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A Note on the Catalan-Dickson Conjecture

By H. J. J. te Riele

Abstract.   In this note, the existence of an aliquot sequence with more than 5092

monotonically increasing even terms is proved; the first 125 terms are listed.

The conjecture of Catalan [2], as revised by Dickson [4], is that each aliquot

sequence (defined below) is bounded. For the aliquot sequences with leader n < 276,

the conjecture has been found to be correct. G. A. Paxson [7] calculated s67(276),

H. Cohen [3] reached s118(276) and, recently, D. H. Lehmer [6] went up to s362(276),

a 32-digit number, s357(276) being a 33-digit number. Guy and Selfridge [5] give more

than one hundred sequences which they do not know to be bounded and they believe

the Catalan-Dickson conjecture to be false. Further recent work on aliquot sequences

can be found in [1]. In this note we construct an aliquot sequence with more than

5092 monotonically increasing terms.

Let n be a natural number, then a(n) is the sum of the divisors of n (including 1

and n), s(ri) = a(ri) — n, the sum of the aliquot divisors of n, and t(ri) = a(n) + s(n).

The sequence n = s°(n), s(n), s2(n), ■ • ■ , s'(ri), ■ ■ ■ , where the exponent denotes

iteration, is called the aliquot sequence with leader n. Likewise, we consider the

sequence n = fin), tin), t2(n), • ■ • , t'(n), ■ • ■ . Let p, denote the z'th prime (/h = 2,

Pi = 3, p3 = 5, • • ■)• If the prime factorization of n is given by n = q['qe2' ■ ■ ■ q'Z,

with qx < • • • < q, and e¡ ^ 1 (i = 1, ■ • • , s), then

8

(i) <n) = n a + ?. + ••• + <?:•).

The a-function is multiplicative: c(uv) = a(u)cr(v) if (u, v) = 1. An upper bound for

t(m), without requiring the knowledge of the factorization of m, is given by the

following

Lemma. If m is odd and m < YL^-lPi, then t(m)/m < H*.! Pi/(p¡ — 1) — 1.
Proof. Let the prime factorization of m be given by m = Hj.! iV, 1\, "' , 1*

being odd primes with qx < ■ • ■ < q„ then with (1)

^= fla + ^1+ •••+<,:•<)< fia + *:1 + •••)= fl-^r-m f_i f.i f.i q¡ — 1

Because p2 ^ q¡,p3 è q2, ■ • • ,p,+i ^ q„ and s g k — 1, we conclude

/      \ s +1 k

m ¿_2 Pi — 1        ,-2 Pi — 1

Now t(m) = 2o(m) — m; therefore,
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tjm)

m
= 2 aim) K2II Pi - I,

-2 P,    —    1

which proves the lemma.

Theorem 1. Let v denote an even perfect number, v = 2"~iq, q = 2" — 1, q prime,

<r(v) = 2v, and let m be an odd number such that (q, m) = 1; then the terms of the aliquot

sequence n0 = vm, «j = s(n0), • ■ ■ ,ni+l — s(n¡), ■ • • increase monotonically as long as

(q, t\m)) = 1.

Table 1.   fC21) (i = 0, 1, • • • , 125)

i    t  (27)
0    27

53
55
89
91
133
187
2U5
1*39

9    Ml
10 101+1
11 Mk3
12 3633
13 7503
11* 13329
15 25203
16 1(1(1*29
17 665l(7
18 76813
19 90803
20 90805
21 1672U3
22 187957
23 280907
2l* 332005

25 1(99739
26 1(9971(1
27 600995
28 81(11*05
29 1177979
30 1392181
31 19771+19
32 1992661
33 2398187
3U 3062293
35 3600363
36 6739253
37 75071V7
38 82971*13
39 82971*15
i+o   26271*681
1*1 501*15023
1*2 5091(3313
1*3 57091(127
1*1+ 6171(9073

factorisation

3(3)
53
5-11
89
7-13
7-19
11*17
5-7(2)
1*39

3(2)7(2)
3-31*7
3-7-83
3-7-173
3-1*1-61
3(2)11+81
3-31-271
7-11-577
13-5119
11-6983
90803
5-11 -13-127
29.73.79
7-11-21*1(1
11-25537
5-23-2887
1(99739
11-181-251

5-120199
5-168281
11-107089

7-17-11699
269-7351
11-107-1693
11-23-91(79
13-103-2287
3-13-92317
23-79-3709
19-395113
82971(13
3(2)5-7(2)53-
3(2)97-30097
191-263953
19-137-19571
29-167-11789
883-69931

71

i t%(27)
1(5 61890703
1(6 79573777
1(7 82270703
1(8 90930817
1*9 93779583

50 1571*86209
51 263387775
52 731969153
53 821*123791
5l* 856732337

55 9120051*55
56 129091*5713
57 129091*5715
58 18535531*85
59 331*87161*67
60 31*07986013
61 3503985763
62 3668586237
63 7200271*051
61* 7200616733
65 7225819363
66 9301151517
67 190U5215075
68 1*1*009008125
69 107831*786307
70 203693973053
71 203693973055
72 3279181591*25
73 1(8591*30831*55
71* 68032031681*9
75 680320316851
76 9061*3260951*9
77 1591*393876851
78 2657323128093
79 U511927100387
80 9238910900253
81 1539881(0251(563
82 29111398771053
83 5260778107851(7
81* 5290581(2161853
85 51(373056097603
86 51*1(15718367197
87 61(36631890381(3
88 7607011*6337117
89 791221*961*1*651*7

factorization

7-881*1529
79-251-1*013
19-1*330037

79-379-3037
3-211-11*8151
3-1*63-113381
3-5(2)7-501691
17-257-167537
73-167-67601
31-27636527
5-21*1-863-877
129091*5713
5-79-1*79-6823
5-7-l*3-1231597
113-29631*659
71-1*7999803
1*3-7309-1111*9

3(2)1*3-1*57-2071*3
73877-971*63
1103-1733-3767
7-1531-671*239
3-7-1* U2911977
3-5(2)809-313889
3-5(U)l*7-73-68!*1

3(2)77167-155269
203693973053
5-17-37-61(767559
5(2)1303-10066559
5-97188616691
6803203168U
7(3)19831*1*1157
3-29-7793-1336939
3-5311*61*625617
3-89-2087-l*7688l7

3-7-69239-3103073
3-37607-81889993
3(2)1801-950017907
3-19-27529-18552301
353-ll*90305l*1299
73-60lt7-119850763
251*9-2133113221(7
11-2089-236806291(3
11-163979-35681+31(7
61-277-1(501991261
701- 21(5029 -I+606U3
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Table 1 (continued)

i tZ(27)

90 7931*9228998733
91 791*75280199027
92 801+51*278791*925
93 II+776866I+358995
9I* 206876130102605
95 289627391020723
96 372378071*169517
97 1*30009351*707923
98 I+76167162553677
99 698905653160211

100 1076553311+830189
101 11+280977511+051*59
102 11+551*28335157005
103 239580965I+916595
10l* 3351*13351688321*5

105 51191*72933921*1*35
106 80107725100381*1*5
107 13961681529683795
108 195921*51157191*925
109 289968I+I582I+08275
110 1+7169396879369005
111 7269636U602321859
112 931+6683595151+1*381
113 15577805991921+061+3
111+ 15761+3763100651517
115 1576I+96861066I+1795
116 269311131006796925
117 398580I+7389OO5951I
118 3991*791*0101*8877897
119 50032368I+77699807I
120 5923288051*83801929
121 606627089589873271
122 62325061170276I+137
123 11772511*5635157951*3
12U 2531*1+051*1923871+1+169
125 I+985966638665639831

factorisation
1259-63025598887
163-1*1777-11670977
5(2)7-11*29-81*67-37997
5-29553732871799
5-619511-66786911
7-lt13753l*157l(389
13-3121-9^91'967019
19-1013-2231+1630109

7(2)37-61-97-211(2)997
7(2)29-37-1*1 -307-1056089
7(2)11*9027-Il*7l*26ll*3
163-293-29902170301
5-11(3)l+19-5219l*9809

5-1+79161930983319
5-19-1506257-23l*l*0003

5-23-71 • 101 -620791+2539
5.7.1+1+1+803-511+563109
5-733-87679-l+3l+l*7837

5(2)3559903-22011*5899
5(2)17-3329-127261-i6101+7
5-1T-551+931+080933753
7-201+0559.508938721+3
3.311556119838I+8127
167-321*5101-2871*1*9529
53231-296150291*1907
5-11-37-139-557331893683
5(2)107721*1*521+0271877
1217-3271-1001255l*5873

11-31 • 17683-2011+7- 3288317
11-121*9-10589-201*11-1681*91
83-1+7 387- 1506001990l*9
73-3l+ll*6l-2l*3361*83907

3(2)5986559-11567591327
3(2)l1-2503-76ll*7-62390777

3(3)811-1+657-57179-1+31+659

Proof. Letm, = t\m); then mi+l — tim¡) = 2sim¡) + m¡ > m¡ and, if m, is odd

then also wi+1 is odd. Since m = m0 is odd, m¡ is odd (J = 0, 1, 2, • • •)• If for k = 0,

1, • • • , i, the conditions nk = vmk and iq, mk) - 1 are satisfied, then

n¡ + 1 = sin¡) = <r(um,) — vm, = vtim¡) = vmi + l > «,;

if, moreover, iq,mi+,) = I, the conditions are satisfied for k = i + 1. The conditions

are satisfied for i = 0 and, hence, n0 < n,, < • • • < n{ < ni+1 as long as (q, mx) = 1.

As long as t'(m) < q, obviously (q, t'(m)) = 1. Therefore, we take for v the largest

even perfect number known [8]. This gives

Theorem 2. Let v = 219936<7, q = 219937 - 1, q prime; then the terms of the aliquot

sequence v-21, s(v-21), ••■ , s\v-27), •■■ increase monotonically at least up to

5509V27).

Proof. According to Theorem 1 the terms of the sequence are given by u-27,

si+1(i>-27) = p.;i + 1(27) (i = 0, 1, 2, • • •), as long as iq, t\21)) = 1. Now IT,6-"/*,- <
q < IP,6-2/>¿; f°r the terms t\21) < q we find with the lemma:
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(1647 \

T      Pi  , - 1 h*(27) < 16.0132 f'(27).
;-i Pi — l I

Table 1 gives the first 125 terms of the sequence ¿(27), r2(27), • • ■ .In order to apply

Theorem 1, the condition

rI25+'(27) < i125(27)(16.0132y < q

has to be satisfied; this is so, if /' g 4967. Therefore, the number of monotonically

increasing terms of the sequence t'(21) (i = 1, 2, • • •), and thus of the aliquot sequence

s\v21) (i = 1, 2, • ■ •), is certainly 125 + 4967 = 5092.
The behaviour of the first 125 terms of the sequence, shown in Table 1, suggests

that the actual number of monotonically increasing terms t'(27) < q is much greater

than 5092. From the term t'iTI) that equals or exceeds q onwards, it is possible that

a term contains the prime factor q; from that term the behaviour of the terms of the

aliquot sequence becomes virtually unpredictable.

Finally, we remark that if there are an infinity of even perfect numbers, it is pos-

sible to construct, given any number N > 0, an aliquot sequence whose first N terms

are monotonically increasing.

Remark. Mr. H. W. Lenstra, Jr. (University of Amsterdam) has communicated

to the author a proof of the fact that it is possible to construct such a sequence.
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