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An Algebraic Theory of Integration Methods
By J. C. Butcher

Abstract. A class of integration methods which includes Runge-Kutta methods, as well
as the Picard successive approximation method, is shown to be related to a certain group
which can be represented as the family of real-valued functions on the set of rooted trees.
For each integration method, a group element is defined corresponding to it and it is shown
that the numerical result obtained using the method is characterised by this group element.
If two methods are given, then a new method may be defined in such a way that when it is
applied to a given initial-value problem the result is the same as for the successive applica-
tion of the given methods. It is shown that the group element for this new method is the
product of the group elements corresponding to the given methods. Various properties of the
group and certain of its subgroups are examined. The concept of order is defined as a
relationship between group elements.

1. Introduction. In the study of Runge-Kutta methods for the integration of
ordinary differential equations, a complicated set of algebraic conditions arises
which must be satisfied for a method to have some specified order. These algebraic
conditions can be written as a set of equations in which the left-hand sides are certain
polynomials in the coefficients of the method and the right-hand sides are certain
rational numbers. Discussions of the properties of general Runge-Kutta methods
and the derivation of particular methods can typically be formulated in such a way
that the properties of these polynomial equations come under close scrutiny. In the
author’s papers on this subject, a combinatorial interpretation of the equations has
been used. That is, use has been made of the relationship between the graphs known
as arborescences (or rooted trees) and the forms of the various equations.

In this paper, the same point of view is taken and it is shown that, in a certain
sense, a given method is characterised by a real-valued function on the set of rooted
trees (the word “trees” will be used as an abbreviation for “rooted trees” for the rest
of this paper). In fact, the images of the various trees describe the method in much
the same way as moments describe a measure in integration theory.

For the purposes of this paper, it is convenient to generalise considerably the
concept of a Runge-Kutta method. Not only will it not be assumed that the method
is explicit but it will not be assumed that the number of stages in the method is finite.
One consequence of this is that the theoretical solution to a differential equation
itself may be thought of as being produced by a particular method (the Picard method).
Also, it becomes possible to study the properties of the various methods in terms of a
certain group that arises naturally. To say a given method is of order n, for example,
will be equivalent to saying that the method and the Picard method have group
elements in the same cosets with respect to a certain normal subgroup.
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80 J. C. BUTCHER

In the next section of this paper, certain notations and properties of trees will be
developed. Section 3 will be concerned with a formulation of the general type of
initial-value problems we are considering in this paper and Section 4 will prove some
analytical results necessary for the later sections. In Section 5, we shall prove the
basic result that the tree functions referred to above characterise the integration
method and in Section 6, a group which is relevant to the theory is introduced and
some of its properties are studied there and in Section 7.

Applications of the various theoretical results are not considered in this paper,
but an outline of such applications is given in Section 8. The appendix, Section 9,
gives various tables for reference purposes.

2. Some Properties of Trees. Consider a nonempty finite set ¢ and a binary
relation p on ¢. The pair (s, p) will be called a labelled graph and the elements of &
will be known as labels. (o, p) and (¢’, o) will be said to be isomorphic if there is a
bijection ¢: ¢ — o' such that p’ contains (¢(x), ¢(»)) if and only if p contains (x, ).
We will think of the class of all labelled graphs isomorphic to a given labelled graph
as the graph corresponding to the given labelled graph. We will speak of a labelled
graph as a labelling of the graph corresponding to it. Usually, we will not distinguish
explicitly between a graph and a labelling of it.

TABLE 2.1
4 p
{0} {} 0. T
{0, 1} {(0, 1)} o/ T
{0, 1, 2} {0, 1, (1, 2)} TTT

{0’ 1’ 2} {(O, 1)’ (0, 2)} TTT

{0,1,2,3} {0, 1),(0,2), (2, 3)}

o7 = (7o 717)T

1

{0,1,2,3} {0, 1, ,2),,3)}

1
2
1
2
1
3
2
(77 7)
3,

\
{0,1,2,3} {©,1),d,2), @ 3)} /1(7-17)
0\/

{0,1,2,3} {@©, 1), (0,2),©, 3} (ri+D)r
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If v, = (04, p1) and v; = (o3, p.) are graphs such that ¢; N o, = & and such
that o, \U ¢, = o, p, \J p, = p, where ¥ = (o, p) is a graph, then we call {vy,, v,}
a disconnection of v. If ¥ has no disconnection, then we say that v is a connected
graph. .

A connected graph ¥ = (o, p) is called a tree (as has been already pointed out,
we are not using this word in the usual way) if there is an element r of o (» will be
called the root of v) such that for each y & o\ {r} there is a unique x € ¢ such that
(%, ) € p and there is no x € ¢ such that (x, ) € p. The order of a tree is the
number of elements in ¢. We denote by T the set of all trees. In Table 2.1, the eight
trees of order not exceeding 4 will be listed together with a diagrammatic representa-
tion in which the elements of o are represented by points and the elements of p are
represented by arcs. The root in each case is labelled with the symbol 0. The final
column will be explained later.

We now define the product of two trees. Let (o4, p,) and (o3, p;) be labellings of two
trees v, and v, such that ¢, and ¢, are disjoint and let r, and r, be the roots of (¢4, p;)
and (o, p,). We define the product v, - v, as the tree which may be labelled as

(0. \J oy, P U P2 U {(’1, "z)})-

It is easy to see that this is a labelled tree with root r,. If the order of a tree is defined
as the number of elements in ¢ for a labelling (o, p), then we see that the order of a
product is the sum of the orders of the factors. Also, we see that if v, vz, v are
trees then '

@.n @1 72)Ys = (1°73) V2.

We now prove a factorisation principle in terms of this product.

LeEMMA 2.1. If t is a tree of order greater than 1 then there are trees u, v such that
t = uvo.

Proof. We take (o, p) to be a labelling of ¢ and we shall prove that there are (s,, p1)
and (o3, po) such that o, Noy = F, 0, U o, =a,p = p. U p, U {(r1, 15)}, where
r,, r, are the roots of (o;, p;) and (o2, p.). This will be proved by induction on the
order of t. For ¢t of order 2, we have if (s, p) = ({0, 1}, {(0, 1)}) then (o1, p)) =
({0}, { D and (o2, p2) = ({1}, { }). We now suppose the result to be true for orders
less than n where n > 2 and prove the result for ¢ of order n.

Since p~' is a function on ¢\ {r} to o, where r is the root of (¢, p), and since o
has 1 more element than o\ {r}, p~* is not surjective. Hence, there is an x & ¢ such
that there is no y € o such that (x, y) € p. Let z be the unique element in ¢ such
that (z, x) € p. We define (¢/, o) = (o\{x}, o\ {(z, X)}). It is easy to see that (¢/, p’)
is a tree with root r and order n — 1. Let (o, p}), (¢}, p3) be formed corresponding
to a factorisation of (¢/, p’). We distinguish two cases:

Case 1. z & o/, In this case we define (¢4, p;) = (¢} \J {x}, p{ I {2z, x}), (62, p2) =
(0';’ P;)-

Case I1. z € o). We define (a1, p1) = (a, p}); (02, p2) = (05 \J {x}, p} U {2z, x}).

In each case, we see that (o, p;) and (o, p,) are trees satisfying the required
conditions.

Let 7 denote the unique tree with order 1. Then, using Lemma 2.1, we see that
all trees are generated using = and the product that has been defined. We also see
that an induction principle can be used for recursive definitions of functions of
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trees and in the proofs of certain results. The principle is that if a result is true for =
and for ¢-u whenever it is true for ¢, u € T, then the result is true for all trees. Stated
formally, this is the next result.

Lemma 2.2. If U is a subset of T with the properties that + € U and t-u € U for
alt,u & UthenU =T.

Proof. We shall prove by induction on » that every tree of order n is a member
of U. For n = 1, we have only the tree 7 and » € U. For n > 1, we assume the result
for orders less than n. If ¢ is of order n, then, by Lemma 2.1, there are trees u, v such
that ¢ = u-p. But by the additive property of orders, u, v are of order less than »
sothat u,» € U. Hence, t = u-v € U.

At this point, we make a comment on notation. The product of trees which we
have denoted by - will also be denoted by juxtaposition. We will use the two notations
interchangeably except that we conventionally suppose the juxtaposition operations
to be performed first. This convention is intended to reduce the number of times
that parentheses must be used. For example, (#,2,- t3¢,)t5- s, Will denote the same
tree as (((#,-2.)-(£* 1)) ts)- (¢ t;). Using this notational device, the various trees of
Table 2.1 are shown in the last column written in the form of products generated
by 7. Note that the trees 77-r7 and (- r7)r are identical by Eq. (2.1).

For many purposes, it is convenient to label trees with some standard type of
symbol. Thus, we introduce the set S defined as the union, forn = 1,2, 3, --- , of
the sets of n-tuples of positive integers. That is,

S = {(1)’(2)’ st ’(191)’(1:2); e t(2) l)’ e I(Ii l’ l))(la 132)9 "'}-

If x € S is an n-tuple, then we define x~ as the (n — 1)-tuple formed by omitting
the final integer from x. Conventionally, we write x™ = () €& S if x is a 1-tuple.
Let F denote the set of finite subsets of S.

If o € F, then we can associate with o the labelled graph (e, p) Where

p={(x",x)x,x Ead}.

We define a labelled forest as a labelled graph (o, p) such that (o, p) can be discon-
nected into (o4, py), *** 5 (Gms pm) (With m possibly equal to 1) where each of (4, p1),
-+, (om, pm) is a labelled tree or such that (o, p) = (&, &). The following lemma is
stated without proof.

LEMMA 2.3. Any finite subset of S represents a forest and any forest can be represented
by a finite subset of S.

Now, consider the set M of real-valued functions on F. We will define a binary
operation on M. However, we first define a partial ordering < on F by writing
01 2 0,ife, Co,and x E 0, x” €E 0, =X € 0,.If o, 8 € M we define the product
af by
2.2) @B)0) = 2 a@\a)B(")
for all ¢ & F and the summation is over all members ¢’ of F such that ¢’ < 0.

If we write 6, + o, + - -+ = o to indicate that oy, 0., - - - are disjoint sets whose
union is ¢ then we may rewrite (2.2) as

@) = 2 al,)8(o).

01+03=0;03S0
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‘We now show that the operation we have just defined is associative.
LeMMA 2.4. For a, 8, v € M, (aB)y = a(BY).
Proof. We have, for all ¢ & F,

2.3) (@ByV)(0) = 2 a(01)B(@2)(0s),

01+02+03=0;0350;0250:Uds

2.4) @B7))(o) = > a(0,)B(@:)v(03).

O1+03+03 =00\ J0350:0350:U0s

To show that the right-hand sides of (2.3) and (2.4) are identical, it is sufficient to
. show that if ¢,, o,, o5 are disjoint then

2.5) o3 S0, Jo,\Uog
and

(2.6) S \JUo,

if and only if ,

.7 oUan SaUo, U
and

2.8) 03 £ o U o3,

The relations (2.5)-(2.8) with < replaced by & are automatically true. Hence, we
may write the following equivalent form of these four statements.

(2.9) xEam=x Ea\Ua,,
{2.10) xEag=x &oa,
2.11) xEaUay=x" & oay,
(2.12) xE g =x & o,

That (2.9), (2.10) are equivalent to (2.11), (2.12) is immediately clear.

With the operation defined by (2.2), M is a semigroup with identity e defined by
() = 1l,e(c) =0ifc € F\{}. The subset My = {a: « € M, (&) #~ 0} with the
operation is a group. To show this, we see that if a, 8 € M, then («fNP) = «(F)B(D)
# 0 so that e € M, and we show how to construct an element o> & M, so that
aa”' = e. We do this by defining a~'(¢) recursively on the number of elements in .

We have

(2.13) (D) = D)7,

(2.14) a’l(o) = -(M;W a(d\d’)a"(a’)) / a(d),
fore € F\{J}.

We consider further the subset M, of M, defined so that « € M, if and only if,
whenever ¢, and o, correspond to the same forest, then a(o,) = a(s;). It is easy to
see that M, is a subgroup of M,. However, our main concern will be with a subgroup
M, of M, which we now describe.

An element &« & M, is said to be multiplicative if a(&) = 1 and if, whenever
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(01, 02) is a disconnection of ¢ (that is oy + 03 = 0, 0, < 0, 0, S 0), then a(o) =
a(o)a(o,). We define M, as the set of multiplicative elements of M,. This means
in effect that members of M, can be represented by functions on T to R. That M,
is a subgroup is shown by the following lemma.

LEMMA 2.5. If a, B € M, are multiplicative then af and o' are multiplicative.

Proof. Suppose (,, 0;) is a disconnection of o then there is a bijection between
the set of pairs (¢f, o}) such that ¢} < ¢y, 0} < s, and the set {o' € F: 0’ < ¢}. In
fact, the bijection is such that o’ = ¢/ \U ¢} corresponds to (¢}, ¢}). In the inverse
relation, (d!, 05) = (o, M o', 6, M o') is a disconnection of the corresponding o’
and (o,\¢}, 0.\o}) is a disconnection of s\o’.

We now have

> alo\o")B(e")

LA 14

= > > alo\oDalo:\o5)B(e])B(oh)

0,501 04’ S0,

(@B)(@1)" (@B)(o2)

(eB)(0)

so that «f is multiplicative.
To prove « ' is multiplicative, we proceed by induction. Thus, we suppose
a (@) = a '(¢))a”'(s}) whenever (o, o}) is a disconnection of the forest ¢’ with
fewer elements than o. We now have
'@ = — X al\d)a'()

o'Scig’#a

=alo)a o) — X 2 ale\eDalo:\eha (o] (ah)

01’80, 03’ S0a

= a”'(e)a " (02).

We now observe that if ¢ & F is a labelled tree and ¢/ < o, then either ¢’ is a
labelled tree or ¢’ % &f. Hence, in this case, (2.2) takes the form

@B)@) = 2 ale\o")B(s")
(2.15) o' 8e
=a(@)+ D _ alo\e)B(")

o' 500 =D

where the summation involves values of 8 evaluated only at trees.

Let a, b be functions on T to R corresponding to a, 8 € M,. That is, if p is a
function on the nonempty connected members of F to T defined so that for each o,
¢(o) is the tree corresponding to o, thena = a0 ¢ ', b = Bo o . If t € T is given
by t = ¢(0), then (2.15) becomes

(2.16) (@ab)(®) = a(t) + Na, 1)(b)

where for a given a and ¢, M(a, ?) is a certain linear functional on the set of functions
on T to R.

In later sections of this paper, the function A will assume some prominence so
we now consider its main properties. First, however, we make some definitions.

We define G as the set of functions on T to R with the composition rule given by
(2.16) so that G is a group isomorphic to M,. The identity of G maps all r € T to 0.
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We also define for ¢ € T, the linear functional # (or ¢ ) on G defined by #a) = a(7)
for all @ € G. T will denote the set {#: ¢t € T} and G* will denote the set of linear
functionals on G spanned by T. That is, if p € G* then there is a function ¢, on T
to R such that {t € T: c,(¢) & 0} is finite and so that for all a € G,

p@a) = 2 c,(t)a(?).

tET

For #, # € T we define the product 7-fi by i-4 = (tu)” and if p, ¢ € G* we define
P9 € G* in such a way that it is a bilinear extension of the product defined for 7.
.Thatis,if p = D ier c,()F, g = D ier c(t)i then we define pq as
pg = 2 c,(tcw)ig.

t,uET

We note that \ is a mapping on G X T to G*. The following result enables us
to determine X using the induction principle for T given by Lemma 2.2.
THEOREM 2.6. For a € G, and u, v € T we have

2.17) Na, 1) = 7,
(2.18) Aa, w) = A a, u)\(a, v) + a@)\(a, u).

Proof. (2.17) is equivalent to (af)e) = (o) + B(¢) in the case when ¢ € F
has exactly one member. This is clear because if ¢’ < o theno’ = & or o’ = 0.

The proof of (2.18) is more involved. Let ¢ & F correspond to ¢ = up and let
a,, o, correspond to u and v, respectively. Without loss of generality, we may suppose
that the root of ¢ is (1) and the root of o, is (1, 1). The only connection between
o, and o, is ((1), (1, 1)) so any subset of o, not containing (1) is not connected to
any subset of o, and any subset of ¢, not containing (1, 1) is not connected to any
subset of ¢,. Furthermore, if ¢ < 0y, 0} < 0, ando, = & only if ¢} = &
then ¢ U ¢} < 0. Also we observe that the relationship between such pairs (¢, 03) as

have these properties and ¢’ = o{ \U ¢} is a bijection. Hence, we have

@B)@) = X ale\o")B(s")

'S0

= a(o) +g Y. ale\o)a(o:)B(er)

#0180,

a(o,\o)a(o:\o3)B(e] \J a3y

Dka, 50, :DTras’ S04

and this is equivalent to (2.18).
A final property of A we will consider is
LemMaA 2.7. Ifa,b,c € Gand t & T then

2.19) Aab, 1)(c) + Ma, 1)(b) = Na, t)(bc).
Proof. This result is simply a reformulation of the associative law for G. We have
((ab)c)(®) = Mab, t)(c) + (ab)(?)
Aab, 1)(c) + Ma, 1)) + a(D),
Aa, t)(bc) + a(1),

(a(be))(®)

and (2.19) follows by equating these expressions.
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3. The General Integration Method. Let H denote an arbitrary set and B(H)the
set of bounded real-valued functions on H. A(H) will denote the set of bounded
linear operators on B(H) to B(H). If we are given H and a € A(H), then we can
consider an “initial-value problem” defined by a Lipschitz-continuous function f
with sufficiently small Lipschitz constant on a Banach space X to X and by a fixed
element n, € X. The problem is to evaluate 5, = y(h,) for h, a fixed point in H and
y a bounded function on H to X (we write Y for the set of such functions) which
satisfies

3.1 y = ne+aX oy

Here, e denotes the unit in B(H) so that e will be defined by (n.e)(h) = 7, for all
h € H. The notation a X denotes a linear operator on Y to Y definedbypo(a X y) =
a(p o y) for all p € X* (the dual space of X). In order to ensure that a X is defined,
we will assume that X is reflexive. For a given 2 € H, the mapping that takes p to
a(p o y)(h) is linear and continuous and is thus equal to X € X** for some x € X.
(a X y)(h) is thus defined as x. In later sections of the paper, we shall, in fact, suppose
that X is finite dimensional.

To illustrate the type of initial-value problem covered by our general method,
we point out that if H is a finite set, then the procedure for evaluating », is just that of a
Runge-Kutta method. On the other hand, if H = [0, 1] and a is defined by

)
3.2) a(x)(h) = j; x() dt

for h € H then y(h) defined by (3.1) is the solution at ¢ ='h:to:the Cauchy problem

(3.3) L0 = 0w, IO = .

It is of interest to consider then a subset of B(H) containing e, the (pointwise)
product of any two members and a(x) for any member x. Thus, such a subset would
contain e, a(e), a(a(e)), a(e)’, a(e)-a(a(e)), - - - . We will be interested later in a Banach
algebra containing such elements but for the present, we concern ourselves only
with the smallest subset of B(H) with the properties described. It is convenient, for a
fixed a to relate the various members of this subset to T and, in fact, the subset is
the range of the function u, now to be defined.

For a given a € A(H), we define the mapping u, on T to B(H) such that

G.4) Ba(T) = e,
(3-5) #a(tlt2) = ”’a(tl)a(”'a(t2))’

for t,, t, € T where the multiplication on the right of (3.5) is pointwise. It is typical
of this type of recursive definition of functions on T that it is necessary to verify that
the definition of the image of #,¢, is such that the images of 1,2, #; and t,2;- ¢, should
be equal. In the present case, we have

pa(tita-ts) = pa(t1)- a(ua(t2))- a(ua(t3)) = po(tits-13).

It is also convenient to introduce a mapping v, = pu, © ¢ Where ¢ is the mapping on
T to T defined by ¢(#) = rt. Thus,
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3.6) vo() = au.(1))

and the elements in the range of », can be regarded as generators of the range of u,.
) To illustrate the notation introduced so far, the eight trees of Table 2.1 are listed
in Table 3.1 with the expressions for u, and », in each case. The range of ¢ will be

TABLE 3.1

t Ha(?) va(?)
T e a(e)
T a(e) a(a(e))
TTT a(a(e)) a(a(a(e)))
T a(e)’ a(a(e)®)
(r-77) a(a(a(e))) a(a(a(a(e))))
TTTT a(e)a(a(e)) a(a(e)a(a(e)))
(r7:7) a(a(e)’) a(a(a(e)))
(rr7)r a(e)’ a(a(e)®)

denoted by U so that U C T. We now define for each a &€ A(H) an equivalence
relation on H. hy, h, will be equivalent if and only if, for all t € T, u (e)}(h,) = p.()(h,).
It is clear that in this definition we could replace u by » or, what is equivalent, we
could replace T by U. Let P, be the partition of H corresponding to this equivalence
relation. Thus, there is a function =, mapping H onto P, such that w,(h) = w.(h;)
if and only if 4,, h, are equivalent and for all 1 € H, h € =,(h).

In Section 5, we will show that, under certain conditions, the solutions to (3.1)
have the same values for all equivalent members of H. In this sense, we may identify
these members and this result will have important consequences in the rest of the paper.

However, it is first necessary to make a closer study of the operator a and this
we do in the next section.

4. Analytical Preliminaries. In this section, we will be concerned with a fixed
member a of A(H) so, without risk of confusion, we will omit the subscript in g,,
v,, m, and P,. .

Since for all ¢t € T, »(¢) maps equivalent elements to the same image, the relation
u(t) o #~' is a function on P. We now impose on P the weak topology generated by
the family {¥(f) o #~%: t € T}. That is, P will have the weakest topology for which
all functions in this family are continuous. With this topology, P has the following
property:

LemMMA 4.1. P is a Tychonoff space (that is, P is a completely regular T, space).

Proof. Consider the family of closed bounded subsets of R, {Q(¢): t € T} where
Q(?) is defined as the closure of the range of »(¢). Let Q denote the product space of
this family, so that Q is compact and Hausdorff and hence Tychonoff.

We write ¢(¢) for the projection of Q to Q(#) and define a function r from P to Q by

“4.1) gi) oromr = u(t)
for all ¢t € T. Let the range of r be Q, so that Q, is Tychonoff since Q, C Q. ris
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injective since if h,, h, € H are such that =(h,) # w(h;) then thereis a ¢t € T such that
v(t)(h,) % v(t)(h;). Hence, we find

(g(®) o ) (hy)) # (g(t) o r(hy))

so that r(w(h,)) = r(w(hy)).
Since r is a bijection from P to the Tychonoff space Q,, it will follow that P is

Tychonoff when we have shown that r is, in fact, a homeomorphism. This follows
since for t € T, »(f) o = * = ¢q(¢) o r is continuous and thus r is continuous. Moreover,
by the definition of the weak topology on P, r is open. The proof of Lemma 4.1 is
now complete. Let B(P) denote the Stone-Cech compactification of P. We extend in
the usual way functions in C(P) to functions in C(8(P)) and the extension of x € C(P)
will be denoted (in this section only) by % or by x. In particular, for t € T, (u(t) o 7~ *)"
is defined. Let V denote the set of real-valued functions on T such that all but a
finite number of members of T map to zero. We now consider the set D defined as
the closure in C(B(P)) of functions of the form

(4.2) 2 @ o™y,

teT

where ¢ € V and the summation is defined in the obvious way as the sum of the
nonzero terms. We have the following result.

Lemma 4.2. D = C(B(P)).

Proof. We first show that D is an algebra. It will be sufficient to show that if
¢, ¢, & V then there is a ¢ € V such that

(Z cl(t)u(t)) . ( > Cz(t)#(t)> = 2 c(u).

teET tET tET

However, this follows by noting that if ¢, £, € T then there is a ¢ € T such that
u(® = p(t,)u(t;) and this is clear because u(#,), p(f.) can be written as products of
factors of the form »(¢').

We next note that D separates points of P since if h,, h, € H are such that w(h,) =
w(hy) then there is a ¢ &€ T such that u(f)(h,) # wu(t)(he). Thus (u(f) o )" € D
takes on different values at =(h,) and w(h,).

We note also that B(P) is Hausdorff and compact and that D contains the unit
(the unit is in fact (u(r) o 7~*)"). We can now make use of the Stone-Weierstrass
theorem to obtain the result of the lemma. _

We now define C,(H) as the subset of B(H) such that its elements are of the form
(x | P) o = where x € C(B(P)). [The notation (x | P) denotes the restriction of x
to P.] Using the previous lemma we see that elements of C,(H) can be approximated
in the sense of the norm-topology by functions of the form
4.3) 2 cOu)

tET
where ¢ € V. We now have a basic result.

LeMMA 4.3. If x € C,(H) then a(x) € C,(H).

Proof. We must show that for each x & C,(H) and positive number e,, there
exists x, of the form (4.3) such that ||a(x) — x,|| < €. Let ¢, > 0 be such that ¢||a]| <
€; and let

X = ‘GZT (D),




AN ALGEBRAIC THEORY OF INTEGRATION METHODS 89

where ¢; € V, be such that ||x, — x|| < ¢;. We now define
X = 2 a®a@®) = 2, c(ue®)

teET teT

= 2 (a1 oo )ORO).
tEU
Let ¢, € V be defined by ¢, | U = c,00" " and c,(f) = 0if t € U. We now see that
Xy = Zcz(t)ﬂ(t)

tET
and, since x, = a(x;) we have

llxe — a@l| = [lall-[lx — x| = |la]] & < e.

5. The Main Results. We now return to Eq. (3.1) with the assumption that X
is finite dimensional. This ensures that X is reflexive as was assumed in Section 3
and also ensures that the weak and strong topologies for X are identical. As was
stated in Section 3, we suppose that f is Lipschitz-continuous. (Throughout the rest
of this paper, X, f and 7, will have the significance they had in Section 3.) Suppose
the Lipschitz constant is L where L||a]| < 1. We may now regard the space Y as a
metric space with metric d given by

d(y, z) = sup ||y(h) — z(h)||
hEH

so that the mapping which takes y & Y to n,e + a X (fo y) is a contraction.

We write C,(H, X) for the subset of Y such that y € C,(H, X) if and only if
for all p € X*, p o y € C,(H). Our first main result will be stated as Theorem 5.4 but
we precede this by three lemmas necessary for its proof.

LeMMA 5.1, n¢ € C,(H, X).

Proof. For p &€ X* we have p o (n,¢) = p(no)e & C(H).

LeMMA 5.2. If y € C,(H, X) thenf oy € C,(H, X).

Proof. Since f satisfies a Lipschitz condition, p o f is continuous in the norm
topology. Hence, it is continuous in the weak topology. Hence, p o f o y is continuous
in the topology of H. Hence f o y & C,(H, X).

Lemma 53. If y € C,(H, X), thena X y € C,(H, X).

Proof. p o (@ X y) = a(p o y) = a(x) where x & C,(H). But, by Lemma 4.3,
a(x) € C,(H). Hence, a X y € C,(H, X).

THEOREM 5.4. y satisfying (3.1) is a member of C,(H, X).

Proof. If y is evaluated as the limit of the sequence (yo, V1, ¥z, * + +) Where yo, = noe
and,forn =1,2, ---,

G.n Yo = ne + a X (f ©yu-1)

then, using Lemmas 5.1, 5.2, 5.3, we see that y, € C,(H, X) and that, if y,., €
C.(H, X) then y, € C,(H, X). Hence, by induction, for all n, y, € C,(H, X). Since
C.(H, X) is a closed subspace of Y, it follows that y & C,(H, X).

As a consequence of this theorem, we have

COROLLARY 5.5. If y satisfies (3.1) and if h,, hy € H are such that w,(h,) = m,(h2)
then y(h\) = y(h,),

Proof. Since y € C,(H, X), then, forallp & X*, poy & C,(H). Let x € C,(B(P.))
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be such that poy = (x| P,) o m, then (p o y)() — (p o yXho) = (x| P Xwi(h)) —
(x| P X(.(h;)) = 0. Hence, p((h,) — y(hs)) = O for all p & X* and the result follows.
The theorem which next follows expresses our second main result that in a certain
sense a method (H, a, h,) is characterised by the function which takes ¢ € T to v,(¢)(h,).
THEOREM 5.6. Let (H, a, h,), (K, b, k,) be two methods such that for all t € T,
v (X(h) = vy (k). Let p, z be the solutions of

(5.2) y = noex + a X (f o),
(5.3) z = nex + b X (foz),

where f is Lipschitz-continuous with constant L such that L||a|| < 1, L||b]| < 1 and
en, ex denote the units in B(H), B(K) respectively. Then y(h,) = z(k,).

Proof. Without loss of generality, we suppose that H M K = &, We now consider
¢ € A(H U K) (we recall that A(H) is defined for a set H in Section 3) defined by

5.4 c)(h) = ab | H)(h),
(5.5 c)k) = b | K)K),
forv € B(H\U K), h € Hand k € K. It is found that
[le@)|| = max(||a@ | B)I], ||6@ | K)I])
= max({|all, |[6[D-|lo]l,

so that ||c|| < max(]|a|l, ||b]]). (In fact, it is easy to see that ||c|| = max(||a||, ||b]]).)

Hence, L||c|| < 1.
If w is defined as the bounded function on H \U K to X satisfying

(5.6) w = neegux + ¢ X (f o w),
then w is given by
5.7 w|H=y, w| K =z

To see this, we evaluate the right-hand side of (5.6) at # € H with w satisfying (5,7)
(the similar calculation for k¥ € K will be omitted). We have

(noerux + ¢ X (f o w))(h) = no + (@ X ((f o w) | H))(h)
=1 + (@ X (f o (w| H))(K)
= (noex + a X (f o ¥))(h).

This shows in particular that w(h,) = y(h,) and, similarly, that w(k,) = z(k,).

We also see thatif t € T, h € H, k € K then u (f)(h) = p.(¢Xh) and p (eXKk) =
uy(t)(k). We verify this in the case of A € H using the induction principle for T.
Thus, for ¢ = r we have u,(£)(h) = exux(h) = 1 = ex(h) = p(t)(h). To complete the
induction argument, we write ¢ = up and assume that u (u)h) = p.(u)h), p.(0Xh) =
ua(o)(h) for all h € H. We now have

se()(h) = p(uv)(h) = (uc(U)c(u.@N)(R)
= u(u)(h)- a(u.@) | H)(h) = pa(u)(h)- a(u.@))(h)

ua()(h).
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It now follows that for all € T, ».(£)(h) = v (D)(h) = vi(£)k,) = v.(£)(k;) so that
w.(h) = =.(k.). Hence, by Corollary 5.5, w(h,) = w(k;). That is, y(h) = z(k,).

Definition 5.7. Methods such as (H, a, h,), (K, b, k,) related as in Theorem 5.6
will be called equivalent methods. .

If the methods (H, a, h,), (K, b, k,) are so related that there exists a bijection
¢. H — K such that ¢(h,) = k, and such that whenever x € BKX), k € K
then a(x o )¢ '(k)) = b(x)k), then it is easy to verify that the two methods are
equivalent. However, this special type of relationship is a much closer one than
equivalence. For example, it can be verified that ¢ is a homeomorphism between H and
K when the topologies of Section 4 are imposed and we have for all A € H, t € T the
relationship u.(t)}(h) = p(¢Xe(h)). Methods related in this special way will be regarded
as identical. This means that whenever we have two different methods (H, a, h,), (H’,
a’, b)) to consider together for any purpose we can suppose (by replacing one of them
by an identical method) that H and H’ are disjoint.

6. The Group of Integration Methods. For two integration methods (H, a, h,),
(K, b, k), where HN K = ¢, we define the product as the method (H \V K, c, k,)
where ¢ € A(H\J K) is defined for x € B(H\U K), h € Hand k € K by

(6.1) c(x)(h) = a(x | H)(h), cx)k) = a(x | H)(h) + b(x | K)Kk),
that is, by
6.2) c(x) | H=alx | H), c)| K = alx| H)h)ex + blx | K).

The significance of this definition is that the product of the two methods is the method
that results by applying each of the given methods in order. This result is stated more
precisely in the following.

THEOREM 6.1. Let (H\J K, c, k,) be the product of (H, a, h,) and (K, b, k) and let
f satisfy a Lipschitz condition with constant L such that L||c|| < 1. If m, 72, ms are
defined by

(6.3) »o= nex + a X (f o y1), nm = »(h),
(6.4) Y2 = mex + b X (f o y2), 1 = yo(ki),
(6.5) - Vs = menux + ¢ X (foys),  ns = ys(ki),
then 7, = 7.

Proof. We first show that ||a|| < ||c|| and ||b|| = ||c|| so that y,, y, are well defined.
If x € B(H)and x' is an extension of x to H'\U K such that ||x’|| = ||x|| then ||a(x)|| =
[leD|| = lel]-||x]]. Hence, ||a]| < ||c||. Now, let x € B(K) and let x’ be the extension
of x such that x’ | H is the zero function. We have c(x") | K = b(x) so that ||b(x)|| =
llex)I = llell-1Ix|| and [|5]| = {|c]l.

We now show that if y; satisfies (6.5), then y; | H = y, and y; | K = y, are the
solutions of (6.3) and (6.4) respectively. We have

Vo | H=moex + (¢ X foy)) | H
= ﬂoeH+aX((f°.Va)|H)

= noex + a X (f o (ys | H)).
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Note that in this computation we made use of the result that (c X y) | H = a X (y | H)
where y is a bounded function on H \U K to X. This is easily verified by noting that,

for any p € X*,
po(lc Xy | H

loy) | H=alpoy]| H)
apo( | H) =po(aX | H).
We now perform a similar calculation with K taking the place of H,
il K=mnex+ X Foy))| K
= noex + a X (foys | H)(h)ex + b X ((f © y3) | K)
= mex + b X (fo(y: | K)),

where we have used that fact that y, | H and y, are identical.

For a method m = (H, a, h,), we may form the numbers »,(£)(h,) for t € T.

Definition 6.2. We define a function w on the class of all integration methods to
the set G defined in Section 2 by v, (£)(h,) = w(m)(®) for all t € T. We denote by G,,
the range of w.

THEOREM 6.3. If m,, m, are integration methods, then

(6.6) w(mymy) = w(m)w(m,).

Proof. The multiplication on the right of (6.6) is, of course, that of the group
G in Section 2. We will write m, = (H, a, h,), m, = (K, b, k,) so that mym, = (H'\U K,
¢, k,) where ¢ is given by (6.1) or (6.2).

The proof will require a use of the function A defined in Section 2. We recall
that for a given g € G and t € T, Ag, ) is a member of G*. That is, A\(g, ?) =
> iver ke ()" where for each ¢, only a finite number of #/ € T are such that ,,. = 0.
We write g = w(m,) so that the numbers /,,. for ¢, ¢’ € T take on definite values.

We will now show by induction that, for all t € T,

(6.7 p() | H = pa(2),

(6.8) pe) | K = 22 L,

6.9) ve(t) | H = v,(2), )

(6.10) ve() | K = 22 Luw(t') + wim)ex.

For ¢t = 7, we have by (3.4), u.(t) = exux, s.(t) = eu, u(t) = ex and from (2.17)
we see that /,» = 1if ¢ = r and [,- = 0 otherwise. Thus, (6.7), (6.8) are easy to
verify in this case.

For any ¢ € T, if (6.7), (6.8) are known to hold then (6.9) and (6.10) follow by
a calculation (which we will omit) based on (3.6) which gives in this case ».(f) =
(D).

To complete the proof of (6.7), (6.8), (6.9), (6.10) we will prove (6.7), (6.8) for
t = uv on the assumption that the four equations hold for z = u and for ¢t = v where
u, v € T. From (3.5) we have p.(u) = u.(4)v.(v) (With pointwise multiplication
on the right-hand side) so that
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pe(w) | H = (u(up.©)) | H = (u.(u) | H).©) | H)
= p(ul,@) = pa(uv)

which is (6.7). _
For k € K and for g’ € G defined by g’(') = py(¢’)(k) for all ¥ € T, we also have

”'c(uv)(k) = (Z, qu’”b(u')(z' I"'Vb(U') + w(ml)(v)eK))(k)

‘ = (,Z, L Lo i @'0") + W(m)©) 2 Iw'ub(u'))(k)

= A(w(m,), WA(w(m,), v) + w(m)EN(w(m,), u))(e")
A(w(m,), uv)(g")
= Z Luw, 0115 (" )(K),

It

so that (6.8) follows. Now, evaluating (6.10) at k, we have
w(mym)(1) = w(m)(#) + Mw(m,), )(w(m,)) = (w(mIw(m:))(?)

by (2.16).

Since w(m,m,;) can be determined just from w(m,) and w(m,) and making use
of no other property of m, or m,, we have the following theorem which we state
without detailed proof.

THEOREM 6.4. If M,, M, are equivalent classes of integration methods then {m,m;:
my, € M,, my €& M,} is an equivalent class of integration methods.

We now see fairly precisely the sense in which w(m) characterises m. If w(m) is
given, m is specified up to an equivalence class. Furthermore, the numerical result
produced by a method is determined by w(m) (for f with small enough Lipschitz
constant). We also have the convenient results of Theorem 6.3 that the products
in G, correspond to successive applications of different numerical methods.

We might ask the questions: are there methods corresponding to the identity
elements of G, and to w(m)™* where m is a given method? The answers to both these
questions are in the affirmative as shown by Lemma 6.5 below.

Suppose m = (H, a, h,) and h, & H then we will be concerned with two methods.
The first is

(6.11) mo = ({0}, b, 0)
where b € A({0}) is defined for x € B({0}) by b(x)0) = 0 and the second is

(6.12) my = (H\Y {ho},c, ho)
where ¢ € A(H\J {h,}) is defined for x € B(H\U {h,}) by
c(x)(hoe) = —a(x | H)(h),

cx) | H = a(x | H) — a(x | H)(h)ex.

LeMMA 6.5. If m, is given by (6.11), then w(m,) is the identity of G. If m, is given
by (6.12) then w(im,) = w(m)™*.




94 J. C. BUTCHER

Proof. 1t is trivial that w(m,)(¢) = O for all t € T. Hence, w(m,) is the'identity of G.
We now form the product of m amd m,. However, it is necessary to replace m,
by an identical method, say (H' \U {h,}, ¢, h,), where H’ is a copy of H which we
regard as disjoint from it. If » € H, we write i’ & H’ for its partner in a bijection
between H and H'. The product method is (H\J H’\U {h,}, d, h,) where d is defined
for x € B(H\J H'\J {h,}) by
dx) | H = a(x | H),
dix) | H = a(x | H)Xh)en + a'(x | H') — a’(x | H')(h)en-,
d(x)(ho) = a(x | H)(h) — a’(x | H')(h]),
and a’ corresponds to a in the identification of (H, a, h,) and (H’, @', h!).

Let B C B(H\J H'\U {h,}) and B” C B’ be the sets defined so that if x € B”
then for all 1 & H, x(h) = x(W') and if x € B" we have the additional property that
x(ho) = 0, then it is easy to verify that if x € B’ then d(x) &€ B”. We also see that
B’ is a subalgebra of B(H\J H'\U {h,}) (regarded as a Banach algebra with point-
wise multiplication) and B" is an ideal of B’. We shall prove by induction that u.(?) €
B’ and v,(t) € B for all t € T. In fact, since exun-u (s, € B’ we have that u,(7) € B'.
Hence, v (7) = d(u(7)) € B”.If t = uv, where u.(u) € B, vs(v) € B” then py(uv) =
ui(W(v) € B’ and hence, v,(uv) € B’. Evaluating v.(t) at h, for any ¢ € T gives
the result 0. Hence, w(mm,) = i (the identity for G). Hence, w(m,) = w(m)™'.

The following theorem will be stated without proof. It is a corollary to Lemma 6.5.

THEOREM 6.6. G, is a subgroup of G.

It is clear that G, is not identical with G since an element of G, satisfies the condi-
tion of Theorem 6.8 below. In this result and in Lemma 6.7, r will denote the function
on T which assigns to ¢ € T the order of ¢. Thus, r will satisfy the recursive definition

r(r) = 1,

r(w) = r(u) + r@), forallu,v & T.
LeMMA 6.7. If m = (H, a, h,) then for all t € T,

(6.14) [w(m)(®)| = |la]|" .
Proof. In fact, we will prove that, for all t & T,

(6.15) lka®Il < [lal"7,

(6.16) eIl = lall™",

where, if ||a|]| = 0 and ¢ = 7, then the right-hand side of (6.15) is replaced by 1.
For t = 7, (6.15) is trivial since each side equals 1; for all + & T, (6.16) follows
from (6.15) since

(6.13)

[Pl = |la(uaeN|]| = [lal]- [lua(®]].
Furthermore, if ¢ = wv then
ra@o)|| = [lpa@Wa@)|| = [|pa@@)]]-]va@)||

and an inductive argument completes the proof of (6.15) and (6.16). Equation (6.14)
now follows since wim)(¢) = v, ()(h).
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The theorem which now follows restates this result without making explicit
reference to m.

THEOREM 6.8. If @ € G, then the set {|a(t)|""V: t € T} is bounded.

Proof. Write « = w(m) where m is as in Lemma 6.7. The result holds with an
upper bound ||a]|.

Although G, # G, there is a sense in which elements of G can be approximated
by elements of G,. The result is as follows.

THEOREM 6.9. If « € G and T, is any finite subset of T, then there is 8 & G, such
that o | T, = B | To.

*  Proof. It is sufficient to prove the result in each of the cases To = T, T, - -
where forn = 1, 2, - -, T, is the set of trees of order < n. We will prove this result
(which is trivial for n = 1) by induction on n.

We first define a function § on T X T by the formulae

o(r, t) = 0, forallt € T,
6.17) o(uv, t) = 6(u, 1), where u,v, t € T andv 5 ¢,
S(uv, £) = o(u, t) + 1, where y,v,t € T andv =.¢.
If r(t) < r(u), we see that 3(¢, u) = 0 and if for all u € T, (¢, u) = (¢, u), then

t; = t,. Also, it can be verified that, for a method m, = (H, a,, b)), if t € T, (Where
n > 1), then

(6.18) pae(®) = I e’

UETn—
From the method m,, we can form a new method m, = (H U {h,}, a,, h;) where
h, €& H and a, is defined by
ax) | H=ax|H), a®&)h) = x(h).
It can be verified that for all ¢ & T we have

V() | H = v,,(8),  va,()(h) = po,(8)(hy).
Hence, using (6.18) we see that, for t € T,

(6.19) w(my)(f) = ey (w(my ()’

By the induction hypothesis, a method m, exists so that w(m,) takes on any re-
quired values on T,_,. Let S, denote the set of all real-valued functions on T, which
satisfy (6.19) for some w(m,) |T,-,. Also let S, denote the linear span of S,, let S,
denote the set of all real-valued functions which are restrictions to T, of members of
‘G, and let S, denote the set of all real-valued functions on T',. By definition, S5 C S,
and we have already shown that S; C S..

We now see that S; is a linear subspace of S,. This follows by observing that if
¢ E R, a; = wim,), a; = w(m,), m, = (H,, a,, b,) and m, = (H,, a,, h,) where H, N
H, = & then ca; = w(m;) and a; + a, = w(m,) where

my; = (H, ) {hs}, as, h3), my = (H, U H, U {h4}a as, hy),
hs & Hy, hy & H,\J H,, and as, a, are defined by

a;(x) | Hy = a,(x | Hy), a(x)(h3) = ca,(x | H)(hy),
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a,(x) I H, = a,(x | H,), ay(x) l H, = a,(x l H,),
a,(x)(h) = ai(x | Hi)(h) + ax(x | H;)(h).

Thus, we see that S, C S; C S, so that S; = S, will follow when we have shown
that S, = S,.

We first show that S, is a subalgebra of S, in the sense of pointwise multiplication.
Let £, » € S, be defined by

(= 2o Il c@',
(6.20) i€I uETn—
a0 = 2 d JI D),
i€J UETn—1
for all t € T, where I, J are finite index sets and for i € I'and j € J, ¢; and d; are
real coefficients and C;, D; are real-valued functions on T,_,.
The (pointwise) product &7 is now defined by
En@ = tem® = > cdi JI €Dy
(i,9)EIXJT uETp—,
so that ¢9 € S..

We next observe that the subalgebra S, distinguishes points of T,. That is, for
L, t; € T, with #, 5 ¢, there is § € S, such that &) #= &(t.). If u € T,_, is such
that (¢, u) = (2, u), then we can, for example, define ¢ by (6.20) with I = {1},
¢ =1, Cy(v) = 1forv = uand C,(u) = 2. Furthermore, S, contains the unit function
since this is just ¢ defined in (6.20) with 7 = {1}, ¢, = 1 and Cy(w) = 1 for all u.

Hence, S; = S, and the proof of Theorem 6.9 is complete.

7. Some Properties of G, and G. In this section, we will develop some prop-
ties of some special elements of G,, some of its subgroups that have a numerical
significance and factor groups corresponding to some important normal subgroups.
Since G is, in some ways, simpler than G, it will be convenient to study properties
of G, in terms of the corresponding properties of G.

For example, if X is an invariant subgroup of G such that every element of G can
be written as the product of an element in K and an element in G, then the factor
group Go/K M G, is isomorphic to G/K. Thus, we can avoid explicit consideration
of the group G,/K M G, by considering G/K instead.

It was mentioned in Section 3 that if H is a finite set then the integration method
m = (H, a, h,) is simply a Runge-Kutta method. Write H = {1, 2, -+ , n + 1}
and define a as the linear operator represented by the matrix

a, @, -+ a, 0

ay Gy o Gy O

An1 Qn2 e Apn 0
| by by - b, 0]

and write 4, = n 4 1. This leads to the integration method represented by the equa-
tions
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y(1) = no + 22 a,fG),
¥ = 0 + 2 anfGG)),

y(m) = no + 22 aufGQG)),
m =1+ 2 bif(G).

It is easy to see that w(m) maps a given tree ¢ onto the corresponding polynomial
& as defined and used in [1], [2].

The special method m = ([0, 1], a, 1), where a is given by (3.2), will be referred
to as the Picard method and we will write p = w(m) in this case. Let r : T — R be
defined by (6.13) so that r(¢) is the order of ¢. We then see that, according to [1] in
which for a given ¢, p(f) was written as 1/v, p would satisfy the recursion given by
(7.3), (7.4) below. More detailed information is given in the following theorem.

THEOREM 7.1. For the Picard method we have

(7.1) pa(O(R) = p(OrH" 7,
(7.2) va(t)(h) = p(O' ‘",

for h € [0, 1], t & T where p is defined by

(7.3) p(r) = 1,

(7.4) p(wv) = p(w)p@)r(w)/rw) for u,v & T.

Proof. We shall verify (7.1) and (7.2) when ¢ = 7 and when ¢ = wp given that
they hold for ¢t = u and ¢t = v. For any ¢, (7.2) follows from (7.1) by the formula

h
w0t = [ w0 k.
0
For t = 7, we have u,(f)(h) = 1 which is the correct result. We also have, for

t = up,
a(u)(R)va©)(R) .
p(u)r(u)hr(u)—lp(v)hr(v)
p@)p@)r(@r(uwo)k’ 7" /r(u)

hr(uo)—l

Il

pa(uv)(h)

I

= p(uv)r(uv)

so that (7.1) is proved in this case.
For a real number A4, we define, for « € G, the element o’ € G such that,

fort €T,
7.5) a?@) = A" Pa(d).

This definition is motivated by the observation that if « = w(m) for m = (H, a, h))
then o’ = w(m’) where m’ is the same as m except that a is replaced by A4a. This
corresponds to a change in step size by a factor 4.
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The next result is concerned with a special property possessed by p.
THROREM 7.2. For A, B € R, we have

(4) (B)

(7.6) p p =p
Proof.

(A+B)

P = w((0, 11,3, 1)), p” = w((2, 3, b, 3)),
where for x € B0, 1], y € B[2, 3], a and b are defined by

) h k
a(x)(h) = 4 fo x@¢) g,  bO)k) = B fz v d&,

forh €0, 1], k € [2, 3].
Hence, p“'p® = w((0, 1] U [2,3], ¢, 3)) where c is defined for x €

B(0, 11U [2, 3]) by
h 1 k
c(x)(h) = 4 j; x®) dt,  c)k) = 4 fo x@§) dt + B fz x() d§

for h € [0, 1]and k € [2, 3].
As for the proof of Theorem 7.1, it can be verified that for all t & T, h € [0, 1]
and k € [2, 3] that

p(t)(h) = p(Er(e)(ARY "7,

vo(£)(h) = p()(4hY",

(k) = p(Or(t)(A + Bk — 2))' "7,
a.7 v.()k) = p(t)(A4 + Bl — 2))' .

Setting k = 3 in (7.7) we obtain the result.

This result is characteristic of p. For example, we have

THEOREM 7.3. If o € G is such that & = o'’ and o(1) = 1, then a = p.

Proof. The expression for a’(?) is 2a(#) plus terms involving trees of lower order.
On the other hand, a‘*’(f) equals 2"‘*’ a(¢) so that for r(¢) > 1 there is only one pos-
sible value for a(?) so that the two expressions are equal. For r(#) = 1, we have only
t=r.

At this point, we introduce a certain type of subgroup of G.

Definition 7.4. For n a positive integer, we define X, as the subset of G such that
for « € K, and any ¢ € T such that (f) £ n we have off) = 0.

THEOREM 7.5. K, is an invariant subgroup of G.

Proof. If « € K, we have, for all ¢ such that r(f) < n, N, #) = 7. This follows
since Ma, 7) = # and if r(u), r(v) < n then

Ma, w) = a@)\a, u) + e, WAa,v) = W) .

(Note that \(a, f) = falso for 7(f) = n + 1.)
Hence, if « € K, and r(f) < n then

@B)(®) = () + iB) = B
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so that (af) (£) = 0if and only if 8(r) = 0. Thus, if « € K, then of € K, if and only
if B € K,. Thus K, is a subgroup.
To show that K, is a normal subgroup, we will prove that if 8 € G then the sets

{aB: ¢ € K,} and {Ba:a € K,}-

are identical. We shall show, in fact, that each of these sets is the subset of G con-
taining y € G if and only if for all t € T such that r(f) < n we have v(¢) = B(¢). Call
this set S. We must show that

HaecK,=aBES,

(i) € K, = Ba € S,

(i) y € S=(Ja € K)aB = 7),

)y € S=(Ja € K)Ba = 7).

Proof of (i). We have already seen that if « € K, then (a8)?) = B(d).

Proof of (ii). For fixed 8, we have

MNB, D= X ) +1
r(t’)<r(2)
where c¢ is some real-valued function on T. Hence, if « € K, and 7(f) < n then
M8, t)(a) = 0. Hence, (Ba)?) = B(?).

Proof of (iii). This is equivalent to (i) since 8 = o 'y and ™' € K,.

Proof of (iv). Similarly, this is equivalent to (ii).

The factor group G/K, (=G,/(K, N G,)) will be denoted by G,. We use the
usual group-theoretic convention of writing aK, where @ € G for the coset con-
taining o.

Definition 7.6. If « € pK,, then we say that « is of order n. The greatest number n
such that « is of order # is called the order of a.

Note that we will use the word “order” as applying to a method m such that
w(m) = « in the same way as it would apply to «. Sometimes it is convenient to
generalise the concept of order and we say that a method m or « = w(m) is of gen-
eralised order nif & € p'*‘”’K, and we call the greatest such » the generalised order
of « (or of m).

Definition7.7. Let J, denote the set of elements of G of generalised order n. That is

I, = \U (/" K.: 6 E R}.

We have the following property of generalised order, which is not possessed by order.
THEOREM 7.8. J, is a subgroup of G.
Proof. Suppose & € p““’K,, 8 € p®’K, = K,p'® for real numbers 4 and B.
Then of € p*“’K,K,p®. Since KK, = K, and K,p®’ = p®’K, we have

aﬂ E p(A)p(B) Kn.

However, by Theorem 7.2, p*’p®’ = p“*® and it follows that a8 &€ J,. To prove
that o' € J, where a € p*“’K, we will show that «™* € p"*’K,. Let « = p“'k
where k € K, then

ap(—A) Kn = p(A)kp(-A) Kn = p(A)kK,.p(—A)

— p(d) K“p(—A) — p(A)p(—A) Kn — Ku

and this last set contains the identity of G.
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We now introduce some other subgroups of G that will be useful in the search
for special numerical methods. First, however, we introduce some notational devices.
For t € T, we will, in this section, define #,, #,, t;, -+ by
(7.8) o=t

th=tyar (n=1,2,--:),

We recall that A : G X T — G* was defined in Section 2, We now define A : G X
G* — G* in such a way that A is linear over G* and such that A(a, 7) = Ma, ?)

whenever t € T.
Definition 7.9. The function A : G X G* — G* is defined by

(1.9) A(a, > c(t)i) = > c(\(a, 1)
teT tET
where « € G and ¢: T — R takes all but a finite subset of T to zero.
The following properties of A that will be stated without proof are easily verified
by substituting A in terms of A in each formula.
THEOREM 7.10. If U € G* and o, B € G then

(7.10) U@B) = Ul@) + Ale, U)B).
Furthermore, if U, V € G*, « € Gand ¢ € R then

(7.11) Aa, #) = 7,

(7.12) Al@, U+ V) = Ala, U) + A, P),

(7.13) Al@, cU) = cA(e, U),

(7.14) Ale, UV) = Ala, D)A(e, V) + V(@)Ala, U).

Let L, (n = 1, 2, - --) denote the subset of G defined as that « € L, if and only
if,form=20,1, --- , n — 1, it holds that

(7.15) a(rn) = a(m)™'/(m + 1).

Since r, = 7, L, is identical to G.

Definition 7.11. A subgroup H of G is said to be homogeneous if « € H and
A € R imply that o'’ € H.

It is easy to see that G, K, (n = 1,2, ---)and J, (n = 1, 2, - - ) are all homo-
geneous,

We also have

THEOREM 7.12. Forn = 1,2, - -+, L, is a homogeneous subgroup of Gandp € L,

Proof. From its definition, it is easy to see that L, is homogeneous and, from the
definition of p we see that p satisfies (7.15). It remains to prove that L, is a subgroup.

We first show that, form = 0,1, 2, -+- and « € G,

(7.16) Aa, 7,,) = Zm) (T)a(r)‘?,._.-.

1=0

For m = 0, both sides of (7.16) reduce to #. To complete the inductive argument we
assume the result for numbers lower than m. We have




AN ALGEBRAIC THEORY OF INTEGRATIQN METHODS 101
M@, Tm) = M@, TnoiT) = Na, Tm)M@, 7) + (PN, Tm-1)
m—1 — l . m—1 _ l )
= z::) (m i )a(‘r)'?...-x-.-? + a(r) z; (m ; () o1

=X ('i")a(f)‘ P

t=0

Hence, if a, 8 € G,

' @) = atr) + 3 (a8

so that

@B)a) = g (Y™
_ _ 1 w1} S (M) _ B@O™T )
- ("‘(T"') m+ 1% ) + X <i )“‘(’) (’3("""') m+1— i)

Hence, if 8 € L, it follows that af € L, if and only if « € L,. Thus, L, is a sub-
group.

The next subgroup to be defined is actually a subgroup of L,. Let Uy, Uy, - - ,
U, € G* be defined by

(7.17) U, = m?fp_y — 7

so that a brief calculation gives fora € G,m = 1,2, --- , n,

m—1

A, U,) = ), ('in)a(‘r)‘ Up—i + (ma(rm-y) — a(r)™)%.

i=0

If « € L, we have
m—1

(1.18) Ae, Uy = 3 (’:)a(f)‘u .
i=0
Definition 7.13. We define S = {U,, U,, --- , U,} and S, S2, - - -, recursively
by the formula .

(7.19) Si={itvirer,vesitVivirerT, ve s

and we define S, as the linear subspace of G* spanned by the union of Sy, S,, - -+ .
Finally, we define L, , as the subset of L, containing @ € L, if and only if
Ue) =0foral U € S,,and L,,,, = L, N L, , for m = n. The next two lemmas
establish properties of L, , that will enable us to prove it is a subgroup.
LeMMA 7.14. If a €E L, ,and V € S, then

(7.20) Ala, V) € S..

Proof. By the linearity of A, it is necessary to prove (7.20) only when ¥ & S; for
some i. We prove this by induction on i. For i = 0, the result follows from (7.18).
For i > 0, we assume the result has been proved for ¥ € S;™'. Let V = UW where
UE Si7'or W & Si™'. We have
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(7.21) Ale, V) = Ala, DA(a, W) + W(a)A(a, U).

If U &€ S;7', then both terms on the right of (7.21) are members of S,. If W & Si™!,
then W(a) = 0 so that again we see that A(a, V) € S,.
Lemma 7.15. If « € L,,,,, and 8 € L, are such that for all, V € S,,

(7.22) Ale, NB) = 0,

then3 & L, ..

Proof. By the construction of \_; S, its elements are of the form m# — # where
u, v are of the same order (say k) and m is an integer such that m < n. Suppose that
forallm’'&’ — o €\, S: such that r() = r(t’) < kit holds that (m' &’ — 9")8) = O.
Then, we will prove that (m#i — 9)(8) = 0.

Let B, be defined so that B«(f) = B(¢) when r(¢) < k and B4(¢) = 0 when r(¢) = k.
Thus, 8, € L, , so that, by Lemma 7.14,

Ale, mli — 0)(By) = 0 = Ale, mé — 0)(B).

By writing Me, u) = @ + Zr(t)<k ()i, e, v) = 0 + Z'(l)<k d(t)f and e() =
mc(t) — d(r) we see that

A, mi —0) = mid — 06+ Y e()i,
k

r(t)<
so that
(mi — 8)(B) = Ale, mi — 0)(B) — ()Z e(1)i(B)
= A, m = 0)Bo) = 3 eBol®)

(mét — 8)(Bo) = 0.

THEOREM 7.16. L, , is a homogeneous subgroup of L, andp € L, ..
Proof. fa €L, ,,UE& S,and 8 € L, we have

UeB) = U@) + Ale, U)B) = Ala, U)B).

By Lemmas 7.14, 7.15, a8 € L, , ifand only if 8 & L, .. Hence, L, , is a sub-
group.

The proof that L, , is homogeneous is trivial and will be omitted. We will now
show that p € L,.,. Thatis, for all U € S,, U(p) = 0. This is readily verified for the
case of Uy, Us, --- , U, defined in the proof of Theorem 7.12. In fact, using (7.3),
(7.4) and the fact that r(r,,)=m+1 for m=0, 1, - -- , we find that p(r,)=1/(m+1),
P(rrm-y) = 1/m(m + 1) so that U,(p) = (m#?,-, — #,.)p) = 0. Thus, we have
proved that U & S; implies U(p) = 0 in the case i = 0. We now proceed by induction
on i. Suppose mfi — 9 & S:~' is such that (nfi — 9)p) = 0 and we wish to prove the
corresponding result in the case of (mfi — 6)f and #(m#fi — 9). Since mp(u) = p(v),
r(u) = r(v) and r(tuw) = r(tv) = r(ut) = r(vt) we are in a position to evaluate
((mt — 9)i)(p) and (#(m# — 9))(p) making use of (7.4). In each case the result iszero.

In order to introduce our final subgroup, it is convenient to extend the notation
given by (7.8) to elements of G*. If U € G* we will, for the remainder of this section,
write Uy = U, U, = Uy?, U, = U,#, -+ .

Let L" be the subset of G containing « if and only if form = 1,2, -+, n — 1 and
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for all U € G* we have
(7.23) (m# U — #@)"U + Un)a) = 0.

Note that L* C L, since, if U = #, (7.23) reduces to (7.15).

THEOREM 7.17. L" is a homogeneous subgroup of L, andp € L".

Proof. We will omit the trivial verification that L™ is homogeneous. To prove
that p € L" it is sufficient to verify (7.23) with @ = p (so that #(a) = 1)and U = #
for all t € T. It is found that

Un(@) = r()p(t)/(m + r(1)), Fmar U)@) = p(1)/(m + r(1))
s0 that (7.23) can easily be verified.
Since U; = U,_,#, we can easily show, inductively, that
Ale, U,) = i (:.'l)a(r)‘A(a. U—s
i=0
so that
m—1 m — 1 ;
A, P U) = 3 ( ; )a(r) fno1-iAle, U)

+ Ula) g (m 1_ l)a(‘r)‘?..-,-;.

A straightforward calculation, making use of these results gives, form = 1, 2, - .-,
n—1,

(m#p U = #B)"U + Un)eB)
= (mPn0 U — #@)" U + Un)@)

+ Zo (:.n)a('r)"{(m — DA U) — 28" A, U) + A, Uai}(®)

+ U@ 3 ("t = Dpcsei®) — 267
= (Mt U = #@)"U + U@

if 8 € L". Hence, af € L" if and only if « € L". Thus, L" is a subgroup.

Definition 7.18. L}, , = L' N\ L, ...

Note that, as the intersection of homogeneous subgroups, L,, , is a homogeneous
subgroup. Also L}, , contains p. We also see, since L' C L,, that we can assume with-
out loss of generality that m = I. In fact we can take mas I 4+ n — 1 as the next
theorem shows.

THEOREM 7.19. If 1 2 2, then L;, , © L, 1.

Proof. Replace m by i in (7.23) and write U = #,_, where j < n. We then have,
fori < I,

(7.24) (ifiafion — ‘?(a)‘?i-l + fivic1)@) = 0

foralla € L} ,.
Since Ti-1Tj-1 = (T“'i-l)i—l and Since a((‘l'f,'_l).'_l) = a(‘l','.”...x)/j because
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J(#?i21)icr — (#3)i-1 € S., we deduce from (7.24)
(7.25) G+ Niivia@) = jH@)'#i-1(a).

Since (7.25) holds for i < land j £ n, it follows that k#,_,(a) = #(e)" for all k <
I+ n.

8. Applications and Extensions. In this paper, the concept of order has been
introduced in a purely algebraic way although its true significance is analytical. It is
the author’s intention to present in a later paper an error analysis for Runge-Kutta
methods that will fit very much into the spirit of the present paper and in which the
concept of order will play an important part.

In another proposed contribution, a characterisation will be given for Runge-
Kutta methods which, for appropriately smooth functions, have a global truncation
error with an asymptotic expansion in even powers of the step size. Such methods
will yield generalisations of the Romberg quadrature method. In particular, the
implicit methods based on Gauss-Legendre quadrature have this property.

Again, the author intends to introduce a type of explicit method which, though
of low order, may be made use of in a way which makes it effectively of higher order.
In particular, a five stage method will be presented which can be used in a special
way to yield answers that have the properties of answers produced by a fifth order
method.

Finally, it is the author’s hope that the results in Section 5 can be generalised
by relaxing the assumption that X is finite dimensional.

9. Appendix. In Table 9.1 are listed trees of order up to 5. Also for given t € T,
the corresponding values of r(¢) and Me, ¢) for « € G are given.

In Table 9.2, the expressions for (aB8)(?) are given for ¢t &€ T of order up to 5. To
simplify the notation, the various ¢ are numbered serially ¢, = 7, t, = 77, 1,
= 777, - - and (aB);, a;, B; denote (aB)t;), a(t:), B(2;) respectively fori = 0, 1, -
16. For convenience, r; = r(z,) is also listed.

In Table 9.3 the values of p(z;)"* are given where f, t,, - -, 1,5 are the trees of
order up to 5 numbered in the same way as in Table 9.2,

Finally, we present Table 9.4 to enable certain computations to be conveniently
performed in L3 ,. Let , t;, -+ t,s be as shown in Table 9.2 and let « be a member
of Lj ,. Because of the relations which define this group, it can be seen that «; for
i # 0,4, 8 or 10 can be written in terms of ao, a4, as, a;o. Where there are entries
under the heading «;, expressions for these quantities are given. Also in this table
are expressions for (a8); where g is also a member of L , and i = 0, 4, 8, 10.
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TABLE 9.2
i t; r; (aB);
0 T 1 a0+ Bo
1 Tr 2 o1+ B+ aBe
2 TTeT 3 a1+ B2 + 2aB + afBo
3 ToTT 3 a3+ B + aofr + aiBo
4 Grnr 4 ac+ B+ 3adBs + 3adB1 + aiBo
5 TTeTT 4 a4+ Bs + aB2 + afs + @B + afy + aanBo
6 T(r7+7) 4 ag+ Bs + 2008; + adB + B
7 (r-77) 4 a7+ B1 4 als + aip + aBo
8 (rr-trr 5 as+ Bs + 4aoBs + 6382 + 4adf1 + adB0
9 Grer)rr 5 ag + Bo + aoBi + 20085 + 20383 + aifs + affs + aifs + 2aemf \
+ aguBo
10 1'1'-(1'7-1') 5 a0 + Bio + @B + 20toﬂ5 + agﬂ! + 201358 + dgﬂl + b + axaBo
11 rre(rrr) S an + Bu + a1 + aofs + aofs + s + @y + asfy + b
12 (rerr)orr 5 aus + Pus + 2a08s + afBs + 20185 + 201 + aBo
13 r-Grrer)r S am + Bu + 3a0Bs + 3038 + adfs + aubo
14 wrrerr) 5 o+ Bu + aoBs + aoBr + adfs + s + awufy + asBo
15 rer(rrer) 5 aus + Bis + 2081 + s + asr + oo
16 (1) 5 ais + Bis + @B + s + asbi + a1Bo
TasBLE 9.3
i 012345 6 78 9 10 11 12 13 14 15 16
pe)r 1 2 3 6 4 8 12 24 5 10 15 30 20 20 40 60 120
TABLE 9.4
i oy (a,B),»
0 (o1 + Bo
1 1ol
2 1ad
3 %ag
4 oy + Bu + @B + $00B; + oBo
5 1a,
6 1af — a,
7 %aé hnd %(14
8 as + Bs + 4aoBs + 20563 + 20585 + 250
9 %ag
10 ap + B + %aoﬁﬁ + %agﬂg + %agﬂg + %at)ﬁo
11 %axo
12 %ag
13 Qo — Ol
14 %%014 - %as
15 %aﬁ — Qolyy — Qo

16 %ag — oo, — %alo




