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Stability of Parabolic Difference Approximations to

Certain Mixed Initial Boundary Value Problems*

By Stanley Osher

Abstract.   We consider the equation

Mi — a(x, t)uxx — b(x, t)ux — c(x, t)u = f(x, i)

in a region 0 £ x ^ 1, ( ä 0, with inhomogeneous initial and boundary data. We are con-

cerned with stability and estimates on divided differences in the maximum norm for solutions

of consistent implicit, multistep, parabolic difference approximations to this problem. Using

a parametrix approach, we give sufficient conditions for certain estimates to be valid.

1. Introduction. In this paper, we shall consider invertibility, stability, and

smoothness up to the boundary of the solutions of a general class of implicit multistep

approximations to heat-type equations in one space variable in regions with bound-

aries. In an earlier paper [3], we proved a stability theorem for more general problems

but allowed only constant coefficients. Here, we require mild smoothness of the

coefficients, and we then estimate not only the solution, but certain of its divided

differences.

The results extend those of Varah [11]. In his paper, he considered only explicit

one-step approximations to the constant coefficient equation with no lower order

terms. The main results in both involve the kind of normal mode analysis which

was discussed in [2], [3], [4], [12].

The parametrix technique was used by Widlund [8] in his paper on approximations

to the initial-value problem for more general parabolic systems. Many of the estimates

for this mixed problem are similar to those he obtained for the analogous initial-

value problem.

The invertibility technique modifies some of the ideas of Strang [6], [7] in his

papers on difference schemes for which the solution is assumed identically zero

outside the region.

Our accuracy assumptions at the boundary and the normal mode condition at

z = 1 seem to be necessary in order to obtain the appropriate estimates on the first

divided differences up to the boundary. The example (9.1) below indicates the diffi-

culties involved in weakening these assumptions.

This last example was due to Björn Engquist, and the author would like to thank

him for several stimulating discussions on these and related problems.

2. Preliminaries.  We are considering the mixed problem for the equation:
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(2.1) u, - a{x, t)uxx - b(x, t)ux - c(x, t)u = j(x, t)

in the region,

(2.2) 05^1,      0 i ( g T, r<oo,

with bounded initial conditions:

(2.3) u(x, 0) = «0(x),

and boundary conditions:

f2 ^ <*i«(0, /) + a2ux(q, t) = g0(t),      q ^ t < t

p\«(l, 0 + 8,«xd, 0 = giit),

Each au ßi is a complex number with

|«!| + \al\ = 1 = 10? | + \ßl\.

We assume that j(x, t), uQ(x), g0(t), g2(t) are all bounded in their regions of defini-

tion. Moreover, the real part of a(x, t) is bounded below by a positive constant c.

a(x, t) has the property:

(2.5) \a(x, t) - a(x0, t0)\ ^ C(\x - x0\y + \t - t0\y/\

for some constants C, y, y > 0. (We shall often use the same letters C and c to denote

different positive universal constants. C denotes a constant bounded above by + »,

c denotes a constant bounded below by 0.) We also assume that b(x, t) and c(x, f) are

uniformly bounded and measurable in jc and t.

We are concerned with the following finite-difference approximation to this

problem. We introduce a mesh

x, = vh,      v = -j, -s + 1, ••• , 0, 1, ••• , N, N+ 1, ••• , N+ I,
(2.6) s, I, N are nonnegative integers, and Nh = 1,

f„ = nk,      n = 1, 2, • • • , T/k, with X = k/h2 = constant,

and solve

i
£ rf-i.iC*.    Ä)E'e(*. t + k, h)

(2.7)

= E ( E <*-.*(*. ' - "k, h) + */(*, i),

Ec(ph) = u((m + 1)A), x = y/z, and i< takes on all integer values between 0 or 1 and

N or TV — 1. For the Dirichlet problem, a2 = 0, we require that v = \, otherwise

v = 0. This is done in order to improve accuracy at the left boundary. Analogous

statements are true near x = I.

Also, t = nk, R i% n g T/k — I, and for x = vh, v(x, 0, h) = u0(x). The functions

v(x, k, h), ■ ■ ■ , v(x, Rk, h) are given by some bounded compatible starting procedure

as defined in Widlund [8]. Each finite-difference operator is of the form:

E d,.t(x, t, h)E* = a, +  E *„.,.*(*, OA'(AD)1
(2.8) °+ta2

= <*„ + Q>(x, I, hD, h).
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The a„ are real constants, with <*_, = 1, and hD is one of the operators hD0, hD+, hD.,
with

hD±u = ±(u(.y ± h) - v(x)),      fiD0 = l(h.D+ + hD.).

The elements of these matrices are supposed to fulfill the same conditions as the

coefficients of the differential equation. Thus, we assume that they are bounded and

measurable and that those with <r = 0 obey a condition like (2.5). We define Q^,

the principal part of Q„, to be the sum of those terms of Q„ for which u = 0.

In general, we must define the functions v(x, t, h) outside the region 0 iS x ^ 1.

' We assume that /(x, t) and u0(x) can be extended smoothly to the region — e ^ x ^

1 + e, for some e > 0, and that each v{x, t, h) satisfies the boundary conditions in

(2.11) below.

Consider the equation

2      — a0z   — a:z      — ■ ■ ■ — aR = 0.

Denote the roots to this equation which lie on the unit circle by e"", k =

1,2, • • • , kQ. Then we assume that for all t, 0 t% t = T, and all <pk,

*.-.(*, U 0) * rf-i,.(0, /, 0)e+i*\

(2.10) "-°

I^'^v^tD, f, o) * d.ul®. t, oyivk.

It is clear that we need additional conditions to specify v completely; this we do

as follows:

(2.11) If a2 = 0, then we have

v(ph, nk, h) - £ b^iWMJh, nk, h)

= [l ~ E Aj?k*)]ft0*).      P - 0, -1,      , -4 + 1.

If a2 5^ 0, we then have

!J(>A,      A) - £ °ln.)(h)v(jh, nk, h)
i-0

= - *>(«*) /> - £ .      P = -1, -2, • • • , -i.
°2 L i-0 J

The conditions on the right boundary x = 1 are exactly analogous.

(ft = 0)     i>(l + ph, nk, h) - £ *"k*Mi - M. «*, A)
i-i

= [l - E O^jÄ),      p = 0, 1, 2, 1.

032 ̂  0)     p(l + ph, nk, h) - £ *"K*M1 - /*. «*. A)
i-0

= # U> + E A"kA)y)«i(«*).
P2 \ i-0 /

p = I, 2, ••• , /.
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The following notations will be used:

UK, nk, //)||| = sup \v{yh, nk, h)\,

(2.12)
K-, •, A)||| = sup \v(yh, nk, h)\.

Definition 2.1. The difference equations (2.7), (2.11) are invertible if, for arbitrary

right-hand sides in all three equations, there exists a unique v(x, t + k, h) satisfying

the equations. Moreover, ||p(-, t + k, h)\\ is bounded by a constant times the norm

of the right-hand side. This is equivalent to the statement that the difference operator

/ + Q-t(x, t, hD, h) is uniformly invertible on the space of vectors obeying the bound-

ary conditions in (2.11).

We shall obtain necessary and sufficient conditions for the difference approxima-

tion to be invertible, and sufficient conditions for certain estimates on the solutions

to be valid. We think that these estimates are sharp.

3. Statement of the Main Results. We make the following assumptions about

the difference approximation:

(a) The difference approximation (2.7) is consistent with the differential equation

(2.1).
(b) If we construct the matrices Qf(y, t, {) by replacing hD0, hD±, by i sin £ and

(2/ sin £/2)e±,£/2 in Q^(y, t, hD), then the roots Xi, 1 ^ i ^ R + 1, of

(3.1)
xf+1d + £-10-, t, 0) - x'(aa + Co^iy, t, 0)

-•••-(«* + <5«'Cv, /, £)) = 0

satisfy |x<| ^ 1 — c |£|2, — ir < £ ^ it, i.e. (2.7) is a parabolic difference scheme as

denned in [8]. We might also equivalently define Q™(y, t, wh) as e~ ia"Q™{y, t, hD)e<ax.

(c) The matrix

a0 ai a2

1 0 0

0 1

0

0

has a simple eigenvalue equal to one, all its other eigenvalues lie on or inside the

unit circle, and all its eigenvalues e'*" on the unit circle are simple. (The Dahlquist

root condition, which is necessary for stability, is valid.)

(d) [1 + ß(ü(y, U I)] ^ 0 for any v, /, £.
(e) The change in argument of / + Q-{(y, t, £) as £ goes from — it to t is zero

for all y, t.
(f) The functions b^Qi) are C2 in a neighborhood of 0 for h ^ 0 if a3 9* 0, C1 if

a2 = 0. Moreover, the boundary conditions (2.11) are consistent with (2.4). That is,

if a2 = 0, then 1 - }ZV-i C(0) ^ 0. and u - 2> , bl?(0)j = 0, for u = 0, -1, • • • ,
—s + 1. If a2 5* 0, then for n = — 1, —2, • • • , —s.
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1   —   2wl-0 *Vl (")  _ <*1 ,
-^-rm-        = — « + 0(A ),

and u * Er-o AJSW
Analogous conditions hold at x = 1.

Before listing the remaining assumptions, we shall consider two related problems.

We define the right-half problem to be Eq. (2.1) in the region 0 ^ x < «> with the

same boundary conditions at zero, and the functions a, b, c, /, and u0 extended to

plus infinity, keeping all the smoothness and boundedness properties. We take the

difference approximation to be (2.7) extended smoothly to the region 0 ^ x < »

with the same boundary conditions at zero. The left-half problem is the complete

analogue in the region - co <xs 1.

(g) The set of equations

i
E </-i.i(0, t, 0)M>0<A) =0, v = a, a + I, ■■■ ,

(3.2)

£ Aj?}(0)Et>(0) = vdih),      u = a - I, a - 2, • ■ ■ , a - s,

(a = 0 or 1 depending on the problem), for all t, 0 = t = T, has no nontrivial solution

{«<>*)}r—. satisfying E:.-. K"A)|2 < ».
(h) The analogous statement is true for the "frozen" left-half space problem:

i
E rf-i.kl. t, 0)E'D(vh) = 0,        v = N + a, N - 1 + a, ■ ■ ■ ,

(3.3)

»(1 + ph) = £ &w (0M1 - jh),      p = a + 1, a + 2, ■ ■ ■ , a + I,

a = 0 or — 1, depending on the problem.

The following two conditions involve checking for normal modes. These are the

crucial stability requirements.

</i.,(0, /, 0)

z

(i) Consider the set of equations

£ [«*_!.t, 0) - tf0,,(0, f, 0) -

rf«.,(0, f, 0)11., , .v ft
— • • •-s-\b xivn) = 0.

X(ph) - £ ^°k0)x(vA) = 0,

v = a, a + 1, • • • , p = a — 1, • • • , a — s,  for all /.

We assume that for |z| 2» I, z e"", the unique bounded solution is zero. If a2 = 0

and z = e**", we make the same assumption. (Recall: The numbers e'*" are those

eigenvalues of the matrix in (c) which lie on the unit circle.) We next assume that

if a2 9^ 0, then for each z = eiri, x(vh) m 1 is a solution, but there exists no other

linearly independent solution having the property \^(vh)\ g dv + c2 for some positive

constants cu c3.
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(j) The analogous statement is true for the left-half space problem.

As a crude example of what these conditions mean, we consider an approximation

to the heat equation with zero boundary data in the right-half space:

(3.4) v1+1 = d*, + \(oJ+, - 2d* + »"-,),   j = 1. 2, ••• ,   0 < X <       v0 = 2vx.

The function v" = (1 + X/2)n2"' satisfies these equations, and hence no stability

estimate can be obtained.

We may now state our main theorems.

Main Theorem I. Under the assumed smoothness hypothesis, the invertibility con-

ditions (d), (e), (g) and (h) are necessary and sufficient for the invertibility of the two-

point boundary value problem. Moreover, conditions (d), (e) and either (g) or (h) are

necessary and sufficient for the invertibility of the right-half and left-half space problems,

respectively.

Main Theorem II. All these assumptions imply the validity of the stability estimate

below, for the two-point boundary value problem. Moreover, the right-half and left-

half space solutions obey the relevant estimates under the relevant assumptions.

We shall state our estimates in several parts. If the boundary functions ga(t)

and/or g^f) are identically zero, then we have

(3.5) \\(J + k)T/2DTv(-, t, A) 11 g C(f HI/HI + ||«o||),      7« 0,1.

(D is applied at these points x for which we may define Du without leaving the space

mesh.)

Next, suppose / and u0 are both identically zero. Consider the right-half plane

problem. If a2 ^ 0, we have an estimate, for x — 0,

\v(x, t, A)| = sup UoWIVf C max \e-"'\ e~"'/l\ ,
(3.6) os,s'

\Dv(x, t, A)| =g aip  |so(*)| C max [in e'"'^^ ~In (t)*"""]*

Next, if a2 = 0, we have the weaker estimate, for x h,

\v(x, t, A)| = C |*o(0)| + \g0(t)\ + Ct sup \g0(s)\

(t-k)/k

US» it

R

g0(.s + k) — £ a!>go(s — tdc)
„-0

+ C sup £

(3.7)
|(r + k)1/2 Dv(x, t, A)| = Ct sup \g0(s)\ + C |g0(0)|

0S»£l

-r-CsupfxT ^s+k)-p.^g0(s-uk) it+kf„Y
k     \ i-Rk \t — S) I

This estimate is weaker than (3.6) in that it involves the variation of g0 rather than

its maximum norm.

We have completely analogous estimates for the left-half plane and two-point

boundary value problems.

Finally, we may treat the general case by letting v(x, t, h) = v^x, t, h) -f v2(x, t, A),

where dx satisfies the problem with homogeneous boundary conditions, and v2 satisfies

the homogeneous equation with zero initial data. We may then obtain the appropriate



STABILITY OF PARABOLIC DIFFERENCE APPROXIMATIONS 19

estimates for v and its first divided differences by adding (3.5) and one of (3.6) and

using the triangle inequality.

4. Invertibility. We shall consider the right-half plane problem first. If all

the A"}(A) = 0, then the work of Strang [6] guarantees the uniform invertibility for

|A| sufficiently small, in view of conditions (d) and (e). (Strang assumed Lipschitz

continuity in x, but his proof works with our weaker smoothness assumptions.) In

our more general case, we may view the difference operator plus boundary conditions

as a finite-dimensional perturbation of the invertible operator T0 of Strang. We call

this operator T0 + SQ, as in Osher [4]. A necessary and sufficient condition that this

operator be invertible is that the finite-dimensional operator (/ + SoTö1) acting on

the range of S0 be uniformly invertible as A —> 0. However, according to Strang's

construction of Tö1, Sol^' acting on the range of S0 differs from the frozen coefficient

operator for x0 = A = 0 by terms of order hy. Thus, assumption (g) and the analysis

in [4] imply invertibility of the right-half problem, for |A| sufficiently small.

Conversely, suppose the operator is invertible. If (d) is violated for some x0 0,

or at oo, then we may use Strang's argument [6] to show that the adjoint of (T0 + S0)

fails to be invertible on /„, 1 g p < <», and thus, in fact, so does (T0 + S0) on L.

(The boundary conditions play no role in Strang's proof if x0 ^ 0.) If xa = 0, then

we need only consider points centered around xx = Ah + 5, S > 0, A is a positive

fixed integer independent of h. The argument then follows in the same fashion.

Thus (d) is necessary. If the index in (e) is not zero, then we may use Strang's argu-

ments and the theory of Töplitz operators to show that T0, and hence Ta + So, is

a completely continuous perturbation of an operator with a nonzero index, and is

hence not invertible. If (g) is violated, then we let

(4.1) v = [v((-s + a)h), ■■■ , i>(0), 17(A), • • • ]

be a solution of (3.2) with /„ norm one. Consider

(4.2) vs,k = [o((-s + a)h), ••• ,b(0), ••• ,o(»A), 0, ••• , 0, •••],      nh = 5,

as A —> 0, it is clear that -> 1, while ||(r0 + S0)Ds,k\\ g C8".

We have thus shown that conditions (d), (e) and (g) are necessary and sufficient

for the right-half plane problem to be invertible. A similar statement follows for

(d), (e), (h) and left-half invertibility.

We next consider the two-point problem. If each of the bl°\h) = 0, then Strang's

"twisted factorization" in [7] and conditions (d) and (e) guarantee uniform inverti-

bility. Again, we may write the total operator as T0 + S0, where S0 is the finite-

dimensional boundary perturbation. We need only verify that, if (g) and (h) are

valid, then (/ + <S07V)> acting on the range of S0, is uniformly invertible as A j 0.

This follows because of the nature of the "twisted factorization", and because the

influence of each boundary on the other decays like Cul/h, where u is some fixed

nonnegative constant less than one.

Conversely, suppose the two-point problem is indeed invertible. The previous

arguments which involved condition (d) are still valid. Suppose (e) is violated and

the index is positive. Then the right-half plane operator also has positive index, and

hence has an approximate null vector:
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(4.3) [»((-* + a)h), ■■■ , u(0), • • ■ , v(nh), 0, • • •, 0]„4.J<1/2

and hence, as h —> 0, the two-point operator is not uniformly invertible. Similarly,

if the index is negative, the left-half plane problem has an approximate null vector

beginning at x = 1 + (/ + a)h and working backwards. Thus, (e) is necessary. If

condition (g) or (h) is violated, the arguments which worked for the half-plane prob-

lems are still valid.

5. Constant Coefficients. Construction of a Parametrix. We analyze the right-

half plane problem first. Consider the equation on the right-half mesh:

B

(5.1) (/ + 0-1Ö-, t, hD))v(x, t + k,h)= £ (a,I + Q?\y, t, hD))v(x, t — uk, K)
u-U

with homogeneous boundary conditions (2.11). Following the usual procedure, we

transform the equations into one-step formulas. Introduce the (R + 1) component

vector:

(5.2) v(x, t, h) = {v(x, t,h), ■■■ , v(x, t - Rk, h)\T

(T denotes transpose). Then the homogeneous equations (2.7) and (2.10) transform to

(5.3) v(x, t + k, h) = Qix, t, hD, h)v(x, t, K),

where

(/ + Q-.Y\a0 + Go)

1

(5.4) Q =

0

0 0   1 0

Each component of v obeys the boundary conditions at x = 0. By (/ + <2-i)~\ we

mean the inverse acting on the space of those 5 which obey the homogeneous con-

ditions.

Definition 5.1. The Green's function for the right-half problem is an (R + 1)

square matrix T(x, qk, x0, pk) defined on the space mesh in x and x0 and the time

mesh for Rk g pk = qk = T, satisfying

(5.5) T(x, pk, x0, pk) = S(x, x0)I,

(5.6) QT(x, qk, x0, pk) = T(x, (q + l)k, x0, pk),

(5.7) T(uh, qk, x0, pk) = £ bfi\h)Y(jh, qk, x0, pk),

for uh at the boundary points.

The Green's functions for the left-half and two-point problems are defined

analogously.

Most of the remainder of this work will be devoted to obtaining appropriate

estimates for this function.

We begin by considering the equation:
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(5.8) (Ö(n(x0)    hD) - z)v(x, x0, 0 = S(x, x0)I

for |z| > 1.

We wish to solve this for fixed x0 = vh and all x = vh, v = 0, ±1, ±2, • • • ;

the solution is required to be bounded for all x, but no other boundary conditions are

imposed anywhere. Let the element in ,the ith row and the /th column of ri(x, x0, t)

be denoted by ??,,(x, x0, t). Then (5.8) implies that if x ?± x0, then

i)ij(x, x0, 0 = -rrr vu(x, x0, t).
z

Also, if x = x0, then, if / S: yV 1, n,, = nij/z*'1 - l/zw+1; if / < j or j = 1 then

'Jm- = Vn/z''1- Then (5.8) reduces to

-o + Go") - z(7 + Q(i\)] + (fll + °"})
z

(1 +flCiJ)-,[

, (a* + G^'n ,

(5.9) = iu.«ö), if y = i,

For our purposes, it will suffice to let the right side above be [(/ + Q^Y1/zB]b(x, x0).

We call   f(x, x0, t) = f(x, x0, t). We must now solve

(5.10) z*[(/ - Q{l\)z - £ <*' x0, 0 = Kx, x.),      W > 1.

This is easily done with the help of a Fourier transform. We have

exp %((x — x0)/h) a%_
(5.11)      Ux.xo, t) = ±- f T -

[u + <ySW>-%<»+f'W]
Next, we consider a homogeneous equation on the right-half space x = 0 (or

x S; A if it is a Dirichlet problem):

(5.12) [#<n(0, t, hD) - zIYHx, 0=0,      W > I. •

We may again reduce the solution of this matrix equation to that of the scalar

equation:

(5.13) [(/ + ß«»)z - £ {a* +zigi"*\x(x, 0 = 0.

For simplicity of notation, we shall assume we are not dealing with a Dirichlet

problem, i.e. we have x Si 0 in the above. (The necessary modifications are simple to

make it Dirichlet.) The general solution is a linear combination of s linearly inde-

pendent solutions, which we may write

(5.14) X(x, 0 = Z 7-       f-* <    _i_ ft»tt\<\
2T h    [(I + 0(üö))z - g (g- +/' (I))J
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We may compute this integral using residue theory. For all but a finite number of

z, we may write

(5.15) xix, t) = 2>,rf\

where the r, are the 5 distinct roots of

(5.16) 0=2 (zrf_,.r(0, t, 0)r'+' - tz-V,,,(0, /, 0)r'h*)

which lie within the unit circle. See Varah [11] for a more thorough discussion of this

matter.

Now we require that x(x, t, z) + f (x, x0, t, z) obey the boundary conditions, or

(5.17) x(ßh) ~ Z blTWxÜh) = -f(w) + Z blfmüh).
i-l i-l

We may use (5.14) or (5.15) and (5.11) to see that this becomes an inhomogeneous

linear system of s equations in s unknowns. We need the following important lemmas:

Lemma 5.2. The equation

(5.18) Z   *L.i.i(*o, t, 0)r,+" - £ z"V,.,(*.„ /, 0)ri+'   = 0
i-9 L »-o J

jm some neighborhood of e**k, \z — e, 4"| < e, 0 < «, has two roots t^z), t,+1(z), w>A/cA

Aace /Ae property that for |z| >: l,z^ eiv>, |ti(z)| < 1, |t,+1(z)| > 1, ana*

'-—)    + 0(|z - **"|>,

+1(z) = 1 + {—^—)    + OQz -

wAere *Ae rea/ parts o/cte-"" are bounded below by a positive constant. A branch cut is

drawn along z = eifi + tckfrom t = 0 to t = — °=, and we choose that branch of the

square root which is positive for positive values of the function.

Proof. Parabolicity and condition (c) guarantee that for |z| = 1, z ^ e'", none

of the roots r, lie on the unit circle. Condition (c) implies that for z = eiv>, r = 1 is

the only root on the unit circle. Consider the equation

k

zR*\l + O-.tf)) - Z 0», + 2,(f))z*~' = 0,
(5.20) '"°

f = I ■+• li) near £, i\ = 0, z = e'v>.

Introduce the variable a = e~irtz — 1. The equation transforms into:

(5.20') ""°

- Z «'""""Utf) + 0(<r2 + |f |2 <r) = 0.

The second part of condition (c) guarantees that the coefficient of <j above is nonzero
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Thus, by consistency, \a\ = 0(|f|2) when f —> 0. The fact that a is a simple root of

{5.20') for f = 0 guarantees an expansion:

a = c2f + dV3 + 0(f4),  in a neighborhood of f = 0.

If f = £ + '0, then parabolicity guarantees Re er t% — £2. This implies that

Re C3 < 0. We may solve for f when <r is in a small neighborhood of 0 and obtain

;± = ±fe-)1/2 + o(M).

But

|-J    + 0<M) = 1 ± (Z3^7j    + 0(|r - »«"]);

the result is now immediate.

Notice, we may easily show that if eifk = 1, then c\ = \a(x0, t).

Lemma 5.3. For any 5" > 0, 5" > h'a' fixed, there exist positive numbers 5', C,

p < 1, such that if, for each k, \z - e<v"| > 5", |z| = 1 - 8', then

21) £(*>*<>> <>z) =   K(.r-v<,)(t> z),

^(x, x0, t, z, /z) = z, A),

w/zere Aof/z K(,-,a)(j, z) andL(,+,„>(/, z, A) are analytic in z in this region and

I *,,-.,(/. r)| = Cp"-'°',      |L(„+,.>(/,*, //)| = Cp'+".

Proof If we perform the integration in (5.11) and (5.14) and keep in mind that

the roots t,- lie well inside or well outside the unit circle, then we have reduced the

problem to proving that (5.17) has a unique solution in this region. This follows

from assumption (i) and the smoothness of the £„,(«).

We now wish to analyze these functions in a region {|z — eifk\ %%\ c,zW 1} = S'ek).

We perform the integration in (5.1) and obtain

r'i~"
if f = va, f(x, xu) =-: A0(z) + 5(,.Vo)(z),

(5.22) (Tl ~ T' + l)

if v ^ z/0, f(x, xn) = 7-—-: AL(z) + C(,_,o)(z). ■

A0(z) and Ax{z) are analytic functions of (z - e'*"')1'2 in |z - e""| < c, T3,(z) and

C,(z) are analytic functions of z for |z| = 1 — c, and

[CM = Kp~',      \B,{z)\ = Am',       A- > 0, 0 = /i < 1;

and

+ B0 = -+ C„.
i"i — t,+i Ti — r, + i

We may use (5.14) to write

(5.23) X(yh) = crtl + £ ctp,fy, z).
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where again each of the p,(», z) is analytic in z and decays exponentially in v. Equation

(5.17) now becomes an algebraic system:

(5.24) BV = W,       V = [c„

We shall now consider the non-Dirichlet case first. The element in the \AW row,

first column of B is

1-0

(5.25)    = (1 - £ bl°Uh)) - (-M - E ~f)     + 0«z -

=    - (Z~^r)(-M ~ E      + °(|z " <?,>'1 + h%

If B = {5A,(z, A)}, and — u — £ A_M,(A)y = c"„(A), we claim that the matrix

(5.26)

?i(0)

B^e*1, 0)

has a nonvanishing determinant. If the determinant did vanish, then it is clear that

the last statement in condition (i) would be violated. This, of course, implies that

[det B(z, 0)]

n (z - e«T2 *0 if |z| - *'
k

We may then use Varah's argument to show that [B(z, A)]-1 exists if |z — e""| £; cA2.

Moreover,

(5 27) det B(z, h) = ((z - e^2 - c\/2 ^ h + 0(A2))/t(z, h)

wih fk(z, A) and j\~"(z, A) analytic functions of (z — e'«")1/2 near z = c'**

Now we simplify W.

(5.28)

[r. + i — E *-M(A)rI + iJ

_ i?k\h/2

(«>«\l/2
Z - e \

-7-r^vTi 5^z> A>
2i li _ lz ~ g
«2 \ Ct(0)

AOflz - e'"! + «2) + (z - e"*)1/20(|z - ei<fl\ + h2)

+ / 1/2
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Thus, W = [w,.(l)> • • • , w,Xs)]T has the property:

(<f>k\1/2

ck(x0) I

(t, -

(5.29)

r.+i) «i . _ /z — e'rl\

a2n     \  ct(0) /

ck(x0)__

i?k\l/2 B„\\Z, A)t,+i

+

o(((|2-g^'|)'/2 + A)Vr:;

\a3        \ ct(0)  / /V

+ ilOz, A) + <"(z, A),

where /V';'^, A) = 0 if v0 > q0 and is analytic as a function of (z - eir>)l/2, M[[\z, h)

decays exponentially in v0 and is analytic for |z| = 1 — c near eirl. Thus, if we solve

(5.24) for the c,, we have

C\ = —r,+1-
Tl  —  t, + 1

(5.31)

«2_\   Ct(*„) /

«i. _ f* - «"*y
a2        \  ct(0) /

+

c*(0)

o(((|z - e"'\r'2 + a»;;;
+

(z — e'

/BrF.(z, A)

det B(z, A) '

iff ,Xz, h) decays exponentially in v0 and is an analytic function of (z — e"")1/2- We

notice that

a2 V c*(0) /
+ 0((A + (|z - eivk\)U2)2)

(5.32)

Thus, for y = 2, ■ • • , s,

det B(z, A)

= C + Q((A + (|z - e'"!)1")')

det B(z, A)

Q(((|z -e^M)'/2 + A)3)

(5.33) a2 \  ct(0) /

(z

_r, a. °«* + (ig -
- <?'*")1/5 |_ det

- ^'I)1/2)2)l

fl(z, A) J

Next, we consider the Dirichlet case, a2 = 0. We then have

(5.25')      tV ~ Z *i0;,(A)r; = 1 - £ 6i°;,(A) 4" 0(((|z - e'>t|),/2 + A) )

Also, if 1 - £ A1°',.(A) = d,+l(h), then the matrix

~dd0) I

j 2Ue"\0)

LdAO) I

(5.26')
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has a nonvanishing determinant. If the determinant did vanish, then condition (i)

would be violated for z = e'*\ Thus, we may write

(5.27') B~\z, h) = [B-)(z, h)]

with the property:

(5.28') B'Mz, h) = gti(e*", 0) + 0(((|z - eiv'\)W2 + ft)*).

We have

(5.29')      t-.U - £ 6^(«)rJ+1 = fi„(z, A) + 0(((|z - ei9t\)U2 + A)2),

thus

(5.30')

and

(5.31')

... j9„(z, A)^tfe) , o(((|z - e'yti)1/2 + A)2)r:;;
w.SP)-r.+1 ——— +- -

ri     r«+i (z — e )

+ aC(z, A) + <'(z, A),

^■fc)r;:; , quo? - e'r>\r2 + hf)r::i
Ci.. ——- +

Tl  — t.+j (z - *,*»),/1'

+ [M<:'(z. A) + A)][l + 0(((|z - C,"|)1/= + A)2)],

while, for j = 2, • • • , s,

= o(«iz - «"»p1" + A)2)rr;;

(5.32')     Ci (z _ p*fn

+ [AfifCz, A) + /O*. A)H1 + 0(((|z - e'*1!)1'2 + A)2)].

Now, we have

«2^0

xiyh, vüh, z) = t[
— t,l\

A +

ri      r, n
Ax(z)

(z - eirL\

\ ck(x») I

_ (z - e'"\U2

\ ck(0) )

(5.34)

+ zZ P>(v> z)

o(((|z - e'yM)1/2 + A)3)r;:;
+

M.,(z, A)

t,«uJa. , - e^Y/2\ . det £(z, A)

o((([z - e,yt|)1/2 + a)3 r;;;

(iV«\l/2 ,

c*(0) /

/ Q((A + (|z -eiy'|)'/2)2)\

\ det b(z, a) /

(z - e"Ta
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Ct-2   = 0

x(vh,v<sh,z) = n  — ̂ d(z)-5-+
ri — t,+i (z — e )

+ [AC(z, A) + N(,\\z, A)]

(5.34') • [t + 0(((|z - e^M)"2 + A)2)]]

^ r/o(((lz-e'^Di/2 +A)2)r:;;

+ U LA (z - eivky"2

+ IMlf'iz, A) + Nil\z, A)]

•[! + 0(((|z - eiv>\f'2 + A)2)])p,(,, z)] •

We thus have expressions for       x0, z) and x(p«, x0, z).

Definition 5.4.

(5 35)      G(jK' qk' x°' pk^ = Z"' dz^x' x°' pk>    z) + v^x' Xo' pk' h> *H

= Gs(x, qk, x0, pk) + Gi(x, qk, x0, pk),

where the integration is around some circle \z\ = 1 + c.

We shall use this G(x, qk, x0, pk) as a parametrix for T(x, qk, x0, pk).

6. Construction of the Green's Function for the Half Plane. We begin by ob-

taining an estimate analogous to Theorem (3.1) of Widlund [8].

Theorem 6.1. There exist positive constants c such that, for t = 0, 1, 2 and for all

pk, qk £ [0, T], p g q, and all x, xa on the mesh for which D'x makes sense,

^        \D'Gi(x, qk, x0, pk)\

£ ch'\q - p + l)-((1 + "/2> exp \Cß\q - p + l)h2 - (x - x0)ß],

and

(6 2)      \d gr(x> Qk, xo, pk)\

= Ch~\q - p + i)-«1+"'2> exp [Cß\q - p + 1)A2 - (* + x0)ß]

for all real ftO^M C/h.
Proof. We may use (5.9) and the analysis which precedes it, in order to reduce the

problem to that with $ and -n replaced by x and f, respectively, in (5.35). We deform

the path of integration into the path

5? -t- tfh2
(6.3) |z| = e~u'   if |arg(z*-")| = 01 T,P     ,      Ö°k > 0.

(C» > 0 and ß2h2 will be defined below.)

(*° _(_ ft2h2\1/2

Ct     )    = h,



28 STANLEY OSHER

z exp [-i<pk] = exp [-CJ02 - B2 + ß2h2],      0 = 0 g

Thus, we require ß2h2 = min((7r — o°k)Ck, \<pk — <pk+1\/2).

We illustrate what the path looks like near z = 1 = e' *".

Izl =e-Sl

z(6) =exp[CltÖ2 -02 + /32A2]

>
z(0) ^expl-C^C?2 -<92 +/32/V2]

We may use the expression (5.21) to analyze the part of the integral taken over

r0, the circumference of the circles of radius exp[— We can use the estimates in

(5.21) to show that

i

||r [/>'*„_,„,(;, zjz-Rzl = /rvs'cV'-'°1(6.4)

and

\j   DrL{t+„)(Uz)zn dz <, —T —no0 y~, , + ,.

= h e Cp

for 5° = min 5°. Thus, (ßh)2 = - In P(5°).

Thus, we need only consider the integral on the remaining paths r.

Lemma 6.2. Along the paths Tk, we have

(6.5) max(|Ti|, j-r, +1[)     e ßhc/2t   c depends only on <pk.

Proof. By Lemma 5.2, we have

(6.6)
1 ~ (    Jvk + 0(|z-^>

N  e     ck /
I)

ct<?

We can easily see that the absolute value of the quantity whose square root appears

is bounded below by ß2h2C'k(((CQ2 + 1)I/2 |c»f)~*; We need only require that the

argument of this quantity be bounded away from any multiple of w, but

0 = &rg(C'kiB2 - e2 + ß2h2) < tan_,(-Ct),

and
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7T
— ~ < arg

Choose Q so large so that tan"'(-CO + arg(e+i"'/<?*) < w. The result then follows

for and, similarly for \r~lt\. (The inverse tangent of — C'k was chosen to have an

argument between ?r/2 and x.)

Without loss of generality, we may now perform the integration near z = 1; the

results near any eivt follow in the same fashion.

We perform the integration first for f, using (5.22). Multiplication by Dr is equiva-

lent to multiplying the first terms in the expressions in (5.22) by Kr(z)((z — l)1/2)7fT,

where each Kr(z) is a bounded and analytic function of (z — l)l/2. Thus, for these

terms, we must estimate

(6-7) f ' |((z - l)1/y-l*-y-'.C(z)| \dz\ exp[-|" - "o| Cßh].
Jo

This is bounded by

C exp [-1" - «\>| cßh]h~T exp[(<7 - p + 1)/32A2]

• J    [0 + ß h ] - dd exp[(-p + q + 1)0 ]

since az = 0[2Ct/' — 2]za'0. We next let 0 = y(q — p + 1)"1/2, the upper bound

(6.9)      Ch'\q - p + I)"'2 exp[-|. - v0\ Cßh+ (q - p+ l)ß2h2],

for all 0 = ßh = C, then follows easily. If we replace Cß by ß, we then have the

estimate we seek.

DT multiplies each of the remaining two terms in (5.22) by analytic functions of

z divided by H. The results for these terms are thus easily obtained.

We notice that these estimates are valid for an arbitrary nonnegative integral r.

This fact is not surprising, since this function is the full parametrix for the free space

problem.

We now estimate the extra terms in the Dirichlet problem, using (5.34'). All the

terms following the r\ may be estimated as above. Consider the terms which

involve the pj{v,z). We may view D' acting on these first terms as \/hT times

r~l[ 0(((\z — 1|)1/2 + Kf)/(z — 1)1/2 times an analytic function of z decaying ex-

ponentially in v0. The result follows for r = 0, 1, 2 using the reasoning above. Similar

methods are used for the terms involving 0, . The M\[\z, h) are analytic at z = 1, as

are the Nl[\z,h) modulo terms of order (z - 1)1/2 which is 0(((z - l)1/2)2)/(z - 1)1/2,

and, hence, may be estimated for r = 0, 1, 2.

Finally, we consider the case when a2 ^ 0. Consider first ati/a2 with negative real

part. Then the terms in (5.34):

a2    ^ \\a(x0)J Q(((|z - 1[)1/2 + A)2) (z _ i)1

/      i\i/2 , /      ,\i/2   (det B(z, A)) ,
«i h _ (z — l\ a,,      (z — l\ det B(z, A)(z ~ lV/2 '        — h_ ('■

a2 "     V\a(0) / a, ' \\a(0)

are bounded on the path of integration. Thus, we may estimate the terms involving
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t[, as above. We may combine this argument with the analogous one used in the

Dirichlet case to estimate the terms involving the coefficients of the pf(v, z).

If ai/«2 has positive real part, we must consider the influence of certain new

singularities in the integrand. If ß = 4 IX^O^/c^l max(l, 1/(C01/2) = fin, then we

may use exactly the same reasoning as above to obtain the bound. The estimate for

ß = y < ß0 follows, since

K0 exp [Cy\q - p + l)h2 - (x + xayy] = exp[Cß20(.q - p + l)h2 - (x + x0)ß0],

with K0 = exp[Cß20T/\]. If ax/a2 is purely imaginary, we merely require first that

ß = 1. Then the estimates follow as before for all such ß. For 0 = ß < 1, we merely

use the same trick as in the previous case.

Now we write the Green's function T(x, qk, x0, pk) in the following way, (imitating

Widlund [8]):

T(x, qk, x0, pk) = G(x, qk, x0, pk)

(6.10) „
+ 1 Z G(x, qk, y, (v + l)k)t(y, vk, x0, pk), x0 = ah.

P —p u = ah

We have, denoting by Ek an operator such that Ekv{qk) = v((q + l)k),

\p(x, qk, Xq, pk) = (q(x, qk, hD, h) — Ek)G(x, qk, x0, pk)

(6.11) + S Z (Ö(*. 9k, hD, h) - Ek)
— p v-ah

•G(x, qk, y, (u + \)k)\p(y, vk, x0, pk).

Let ^°(x, qk, x0, pk) = (Q(x, qk, hD, pk) — Ek)G(x, qk, x0, pk), and, for m = 1:

(6.12) $(m\x, qk, Xo, pk) = Z Y, Qk, y, (v + l)kW<m-v(y, vk, x0, pk).

We shall show that Z lA'™' converges absolutely and uniformly. It is then easy to

show that $ = Z      solves (6.10).
Lemma 6.3. Assume that the conditions of the main theorem are fulfilled. Then,

Z ^<m' converges uniformly and absolutely and solves (6.10). Furthermore, there exists

a constant C such that

(6 13)      '^*' qk' X°' pk^

(3_T)/2 exp [2Cß\q - p + l)h2 - \x - x0\ ß}

for all ß such that 0 = hß = C.

Proof. In order to calculate \pf0>, we need

(* - p + 1)

(0) _j

(6.14) -^§^q^Qk,hD,h)-Z)

• [$(x, x0, pk, h, z) + tj(x, Xo, pk, h, z)] dz.

We may multiply through by the operator
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V+Q-x)    0    ■•■ 0

1

L o l

■

without affecting the estimate, because of its uniform invertibility on the space of

functions which obey the homogeneous boundary conditions. We know that

0 = j> /'-"'(Q^ixo, pk, hD) - z)v(x, x0, pk, h, z) dz.

Thus, we need only consider

(6.15)

"+z(ß_, - ß-1)   -(ßo -

0 0 0

0

Tjix, x0, pk, h, z) dz.

All these terms may be estimated as in Widlund [8], except for those corresponding

to o- = 0. Thus, we must consider terms of the form:

[B^o.jix, qk) — £„,0,,(xo, pk)](hDfGi'x, qk, x0, pk)

(6.16)
s C---1-:——372-exp [Cß (o — p + 1 )h — {x — x0)ßJ.

(9— 9 + 1)

The (x — xoy term is estimated as in Widlund's paper. The [(q — p)k]y/2 gives no

difficulty.
Thus, for this part of ^<0>, which we call \p\0), we have

(6.17)
cm"

exp [(1 + 2e)Cß2(q - p + l)h2 - \x - x0\ß](9-P+ D(3-T,/2

for all ß, 0 = ß = C.
Next, we recall that

0 = (ß(1>(0, pk, hD) - z)$(x, x0, pk, h, z)   for x = ah.

Thus, we consider

(618) hh°-v

z[ß-i - ß(-!] -[ßo-ßo11]

0

$ az.

Again, we need only consider the terms of the form:
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(6.19)

[*,.„. ,(*, Qk) - 5„.o.,(0, pk)](hD)2GK

= c[xy + (Qk - pk)y/2]     _ pl+ 1)3/2 cxp[Cß2(q - p + l)h2 - (x + *o)|S]

The (o — /?)& term is again easily estimated. We notice

_x?__ _ex_"]

«q-p+ i)h2y/2 expL~ (g - p + t)r'Vj = c(e)-

The remainder of the argument follows Widlund's. Thus, we have

(6.20) = (   _ ^7+Ä1)w-7)/2 exp[(l + e)Cß2(q - p + \)h2 - \x + x0\ß]

for all ß, 0 g ß g C.

We now have Widlund's estimate for ^<0), since x + x0 = |x — jc0|. Thus, we

may prove Lemma 6.3 in the same manner as in [8].

The following theorem is proved using the argument Widlund used to prove his

Theorem 4.1.

Theorem 6.4. Assume the conditions of the main theorem concerning the right-

half problem are fulfilled. Then, there exist universal positive constants C, such that

\DrT(X,qk,x0,pk)\

= nr(q _ p + j•)u + r)/2 exp[3Cß\q - p + l)h2 - I* - x0\ß]

for all ß,0 ^ ß ^ C/h, r = 0, 1.

7. Construction of the Green's Function for the Two-Point Problem. We now

consider the two-point boundary value problem, and the difference approximation

to it. We construct the right-half and left-half plane functions which obey

(7 t) ({5m(0, pk, hD) - zl)$0(x, pk, z) = 0,      x = a0h,

«5(1)(1, /?&, AZ)) - z/)$!(jc, pk,z) = 0,      x g 1 - a,A.

(a0, fli, are 0 or 1 depending on the problem.)

We perform the same reductions as before, obtaining scalar homogeneous equa-

tions for xa{vh) and Xi("h). We may write the general solution as in (5.14), (5.15), this

time obtaining (/ 4- s) unknowns, / of which correspond to xi- Finally, we demand

that xo(-, pk, z) + xi(-, pk, z) + f(-, x0, pk, z) obey the boundary conditions, or

Xo(M) - £ CWxoGW + Xi(M) - £ CWxiO«)
,' —Oq I-Oo

Co

= —thih) + £ b(°\h)t(Jh),      u = a0, a0 — 1, ■ • •, a0 — s,

(7.2)

Xo(l + Ph) - £ C(A)xod - jh) + x.d + Ph) - £ C(A)XiU - jh)
J=Oi I »Ol

= -r(l + ph) + £ C(WU - jh), p = a„ a» + 1.       «i + /•
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We may get an estimate of the type (6.4) on the path r0, since the xi terms in the

first equation and the xo terms in the second equation decay like Cp1/h, 0 ^ p < 1.

Thus, we need examine (7.2) carefully only on the paths T,, in fact, only on Plf near

z = 1.
In the neighborhood of z = 1, we have

(7.3)

Xi(vh) = CTj + £ CjP?\v, z),

Xoivh) = C.+iYfTi +   X CipfiN — v, z).

The analogue of Eq. (5.24) is now

(7.4)
■Bll Bi2

Z?21 B22 w2_

Vi = te»    .c.l.

V2 = [c,+i, • • • , Cj+,],

Bu and B22 are the matrices we obtained in the right- and left-half plane cases, re-

spectively; Wi and W2 are the right- and left-half W's, respectively. We multiply both

sides by

Bn 0

and obtain

(7.4')

0 B\

Vi

V2.

bTi

b;

r,

w2_

D /3i°A*(«)rI+1],

I Bi\B12

B22B21 I

The first column of B12 is

(7-5) = r^K^

while its remaining columns are analytic and decay like Cp1/h. Also,

(7.6) = rT[r! - £

while its remaining columns are analytic and decay like Cp1/h.

2?n Wi and B~2\ W2 have been obtained by expressions like (5.31), (5.33), or

(5.31'), (5.32') and their analogues for the right-half plane problem. We now use

similar arguments to those in Section 5 in order to estimate B'^B^ and B22B2S.

Assume first a2 t± 0. Then

{B u-Bi2)<i,/)

r«i
- JV

=  t, + i

(7.7)

(—)1/2

\Xa(l) /a2h+ \Xa(l)

«1

L«2

(z - l)-1/2Q(((|z - 11)1/2 + A)3)

+ CliPf,(det Bu(z, A))
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while, for k > 1,
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Q((h + (|z -

det B

l\)U2)2))

n(z, h) I

Q(((|z - 1|)1/2 + hf) / Q((/, + (|z - 1|)1/2)2)V

ax [     /z - lV/2  \ +       det Bxx(z, h) I
i    -N

— h — I -
a2 \Xa(0)

Next, suppose a2 = 0. We have

(7.7') (^Jß,,)""'1 = rr+T[5lf + 0(((|z - 1|)1/2 + A)2) + p^],

while for k> 1,

(Bnfij"'" = p£Ct, + 0(((|z - 1|)1/2 + A)2)rr+T,

each pki and Cki is an analytic function of (z — 1)1/2, each \pki\ < 1 — c. We may

obtain analogous results for B~2\ B2X. Thus, if we wish to invert this matrix and obtain

the estimates for the contour integral as we did in Theorem 6.1, we need only worry

about the element in the (1, 1) position in both matrices. In all cases, we merely

multiply the first row by

— Ti

(z - iY'

and add it to row number s A- 1. The only troublesome equation becomes, modulo

harmless terms:

1 - (r7+T( 1)7^(0))

■ A -
z - 1

Xa(0)

ßih + ß:
z - 1

Xa(l)

axh + a2[
\Xa(0) /

otxh — a2

c, + 1

(7.8)

tx        (xQ)Ax(z) _.       J tX(1) \ ,

i(*o) — r, + 1(jt:0)) VTiUo)/

-\Xa(0) /

z - 1

Xo(jc0)
ßxh - ß2

- -(boy)" m +

ßxh - ß.

+

ßxh + ß

— t.n+1'°(x0)A2(z)\

tx(xq) —  t,+ 1(x0)j

Now, we merely require that ß S: c > 0, c fixed independent of h, on the path of

integration Tx. Then the coefficient of c,+: is uniformly bounded away from zero

and hence, we may invert this and obtain the appropriate estimates.

We may now obtain the parametrix for this problem, which will be divided into
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three parts instead of two, and follow the procedure of the last section, in order to

obtain:

Theorem 7.1. Assume that the conditions of the main theorem are fulfilled. Then,

there exist universal positive constants C such that

^ 9^       \DTT(x, qk, x0, pk)\

= Ch~\q - p + l)-«1+"/2) exp(3Q32(fl - p+ 1)A2 - \x - x0\ß),

for allß,0 = ß = C/h, r = 0, 1.

8. Proof of Main Theorem II.   If the functions g0(i) and g^f) are identically

zero, it then becomes easy to prove the second main theorem, (3.5).

We merely write:

v(x, t,h) =   £   r(*>    y> Rk)v(y, Rk, k)

(I-*)/*

(8.1) +k   £     £   T(x, t, y, (v + l)k)(I + Q-i(y, vk, hD, A))-1
v — H j/Gmesh

■U(y,vk), 0, ••• , 0)\      (R + l)k = t = T.

Then, we may use exactly the same proof as in Widlund [8].

Next, we consider the general case as follows. We write v = vx + v2, where Vi

satisfies the problem with homogeneous boundary conditions and v2 satisfies the

problem with inhomogeneous boundary conditions and with everything else homo-

geneous.

We consider first the function v2(x, t, h) for the right-half problem when a3 7* 0.

(For simplicity of notation, we call it c(x, t, h).) It satisfies

v(Jh, 0, h) = 0,   if j = 0,

v(ph, 0, h) = - g(0)\ p - £ ;C(A) ,
«2        L iTo J

(8.2) p = -1, -2, -3, • • • , -s,

viph, nk,h)- £ b^(h)v(Jh, nk,h) = - g0(nk)\ p - £ jbl°\h) ,
i-0 <*2 |_ i-0 J

p = -1, -2, • • • , -s, 0 g n;aS F/A',

and the difference equation (2.7) in the right-half plane for / = 0. We may solve this

as follows. Let

w(ph, nk, h) = 0,   if p = 0,

(8.3) w(ph, nk, h) = jj^ g0(« - «*)(/> - £ iCw) . 0, • • • . o] ,
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Then,

((-«)/«
„ v(x, *, A) =    X    £ r(*. t, y, (v + l)k)Q(y, vk, hD, A)vi>(y, vk, A)
(.0.4) „_ß „>0

-

+ w(x, t, A).

However, for r = 0, 1,

X D'lXx, f. y, (» + l)A:)ß(y, pA, AD, A)n>(y, **, A)
</ao

(8.5) ,
=        - ÄA)|- exp[3C02(ö - „)A2 - r = <?A,

((o — v)A )

for all ß, 0 g j8 = C/A.
This follows easily from the fact that

(8.6) |[7 + Q-i(y, t, hD, A)]"1 «(x. 0)| = CT4**

Thus, we have

1
\Drv(x, t, A)| =  sup |g„(s)| CA2 X

(.o-'-J os»a< »-s ((ff — v)h )

•exp[3C/32.,(fl - f)A2 - xß,,,].

For r = 0, we choose ßXi, = min(C/A, ^/4C(o — p)A2), and we may easily show

(8.8) \d(x, t, A)| = ^sup |g0(i)| Vf C max[exp . «pf-f* ]] -

Next, let us suppose r = 1. We use the same definition for ßx,, as above. The

first part of the sum is bounded by

,0 ^ (ix - A)\ \-Cx~]
(8.9) C in^^-^j exp J ,

and this is all there is if (q — R) < xh~1/C. In general, we have this term, plus

(8.10)
^    1 XA2      /  cx2\\   . {' [-cx2~] 1 ,
2^ ~ TT? exP I —rl\ = /   exP ~r~ 7 *«

[»./ai v\h        \   vk J\    .Jxh/c       L  s   J s

suppose x2/t = C", C" to be chosen later. We have exp [—x2/t] = C exp [—x/Vt].

We may multiply the integrand above by x/(sC")1/2, we then have

(8.11) ii C exp [ - Cx/Vt].

If x2/t < C", then in the integrand above, we integrate first from s = xh/C to s =

x2/C", multiply by x/(sC")1/2, and obtain a constant for a bound. Next, we consider

C' 2~l 1 i>cc" «

(8.12) /     exp   -C—   -ds= / -V'ffy.

Integrating by parts, we get

(8.13) fC    - (1 - y In y)<T" = -In ^ exp + WO"00"
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if C" = 1/C. Then y In y ^ 0 and we have the estimate

(8.14) f   exp -—I
^'C L      s J

1 ^ ^  1 cjc
- <&■ < — In-■ exp

Thus, we have estimate (3.6) in view of (8.9), (8.11), and (8.14). Next, we consider

the Dirichlet case for the right-half problem. Unfortunately, our estimates for the

Green's function are not strong enough, in general, to obtain estimates for the solu-

tion in terms of the maximum form of the boundary data. Thus, we must use the

, usual nefarious trick which follows. Let

(8.15) w(jh, nk,h) = v(Jh, nk, h) - g0(nk).

Then w satisfies the homogeneous boundary conditions and

w<Jh, 0, h) = -a,(0), if 7 = 1,

(8.16)

Also

(8.17)

w(jh, 0, h) (-IC(A)) *o(0),   if7 = -a + 1, ••• , 0.

[/ - Q^(x, t, hD, h)]w(x, t + k,h)

~ £ (a„ + ß„(*, t, hD, h))w(x, t - uk, h)
m-0

- (go(t + k) - £ a.goit - uk)) + £ X ^,„,0(^, t)h'g0(t - uk)
\ „_i / ,£2 (<-1

- kf(x, t).

We may then use Eq. (8.1), with a modification necessary to estimate the second

term. We know £„a* |T(x, t, y, (v + l)k)\ is bounded. Thus, it follows

\v(x, t, h)\ = Co |g0(0)| + \g0(t)\ + C0t \\\g0\\\

(8.18)

Also

(8.19)

+ Co' sup £

(!-*>/*

g0(s + k) — Z ««SoCs — M)
,1-0

|« + k)U2Dv(x, t, h)\ g C,r HUolll + CJ |*„(0)|

<<-*)/*
+ cr sup z gofr + A:) — Zm-o a^go(^ ~ M&)

(/ - a)'
(I + kf

Finally, we consider the general two-point case. We may merely decompose it

into the sum of two problems where one side of each has homogeneous boundary

conditions.

9. On the Necessity of Certain Conditions. Three-Point Schemes. We now

give an example to demonstrate that the lack of sufficient accuracy at the boundary

and assumption (i) at z = 1 can lead to a stable scheme for which the first divided

difference is not estimable in terms of the data.

This example indicates a difficulty that will arise in multi-dimensional problems
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where the space boundary is curved. Accurate boundary conditions will be difficult

to maintain in such a case.

Consider a parabolic difference approximation to

ut = uxx,      u(x, 0) = uQ(x),      t, x = 0, w(0, /) = 0,

üi    = Vj + \(vi+l — 2vj +        + XA- ,

j = 1, 2, • • • , 0 < X < I,

with boundary conditions:

1
»-i = o,    vi = 2(A) = o(«2)

1 + z(A)

chosen below. Elementary maximum principle analysis assures us that the problem

is stable. The equation

/ .\2

(9.2) z - 2 + - + A
z

has the root z = 1 and z(h) = 0(A2). Consider the solution

(9.3) D* - 1 - (z(A))'+1.

This obeys the equation and the boundary conditions. Now consider

1 - z(A)
(9.4)

n+l n+l
Vo_— y-i

oo   as A —* 0.

(However, if x > 0, Dd(x, /, h) —» 0 as A —> 0.)

Consider condition (i). We may view it as a restriction on the difference approxi-

mation ßa,(0, to, hD) to ut = a(0, tQ)uxx, in the region 0 = x, t with boundary con-

ditions 14(0) = 0 or w(0) = 0, respectively.

Condition (i) requires, among other things, that v(x, t) = x exp[zV>,VA:] anc*

d(x, f) = exp[i(pj/k], respectively, are not solutions to the difference approximations

to the above problems. This condition can easily be shown to be necessary in order

that the estimates in the main theorem are true for the constant coefficient problem.

Next, we consider the important special case s = 1 = / in (2.9), a "three-point

scheme". We may weaken our accuracy assumptions at the boundary in this case

for the Dirichlet problem. If a2 = 0, we do not need the condition:

f - E C(A)7 = 0.
>'-i

We, of course, still need the other assumptions, in particular (i) and (j). We may then

modify our proof in a simple way to obtain the estimates (6.1) and (6.2), but this

time we have then for all r = 0, 1,2, • • • , as we do in this case with a2 ^ 0. The

main results then follow under these weaker hypotheses.

We notice that our estimates on the Green's function would enable us to obtain

L, estimates, 1 ^ p = =o; instead of the L„ estimates, with no extra difficulty.

Last, we notice that even for the Cauchy problem for ut = uxx, without the

hypothesis of parabolicity, stable consistent difference schemes do not necessarily
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yield estimates on derivatives. For example,

(9.5) v?1 = P"~* 2       '      /- 0.±1.±2. ••• .

has the property that is independent of d„+0 ifp — q is odd, hence, an estimate on

(v" — p'-O/A in terms of sup|c°| is impossible.

A similar statement can be made for the well-known DuFort-Frankel scheme.
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