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A Finite-Difference Method for Parabolic Differential

Equations with Mixed Derivatives

By Jan Krzysztof Kowalski

Abstract. In a recent paper, P. Jamet constructed a positive difference operator for a

parabolic differential operator whose coefficients are singular on the boundary, and

proved the existence of a unique solution of the boundary-value problem for the differential

equation using discrete barriers. In the present paper, Jamet's results are extended to the

parabolic operator with mixed derivatives.

I. Introduction. Let G be a bounded domain in i?n+1 and P = (xlt ■ ■ ■ , x„, t)

denote an element of G. Let L be a differential operator of the form

Lu(P)m   £ aii(P)-^-(P)
„ j) i>i ox i ox,-

+ Ê b-(P) ̂  (.P) - c(P)u(P) - d(P) yt (P).

The coefficients a¿, = a,-,, bi} c and d are smooth functions in the interior of G,

but they may be singular as P approaches the boundary dG of G. The existence of the

solution and the convergence of its approximations depend on the type of the singu-

larities. We assume that the operator L is parabolic, i.e.

n

,, ,, Vf£G V<£„ • • • , U * (0,   ■ • , 0) £  au(P)Ui > 0,
U-¿J v, í-i

c(P) ^ 0,        d(P) > 0.

Let Ti be a nonempty subset of dG; T2 = dG — I\; / be a bounded function

defined on G which is smooth in the interior of G, and let g E C(G). We consider the

boundary-value problem

(1.3) Lu(P) = KP).    PEG,        u(P) = g(P),    PETi.

We want the solution u to be continuous inGUrb bounded in G and of the class

C\G).
In [3], P. Jamet investigated problem (1.3), however, without mixed derivatives.

In the present work, Jamet's fundamental theorem (Theorem 2.1) is applied to the

problem with mixed derivatives.

II. Finite-Difference Operators of Positive Type. Let A = (hu ■ ■ ■ , A„, r)be a

parameter, m¿-integer, and for each A,
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G» =  {tei, ••■ , xn, t) E G: Xi = m¡h¡, i = 1, • • • , n; t = /m0t} .

Let G» and 5G» be two complementary nonempty subsets of G». We assume that

max d(P, dG) -* 0    as h —> 0.
P630»

(We denote by d(B, B') the distance between two sets B and B' in jRn+1.)

To each point P G G» we associate a set 3l(P) C G» which satisfies

P G 9l(P)    and    max   max    d"(P, P') —> 0    as A —► 0,
peo» i»'e3i(P)

and which is called the mesh-neighborhood of P in G».

We say that G» is simply connected, if V P G G» 3 a sequence of points P0, • • • ,

P*, such that Po = P; P. G G», 0 g / g Ä: - 1 ; P* G 5G» and Pí+1 G 9l(P,) for
0 á ¿ á Jb •- 1.

Let p be a function defined on G». We define the finite-difference operator

(2.1) L„v(P) =    £    A(P, P')v(P').
P'eaUP)

If, for all P G G»,

(2.2) A(P, P') > 0    for P' ¿¿ P;       E(P) =     £     A(P, P') g 0,
i>'e3i(P)

then the operator L» is said to be "of positive type" or "positive".

The following maximum principle holds:

Let Lh be of positive type, G» be connected and v be any function defined on G»

and such that \f P E G», Lhv(P) ^ 0; then

max d(P) i£ maxlfj, max v(P)J-

Now, we introduce some notations and definitions. For any given subdomain G'

of G, we define:

G'„ = GkC\ G',        G'h= {PEG„r\ G': 3l(P) C oí},        ÔG'h = G'h - GÍ.

Definition 2.1. Let G' C G. We say that L» is consistent with L in the norm

Ck(G'„), if

V*> G C2(G'),        max |L»<p(P) - L<p(P)\ -^ 0    as A -> 0.
PEG»'

Definition 2.2. Let G' EG, H be any set of parameters A, {G»} »eff be a family of

nets and SF = {v(P, h)} be a family of mesh-functions defined for each A on G» G {G» !.

We say that the family ÍJ is equicontinuous in G', if

V« >0 3 17 > 0 VA G H VP, P' G G'h,

d(P, P') < i) => |i>(/\ A) - d(P', A)| < «.

Definition 2.3. Let G' C G. Let {p(P, A)} be a family of mesh-functions defined

on G» G {G»}, and let u be a function defined on G'. We say that v(P, h) converges

uniformly to u(P) on G', if
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max \v(P, A) - u(P)\ -> 0    as A -» 0.
peo»'

Now, let us consider an infinite set H = {A} of vectors A with zero as an accumula-

tion point and the corresponding family {L»j of operators.

Definition 2.4 Let Q G dG. A function B(P, Q) is a strong (local) discrete barrier

at the point Q relative to the family {Lh\, if there exists a neighborhood NQ of the

point Q in the relative topology of G such that:

(2.3a) B(-,Q)EC(NQ),  '
(2.3b) B(Q, Q) = 0, B(P, Q)< 0 VP G NQ - {Q},
(2.3c) VP G Wo» L»ß(P, Ö) + £(P) ^ 1 for A small enough.

Now, we consider the following system of linear equations

(2.4) L„v(P, A) = f(P),    P E G„,       v(P, A) = g(P),    P G dGh.

It follows from the maximum principle that, if Lh is positive and G» is simply

connected, then the system (2.3) has a unique solution v(P, A).

We shall assume that Lh is positive and G» is connected. With these assumptions,

P. Jamet proved the following theorem, [3].

Theorem 2.1. Let J = {i;(P, A)} be the family of the solutions of (2.3) for all h

small enough. Let us assume

(i) There exists a function ¡p E C(G) such that Lh<f(P) ̂ 1, VP G G» and for all A.

(ii) For any G' E G' Q G and for any sequence {v(P, A„); A„ —» Oj Ci, there

exists a subsequence which converges uniformly on G' to a solution of the equation

Lu = f.
(iii) At each point Q G Tu there exists a strong discrete barrier relative to the

family jL»j.
Then, problem (1.3) has at least one solution u(P). Moreover, if this solution is

unique, v(P, A) converges to u(P) as A —> 0, uniformly in G — N(T2), where N(T2) is

an arbitrary neighborhood of T2.

In the subsequent sections, we investigate when the assumptions of Theorem 2.1

are satisfied.

III. Construction of the Finite-Difference Schemes for the Problem with Mixed

Derivatives.   Let A, r be positive numbers and G» be the rectangular net with the

step A for the space variables (x1; • • • , x„) and r for the time t. At each point P E Gh

we define a vector of positive integers [m^.!,...,,,.

At the point P0 G G» we define a set

n

3lo(Po) -   U {P = Po + e.wiiA, P = P0 - e.^A}

n n

W \J   \J   {P = P0 + eiMih + c.míA-sgn a.-.-ÍPo),
,-i i-¡+i

P = Po — e,ffi,A-sgn a,,(P0) — e^A}

U {Po, Po -en+iT],

where e{ is the versor of the x¡-axis (1 ^ /' ^ «) in Rn+1, and e„+1 the versor of i-axis.
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By 9l0(Po) we denote the sum of all segments joining the point P0 to each of the

points of 9X0(Po)- Let

Gl = {PEGh: 3l0(P) CG},        M{ =  max m¿P),
peoh'

(3.1) ru - {Po - tel • • ■ . xl t°) EGk- G°k:

min |f — /0| < r and Vi min ¡jc,- — x°¡\ < AM,}.
p-u,.i„.i)er, per,

We choose the sets G» and dGh arbitrarily, provided Tu C dGh and G» C G». At

each point P G GJ¡ we take 3l(P) = VL0(P), and at the points P E G - G°hv/e define

9l(P) arbitrarily, provided 9l(P) P\ G|| ^ 0 ; this choice guarantees the connectedness

of G» for A small. At each point P G G» — G» we define the operator L» arbitrarily,

provided conditions (2.2) are satisfied at that point. For P G G° we take

Lkv(P) = £ai(P)p,..i+ £ £ aï,(PK<+i - £ £ «rKP)».*-*

(3.2) <_1 *_1 '*<+1 i-1 '"i+1

+ £ ßAPW.i + v,f)/2 - c(P)v - d(P)vit
¿-i

where

v,KP) = [v(P + e,m¡h) - v(P)]/mih,

v.¡(P) = [v(P) — v(P — e{mth)ymih,       u,,,, = (u.,).,;

v,i + ,(P) = [v(P + e,m,A + e,m,A) — 2u(P) + u(P — e¡m¡h — e,m,-h)]/h2 mim¡,

v,i-j(P) = [v(P + e¡m¡h — e¡m¡h) — 2v(P) + u(-P — e,«2,A + i'JmJA)]/A w,m,,

r,(P) = [c(P) - u(P - e„+iT)]/T,

fl*,(P) = [««(P) + |a„(P)|]/2.    a7,(P) = a.,(P) - at¿P)i    i, j = 1, ••• , «;

and

(3.3) a{(P) =   AKP) = a«(P) ~     £    — \ait{P)\,        ß<(P) = b,(P).
i-l;i*i   mi

If the operator Lk is positive, then its coefficients satisfy the following system of

inequalities

AKP) - -^ \b¿P)\ > o.

If m¿h \bi(P)\ = o(A¡(P)) for P near the boundary dG, then the upper system is

equivalent to the system

(3.4) au(P) -     £    ^ |a,,(P)| > 0.

Now, we shall prove the existence of the solution of system (3.4). Let

B = [¿!r]i.r-i.—.» be an arbitrary matrix and assume that 0á Hb- 1; fc < i,

y g n. We denote
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•••    bik

• • •    0»i

6i,t-i       ¿>u

Bk,=

bk-i.i

b»

bk-i,k-i    bk-i¡k

bi,k-i       bik

bk-i,i     • • •    ôi-i.i-t    bk-i,j

bki • • •    bk,k-i       bk¡

bu •••    ¿î.i-i       bu

B\,
bk-i,i

6,1

bk-i,k-i    bk-i,j

bi,h-i       bu

where \B\ = det B.

Let i?*(m, p) be the minor of Bk after striking out the mth column and pth row,

let B\m) = B*(m, k). We introduce the analogous notation for the minors of B),
Bk¡ and £*,..

Lemma 3.1. Using this notation, the following equality is valid:

(3.5) R¡ R¡ R¡    R<       _     R1-1/}^1
tí  Dij   —   DimJJu   —    IS        tiij    .

Proof. We carry out the proof by induction. For / = 1 the formula (3.5) is valid

(we take B° = 1). Suppose that the theorem is true for I = k — I ¡l% I.

We compute the left and right side of the formula (3.5) for / = k.

Left = Bl[£ {-lf*mbtmtft<m) + ¿„P*-1]

- **/[ïî (-\TnbimBh(m) + baB'-'j

=  £ (-D'+'b^Ufftm) - ftm)?,] + buB'B"-1 - b,.?,^1.
m-l

We compute now the term in square brackets, using the Laplace formula.

BkBk,(m) - Bk(m)Bki = «ÎK«)[S (~ i)m+°bpmBk(m, p) + (-ir+kbkmBk(m)j

- ^m)[2 (-ir+x»p*,(/«> p) + (-ir**BfK*)J
*-i

=  £ (-l)m+vbpm[Bk(m,p)Bki(m) - Bkt(m, p)Bk(m)].
V-l

We introduce a matrix C(m, p) = [crs] with the elements:

1 ^ r < p   P Ú r -LWk - I    r = i

I J» s < m br.

m %%\ s l%\ k — 1 ¿>r..+i

s = J bu

br+l,.

Or+l.»+l

by+l.i

bp..+l

Then
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BkKm) = (-iri"*[C(m, p)fü\      B'Km, p) = [C(m, p)fü\

B\m, p) = [C(m, p)f-\ B\m) = (- l)*-l-»[C(m, p))):1

Using the inductive assumption we get

Bk,(m)Bk(m, p) - P*(m)B*,(m, p) =  -P^'(/n, p)BkV(m).

Hence,

Left -  £(-l)*+mft;m £(-ir+,,+I¿I,mP':-1(m,p)Bet1('n)

+ buBkBk-1 - bikBk Bk~\

But

Right = £*-{£ (-ir*'*%-fl?r(«) - *«**f + buBn

=  £ (-\rm+lbimBkr(m) £ (-írXB'-ím.í)
m—1 p —1

- bikBk~lBku + biiBkBt'1 = Left,

which concludes the proof of the lemma.

For each P G G we set

bu(P) = au(P), i = j,

= -\au(P)\,        i 9¿j.

Theorem 3.1. If

3t > 0 3 M > 0 VP G G Vtti, • • • , £.)        £ ô„(P)£& ^ t £ &
i.i-l i-1

and    \bu(P)\ < M,

then the system of inequalities (3.4) Aas an integer solution and Mi given by (3.1) are

bounded.
Proof. Let P be a fixed point. We transform (3.4) to the form

n

£ baft > 0,    where M; = l/wí-
í-i

For i = 2, 3, • • • , n, we multiply the first inequality by bu and the z'th by bu and

sum them. Using the inequalities bu > 0 and A¡,- ̂  0 for i $¿ j, we get

n

£ ßAbubu - buba) > 0.
í-2

Let bff = (buba — &¡iAIf)/Au and, for k = 2, 3, •••,«— 1 and i, j \> k + 1,
let ¿>,^+1> = (¿O,-*' - &« £\-£')/&*f- Using Lemma 3.1 we deduce that

(3.6) b^+i) = Bkr[iib^y.
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For k = 1 formula (3.6) is true. Suppose that it is valid for k = m — 1 2: 1. Then

«1-2

, (m-1) TT   A(!)

" mm [b«"I
L ¡-i J

therefore the formula (3.6) is true.

It follows from the assumption of the theorem that there exist two positive

numbers M0 and C0 (independent of P) such that VA: Vz, j è A:, A^' > C0,

1*8*1 < Mc Moreover, for i j¿ y, Z><*+1) = (bgbfî - Off)/*»' ^ °- because
A»*' > 0 and the other three numbers are nonpositive. Therefore, for each k, we get

the following system of inequalities:

n

£ b?U, > 0, i = k,k + l, ■■■  ,n.
i-k

For k = « — 1 the system consists of two inequalities:

(3.7) bnlul-iPn-l   +   bn-ulßn   >   0j b^-lßn-l   +   b^'" ß.   >   0.

We put M« = 1 and set out t° nnQl the rational numbers p[, • • • , u^_, and C, such

that (3.4) is satisfied for p¡ = Cp',- and 1/u, integer. From (3.7),

|,(n-l)i I,(»-l)
|°n-l,n|        -       / .      Onn
,(n-l) <-   Mn-1    <•    i . Cn-1) I

and

For

¿in—u -*   r-n—I      -.    i,t

n-l.n-1 O»

Ô(n-l) i ,(n-l) i ,(n) .~,
|0»-l,n| °nn >     C0

loi bn^i.i \bn:-nl[\   ==    M„

the following inequalities are valid :

Co

Lo„-i,„-i     \    C0 / J/        \     C0 £„_!,„_,

sfP^^f +') + ■L*»-i,»-i    \   c0        /

3M0 + C„ '

3^+1

|¿>n-l,n|    _|_    2C0    <      bnn_Cp

Í-ÜÍ-.       3M0 =  \bn'-l[\       3Mo'

We can take u^ = p. Then

Go _ .      ,      .. M0   .    2Cp
,w    ,   -   = "»-i    and    ¿i,,-! < —- + ——
3M0 + Co Co       3M0
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Moreover,

0„-l,„-lil»-l   +   bn-l,„P„   ¿    |0»-l.n|   +   0„-l.n-l

and

Let

Then

3M0 + Co

r2
|,<n-l)i    v, ^0

\On-l.n\   S    3Mq   +   Co   ,

On,n-lMn-l   +   Kn        Pn   ^    ~ |0„.n-
bn-ùn        ,     2C0

Leiíi-i   3MoJ
+   bn

_    .(n) |,(n-l)|    2C0
—    £>nn     —    \On.n-l

3M0       3

Kn^i = min
r2t-o

3M„ + C0 .f).

£   bir"»: >  Kn-i,        1 = n- l,n.
»™n—1

Suppose that we have defined /*£_„ • • • , p'k+1 suchthat £".t+1 b¡k+1)p', >'Kk+1

and v\ > p'¡ > v¡ > 0 for / = k + 1, • • • , «, where Kt, vu v\ depend only^on /, M0

and C0. Now, we must define p'k, Kk, vk, v'k such that

£ b¡k)p's >  Kk, I = k, ■■■  ,n    and    v'k > p'k > vk > 0.

This system is equivalent to the system

—  £   ITîT MÍ  < Pu <  —  £   7TÍT ß's, I = k + 1, ■ ■ ■  , n.
»-* + l      Oj;» »«*+l     Oi*

The following inequalities hold

MoV1   1°*« 1    / ^ M»   v1    '.<r* =   2^ "Tot m, < tt"  2^ "» :

\ A<*> »,<*> /M«   —
«-¡fc + 1    \"!i "M   '

n t(* + D rr

s-t+1     "¡Jfc ¿"o

Let

Then

*-í*<'&+') + *]/''(':£+'):

*k   +
Kk+i

3Mo + Kt+:
è ßiu <tk +

2Kk+i

3 M„

• (t>
<   -   L   TiiiC. -

íl ¿>¡s-t+1   f¡t 3Mo  '

therefore

vk
Kk+1 Mn

3 M0 + Kk+1 '

2Kk+i

^0    s=A+l JJWO
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and

E *,<*>..' > hw\   \^   1^' I „/   i_Kk+i ^   ,,(k),   , ■>.      Co-^t+i
bk, p. ¿i»     2^ IT^r M. + ,,,   ,   „—   -   2-,   \bk. I m. ^ ,w   i   r    •

«-* Lj-*+1     Ott J^Vïo  T   Afc+1J ,_»+i JJVÏQ  T    A-t+i

and, for I > k,

*ii m. á o¡»    2^ u*r m. +  ,,,     +  2^ bi, p. á —r— ■
«-* L«-*+l Ofcfc Ji»0     J >-t+l J

We can then take

v • I Kk+i CoKk+i      \
Kk = mm\-r>3Mo+ kJ-

We have the estimates

C„ >  Kk > Cr*+7(3M0 + 3C„y\        vm > [C0/(3Mo + 3C0)]-*+I,

,       5 (h - k)2(n -k+l) (M0Y
Vk<3-2-\C~J-

For p[, • ■ ■ , p'n, defined as before, we take

where 1cm denotes the least common multiple of the numbers in brackets for k = 1,

■■■ ,n— l;Kn= C0,(t„= IbnlV.ll/b^-'ul-i- Then the numbers m¿ satisfy the inequality

*\   *-l       L^O    i-i+l \Afc + i / J

/3Mo(3Mo + 3C,)-*-1 \ "I

•£l-cr-+ V + 2J-
The estimate is independent of P, and the theorem is proved.

In the particular case, if we can take for each point P E Gh the same numbers m¿,

satisfying (3.4), then we can consider, instead of the square net, a rectangular net

with steps hi = m¡h (i = 1,2, • • • , n). Then the mesh-neighborhood of each point P

consists of the mesh-points which lie nearest to P. In this case, the operator L need not

be uniformly elliptic, as the matrix [A¿,] need not be positive definite near the bound-

ary.

However, if the coefficients of L are singular on the boundary, then the operator

Lh given by (3.3) is not always of positive type. In this case we define following P.

Jamet:

+ ._ ,. / bjtei, ' ' ' , •Xj-ii y. ^i+i> * • • » xn, t)
ai(P, A) = exp / -—-... . dy,

Jn siAXi, , x¡-\, y, Xi + i, , xn, i)

a~(P, A) = exp 1
JXi

xi-h¡/2

dy
Aitei, • • • , Xi-i, y, xi+i, ••• , Xn, t)
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and

(3 8) «<(P, A) =  Ai(P)[a+i(P, h) + a-(P, A)]/2,

ß,(P, h) =  A,(P)[a+t(P, h) - a~(P, h)]/hi.

We substitute the a, and ft as defined in (3.2) for those i, for which Ai is singular.

The operator corresponding to (3.8) is always positive, because

aiV,i,i + ßi<p,i + i\i)/2 =  Ai[a\v,i — a^.J/Aj

and the coefficients a* and a"; are positive.

Lemma 3.2. The operator (3.2) with the coefficients (3.8) is consistent with L in

the norm Ch(G'h)for any G' E G' E G.

Proof. For G' there exist the numbers N > 0, e > 0 such that |ft,(P)M (P)| ^ N

and Ai(P) ^ e for P G G'. Therefore

*ro   u\ (hi  bi^P>>    i   nn.2\\        i    ,   A,  ¿>¿(P) 2«.(P, A) = exp^- — + 0(A,)j =  1 + - — + 0(A,);

a-(P,A)= 1-^MÇ + 0(A2).
2    y4,-(P)

Hence,

(3.9) at(P, h) =  Ai(P) + 0(h2),       ßKP, A) = b,(P) + 0(hi).

Because

and

. mi m¡
v.i.t +"..-,/ = ".<+<-v.i.i-v,,j

m¡ mi

mi m;
f..-.i + v.i.i = —".;.« H-".í.¿ — v.i-i,

m¡ m¡

we have

Lhv(P) = £ [¿«(P) + 0(A2)K„« + £   £ aUpyo.^,
t-1 i-l   ¿-t + 1

- £   £  a7¿P)o,i-i + £ [**(P) + 0(hi)]Vi ~lV't - c(P)v - d(P)vt
i-l    i-i + 1 1-1 ^

-  £ t«.i(P) + 0(h2)]v,iti
t-1

n n

+ ZE   {««(PXO.*.* + P.i.f) + a-KP)(v,i,j + D.,,,)}

+ £ IbKP) + 0(hi)] P-i1"0-' - c(P)i; - ¿(P)»,.
i-l ¿

Using this equation, we deduce that for v G Cf(G')
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max |Z,»i>(P) - Lv(P)\ = 0(h + t).
peok-

We take A;/t = const, therefore maxPe0t, |L»p(P) — Lv(P)\ = 0(h).

Moreover, if an, b¡, c and d G C°(G), then in any G' E G' E G the difference

quotients of the order p of at, ßt, c and d are uniformly bounded for all P E G'h and

for all A sufficiently small.

IV. Sufficient Conditions for Uniform Boundedness of the Solutions. In this sec-

tion we study the existence of a function <p(P) which satisfies condition (i) of Theorem

2.1. The existence of such a function guarantees the uniform boundedness of the

approximations v(P, A). The following criteria are given in [3] (we assume that G» =

G\ and L» is defined by formula (3.2) together with (3.3) or (3.8)):

1. Suppose c(P) > m > 0 in G, then we can take ¡p(P) = — 1 /m.

2. Suppose d(P) > m > 0 in G, then we take ^(P) = -(K + t/m), where K > 0

is chosen so large that ¡f{P) < 0 in G.

3. If there exists an i such that A¡(P) > m > 0 and |&i(P)| < M in G, then

<p(P) = ^(exp(pXi) — K'), with p > M/m and K, K' sufficiently large, satisfies condition

(i) of Theorem 2.1.

V. Estimates of the Solutions of the Finite-Difference Problem.   Let L» be a

finite-difference operator of positive type which has the form (3.2) for all P G Gah.

Let £F = jp(P, A)¡ be a family of mesh-functions defined for each A on G» G {Gk\

and such that L„v(P, h) = /(P), \/PEGah; £F(I" be the family of all difference quotients

of order p of the functions of 5; G' be an arbitrary interior subdomain of G (i.e.,

G' C G' C G). Let the numbers m¿ be the same for all PEG. Let the coefficients

an, b¡, c,dE C<n+I)(G) and their derivatives of order (n + 1) be Lipschitz-continuous

in G'. We intend to show that the condition (ii) of Theorem 2.1 is satisfied.

We shall firstly prove the uniform boundedness of the sums An+1 £G„ w2(P, A),

where w are difference quotients of order tin + 1 of the functions of 5, iu), £F<2). To

avoid complications in the proof, we will develop the argument only in the case n = 2.

Let A be so small that G'k C G°k. Then, at each point P G G'h, we have

(5 n        i*" ~ ail"'lj "t~ a+12(t'.1.2 + D.ï.â) + «-12(^,1,2 + tf,îi2) + a22Dl2l2

+ &(!>.! + b.t)/2 + 0,(0., + i\2-)/2 - cv - dv, = f,

where

h h
an = «i + 7" |ai2|>        a22 = a2 + — |a12|,        a+l2 = aí"¡¡,        a_12 = aï2,

h2 hi

and a;, ßi are defined by formula (3.3) or (3.8).

Moreover, we shall assume that d = I in G'. There exist constants m and M,

such that for all P G G£ we have

0 < m < ai(P, A) < M,        |a,,(P)| < M,        |p\(P)| < M,        f, j = 1,2;

(5-2) |c(P)| < M,        |/(P)| < M,        |o(P, A)| < M    foruG S

for A small enough. We assume that M is also an upper bound for any of the difference

quotients of au, ft, c, / of order g« + 2. We denote Lakv = Lhv + v-t.
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Let A = (Ai, A2, t) be fixed. We consider an expanding sequence of concentric

rectangles in G'h, say [Q0, ■ • ■ , QN), such that

Ö, = {P = (ihi, jh2, kr) E G'„: i, ú i è i'i, j, ^ j ú Ji, fci ú k £ k',};

¿i+i = ¿i — 1. ¿í+i = i'i + l, y'i+i = ji — l, jí+i= ji + l,

kl+l - k, - l,k'l+i - *{ + 1.

We define

S, = Qi - Qi-i,       Ru = {P = C**i. /A», kr) G 0«: i = i, V i = f,'},

R2i = {P = (Mi. #., *r) G 0i: / = /i V y = j¡\,

T, = (Ru W A,.,.,) n (P2I W «,.,_,)

and A2/A, = X, r/A, = M, A = (f + §X + 2(1 + \2)1/2)M.

Lemma 5.1. For every function w defined on G», the following inequality holds:

(m — \MK)rhih2 £ £ £ (w\ + w\T + w22 + w22)

(5.3)

+ i

á 2tAA £ £ £ \w\-\l„w\ + rx(£ £a„vt>2 - £ £a„H>2)
Oí \   *i.l+i «il '

l Í£ £ «22m-2 - £ £ a,,*2) + rhlk + -)(££ w2 + £ £ w2)

+ 2m(i + ¿Ws £ £ £ w2 + Mr £ w2.
\ K' Q1+1 r¡+,

Proo/. For any function w defined on G», we denote

w(ihi, jh2, kr) =  w; w((i + l)hly jh2, kr) =  w+';

w((i — \)hi,jh2,kr) = w~';        w(iih¡, jh2, kr) — w|,_.-,;

wOihi, jh2, kr) — w(iohi, jh2, kr) =  w\\Z'i\,

and analogous for the indices j and k. Let

C(w) = atiw'i + au,iww,i + [(a+l2 + at[2)wjw,2 + a+i2.TVYM\2 + a+ia,iM'lt>.î]

+ [(a-12 + a-¡2)w,iH>,2 + a_13,iwiv,2 + or_12,2WM',i] + a+22w22

+ a22,2H>w,2 + - (ßiw),i — — w,, + — (ß2w),2 — — ww,2 + cw ;

C(w) = a'i'iWj + au.iwwj + [(afi2 + a7¡2)w,1)V,2 + a+i2.iWH>,2 + a+12,2w>M',I]

+ [(«-¡2 + oiZ¡2)w jw ,5 + a_12,TH>w,2 + a-iïjWW.ï] + a~~22w22 + a22,2ww,2

1       w   ,„        -. ßl 1       W   ,r,        x 02 1 2
+   j (PiW).T — Y WW.Ï + — (ß2w),2- wwi2 + cw .

Let jo á/á 7o» ̂ 0 ^ k ^ A$. By summation by parts with respect to /, we get
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M.   £ [C(w) + C(w)]
»-to

to '

= hih2   £ {— QiiiWiv,,,! — auWwtUj + w,i(a-i2w),2
i-io

+ w,i(a_12w),2 — a_i2vfw,i,2 — a_12H>w,Ii2 — a+i2tvvf,li2

— a+i2wwjt2 + wj(a+i2w)¡2 + w_i(a+i2w),2 + w,2(a22w)_2

+  W_2(a22w),2  —  (ßiWWj + ßiWW,i  + ßiWW,i  + ßiWWj)/2

+ (w(ß2w),2 + w(ß2w),2)/2 - (ß2ww,2 + ß2ww,2)/2 + 2cw2}

+ A2ja"ïîv*'+'H',i + aiiwwy + ál\2w+'w¡2 + a„i2ww*i

+ a+i2ww:i + a++i2w+<w,2 + [ßVw+iw + ß1WW*<]/2} \fZ'¿'.

Hence,

AJA2   £   £ [C(w) + C(w)]
» -1 o   I - i o

t'o'      îo'

=  —2/r1A2   J2   X {auWW.Lï + a_,2>v(wil,2 + wji2) + a+i2w(H\i,2 + W.T.s)
i-io    I-io

+ a22H>w,2,2 + [ßiw(wA + w,j) + ß2w(w,2 + w,2)]/2 — cw2}

'"' il •
+ A2   £ \-T [oiu(w + 'f — auW2 + (au — a+ù)ww+']

i-io   V"i

+ [a-Í2W+,w,2 + a-í2ww*i + aX'i2w+'w,2 + a+i2ww+/2]

+ ww+i(ßV + ßx)^}

+ Ai £  17T ta^2(»v+')2 — a22Vf2 + («22 — a*22)ww*']
i-io    V."2

+ [al\2w+'w,i + a-i2ww*{ + a+i2ww*î + aVi2W+' w ,î]

+ ww^(ßV + ß2)/2

The following inequalities hold :

Ar   £ [atÍ2w+iw,i + a_i2ww+M:,:'
i — .' o

í «•'

= i £ tó - a!í.>+V + («_„ - a!;2)W+íw] + a!;2H>+V'i;:*;'
\t—i«

á T £    E     Í(*Í + A2)1/2[(h-+í)2 + (h>+í)2] + A2[w2 + (V)2]}
-¿     i-io

I-Io'

lo   ï -Ï l . Ï0

+ 7   I      £    [(w+i)2 + (w+í)2];
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Ai   £ [a+ijWWj  + aÎÎ2w+')V,ï]|;:;;'
t — ¿o

á f  £     £     {(A2 + A2)I/2[(V* + Í)2 + w2] + A2[w2 + (w+í)2]}
-¿      t" - i o    Í - J 1 , î 0 '

+ 7  E    E   [(w+i+i)2 + w2].

Therefore,

to'        Jo'

AiA2  £   £ [C(w) + C(w)\
t-io   Ï-Io

to' î o '

ú -2AiA2 £ £ wlIw + £ £ [a+iK^+v)2 - anH>2]i;:;;'
»1     l-ïoi-io    Í = îo

+ ¡- £ [«+22(»v+i)2 - «22H>2]|;::;:;' + a2 £ - m   £   LM>2 + (h>+í)2]

"2   i-io í'-ío   ^ » —t i , to

+ Ai £ - M    £     [w2 + (w+i)2}
t'-t"o   -^ í-íi . »"©'

+ \ M £     £     {(AÎ + A2)1/2[(w+i)2 + (w+i)2 + (w+i+i)2 + w2]
¿. t —t'o    í-í 1 . Îo'

+ 2A2[w2 + (w+i)2]}

+ \ M £      £    {(A? + A2)I/2[(H>+i)2 + (»+i)2 + (w+i+i)2 + w2]
^ 7 — ïo    t — t'i, to'

+ 2Ai[w2 + (w+i)2]}

+ M    £        £     [(w+i+i)2 + w2].
l-ii.io      l-îi.ïo

Summing from k = k0 to k = k'0, we get

rArA2 £ £ £ [C(w) + C(w)]

(5.4)

g  — 2rAiA2 £ £ £ wLlw + rX( £ £ auW2 —  £ £ auW2)
a. »   fin fi,o /

+ T ( £ £ «22w2 —  £ £ a22w2)
A    \       fia, filo '

+ rAiA £ £ w2 + rAiA ZHw+MrZ
S, S„ T,

2

Now, let /o á i ^ z'o, Jo á j è jo- By summation by parts with respect to k, we get

(5.5) r2   £ (w2t + w2) =  -2r2   £ wwtl + [(w+k)2 - w2]\kkZkk\ .
re ™ K<¡ k — reo

Using the identity rw, { = (w, + w¡) — 2w¡, we deduce, for i0 á i is i'0, j0 Û j i% j'0,
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fco ' fco '

t   2-, wwti = ww    U-fc.   — 2t 2^  wwi

£ -\    £     [w2 + (v,+t)2] - 2r £
-¿  fc-fci,fco' fc-fcc

to

WW,

Taking this inequality into (5.5), we get

fco  ' ko  '

r2   £ (w2 + h\) á 4t  £ h-Wj + 2     £     w2,
fc-fco fc-*o fc-fci.*,'

hence

rArA2 £ £ £ (w2 + w2) ^ Ahih2 £ £ £ ww, + ? A2 £ £
Oo Oo ß s,

2
w .

(5.6)

Multiplying this inequality by r/2 and adding (5.4), we get

tM3 £ £ £ \C(w) + C(w) + | (w2 + h>2)J

á 2rA!A2 £ £ £ waÎM» - *,-) + rx(£ £a„.v2 - £ £ auW2)
Oo \       fin fi,o /

+ 7 ( S £ «22w2 —  £ £ a22w21

+ ta/a + ^)(£ £ w2 + £ £ w2) + Mr £ *2.

The next step of the proof is to estimate tAiA2 £ £ £0 0 (w2A + w\ + w22 + w22)

in terms of tAiA2 £ £ £Qo [C(w) + C(w)]. We have

<5.7) rAA £ £ £ lC(w) + C(w)} = D + E + F + H,
o«

where

D = rhih2 £ £ £ [a*i\w2i + (at\2 + a-¡2)w,iH>,2 + (al\2 + at'12)w,jw,2
Oo

+ <*22W22 + ocTiW2j + (aZ'i2 + aZ[2)wjw,2

+ (at\2 + a+;2)M',iM'i2 + a~22w22];

E = rhih2 £ £ £ wtaii.iVf.i + a-¡2,iW,2 + a.u,sW,, + a+12,ï>v,2 + a+i2,2w,T
Oo

+ o!22,2W,2 + an,-¡w,í + a-i2,ïW.2 + a^i2,2wj

+ a+i2,iVf,2 + a+i2,2Vf.i + a22f2w,2];

F = |rAiA2 £ £ £ w\ßuiw+i + ßijw-' + ß2,2w-' + ß2,2w+i];
Oo

H = 2rhih2 £ £ £ cw2 ^ 0.
Oo

Using (5.2), we deduce
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D è rAA £ £ £    ol\\w2i + K«-i2 + a-Í2)(r w2! + Xh>22)

— h(oT+\2 + «+¡2)!^ w?ï + Xw22J

+ a+22H\2 + a~i\w2ï + Ka-!2 + a-"X\ w?ï + Aw?2-J

— I(«+12 + a+Ï2)(r w2! + \w22) + a~22w22

^ rhih2m £ £ £ (w\i + w2j + w22 + w22),
Oo

because for A small enough, a\[ — (aZ[2 — aZ[2)/\ > m;

\E\ g 3MrA,A2 £ £ £ \w\ (\w.i\ + \w,2\ + \w,-i\ + \w,2\)
Oo

Ú — rhih2 £ £ £ w2 + \MKrhih2 £ £ £ (w\ + w22 + H* + w?2)
K Oo Oo

for any positive number k ;

\F\ g 2MrAiA2 £ £ £ w2.
o>

Using those estimates we deduce from (5.7)

(m - |MK)rAiA2 £ £ £ (h-2, + w\ + vr2T + w22)

(5.8)

é rhih2 £ £ £ lC(w) + C(w)] + 2m(i + -)rAiA2 £ £ £ w2.
Oo ^ K' Oi

Lemma 5.1 follows directly from (5.6) and (5.8) and the obvious fact that the

preceding argument is valid for any / and not only / = 0.

Lemma 5.2. Let G" C G" C G'. Suppose that functions y and z defined on G'h

satisfy for any rectangle Q¡ E G'k an inequality of the form:

tAiA2 £ £ £ /
Ol-i

(5.9) ^  rMo(¿Z £ <P¿ -   £ £ <PiZ2) + tMi(£ £ <p2z2 -   £ £ <p2z2)
\    fill fil.1-1 ' \    B,l fill-, /

+ rAiM2Í£ £ z2 + £ £ z2) + xAiA2M3 £ £ £ z2 + m4,
V       Si Si-, I Q,

where M0, Mi; M2, M3, Af4 are positive constants and where <pi and <p2 are positive

bounded functions defined on G'h. Then, we have the estimate

(5.10) tAiA2 £ £ £ y* g *tAiA2 £ £ £z2 + k>,
Oh" Oh'

where the constants K and K' depend only on the constants M,, on the bound of the

functions ¡f>i and<p2 and on the domains G' and G".
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Proof The proof of this lemma is a simple modification of the proof which is

contained in Courant, Friedrichs and Lewy [1]. It is based on a double summation of

inequality (5.9).

Lemma 5.3. If conditions (5.2) hold for n = 2, then the sums rhih2 ££ £0»' w2

for all w, which are difference quotients of order ^5 of the functions of'S, are uniformly

bounded.

Proof. We will study separately each of these sums.

1. tAiA2 £ £ £0». v%. We put w = v in formula (5.3). Since \v(P, h)\ < M and

|L»c(P, A)| = | f(P)| < M, it follows from Lemma 5.1 that

(m - \MK)rhih2 £ £ £ (w2i + w22 + w2n + w22)
Ol

^ 2M2 VOS) + rxÍ£ £ «u »v2 -  £ £ «n w2)
\ fi.,i+i ßii '

+ t (E Z «22w2 - £ £ <*22w2) + ta/a + -)Í£ £ w2 + £ £ w2)
X   \  R,,l+T fill / V M/\ Si Sl + , I

+ 2MÍ1 + -)rAiA2 £ £ £ h-2 + 16MV,

where V(G) denotes volume of G, <p—diameter of G. Taking y2 = w2A-\- w22 + w2T + w2^

and z = w, we get the inequality of the form (5.9). Applying Lemma 5.2, we deduce

that the sums tAiA2 £ £ £0»- v2¡ are uniformly bounded.

2. tAiA2 £ £ £gi< v2ij. We take Wj = ptl. It follows from (5.1) that

LhWi = /,i — «u.iVfi.i — a+i2.i(vfí",'2 + Wi,2) — a-i2.i(»ví",'2 + wU2) — a22Av*2\2

- ßi.KwV + Wi)/2 - ß.Mi + v+})/2 + c,iv+i.

Therefore, using (5.2), we have

|£»h-i|>iI ^ M|wi|-[1 + M+ \wi.i\ + |wí.'i| + ki.2| + |wi+;2|

+ ki.il + K2.2I + K|tfk| + ki'i + KÍI + kil>]<

Since

k.l 5(1 + w2)/2,        \wi\-\wi.r\ ^¿ + |vv?,„

kil-K'l á Kwï + i^')2)

and rAiA2 £ £ £0»- h>J, tAiA2 £ £ £C4. i>% are bounded, we have the inequality

tAxA2 £ £ £ |¿»wi|-k,| á 9TíiW
Oh'

+ - Mrhxh2 £ £ £ [f2!,! + (v*î,if + "!i,2 + (iCi',2)2 + v*i,t + (»îi.i)8].
■¿ o*'

Likewise,
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rAiA2 £ £ £ \Lhv,2\-\v,2\ á giíaW
Gh'

+ ~ MrA!A2 £ £ £ [v22,2 + (v+,lif + v22,i + tflrf + v22n + tfj.ï)2].
¿ Oh'

If we substitute these two inequalities in (5.3) and take

2 2,2 2 2 p        2 t        2 i        2 i        2 |2 |2 |2
2      =»,1+P,S, J"     =   l>, 1.1   + f.l.ï   + V, i,2   + U,l,2   + V. 2,1   + f.2,1   + 0,2.2   +   £>,2.2>

we get the inequality

(m — lMn)rhih2 £ £ £ y2
Ol

— Mrhjt2 £ £ (y2i,2 + 0*1.5 + f22,2 + t>2i,2 + »%,ï + f2i.ï)

Sl+,

á ai««) + rx(£ £ «uz2 - £ £ «„/) + 7 Í£ £ «22z2 - £ £ «22Z2)
^    fii.l + i fill ' A     V   fio. I + l fill '

+ rhL + ±)(X £ z2 +  £ £ z2) + 2m(i + 4** £ £ £ z2.
\ ß/\      Si Si+, I \ K' O1+1

For r small enough,

Mrhih2 £ £ (p^.a + d2i,2 + v22,2 + v2x,2 + d22,t + v2,i,x)
Si + ,

è f rAtA2 £ £ £ y2,
¿ Oí

therefore, we get an inequality of the form (5.9). Applying Lemma 5.2, we deduce

that the sums tAiA2 £ £ £04- p2,,,- are uniformly bounded for any G' EG' E G.

3. tAiA2 £ £ £0A. p2. Formula (5.1) yields

M ^ l/l + M[\v,i,-i\ + \v.i,2\ + \v,-i,2\ + Ib.t.,1 + |D.lti| + |d.,.i|

+ Kkil + le.il + kil + Kil)+ loll-

Therefore,   the   boundedness   of   the   sums   tAiA2   £   £   £o»- p2,-   and

tAiA2 £ £ £0k- v2itj implies the boundedness of the sums tAiA2 £ £ £ö»> v].

The uniform boundedness of all sums tAiA2 £ £ £<?»- vv2 can be proved in the

same way, after differencing Eq. (5.1).

Lemma 5.4 (Sobolev's Theorem). If the sums rhi ■ • ■ h„ £0j- w2(P, h) are uniformly

bounded for all w(P, A) wAz'cA are difference quotients of order Sn + 1 of the functions

of'S, then the family S is equicontinuous in any subdomain G" C G" C G'.

Proof The proof is a modification of the proof of Sobolev's theorem which is

contained in [4].

We denote

Po = O'ÎAi, • • • , iX, k\),       Pi = (iihi, ■■■ , ¿X k"r),

R(PQ) =  \P = (hhi, ■■■ , ijtn, kr): f, è i, ¿¡{'Ü*l.-, »), k° g k ^ k"},

(i'/ - f¡)h, = b,,        (k" - k°)r = a.

We take b¡ and a such that for each P0 G G'h' is R(P0) C G'„. Let i* g i{ g i". For
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any function w defined on G'h,

ii'-l

Hîî-iî« = Ai £  w,i.
i.-ii0

Applying Schwarz's inequality, we get

,        i,'-i
r     Iii-ii'l2   ^   0\      2     ^-v 2
l^lii-i,-]   S — Ai   ¿_,    w.i ,

"1 i,-i,»

therefore

kk-^l ^ kli.-ii'l + (Mi)1/2('£o w2ij/2.

Squaring both sides of this inequality and applying the inequality (a + bf ^

2a2 + 2b2, we have

(w|<t-4l.)a ^ 2(w|i,.i,,)2 + 2Mi   £   w2i.
i i - i i •

Summing these inequalities for i[ ^ /{ g, i[', we obtain

^(H-|il = ,,o)2g2,£1»v2 + 2öf£1v,?i.
"1 ii-i,° i,-ii"

Hence

(wk-i.o)2 g 2^ \"Z   w2 + ÔÏ "£' w'X
Oi Li,-i,» i,-i,»        J

By induction we get

(Hi-1-ii..i,-,,.)2 è 2|i ["¿f N«..«../ + b\ "ïf («ÍOli.-,.. 1
"i Li,-!,» í,-íi° J

,     ,        i,"-l    io"-l

~     .   »1»2      V-> \->       ,21,22        i,22        i      ,!,!     2       \
S 4—   2-,     2-,   (w   + bxw,i + b2wi2 + bib2w,U2),

OiU2  ,■,_,,«   1,-io«

and, for n,

w(i°ihi, ■• ■ , fnhn, kr)2

h ■   h    <1"~1 in"—i   T n

= 2"7/-T   23    "••   £      »v2 + £ 6pVf?p + • ■ • + 62 • • • ¿>2iv2i,2.„   •
•>!    '  '  '    On   1,-1,0 i„-i„°    L p-1 J

For any function nGi,

»"-i

p(Px) — p(P0) = t   £  p,(i?Ai, • • •  , i°A„, kr),
k-k°

therefore

(fc"-l \l/2

£ P2(i?/*i, ••• ,thn,kr)\
k-k° I

< (arT ^^   £   [p2 + £ A2p2„ +...+«... &*.,,,.lY".
\ Oi   ■ ■ ■   On B(Po)    L p-1 J/
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The assumption of the lemma implies the equicontinuity of the functions v E 5

with respect to t. In the same way, we can show the equicontinuity with respect to

each variable; therefore the functions of S are equicontinuous.

Theorem 5.1. Let G E R3 and let the coefficients of the operator L be of the class

C3(G) and their third derivatives be Lipschitz-continuous in any G' E G' E G, and let

VA i%\ h0 VP G G» L»p(P, A) = /(P). Then, any sequence \v(P, A„); An -> OJ Ci
admits a subsequence which converges uniformly in G' to a solution of the differential

equation Lu = /.

Proof. If the assumptions of the theorem are satisfied, we can apply Lemma 5.3.

Then, Lemma 5.4 shows that p, p.;, p,,,,-, p, are equicontinuous in G'h for A small

enough. G' is covered by cubic cells of the mesh; by linear interpolation in these

cells, we can extend the equicontinuous family í of the mesh-functions into an

equicontinuous family defined on all of G'.

The theorem follows by application of Ascoli's theorem to the families 5, Sa) and

ï<2) and because of conditions (3.9).

VI. Existence of Discrete Barriers. Throughout this section, we study various

types of local conditions on G and on L» which guarantee the existence of a strong

discrete barrier.

Let Q = (xj, x°, f°) G I\ and assume that there exists a neighborhood NQ of Q

such that Ghi\ NQ E G°h for A small enough.

1. Assume that: the coefficients of the operator L are uniformly continuous in

NQ; limJ._0 [an(P)a22(P) — a\2(P)] > 0 and there exists a nondegenerate sphere

through Q whose intersection with G is the single point Q and whose center is not on

the straight line Xi = x°, x2 = x2.

Then, there exists a strong discrete barrier at Q.

Proof. Let us take the origin of the coordinates at the center of the sphere and let

s = xl + x22 + t2,        s0 = s(ß)= (xi)2 + (xi)2 + (t0)2.

Let k and p be positive constants and B(P, Q) = k(s~p — sôv). This is the barrier

defined by Jamet [3] for the operator without mixed derivatives, but it can also be

defined in the more general case.

This function satisfies condition (2.3a, b). Moreover, we have

te. ii LB(P, Q) = 2kps~p~2{2(p + l)(aux2i + 2<7i2*ia:2 + 022*2)
(6.1)

- s(a„ + a22 + biXi + b2x2 - dt)} - cB(P, Q).

In a certain neighborhood of Q we have x\ > %(x\)2, x\ > %(xa2)2 and there exists

«o such that V?, r¡, a„£2 + 2a12^ + a22ij2 ̂  «0(£2 + I*)- Therefore,

LB(P, Q) ^ 2kps-*-2{(p + l)aol(x0i)2 + (x°2)2] - s(fln + «22 + ¿1*1 + b2x2 - dt)}.

It follows that LB(P, Q) can be made arbitrarily large in NQ, provided we choose

k and p large enough. In particular, we can choose k and p such that

LkB(P, Q) + E(P) = LB(P, Q) - c(P) + 0(h) > 1

in NQ, for A small enough. Thus, B(P, Q) is a strong discrete barrier at Q.

2. If the coefficients of the operator L are uniformly continuous in NQ and L» is

consistent with L in the norm Ch(N0l), limP^0 [aii(P)a22(P) — a22(P)] — 0 (but not
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all coefficients ai{ vanish on the boundary) and there exists a sphere through Q whose

intersection with G is the single point Q and whose center is not in the plane

flii(ÔX*i — *î) + ^22(0X^2 — x°) = 0> tnen B defined as before is the discrete

barrier in Q.

Proof. Suppose au(Q) ¿¿ 0. In a certain neighborhood of Q we have

aux2 + 2ai2XiX2 + a22*2 > Uau(Q)te°i¥ + 2ai2(Q)x°iX°2 + a22(Q)(x°2)2]

= [«nG2)*î + a22(Ô)4]72aii(Ô) > 0.

From this inequality and from (6.1) we deduce that B is the discrete barrier.

3. Assume that the coefficients of the operator L are uniformly continuous and

that Lh is consistent with L in the norm Ck(N0k). Assume d(Q) > 0 and that there

exists a nondegenerate sphere through Q with radius R > (au(Q) + a22(Q))/d(Q)

whose intersection with G í\ NQ is the single point Q and whose center lies on the

half-line Xi = x\, x2 = x°, t < t°.

Then, B, defined as in 1, is a strong discrete barrier.

Proof.

LB(P, Q) = 2kps-v-2[2(p + \)(aux\ + 2ai2XiX2 + a22x22)

— s(au + «22 + 61*1 + b2x2 — dt)] — cB(P, Q)

> 2kps~"~1[dt — (on + a22 + biXi + b2x2)]

-> 2kpsôT-1[Rd(Q) - au(Q) - a22(Q)] > 0.
p-o

Then, B is a strong discrete barrier.

The two following sufficient conditions are contained in [3].

4. Assume that there exists a neighborhood N0 of Q such that G H NQ lies in

the half-space / > t°. Assume that the coefficients of the operator L are bounded,

except d which may be unbounded, d(P) > k(t — t°)°, a < 1, k > 0. Let L» be the

operator corresponding to formulas (3.3) or (3.8). Then, there exists a strong discrete

barrier at Q.

5. Suppose that there exists a neighborhood N0 of Q such that G C\ NQ is a

cylinder parallel to the i-axis. Let us write L = L0 — d(d/dt); L0 is an elliptic operator

in space variables. Suppose that there exists a function B0(P, Q) which does not

depend on / and which is a strong discrete barrier for the family of operators L0» for

any / such that \t — f\ < i¡, where tj > 0 is a constant independent of Ai, A2. Suppose

d(P) is bounded.

Then, the function B(P, Q) = KB0(P, Q) - (t - t0)2 is a strong discrete barrier

for the family {Lh}.

Example 1. Let ^(Xi) be a convex function defined for all real Xi and such that

\i(x'i) — iK*í')l/kí — x['\ < M for all x( andxí' 7a xi, where M is a positive constant.

Let e be the curve Y = x2 — \p(xi) = 0 in the plane t = 0. Let G0 be a bounded

simply-connected plane domain whose boundary consists of a portion of 6 and of a

smooth curve which lies entirely in the region Y > 0. Let G = G0 X (0, T), and

Ge = G C\ {P = (x„ x2, t): Y > é}. Let r2 = {P = (xi, x2, T) E dG] and

I\ = öG - r2. Let
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it t ^      . o i b      ,   .     d     .   ,     d d
(6.2) L = an T-2 + 2öi2 -—-h a22 t~2 + £>i "T- + "2 --— ,

¿«i o^i dx2 dx2 dxi dx2       dt

where

flu — Ai |öi2|/A2 > q,        a22 — h2 |ßi2|/Ai > q h\/h\ ,

,, „ ¿i, b2 E C\G),        bi,b2EC(Gt),
(6.3)

[b2i(P) + h]b22(P)/h22f/2 < qk/Y+  K,

0 < k < h/hu K > 0.

Let L» be the operator defined by formulas (3.2) and (3.3). Then, the problem

(1.3) has a unique solution u(P) and p(P, h) converges uniformly to u(P) in G as A —» 0.

The proof will be performed for a square net Aj = A2 = A; by the transformation

of the variables x2 = (h2/hi)x2, \p(xi) = (h2/hi)\f/(xi), one obtains the general case.

Under our assumptions, Lh given by (3.2) and (3.3) is positive. For instance, the

coefficient

A(P, P + eih) = [«„(P) - |a,2(P)|] j2 + bi(P) —

>
_^Waa_\

2Yh      h2Y       2y)>0'

since at each interior mesh-point there is Y > A.

The existence of discrete barriers at the points Q E I\ — 6 X [0, T] follows from

our third sufficient condition. The discrete barrier for {Loh} at Q = (xj, x2, /") £ 6 X

[0, 71 is

B0(P, Q) = -(*i - -*!0)2 -  Y1-'',    where * < A' < 1.

This function has the properties required for the application of our fifth sufficient

condition.

The existence of a function <p(P) satisfying condition (i) of Theorem 2.1 follows

from the second sufficient condition in Section IV. Theorem 7.1 implies that the

solution of problem (1.3) with the operator (6.2) is unique. Therefore, we can apply

Theorem 2.1, which concludes the proof.

Example 2. Let G0 be a convex domain in the plane t = 0 such that in the neighbor-

hood of any point Q0 E dG0, dG0 admits a representation of the form x2 = p(Xi) or

of the form Xi = \p(x2), where <p and ^ are convex functions. Let G = G0 X (0, T),

r2 = {P = (xi, Xi, T) G dG] and I\ = <3G - T2. Let L be the operator (6.2), where

«n — T1 I«i21 > a,        a22 — -1 \ai2\ > q yf ,        bu b2 E (^(G),
h2 h¡ hi

(64)      V PEG,        [o2(P) + | b22(P)j   2 < qk/d(P, dG) + K,

0 < k < h2/(h\ + A2)1/2,        K > 0.

Let Lh be defined by formulas (3.2) and (3.3) and let v(P, A) be a solution of

problem (2.3). Then, the problem (1.3) has a unique solution u(P) and p(P, A) —♦ u(P)

uniformly in G as A —> 0.
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Proof. Same as in Example 1.

VII. Uniqueness of the Solution of the Differential Problem. We denote by V

the set of all points Q = (x\, • • • , x°, t°) E dG which admit a neighborhood NQ

such that dG (~\ NQ lies in the plane t = f, and G C\NQ lies in the half-space t < t°.

For any Q E G we denote by S(Q) the set of all points PEG which can be joined

with Q by a continuous curve lying entirely in G along which the coordinate t does

not decrease from P to Q.

Lemma 7.1 (The Maximum Principle for Parabolic Operators). Let L be a

parabolic operator (satisfying conditions (1.2)) whose coefficients are continuous in G.

If Lu W\ 0 (Lu g 0) in G and u has a positive maximum (negative minimum) in G which

is attained at the point P0, then u(P) = u(P0)for all points P E S(P0).

This theorem is proved in [2].

We deduce at once from the maximum principle the following

Theorem 7.1. IfT2E r", then problem (1.3) Aas at most one solution.

Theorem 7.2. A necessary condition for the existence of a solution of problem (1.3)

for arbitrary g E C(G) is

(7.1) Ti H     U     [S(Q)Y = 0-
oer.nr'

Proof If (7.1) does not hold, then there exists a point Q0 E Ti C\ V for which

ri f^[S(Qo)T 9a 0. Suppose that gx and g2 are functions such that gi(Q0) — g2(2o) >

gi(0 - g2(Q) for Q^Qo and gi(Q0) - g2(Q0) > 0. If

Lui = f Lu2 = f
and

«i|r, = £i|r, «2|r, = ^Ir,.

then L(ui — u2) = 0 and (u¡ — u2)\Tl = (gi — g2)|r,. It follows from our assumptions

that Ui(Q) - u2(Q) = gi(Qo) - g2(Qo) for Q E I\ (~\ [S(Q0)Y. This is a contradiction.

If T' C T2, then the condition (7.1) holds. From now on we will assume V C T2

and we define V" = T2 — T'.

Theorem 7.3. Suppose T" is closed and suppose that there exists a neighborhood

N of T" and a function U(P) such that

U E C(G0 - T"), U E C2(GB),    where GQ = G í\ N;

(7.2) LU(P) gO,        P E G0;

U(P) ̂ +œ    as P-^Q, V Ö G T", P G G» - r".

Then, the problem (1.3) has at most one solution.

The proof is contained in [3].

We give two examples as applications of Theorem 7.3.

Example 3. Let G lie in the intersection of the half-space £"_i «,x, > 0 and the

slab h < t < t2. Let L be the operator (1.1) and assume that there exists a constant

K ^ 0 such that

n /     n /    n \-l

£ *ibi(P)       £ «,«,ai,(P) > ( £ diXi)     - K
i-l '       i,i-l \i-l '

for all PEG, and for £"_j «,x, small enough.
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Let T" = dG í\ {P = (xi, ■■■ ,x„, t): £;_, «,x, = 0}. Then, problem (1.3) has

at most one solution.

Proof. Let

U(P) = -Ki\jta*xt) - ln( £«••*.) ,    where Ki > K.

We have

L U(P) =   £   au(P)a,al £ «,x,)     -  £ o.(P)«i( *, + 1 / £ «.x,-) - c U
i,i-l \i-l / i-l \ 1,-11

g   £   auiPynnxAKK, + (K - ^¿««x.J    j < 0,

if £"-i a<Xi â (^i — K)/KKi. Then, the assumptions of Theorem 7.3 are satisfied.

Example A. Let G lie in the half-space t > 0, r" = dG C\ {P = (xu ••• , x„, 0)}.

Suppose that there exists a number a g 1 such that d(P) ^ t' and that there exists i

such that aa(P) > e for t small enough.

Then, problem (1.3) has at most one solution.

Proof Let U(P) = -x2 - In t. Then

LU(P) = -2aj,(P) + d(P)t~1 g -2e + t'~l < 0

for t sufficiently small. Thus, the assumptions of Theorem 7.3 are satisfied and the

solution of problem (1.3) is unique.
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