D, D @hs + 05+ ez + 00 + 051+ 0%000)

S+

= —’2’17h1h2 Z Z Zyzs
Qi

therefore, we get an inequality of the form (5.9). Applying Lemma 5.2, we deduce
that the sums v, 2, D, D g, 0%, ; are uniformly bounded for any G’ C &' C G.
3. thyhy D D D as v2. Formula (5.1) yields

il = Ifl + Mlpazl + ael + ozl + [ore] + vzl + vl
+ 2(oal + loal + .of + [v.z) + [oll.

Therefore, the boundedness of the sums 7hh, », D, D, 0%, and
rhyhy Z Z th' v?; ; implies the boundedness of the sums 7h,h, Z Z Zov o3

The uniform boundedness of all sums 74,4, D, O O g, W’ can be proved in the
same way, after differencing Eq. (5.1).

LEMMA 5.4 (SOBOLEV’Ss THEOREM). If the sums th, - - - h, g, W(P, k) are uniformly
bounded for all w(P, h) which are difference quotients of order <n + 1 of the functions
of §, then the family & is equicontinuous in any subdomain G'' C G"' C G'.

Proof. The proof is a modification of the proof of Sobolev’s theorem which is
contained in [4].

We denote

Py = (ithy, +++ , ichy, K°7), Py = (ithy, + -+ , ichy, k''7),
R(Po) = (P = (ihhy, +++ ,ighy kr): 5 S i, S i) (=1, --- ,m,k° S k S k"},

G — iphy = b;, &' — K = a.
We take b; and a such that for each P, € G}’ is R(P,) C G}. Leti$ < i{ < i!’. For




693

PARABOLIC DIFFERENTIAL EQUATIONS

any function w defined on G,

wl:

Applying Schwarz’s inequality, we get

T1™1%,

[wlﬁx-tx

therefore

=iy’
t1mi,°

Whiimisel S [Wliimir] + (blhl)"’<

i'-1
1 E Wi

t1mi,°

E W],

=10

i,'—1

2

f1mi,°

1/2
2
whl .

Squaring both sides of this inequality and applying the inequality (a + b)° <

24° + 2b%, we have
(Wli.-i,f')
Summing these inequalities for i <

- (Wli,-m

Hence

(wl',‘_“o)z é

By induction we get
(wli.-i.".h-ia")z

< 4

and, for n,

:0 .0 2
w(llhl’ covy igha, k")

g Bt

n

hy - E

2 by + o by [T

I\

For any function v € &,

v(P) — v(Po) = 7 2, vithy, -~

2 <

ia’'—1

-1

T1=1,0

2(W|iminr) + 261, Z w.

< i{’, we obtain

6’1 /=1
<2 Z‘, w’ + 2b E w.

1m0

! 600 -1
2:—1[ 2 Wb X W?l]-

T1mi1°

T1=1,°

[f W) + 85 l)l,.-.,]

T1=1,°

/=1 i3/ '—1

hih
12 E E (W + bfwzl -+ bzw 2 + b2b2w?l,2)’

blb2 T1m1,% i,m1,°

S v+ Lot

in=in®

k''—1

s inhy, kT),

k=k°

therefore
Br—1 1/2
ID(Pl) - U(Po)l = 1/2( vl(i:,hl’ Tty i:hn’ kT))
k-k"
< nhi o by 2 2,2 v
ar B de 5 |t S b ek B B |)
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The assumption of the lemma implies the equicontinuity of the functions v € ¥
with respect to . In the same way, we can show the equicontinuity with respect to
each variable; therefore the functions of § are equicontinuous.

THEOREM 5.1. Let G C R® and let the coefficients of the operator L be of the class
C*(G) and their third derivatives be Lipschitz-continuous in any G' C G' C G, and let
Vh = ho VP € G, Ly(P, h) = f(P). Then, any sequence {0(P, h,); h, > 0} C &
admits a subsequence which converges uniformly in G’ to a solution of the differential
equation Lu = f.

Proof. If the assumptions of the theorem are satisfied, we can apply Lemma 5.3.
Then, Lemma 5.4 shows that v, v,;, v,;.;, v, are equicontinuous in G} for 4 small
enough. G’ is covered by cubic cells of the mesh; by linear interpolation in these
cells, we can extend the equicontinuous family § of the mesh-functions into an
equicontinuous family defined on all of G'.

The theorem follows by application of Ascoli’s theorem to the families §, §* and
5 and because of conditions (3.9).

VI. Existence of Discrete Barriers. Throughout this section, we study various
types of local conditions on G and on L, which guarantee the existence of a strong
discrete barrier.

Let Q = (x%, x3, t°) € T, and assume that there exists a neighborhood N, of Q
such that G, N\ Ny C G, for h small enough.

1. Assume that: the coefficients of the operator L are uniformly continuous in
Ng; limpg [a;,(P)a(P) — a2,(P)] > 0 and there exists a nondegenerate sphere
through Q whose intersection with G is the single point Q and whose center is not on
the straight line x, = x}, x, = x).

Then, there exists a strong discrete barrier at Q.

Proof. Let us take the origin of the coordinates at the center of the sphere and let

s=xi+x+ 10, s5=s50)= &)+ )+ ).
Let k and p be positive constants and B(P, Q) = k(s~> — s;7). This is the barrier
defined by Jamet [3] for the operator without mixed derivatives, but it can also be

defined in the more general case.
This function satisfies condition (2.3a, b). Moreover, we have

LB(P, Q) = 2kps " *{2(p + 1)(auxi + 2a1%:%; + a5x3)
— s(ayy + azs + byxy + byx, — dt)} — cB(P, Q).

In a certain neighborhood of Q we have x? > 3(x?)’, x2 > 1(x3)* and there exists
a, such that V £, n, 01152 + 2a,,69 + 022772 = ao(fz + 772)- Therefore,

LB(P,Q) 2 2kps—”_z{(}’ + l)ao[(-x?)2 + (xg)2] — s(an + az2 + bixy + byx, — df)} .

It follows that LB(P, Q) can be made arbitrarily large in Ny, provided we choose
k and p large enough. In particular, we can choose k and p such that

6.1)

L,B(P, Q) + E(P) = LB(P,Q) — c(P) + O(h) > 1
in Ng, for k small enough. Thus, B(P, Q) is a strong discrete barrier at Q.
2. If the coefficients of the operator L are uniformly continuous in Ny and L, is
consistent with L in the norm Cy(Ng,), limp_q [a,,(P)a(P) — a},(P)] = 0 (but not
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all coefficients a;; vanish on the boundary) and there exists a sphere through Q whose
intersection with G is the single point Q and whose center is not in the plane
au(Q)(x1 — x3) + a,(Q)x; — x3) = 0, then B defined as before is the discrete
barrier in Q.

Proof. Suppose a;,(Q) # 0. In a certain neighborhood of Q we have

aux? + 2a,,%:x, + a22x§ > %[au(Q)(x?)2 + 2012@)"7?’&'2 + azz(Q)(xg)2]
= [4u@)x] + a:2(Q)x21"/2a1(Q) > 0.

From this inequality and from (6.1) we deduce that B is the discrete barrier.

3. Assume that the coefficients of the operator L are uniformly continuous and
that L, is consistent with L in the norm C,(Ny,). Assume d(Q) > 0 and that there
exists a nondegenerate sphere through Q with radius R > (a,,(Q) + .x(Q))/d(Q)
whose intersection with G M Ny is the single point Q and whose center lies on the
half-line x, = x?, x, = x%, ¢t < £°

Then, B, defined as in 1, is a strong discrete barrier.

Proof.

LB(P, Q) = 2kps > *[2(p + 1)(@nx? + 2a,0%,%5 + azx2)
— s(ay + as + bix, + byx, — di)] — cB(P, Q)
> 2kps"7'[dt — (an + @z + bixy + byxy)]
—> 2kps;” ' [RA(Q) — an(Q) — a:5(Q)] > 0.

P

Then, B is a strong discrete barrier.

The two following sufficient conditions are contained in [3].

4. Assume that there exists a neighborhood N, of Q such that G N\ Ny lies in
the half-space ¢ > 1°. Assume that the coefficients of the operator L are bounded,
except d which may be unbounded, d(P) > k(t — t°)°, ¢ < 1, k > 0. Let L, be the
operator corresponding to formulas (3.3) or (3.8). Then, there exists a strong discrete
barrier at Q.

5. Suppose that there exists a neighborhood Ny of Q such that G N\ Ny is a
cylinder parallel to the t-axis. Let us write L = L, — d(3/9%); L, is an elliptic operator
in space variables. Suppose that there exists a function By(P, Q) which does not
depend on ¢ and which is a strong discrete barrier for the family of operators L, for
any ¢ such that |t — ¢°| < 5, where n > 0 is a constant independent of 4,, h,. Suppose
d(P) is bounded.

Then, the function B(P, Q) = KB«(P, Q) — (t — t°) is a strong discrete barrier
for the family {L,}.

Example 1. Let y(x,) be a convex function defined for all real x, and such that
[¥(x)) — ¥(x{)|/|x; — x{’| < M for all x] and x’ # x], where M is a positive constant.
Let @ be the curve ¥ = x, — ¥(x,) = 0 in the plane ¢t = 0. Let G, be a bounded
simply-connected plane domain whose boundary consists of a portion of € and of a
smooth curve which lies entirely in the region Y > 0. Let G = G, X (0, T), and
G, =GN {P=(x,%,0:Y > €. Let T, = {P = (x1, X2, T) € 0G} and
T', =9dG — T,. Let
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62) L= allg—;+2al25:—2ag+a22§§+blé%l+b256x—2—%,
where

ay — by |aw|/hy > q, @y — hy |aw|/h > g B3/H;
6.3) by, by € C'G), by, b, € CG),

[BI(P) + Hb3(P)/H3]* < gk/ Y + K,
0<k< h/hyy, K>O.

Let L, be the operator defined by formulas (3.2) and (3.3). Then, the problem
(1.3) has a unique solution u(P) and v(P, k) converges uniformly to u(P) in G as h — 0.

The proof will be performed for a square net h, = h, = h; by the transformation
of the variables %, = (hy/h))x., ¥(x,) = (hs/h,)¥(x,), one obtains the general case.

Under our assumptions, L, given by (3.2) and (3.3) is positive. For instance, the
coefficient

AP, P+ ) = lan(P) — lau®)l1 35 + bi(P) 55

q ak q( kh)
> L =/ = 2= —_———
= 1 2Y >0,

since at each interior mesh-point there is Y > h.

The existence of discrete barriers at the points Q &€ T'; — € X [0, T] follows from
our third sufficient condition. The discrete barrier for {L,,} at Q@ = (x%, x3, t°) € € X
[0, T]is

By(P,Q) = —(x, — x)? — Y™, wherek < k' < 1.

This function has the properties required for the application of our fifth sufficient
condition.

The existence of a function ¢(P) satisfying condition (i) of Theorem 2.1 follows
from the second sufficient condition in Section IV. Theorem 7.1 implies that the
solution of problem (1.3) with the operator (6.2) is unique. Therefore, we can apply
Theorem 2.1, which concludes the proof.

Example 2. Let G, be a convex domain in the plane ¢ = 0 such that in the neighbor-
hood of any point Q, € 4G, G, admits a representation of the form x, = ¢(x,) or
of the form x, = y¥(x,), where ¢ and ¢ are convex functions. Let G = G, X (0, T),
Iy = {P=(x, X, T)E 8G} and T, = 3G — T,. Let L be the operator (6.2), where

h

h h
a; — - lal2l > q, Qs — - |a12| >q73, b, b, € C‘(G)s
hg hl hl

2 1/2
69 vpee, [ () + o bzw)] < gk/d(P, 3G) + K,

0 <k < hy/(h + h)'?, K> 0.

Let L, be defined by formulas (3.2) and (3.3) and let o(P, h) be a solution of
problem (2.3). Then, the problem (1.3) has a unique solution #(P) and v(P, h) — u(P)
uniformly in G as & — 0.
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Proof. Same as in Example 1.

VII. Uniqueness of the Solution of the Differential Problem. We denote by I
the set of all points Q@ = (x, --- , x%, °) € 4G which admit a neighborhood N,
such that G M Ny lies in the plane ¢ = ¢°, and G N Ny lies in the half-space t < °.
For any Q & G we denote by S(Q) the set of all points P & G which can be joined
with Q by a continuous curve lying entirely in G along which the coordinate ¢ does
not decrease from P to Q.

LEMMA 7.1 (THE MAXIMUM PRINCIPLE FOR PARABOLIC OPERATORS). Let L be a
parabolic operator (satisfying conditions (1.2)) whose coefficients are continuous in G.
If Lu = 0 (Lu = 0) in G and u has a positive maximum (negative minimum) in G which
is attained at the point P, then u(P) = u(P,) for all points P & S(P,).

This theorem is proved in [2].

We deduce at once from the maximum principle the following

THEOREM 7.1. If T, C TV, then problem (1.3) has at most one solution.

THEOREM 7.2. A necessary condition for the existence of a solution of problem (1.3)
for arbitrary g € C(G) is
(7.1 nn U sor =g.

QET.NT’

Proof. If (7.1) does not hold, then there exists a point @, & T'; M I for which
T, N[S(Q0)]” # . Suppose that g, and g, are functions such that g,(Q,) — g:(Q0) >
g1(Q) — g(Q) for O # Q, and g.(Qo) — 8:(Q0) > 0. If

Lul = f Lu2 = f
and

ulr, = &lr. Ulr, = glr.,

then L(u; — u,) = 0 and (u; — w,)|r, = (g1 — &2)|r.. It follows from our assumptions
that 1,(Q) — u(Q) = g1(Q0) — g:Q,) for Q € T, N [S(Q,)]” - This is a contradiction.
If I C T,, then the condition (7.1) holds. From now on we will assume I C T
and we define I’ = T, — I".
THEOREM 7.3. Suppose T"' is closed and suppose that there exists a neighborhood
N of T and a function U(P) such that

UE CG, —T"), UE CG,), where G, = G\ N;
(7.2) LUP) £ 0, P & Go;
UP)—>+ © asP—Q,VQET' PEG —TI".
Then, the problem (1.3) has at most one solution.
The proof is contained in [3].
We give two examples as applications of Theorem 7.3.
Example 3. Let G lie in the intersection of the half-space Dt ex; > 0and the

slab 7, < t < t,. Let L be the operator (1.1) and assume that there exists a constant
K = 0 such that

i aib;(P) ”Z a,«a;a,-i(P) > (i a;x;)_ — K

1=1 i,7=1 iml

for all P € G, and for Z',?_l a;x; small enough.
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LetT” =GN {P = (x), -+ , Xy, £): 2", a;X; = 0}. Then, problem (1.3) has
at most one solution.
Proof. Let

UP) = —K1<Z a.~x.~) - ln(z a;x;) , where K; > K.
i=1

i=]
We have

n

LUP) = 2. a‘;(P)a;ai(iafx‘)- > b;(P)a,-(K, +1 i:a..x.-) —cU

$, 0= i=1 i=1

n n -1
= Z aii(P)aiai[KKl + (K — Kl)(z aixi) ] <o,
t,5=1 i=]
if > n_, a:x; < (Ky — K)/KK;. Then, the assumptions of Theorem 7.3 are satisfied.
Example 4. Let G lie in the half-space t > 0, T = G N {P = (xy, *+ + 5 Xy 0)}.
Suppose that there exists a number ¢ < 1 such that d(P) < ¢° and that there exists i
such that a,;(P) > e for ¢ small enough.
Then, problem (1.3) has at most one solution.
Proof. Let U(P) = —x? — In t. Then

LUP) = —2a;(P) + dP) 'S =2 +11<0

for ¢ sufficiently small. Thus, the assumptions of Theorem 7.3 are satisfied and the
solution of problem (1.3) is unique.
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