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Bounds on Iterated Coerror Functions
and Their Ratios

By D. E. Amos

Abstract. Upper and lower bounds on y, = i erfc(x) and rn, = yn/yai, 1 2 1,
— o < x < o, are established in terms of elementary functions. Numerical procedures
for refining these bounds are presented so that r, and yi, k = 0, 1,. .., n, can be computed
to a specified accuracy. Some relations establishing bounds on r/ and r.’ are also derived.

Simple Bounds. Let y.(x) = i" erfe(x),n = —1,0, 1, - - - . The basic inequality
(see (31))

m Po(x) = pas()palx) — yi,x) <0, n=1,

expressing monotone decreasing behavior of r,(x) = y.(x)/y,-.(x), n = 1, in both
nand x,

(2) y o= Pn(x) _ T Faa

= = <0,
Vii(x) Fact

is derived in the Appendix. The utility of this relation follows from the recurrence
formulae for the iterated coerror function,

yoa(x) = it erfe(x) = 27 /n'?, Yo(x) = i° erfc(x) = erfc(x),

3)

Vn—2 = znyn+2xyn—l’ n = la 2s R
to yield
) rl=2m 4 2xr, — 1 <0, n=1.

This establishes bounds on the ratios r, = y,/V._1,

_ 2 1/2
0<r < XTE XMW 5oy
2n

since the parabola v = 2nt® + 2xt — 1 is negative between its roots. The upper bound
is of most interest and we write B,(x) in the form
_ 2 1/2
R T
2n
) n1,

1
= >
l (xz -+ 2n)1/2 , x =0,
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414 D. E. AMOS

to avoid losses of significance in computation when x is large and positive. Further-
more, if we divide (3) by y,-, and solve for r,_,, we get

_ 1 S 1
2x + 2nr, = 2x + 2nB,(x)

(6) Fa-1 = B,(x), nz21.

Thus, we have (with a shift of index)
@) Cu(x) < r. < Da(x),

and recursion on (7) in the form C,y,-, < y, < D,y,-, produces

) erfc(x) fI C(x) < y, < erfe(x) ﬁ D.(x)
k=1

k=1

where, in this context,
€)) Ci(x) = By (x) and Dy(x) = By(x).

Table 1 gives some numerical results for these bounds. Both relative and absolute
errors can be assessed. The number of significant digits in y, is approximately the
minimum number in agreement between C, and D, as k ranges from 1 to n.

TABLE 1

C,, and D,, of (9) compared with r,

n\x =10 -5 0 5 10

1  1.005E+01 5,098E+00 7.0T1E-01  9.808E-02 L4 ,9T5E-02
1.000E+0l  5.000E+00  5.642E-01  9.635E-02  4,951E-02
5,050E+00 2.596E+00 5.000E-O1  9.620E-02  L,951E-02

10 1.048E+00 5.85LE-01 2,236E-01 8.541E-02 4, TT2E-02
1.0438+00 5.788E-01 2,181E-01 8.4UgE-02 k4, T53E-02
9.568E-01  5.380E-01 2,13?E-0L 8,435E-02  L.T52E-02

20 5.458E-O1 3.266E-01 1,581E-OL  T.656E-02  4.580E-02
5.438E-01 3.240E-01 1.562E-O1  T.598E-02 L4 56LE-02
5.218E-01 3.139E-Ol 1,543E-01  7.584E-02  4.563E-02

50 2,414E-01 1.618E-01 1,000E-01  6.180E-02 4, 140E-02
2,408E-01 1.612E-01L 9.950E-02 6,156E-02  4,132E-02
2,37UE-01 1.595E-01 9.901E-02  6.1L6E-02 4, 130E-02

100 1.%6E-01 1,000E-01 T7.0T1E-02  5.000E-02  3.660E-02
1.%LE-01 9.978E-02 T.053E-02 L4.989E-02  3.65LE-02
1.355E-01 9,934E-02 T.0%E-02 L4,983E-02  3.653E-02

200 8.090E-02 6.4O4E-02  5,000E-02  3.90LE-02  3.090E=-02
8.082E-02 6.396E-02 L.994E-02  3.899E-02  3,08TE-02
8.061E-02 6.384E-02 L4,988E-02 3.89TE-02  3.086E-02
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For x = 0, the upper bound of (7) immediately implies

yn—l(x) yn_](x)
yax) < x + (xz ¥ 2n)l/2 = (2n)1/2 < Yauor(x),

(10) n=1,x=0.
yn—l(x) .
yalx) = x + (xz ¥ 2)1/2 s

¥. < Ya_1 can also be established for » = 0 by induction on

an 2@ = [ sa@a,  wzo,
and the upper bound in Mill’s ratio [4], [14, p. 343]
3 /2 i erfc(x)
a2 M) = T = x + &+ M7 = 7 erfex)
/2

= ot (o — 20 F 2= M®, x20

(See references for other results on Mill’s ratio.) With these inequalities, purely ele-
mentary bounds on y, can be given:

2m(x)e” ™ 2M(x)e™
_;(37)2 é Yo é —1|(_T7)2e;— B X ; 0,
(13)
2 -z n 2M —z2 n
T < v < =TI niw,  xz0nz 1.
k=1 k=1

Elementary bounds for x < O follow from the identity erfc(x) = 2 — erfe(—x).
An upper bound on y,(x) for x = 0 can be obtained from (11) and (12) by induction

(14) 7)€ -2 M@ ™,  nz0,x20,

T
using M(f) £ M(x) for t+ = x. Simple backward recursion in (10), followed by (12),
gives complementary forms

2/7'*M(x)e ™

(X) £ ———a7m N1z s
1s) 270 nZ0,x20
2/1r1/2 M(x)e—z’
Inlx) = x + (x2 ¥ 2)1/2)n s

While the bounds in (7) were obtained from r; < 0and are best for large positive x,
Eq. (36), ¥, > —1/n, represents the other extreme, and bounds from this inequality
would be best for large negative x. They are (7) with

) = 2T er =27 o,
(16) " nz 1.
1 —1/n
—x+(x2+2n_2)1/2,

D.(x) = B,(x).

|
®
v
L

Table 2 shows the results for these bounds.
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TABLE 2
C. and D, of (16) compared with r,

n\x =10 -5 0 5 10

1 1.005E+0l 5.098E+00  7.0T1E-O1 9,808E-02  L4.975E-02
1.00CE+01 5,000E+00 5.642E-01 9.635E-02 L4,951E-02
1.000E+01  5,000E+00 O, 0. 0.

10 1.048E+00 5.854E-01 2,236E-01 8,54L1E-02 L, TT72E-02
1,043E+00 5,788E-01 2,181E-01 8,L49E-02 L, 753E-02
1,043E+00 5.7T9E-01 2.121E-01 7.T8TE-02 L, 314E-02

20 5,458E-01 3.266E-01 1,581E-01 T.656E-02 L, 580E-02
5.438E-01  3,240E-O1 1,562E-01 7.598E-02 L ,56LE-02
5,437E-01  3,234E-01 1,541E-01  T.343E-02 k4, %BE-02

50 2,448-01 1.618E-01 1,000E-01 6,180E-02 4
2,40BE-01 1.612E-01 9.950E-02 6.156E-02 L4, 132E-02
2,407TE-01 1.609E-01 9,809E-02  6,091E-02 L

100 1.3%6E-01 1,000E-01 T7.0T1E-02 5.000E-02  3.66CE-02
1,36UE-01 9,9T8E-02 T.053E-02 L4,989E-02  3.654E-02
1,3%3E-01 9,9%TE-02 T.0%E-02 L4,96TE-02 3,631E-02

200 8.090E-02 6,4O4E-02 5,000E-02  3,904E-02 3.
8.082E-02 6.396E-02 4,994E-02 3.899E-02  3,087TE-02
8,0T9E-02 6.392E-02 L4,987E-02  3,892E-02 3

Bounds on y,/y,-; can be obtained by bounding each term of
yn/yn—k = Fata-1 0 Pa—k+1-
Improved Bounds. The simplicity of the previous bounds is appealing; however,

they are not very sharp near x = 0. The results of this section improve this situation.
Relation (35) in the Appendix is

=2k 4 2xr, — 1 < —12, X

v

0,

3
(1%

< —r exp{—x"}, x <0,
Following through as before, we get (7) with the bounds
2n + 2 + exp{—x’}

Cu(x) = 2 exp(—2] + 21 + 2)/ Do) > Do (x), x<0,
= 2n + 3 .
(17) a (271 + 4)x + (2” + 2)(X2 + 2n + 3)1/2 N x =0,
_ X + (x2 + 2n + exp{_xz})l/2
Dn(x) - 2” + exp{_x2} . X < 0’
: xz0,

=x+(x2+2n+1)1/2’
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TABLE 3
C., and D, of (17) compared with r,

n\x -10 -5 0 5 10

1 1.005B+01 5.,098E+00 5.TTME-O1l 9.TLTE-02  4,963E-02
1,000E+01  5,000E+00 5.642E-01 9,635E-02 L ,951E-02
5,050E+00 2,596E+00 5,590E-0L 9.632E-02 L, 951E-02

10 1,048E+00 5,854E-01 2,182E-01 8,L8TE-02 L, T62E-02
1,043E+00 5.788E-01 2.181E-01 8,449E-02  L.753E-02
9,566E-01  5.389E-01 2,180E-01 8,L43E-02 L, T752E-02

20 5,458B-01 3,266E-01 1.562E-OL T.620E-02  L.5T2E-02
5,438E-01  3.240E-O1 1,562E-0L T7.598E-02 k4, 564E-02
5,018E-01 3,139E-01 1,561E-OL T.593E-02 L, 56L4E-02

50 2.41L4E-01 1.618E-01 9.950E-02 6,163E-02 4, 1%E-C2
2,408E-01 1.612E-01 9,950E-02 6.156E-02 L4,13°E-02
2,374E-0L 1.595E-01 9.950E-02 6,153E-02 4,131E-02

100 1,%6E-OL 1,000E-01 T.053E-02 L4,992E-02  3.656E-02
1,%UE-01 9.978E-02 T.053E-02 L4,989E-02  3.65LE-02
1.355E-0L  9,934E-02 7.0538-02 L4,988E-02  3,654E-02

200 8.090E-02 6,LOLE-02  L,994E-02  3,900E-02  3,088E-02
8.082E-02 6,396E-02  L4,994E-02  3,899E-02  3.08TE-02
8,061E-02 6,384E-02  4,994E-02  3.899E-02  3,08TE-02

whose derivatives of order 2 or greater are discontinuous at x = 0. (The other half
of (35) leads to C,(x) in (9).) Table 3 shows these results for some numerical values.
Notice also that for x < 0, D,,, is a lower bound on r,. While these bounds are
relatively good at x = 0, they can be made sharp by observing that

(18) rho=2m: 4+ 2xr, — 1 2 rl(0) = 2n2(0) — 1, x20
is exact at x = 0, where

M+ 1/2) o,
2T(n/2 + 1)’ ="

The inequalities in (18) follow from (38) which shows that r is monotone increasing
in x. The roots give

19) r.(0) =

—x + (" + 2na,)"”?

D,(x) = on

(20a)
Cux) =

a
n >
x + (* + 2na,)"*’ =

where a, = 2nr2(0) and, with (6),
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Cxy) = =5 T " + 201 + Da,. )"
(20b) 2(” + l)an+l

1
x + &* 4+ 2(n + Da,.)"*°

Table 4 shows the partial improvement over Tables 1, 2 and 3. Bounds analogous
to those in (10) and (15) can be formed for x = 0 by setting x = O or n = 1 in D,(x)
of (20b). The largest lower bound and the smallest upper bound among the formulae
listed would be the best over the range of interest in » and x.

Iterative improvements, generating upper and lower bounds at each step, can be
made by recurring backward on (6), starting the continued fraction approximants
with some C, and D, (see also the next section on numerical computations).

The connection between these bounds and Mill’s ratio can be established by
taking (6) with n = 1 and applying the expressions for C,(x) or D,(x). (20a) for x = 0
gives the upper bound quoted in the NBS handbook [1, p. 298] while (5) for x = 0 gives
the lower bound in the same reference. (20b) gives Boyd’s [4] lower bound (12).

The bounds in (12) are fairly sharp with maximum relative errors of 1.179, and
0.919,, respectively. Best results are obtained with M(x) for x < 0.85 and m(x) for
x > 0.85, with an overall maximum relative error for this combination of about 0.867%.

D.(x) =

I
=3

X

TABLE 4
C, and D,, of (20) compared with r,

n\x -10 -5 0 5 10

1 1.003E+01 5.063E+00 5.642E-01 9,TOLE-02 L, 961E-02
1.000E+0L  5.000E+00  5.642E-01  9.635E-02  L4,951E-02
6.416E+00  3,280E+00 5,642E-01 6,287E-02  3.173E-02

10 1.045E+00 5.818E-01 2,181E-01 8.486E-02 4. T762E-02
1.043E+00 5.788E-01 2.181E-01 8.4L9E-02 L4, 753E-02
9.989E-01  5.605E-01 2,181E-01 8.1T6E-02  4,550E-02

20 5,448E-0L 3.250E-01 1,562E-01  T7.619E-02 L, 5T1E-02
5.438E-01  3,240E-O1  1.562E-01  T7.598E-02  L4,56L4E-02
5,334E-01  3,200E-O1L  1.562E-01  T.502E-02 L4 L476E-02

50 2,411E-01 1,614E-01 9.950E-02 6.163E-02 L4, 1%E-02
2,408E-01 1.612E-01L 9,950E-02 6.156E-02 L4,132E-02
2,394E-01 1.606E-01 9,950E-02 6.13%E-02 L4,107E-02

100 1,%5E-0L 9.983E-02 T.053E-02 4,992E-02  3.656E-02
1.364E-01 9.978E-02 T7.053E-02 L4,989E-02  3.65LE-02
1.3%1E-01L 9.96TE-02 T.053E-02 L4,983E-02  3.646E-02

8,085E-02 6.398E-02  L4,99LE-02  3.900E-02 3. 02
8.082E-02 6.396E-02  L4,994E-02  3,899E-02  3,087E-02
8.0T6E-02 6.394E-02  L,904E-02  3,898E-02 3. e

200
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Numerical Computation of r, and y,, k = 0, 1, ---, n. In[5] and [6], Gautschi
shows that forward recursion on (3) is appropriate for x < 0 while an iterative back-
ward technique on (6) (which generates continued fraction approximants) is appro-
priate for x > O for stability. It would be hard to improve on the simplicity of the
forward recursion for x < 0 but some improvement is possible for x > 0 because
the continued fraction approximants are slowly convergent for x close to zero. The
results developed above are exploited to get accurate values of r, so that the ratios

5
21 rk'l_x—l-kr,,’ k=nn—1,---,1, x>0,
can be computed for the relation
2e—z’ k
(22) yk=;i72—Hrn k=0,1,2,---,n x>0.
=0

The method which has proved successful in computing r, is based upon a restatement
of (21) with k replaced by k + 1,

[2(k + D(reer/rore + 2xIn = 1,
in the form

1 R — Teer,
x+ 68+ 2k + DR T
Then, with D, of (20b) as an initial approximation to r, for k = n (see Table 4),
the algorithm becomes

(23a) re =

1
T x4 6+ RE A+ D, P

where r,(0) is defined in (19), and

Q3b) k=nn+1,--- ,n4+v,x=0,

R;cn+1=r;cn+1/rl7cn, k=n,n+l,-~~,n+v-—m—1,
(23¢) 1
= —5, m=0,1,2,-+ ,» — 1.
YT x+ &+ 2k + DRLLDY g
rk=nn+1,--,n+v,
approximate [ - X X
values of 7, e R®
r;n,m=0,l’...,y’\[. .
FIGURE 1

The iteration diagram is shown in Fig. 1. r; is the approximate value of r,, and only
two successive diagonals need be stored.

Although the convergence proof below does not show that r decreases monotoni-
cally to 7, on the columns of Fig. 1, the numerical results were all of this character.
If this were true in general, it would follow, on using (21), that
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’ 1
Cn = _
2x + 2(n + D7y

<

n

=,

and the error criterion
[rn = ral/ra S |rn — cal/cn S €

could be used to terminate the process to guarantee a relative error e. Even if the
monotonicity is violated, this is a sensible method of termination since 7.7}, and
hence ¢, can be expected to be slightly less accurate than 7. The construction of
rigorous bounds using (23a) is shown in the convergence proof of the algorithm.

Some experimentation shows that if n < 25 (say) and x < 2, n should be increased
to 25 before the iteration is started to increase the rate of convergence. Upon com-
pletion, the backward recursive step in (21) is applied followed by (22). Notice that
for x = 0,7, = r(0)and » = 1. With a relative error ¢ = 5 X 10~°, extensive evalua-
tion of this procedure showed that » < 5 (a maximum of 6 applications of (23b)
and 15 of (23¢c)) held for x = 0 and 0 = n < 100. For n = 50 the maximum value
of v was 4, but the number of steps in (21) to reduce the index when the starting index
is small diminishes this advantage somewhat.

Straight backward recursion with (21) starting with Cag, 0or D, Of (9) gave only
4 significant digits in erfc(0.1). The corresponding computation with Cypo Or Dy Of
(202) or (20b), which are accurate at x = 0, gave 6 significant figures. This amounts
to iteration of these bounds according to (6) or (21). It is common to avoid underflow
problems by scaling y, by e in (22).

The forward recursive loop for x < O is started with y_,(x) and y,(x) where
yo(x) = 2 — erfe(|x]) for x < 0. The scheme for x = 0 is used to compute erfc(|x|).
If x < X, (X, = —6 for a CDC 6600 computer), yo(x) = 2 to the word length of the
machine and the erfc (|x|) computation can be avoided.

The methods exploited here have concentrated on recursion, primarily for sake
of computation. However, the differential inequalities developed in the Appendix
can be integrated for other types of apprxoimations.

Convergence of the Algorithm.

THEOREM. If x = 0, the sequence r generated by (23c) converges to r, as m — «
foreachk =z n = 0.

The proof consists of constructing monotone sequences of upper and lower bounds
on 7} which converge to r,. Let D} = r;. Using (20b) and (21), we have

1 0 0
= <n<sr= D.
2x + 2(k I)DQH =y =T D,

(24) Ci

Substitution of these bounds into the expressions 7,.,/r, and 7}, ,/r} yield

Cy re D,
and 2t < Tent o Den

0 0

Ci1 < e+ < Dyyy
0 = = 0

Dy Tk Cx

Tg = 14 = Cg
Another substitution of the bounds in (25) into the denominators of (23a) and (23¢)
for m = 0 give new bounds D; and C,,

(25)

DiZrnz2C, DiZnC

where
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(26)
— I 1 .
T x+ (° + 2k + DCLL/ DY)V x + (4 2 (k + 1) D5, /C)"?

Notice that equality holds throughout for x = 0. Continuing in this way, we can
inductively construct sequences of bounds D% and C7% on r, and r};. However, con-
vergence is obtained by showing monotonicity of each sequence,

D' £ pf and CP' = Cp, m=0,1,2, - .

and C} =

D

Thus, for m = 0, we need to establish D} 2 D} and C; = C, before going on to
the induction. D} = D; follows by showing that

o) = cl,‘l);l _ Ress(@)x + & + 2k + DR..a(0)')
' [2Rk+3(0) - %]x + 526 4+ 20 + DR
in the denominator of D is greater than
lex)) Risr(0) = r,,(0)/r(0) = 2(k + 1)r},,(0)

in the denominator of D{ for x > 0. (The last expression in (27) is obtained from (6)
with x = 0 and C},, is obtained from (24) by rationalizing the denominator of D},,.)
This inequality, g(x) = R;.,(0), can be proved by showing monotone increasing
behavior of g(x) together with g(0) = R,..(0). g(0) = R;.,(0) follows from (25) and
(27) and the fact that equality holds for x = 0 in (25). The positivity of g'(x),

s R;.5(0)
g'x) = (xz ¥ a)l/2(x2 ¥ c)l/2
‘[(ab — cd)(ab + cd)x® + ac(ab® — cd’) + bx(a — ¢) A(x)]
A(x)dx + b + a)'?)’ ’

where

a = 2(k + 3)R:.3(0), ¢ = 2(k + 1R;:..1(0),
* + 2)/(k + 3), d = 2R.50) — b,
A(x) = ab(x® 4+ ¢)'”* + cd(x* + a)'?,

will follow if the quantities @ — ¢, d, ab — cd, ab® — cd® are shown to be positive.
A direct application of (33) and (39) for x = O gives @ > c since

Ri(x) = 1+ rn(x),  rea(x) > ri(x) = Rea(x) > Rulx).
On the other hand, d > 0 follows from (33), (35) and (7), with (9), for x = 0 since

2 _k+2
2k +3) k43

o
It

Rews(0) = 1+ rl5(0) 2 1 — 2r15(0) > 1 — b
impliesd > b > 0.

In order to deduce the signs of ab — cd and ab® — cd®, we first express R,.;(0)
in terms of r,.,(0) by means of (27) and (6),

28) Rin® = 26 + Ha®,  re® = 52,0
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Then, with (27) and (28),

ab — cd = 4bri, Ok + 2)" + (k + 1)° — 4k + 1)’k + 2 (0)],
ab® — cd® = 4L (02 + 3) — 4k + D¢ + 2). 0]
1 + 4k + Dk + 2)ria(0)].
If we use (19) for r,.,(0) together with I'(z + 1) = zI'(z) in the denominator, we get

. 1 TW/2+D
nn@ = G TG + /)
and the upper bound of [18],

e o Dt 1)

=P(n+s)§(n+s)l_’, n>0,0§s§l,

with n = k/2, s = 1/2, suffices to establish the sign of ab — cd,

ab —cd 2 4br,,+1(0)[2k + 6k 4+ 5 — 4k + 2)(" * 1)] = 4b2,,(0) > 0

However, sharper results are needed to show ab®* — c¢d® > 0 for k = 0. The results
stated in (45) can be applied, for k = 4

Ir’k/2 + 1) A 48

I’k + 1)/2) <3 + + 16k 2 T ek
and this yields

2 _ 2 4b2’:+1(0) é _ i _ 16_3_ _ 384
ab® — cd® > e [4 % 206 ][1 + 4k + Dk + 2)rea (0] >0

for k = 9. Direct substitution was used to verify ab®> — cd® > 0 for k = 0 through
k = 9. Thus, D} = D, with strict inequality for x > 0.

For C;, we take the defining equation (26) and substitute (24) for C;

1\

4,

% to get
Cllt = 0 L 0 172 = . 0o = C',i
x + (" + 2(k + 1) Di1(2x + 2(k + 1) Dy11)) 2x + 2(k + 1) Dysy
To summarize the situation for m = 0, we have
29)

D= D,=r=2C=Cy, and D)= D, =r, = C} = C}.
Now, we repeat the induction steps (24) through (26) for
applied to 7..,/r, and r,,,/r; yields

m = 1. Thus, (29)
Cllc+l Dk+1 Clti»l < ’k+1 < Dk+1
Dllc = 4> = Ck and Dllc = "k = Ck
These expressions with (23a) and (23c) for m = 1 give new bounds D; and C;,
D: g Ik g le’ D: g rlf ; C:’
where
1 1
D; = and C; =
T x+ &+ 2k + )G/ D) *

X+ + 2k + DDL./CH”
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Then, by (29),
Cy Ci D;. DY
T")E‘ = ——1’3:2‘ = D, = D; and Tf,t_l < _Ek;’ﬂ: Ci = Ci.

Thus, for m = 1 we have

Dy2Di2Di2rn2C2C=C, and D2 Di2D;=2r2=Ci=C: =Ch

with strict inequality in C; = C; for x > 0 because D} > D; for x > 0.
Continuing in this way, we compute inductively a sequence D% which is bounded
and monotone decreasing while C7 is bounded and monotone increasing with }; and
r,. between these bounds. Each sequence therefore has a limit D, and C, such that
1 - 1 .
x+ (" + 2k + 1)Ceii/ DY’ Fox+ 2k + DD /C)Y

Solving for each of these radicals and squaring gives

1 1
St 206+ DG’ T 2%+ 2k + DDk

and combining the relations in (30) produces

D,,;=

(30) D,

1 1
S T2+ D G T Tt D
2% + 2k + 2)Drrs 2% T 20k £ 2)Crs

Each of these lead to the continued fraction for r, which can be developed similarly
by repeated application of (6). Therefore, D, = C, = r, and r7; converges to r,.
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Appendix. Some Relations Involving r,, r2 and r.’. We start with the selfad-
joint differential equation

%(e”y,’.) = 2ne""y,, nZz —I,
and apply Green’s theorem to the relation
f ) [yn_l Ly — 52 (e“y,"-l)] dt = 2 f e d
. dt dt .
to get
YnorVn = Vabmo = —2¢7 f ) e vty dt,  n 21,

z

or with (11),

G 5l = Fa) = =27 [ om0 d <0, nz 1.
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Therefore,
VnVn—2 28_21 ® T
32 “ === =1= —- f " (Oyn_1(®) dt < 0,
(32) ra(x) o ey e Pu()yn-_1(t)
(33) r,’.(x)=rr"—-l<0 and o<r—’"—<1, nz 0.
n—1 n—1

The recursion relation (6), reciprocated and differentiated, provides the recursion
relation for .,

(34) Py = _2’:—1(1 + nry),
which shows that r, > —2ri. On the other hand, a direct estimate of (32) using
exp{t’ — x°} = 1 for t=x20,

—z2

e for t=x and x < 0,

v

and the differential form of (11) gives

2 2
-2, <r<-r, x

v

(35) o
< —r exp{—x"}, x < 0.
(34) in the form
—ra /@) =14 >0
also shows that
(36) ra > —1/n,

which is better for large negative x than (35). The recursion relation for r.’ follows
from (34) by differentiation,

37 Fai?nly + 2”’?;-1’7’», = 2("7'.-1)2~
The positivity of .’ can be obtained from (32) as follows:

y:—lrr:’ = yn—2[ynyn—2 - y:-l] - yn[yn—lyn—S - y:—?]

=2y, 5(x)e”™ f e yu()yaar (1) dt + 2p,(x)e™ f " Vaor(Oyns(t) dt

z z

®

= 28-31 et’yn—l(t)[yn—2(t)yn(x) - yn-2(x)yn(t)] dt'

This gives, after factorization,
11
rn(t)rn—l(t) rn(x)rn—l(x)

This not only implies monotone increasing behavior of r; in x, but differentiation
of (33) establishes monotone behavior in n as well,

(38) Yl =27 f e"y,.-l(t)y,.(t)y,.(x)[ ]dt > 0.

n ’ A ’ ’
Fn-1ln + Fnoiln = In — Fno >0
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(39) 0>r>r.

Upper bounds on r.’ can be obtained from (37) using r;’ > 0. r.’ > 0 also establishes
(40) TalTa > oot /Fac

through differentiation of (33),

and with (33) again,

Uray — 1/r > 1/ry — 1/r,_y.
That is, second differences 6°(1/r,_,) are negative,
41 U /rae) <0,  n=2,3---.

(39) together with (33) also establishes the monotone decreasing behavior of the
differences r,_, — r,,

0 < ruoy = 1 < (Famz — Facidaci/Faca < (Facz = Fazi)

and hence
(42) ’ra) >0, n=2,3--.
The expression in (31) is the numerator of
d’ WYz — Va-
(432) ZE () = PR <o,z L
For n = 0 this works out to be
d __2p.0(x)

Thus we have also established that w = In i" erfc (x) is concave down for all x and
alln = 0.

A Sharp Upper Bound on a Gamma Ratio. We start with the asymptotic ex-
pansion [1, p. 257]
1 1 1 1
In T(z) = ( —-2->lnz—z+51n21r+ 12~ 3607
for z > 0 and estimate R by the next term |R| < 1/(1260z°). The application of the

final results dictated this accuracy. This expression can be applied for z = x 4 1
and z = x 4 % to yield

R oo ol ) ) -
I‘(x+%)_21nx+ x+21nl+x xlnl-l—zx >

In




426 D. E. AMOS

where
[R,| £ 1/(1260x"), [R:| < 1/(1260x%).

Now, the following alternating series for x = 2 can be used for terms up to and
including x™* in (44),

1 1 1 1 1 1 1
'"(1+;>—;*5;2+3x3+’*4<;)’ R*(;) =5
1 1 1 1 1 1 1
=y T T a“s(;)’ R(X) =58
-1
(1+'1'> =1—1+‘1§+R3<l> R3(1>§i3,
X X X X X
-3
1+ l) =1+ R1<l) s R1<1) = 2
X X X
Then
’x+1 1 1
T Inx+ o e T F
where
/
£ = rll) +2m(l) - 2m() + £ [ &) - &(2)]
1 1 (1
~ 180x° [R‘<x> - R‘(E)] 2R = 2R,
and

|E| < 1/x*, x2 2.

v

For consistency, terms of degree three or less are carried accurately in estimating
the exponential

I(x + 1) _ a_( o a ”OL)
r’(x+%)_""_"1+°‘+2+6+,§_:4u

<rtar g ne)

¢ i=4

<x<1 +a+a§+%3+zrla“_7))
where
a=1/(4x) — 1/(96x*) + E, 0 <a < 3/16, x = 2.
Now we expand the powers of « and bound terms of higher order,

xTT2 X727, jz s xz 2,

to obtain
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e + 1) ( 1 1 )
(43) FPeth STt 5ne™ 128x3 t5d) ¥

This expression is asymptotically correct in all terms except the last.
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