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Saddle Points of the Complementary Error Function

By Henry E. Fettis, James C. Caslin and Kenneth R. Cramer

Abstract.   The first one hundred zeros of the derivative of the function w(z) = e~''

Erfc(—iz) are given, together with an asymptotic formula for estimating the higher zeros.

1.   In a previous paper by the present authors [1], the zeros of the function

(1) wiz) = e~'% Erfc(— iz)

were obtained. In this paper, the values of z = x + iy for which

(2) dw/dz = 0

are given. These points represent singular points of the family of curves

(3) <f>ix, y) = \w\ = const

in the x-y plane since at such a point the direction dy/dx of these curves is undefined.

As in the case of the zeros of w(z), the saddle points lie in the lower half-plane and are

symmetrically located with respect to the y-axis. For convenience, we introduce the

function Yip) = (y/ic/2)w(ip), which satisfies the differential equation

(4) dY/dp = 2pY - 1.

Thus, at a saddle point, p = pn,

(5) 2PnF(Pn)=l.

With the aid of the differential equation (4), we can expand Y in the vicinity of a

saddle point as a Taylor series, viz.,

(6) Y = +-Î- + -î- (p - p„)2 + Up - Pn)3 + ■■■ .
2p„       2p„

Hence

(7) — — 2pn — 2p„(p — pZ)2-y ip — pnf + • ■ • •

Introducing the variable / = p — 1/2F, this may be written

t   =   ip   —   Pn)  +   Pnip   —   Pnf   +   ~T (P   —    PnV   +    ' ' "

(8)

=    (P   —    Pn)   +   PÍP   —   Pnf   —    M-Z-     (P   —   Pnf   +
[-¥]<
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Therefore

(9) p - p„ = t - Pt2 + [1 - 8p73]i3 + • • • ,

or

(10) pn = p - t + pt2 - [1 - 8p2/3]i3 + • • • .

Equation (3) may also be expressed in terms of Y as follows:

;V[i + <2 + ¿<3+-4(ID Pn    =    2

The above series will converge rapidly if p is close to a saddle point p„. In the next

section, an asymptotic approximation to the saddle points is derived which may be

used as a first approximation. By computing the corresponding values of Y and /

and substituting these into Eq. (11), an improved approximation to p„ is obtained.

If necessary,* the process may be repeated using the newly computed value of p,

and continued until convergence is reached. A sample calculation leading to the first

saddle point is given at the end of the next section.

2. Asymptotic Approximation to the Saddle Points.    At a saddle point, we have,

from Eq. (5), 2pY = 1 or

(12) w = +i/irW2z.

The saddle points are assumed to be of the form z = x — iy, with x > 0, y > 0.

Setting wix + iy) = u + iv, Eq. (12) is equivalent to

0i\ >■»   ya — xa  2ixy i . /    1/2
3) 2e      e       — u + w = i/ir   z.

Replacing vv by the first three terms of the continued fraction gives

(14) U~ÍV= -^ Yz¿ -3/2)J '

and Eq. (13) becomes

Oc\ ~   v' — z*  2ixy     . *    J
5) 2e       e       = —,-/2

ir1" \z\2z¿ - 3]

Since arg(z) =  — 7r/4 + a, it follows that the argument of the right side of (15)

is ir/4 — o-. Hence,

(16) 2xy = i2n + \pr + ß,

where 0^/3^ ir/2 and since, asymptotically, x = y, we take, as the limiting value

of x and y,

(17) X = ((t, + |)t)1/2

and set**

* By computing a sufficient number of additional terms in Eq. (11), only one application would

be required.

** For the justification of this form, see [1, Eq. (29)].
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(18) x = X + a + p,        y = X — a + p.

From Eq. (16) we have, equating magnitudes,

1 1

(19)
1

" 25/V* X3[l + 2p/\ + ia/\f)3/2'

Hence

(20) 2e~iXa = l/25/V/2 X3;

(21) a = ln(128îrX6)/8X.

The value of p is determined by equating arguments in Eq. (15). We find, denoting

the argument of the right side by <b,

(22) tan 2xy = 1 + 4a2 - 8Xp;

(23) tan0 = 1 - 6a/X + 3/2X2.

This gives

(24) p = (8(Xa)2 - 12(Xa) + 3)/16X3.

Thus, the desired asymptotic approximation to three terms is

O«       ix\      i   ,    1   i.L/i?r. ^   I   l[ln(128,rX6)]2 - | ln(1287rX6) + 3
(25) \_yf = X ± 8X ln(128,rX } + W?-

The use of the approximation (25) in conjunction with Eq. (11) is illustrated below

for the first saddle point. Equation (17) with n = 1 gives

(26) X = 1.8799712060

and this, when substituted into Eq. (25), gives

(27) x = 2.5332619139,        y =  -1.2321384069.

The corresponding value of Y is

(28) Y= -.0766358650+ .1594090127/.

Thus

(29) t = -.0073085147 + .0144867658/.

Substituting in Eq. (11) the values of t and y as given by Eqs. (28) and (29), we arrived

at the improved values

(30) x = 2.5471305433,        y =-1.2251557198,

the corresponding values of Y and t being

Y= -.07667898752+ .1594172691/

t = .00000137615 - .00000251508/.



412 HENRY   E.   FETTIS,   JAMES   C.   CASLIN   AND   KENNETH   R.   CRAMER

Zeros oj w'(z)

i
2
3
II
5
6
7
8
9

10

li
12
13
1".
lb

16
17
IB

19

2.

21
22

Zi
21.

25
26
27
29
29
3C

31
32
33

31.
35
3o

37
38
39
ltd

Itl
i.2
-.3

1.9

5C

2.5<.7128G262EtJ0
3.161939G531Et00
3.6559721638E.0J
i..063361. i.36i.EtuC
!..i. 66301386 9£ta<;
4.81659i.9556Etao
5.1l.l5732873EtuG
5.".i.613<.7735Etjü
5.73376u60i.9Etoo
6.Jo7u3i.6327EtjC

6.2679376653EtJC
6.518u3C2553Et0i¡
6.75S5678528£tj-
6.9905787939Etat
7.21"t9182ú67EtJo
7.i.323l,bi.525E*JÍ.
7.6i.33S72151Etju
7.3i.859e'»b29Eta-
3. -i.8-.8838- 9E*-l
8.2i.3')276772Etj„

8.1.33
8.619
8.9-1

8.98
9.15".
9.326
9.1.91.

9.659
9.822
9.982

76922bl.EtJü
8257218EtGi.
87582aóEtú0
169Ub-£to-
93u269l>EtaC
3622857Etúo
6<t9i>133Et0ú
959<t522£tuo
l>i>575GGEtjo
2i>88903EtOÚ

1.013949
1.-291.31
1. O*. 1.631,

1.O59707
1.07<>S2G
1.U89131

1.1-351.5
1.117771
1.131817
1.11.5638

8135Etül
2663Et„l
26l)lEtai

aníE*ai
9996E+ol
Gi.l2Et-l
3688£t01
67-9Etjl
li.i.6Et-l
5382Etjl

1.1593921898Etul
1.172931.061-Et-l
1.186319766-Etjl
1.19955i.6-87Et.il
L2126i.3587i.ctjl
1.225591i.¿76E*jl
1.2o81t-2óltl2Et-l

1.251031<tit79Et.il
1.2o3631891-Etjl
1.27o-ä7B-27.vtai

-1.2251
-2.0255
-2.6288
-3.1323
-3.5728
-3.969J
-1..3318
-1..6681.

-1..9836
-5.28Í1

570959EtOO
9613o7Et0G
7215i.7E*úJ
51i.518Etü0
i.92G33£t0O
173268Et0ü
395797-EtoG
220832Et0C
71135GEtO0
4Ü2113EtD0

-5.563<.993766Etüu
-5.83281l»312-EtGC
-6.U9C7215155E+0Û

-6.3385i)32717Et0C
-6.5773658881Et0G
-6.8-8,j9i.5823Et0û
-7.u31i)930GllEtGG
-7.2"t82123176E»iiû
-7.1.58813J776E»Ü6
-7.66378188l.7Et00

-7.86351.
-8.0581.7

-8.21.89a
-8.1.3513
-8.6171.2
-8.79601
-8.97111

-9.li.292
-9.31162
-9.1.7737

i>3393Et00
52099Etú0
6525áEt0ü
<tOS7GEtúO
27572Et0G

8G03Et0U
3l.66^Et0G

5991óE)-óó
6u862£t00
6-7l>-Et0G

-9.6<.G32l>6831Et00
-9.8u06G85869ctCc
-9.9563537267Et00
-1.0113676l>53Et01
-1.026668i.51dEtol
-l.úl>17i>77933Etol
-l.o5661i.973-Etûl
-l.o712786621Et01
rl.u857i.69582Etól
-1.100-27l>37-Et01

-1.111)1

-1.128o
-l.li.18
-1.155".
-1.1688
-1.1821
-1.1952
-1.2-82
-1.2211
-1.2338

271981Etúl
529058Et01

8258EtGl
-68572Etul
<.ó5623£tol
351925Etúl
777125EH1
788211E»ül
i.2971i.t*01
7l.3d79Eti,l

51
52
53
S»
55
56
57
58

59
60

61
62
63
6I>
65

66
67
68
69
70

71
72
73
7l>

75

76
77
78
79
80

81
82
83

ai)
85
86

97
38
89

90

91
92
93
91.

95
96
97

99
99

100

1.28836282S1E.01
1.30Ú55Ü<.37!.E»G1
1.3126239378Etjl
1.32l.586'.838Etol
1.336i>i>loB69EtGl
1.3l.819062l>6Et01

1.35983781)92EtGl
1.3713853935Et01
1.36283578-2EtGl
i.391)1911) Z6BE»iil

1.1)051)51)6

1.1)166276
1.1.277126
1.1.387116
1.1.1)962 65
1.1)601)593
1.1.712118
1.1.818858
1.1.921)8 30
1.5G30oi)9

1.5131.533
1.5238295
1.531.1351

1.51.1.3716
1.551.51.02
1.561)61.21.

1.571)679")
1.581)6521)
1.591.5627
1.601.1.115

519Et01
813Etol
525Et-l
197EtGl
587Et-l
7-3EtGl
81.8E.-C1

656E)01
12üE)-ül
632Et01

a06Etol
SlJEtol
892E.01
l>OGEtol
612Etot
">52Efol
21i>Etol
58¿Etai
637E+G1
u98Etul

1.61i.l998312E*ai
1.6239288287E+G1
1.6335995699Et-l
1.61.3213090 5Et01
1.6527703961E*ol
1.662272I.632E + 01
1.67172G2l)GlEtül
1. 681111.6 I.85E + 01
1.690i.5658i.OE)01

1.6997i.69177E*Cl

1.7089861)
1.7181761
1.7273166
1.7361.-88
1.71.51.531.
1.751.1.511
1.7631.J27
1.7723089
1.78117i.lt

1.7899878

966E+Ü1
1.1.9E + 01

6i>6Et01
366Et01
212Etol
589E»Ü1
71i>Eí01
617Et01
155Et-l
otlEtOl

-1.21.61)77092
-1.258951.869
-1.271311379
-1.2835SO070

-l.29567i.237
-1.307687028
-1.3195911.1.8
-1.331390368
-1.31.3086538
-1.351.682587

6Et01
9E+01
SEtOl
lEtcl
7EtGl
8Etai
i»E+ai
9E*ai
kEtai
estol

-1.3661810379Et01
-1.37756<)305i>Et01
-1.38889l)7J93Etai
-l.i.0ull<.it76CEtGl
-1. i)112i)57i)<>i)E*01

-l.<t2229i.5709Et!!l
-l.l.33250933i.Et01
-l.i.i)i>12e7357E»01
-l.i.5i)9256111E*01
-l.l.656i)39265E*01

-l.i)7626i)76i>9E)Cl
-l.lt8o650029l.Etai

-l.i.973i.l2it56Etûl
-1.50775996l)5Et01
-1.5181076652Et01
-1.5283857772Etcl
-1.5385956828£t01
-1.5i>e736719oEt01
-1.5568161800Etai
-1.5686293ie6Et01

-1.5767793i)65Et01
-1. 5886671.l.56Et01

-1.598l)9')7l>97Et01
-1.60e262366i.Et01
-1.6179713679Et01
-1.62762279l.9Et01
-1.6372176576Etai
-1.6i)67569372Etei
-1.6562i.l5667Et01
-1.6656725323Et01

-1.675C5067")
-1.661)376838

-1.693652u25
-1.702876915
-1.712052363
-1.721179155
-1.730258U55
-1.739289608
-1.71.8275H.0

-l.75721i.757

3EtCl
3Et01
SEtOl
3Et01
«tel
2Et01
ZEtül
3£t01
lEtOl
9Etül

This leads to the next approximation

(32) x = 2.5471280282,        y = -1.2251570959.

which is now correct to eleven figures, the error being Oit*).
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