MATHEMATICS OF COMPUTATION, VOLUME 27, NUMBER 123, JuLY, 1973

Some Probability Density Functions and Their
Characteristic Functions

By Frank McNolty

Abstract. This paper presents, without derivation, several generalized density functions
together with their characteristic functions. The densities are expressed variously in terms
of special functions such as: I,(x), the modified Bessel function of the first kind of order »;
K,(x), the modified Bessel function of the second kind of order »; Fi(a; b; x), the confluent
hypergeometric function; .Fi(a, b; c; x), the hypergeometric function; W, (x), Whittaker’s
function; ®4(8; v; bx, cx), a generalized hypergeometric function (type I);
®ob, ¢, d; v; N\x, X, BX),

a generalized hypergeometric function (type II); and ¢4(bv*), a generalized Bessel type
function. The first five cases are summarized from the work of Laha [7], Pearson [25] and Raj
[26] while Cases 13 through 19 have not previously appeared in the literature of statistics or
Fourier transforms. In what follows, the usual notation f(x), for a density function, and
(1), for a characteristic function, will be used with all parameters considered as real
quantities:

of) = f ” explit)f(x) dx.

—

Case 1. Laha [7], Bose [2], Bose [3], Erdélyi [4], McKay [14], McNolty [15]{22].
In this case and in Cases 3, 6-12 and 15-18, the function f(x) = 0 for x < 0.
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Case 2. Pearson [25], Bhattacharyya [1], Bose [3], Erdélyi [4], Sastry [6], Laha
[7], McKay [14], McNolty [20].

a(|x| @)’ K,(|x| a)
27’ Te + §) 7

3) f(x; a,v) = —o < x < o,

a > O, 14 > _%y
(4) ¢(t) — a2v+1/(t2 + az)v+l/2‘
Case 3. Raj [26], McNolty [20].
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b
f(x; a, b; N, w) = a“'x"exp(—ax - ;)'¢i(bx“), x20,

(5)

a>0,pu=z—-1,62Z20,2>0
where

Wy = (bx"y
© HOD = L T T AT

L\ -A-1 b A"
ww= (-2 -2 - (- 27T}
Case 4. Laha [7].

(a+b)/2-1 o (_)Cerr

(7a) f(x; a, b,c) = e o(a¥8172 Zo A T + r)22' W a=by/2, (a+br2r-1)72(2%),

x>0,
(7b) = (—1)-[expression (7a) with x replaced by (—x)
and T'(a + r)replaced by T'(b + )], x <O,
(®) o) = — i+ it)_b'exp[—2(lc_|t_ 5]

a,b>0,c=20;a+b>1.

Here, expressions (7a) and (7b) differ from the result given in [7].
Case 5. Laha [7]. Letting a = b in expression (7) gives

|x|a—1/2 © c2n |x|n

. — ,7¢2, . .
f(x; a, c) e Q=172 172 “ 1 T(a + n)22"

Ka+n—l/2(|x|))
)]
—o < x < o,

a>0,c=0,
10 o) = (1 + ) exp[—c’r’/2(1 + )]
Case 6. Erdélyi [4], McNolty [19]{21].
a’b*

e +‘_”)e"bzxu+v—1.1F|[ll; v+ u; (b — a)x], x>0,

an  fx; a, biv, ) =

v >0ab2 0;{b >a,v > 0,y + p > 0 (u may be negative);
a>b,u>0,v+4+ p> 0@ may be negative);
12) o(t) = a’b*/(a — it)' (b — it).
Case 7. Erdélyi [4], McNolty [20].
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v
L
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where expression (13) is a special case of (11).

(14) o) = (0° — &)"?/Ub — ity — "7,
Case 8. Erdélyi [4], McNolty [20].

w2 — &)

2770 + Da’b €
b>a>0,»> —1,

(16) o1) = (b — in®* — &) */bl(b — it)’ — &',
Case 9. Erdélyi [4], McNolty [20].

f(x; a, by v) = X Lax),  x =0,

(15)

fx; a, b, c; B,7) = ﬁwx""exp(—ax - E)@s(ﬂ; v; bx, cx),
a7 Y) a
x =0,
a>bz0,c20,y>0,820,
where

¢3(ﬁ; Y bx, Cx) = Z Z —@"'_ bmcnxm+n
(18) m=0 n=0 (7)m+1;m! n!
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& "a—b—it) ' ala — if)

)

e(t) =
Case 10. Erdélyi [4].

b c d
fx; a, b,¢c,d;B,7v, N, 7) = @— N ;?,_(a = B) grorygre
(19) I'(y)a Y
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1%
L

a>Na>r,a>BN7,820,a>0,y>0;b,c,d =0,
where

®o(b, ¢, d;v; Mx, Tx, Bx) = D DL D _O)n(n(@), AR X
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Case 11. Erdélyi [4], McNolty [20].
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¢2(b’ C s )\x, Tx) = Z Z (L)"‘(.c_)'"_'_ Am‘rnxmi»n’
(22) m=0 n=0 (‘Y)m+nm- n

(@ =M@= r)y@@—in" "
(@ — it — N'(a— it —7)a" "

o(t) =

Here expression (21) is a special case of (19).
Case 12. McNolty [16].

P\P+Q_Q-1
fGe; N, 7, 8; P, Q) = rA x p( a+bx)

(23) 22771 + A TN T+ 2Ar
= 1 abx " L Ax
L Ton Q)'[(l ¥ 2xr)2] "F‘[Q —hmt Oy 2xr)] :
x =0,
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@ 00 = T — it + 2] P e — it + 201
Case 13.
_ B°~exp(—72/4ﬁ)x(“b)/2—l-(—l)
f(x) = I"(C)Z(“b)/z(ﬁ ¥ ])c
« D(n + C)x"lFl[n + ¢ ¢ —L—]
48+ D .
(25a) g G+ Iyl T@ + n)2" W azs) /2, asban—1)/2(2%)

x>0,
a,b,e>0;,v,620,a+b>1,

(25b) = (—1)-[expression (25a) with x replaced by (—x)
and T'(a + n) replaced by T'(b + n)], x <0,

_ U + ) O s }
20 O =T Tra T B + A+ BT exp{ 4618 + (1 + B

Case 14.
f(x) _ 1rl/2(b2 — a2)v+l/2x(c+d)/2—l © (_l)xnr(n + 21/ + 1)
(2b + 1)2v+1I‘(V + I)I‘(V + %)2(c+d)/2—l ~ n! I‘(C _I_ n)z"(zb + 1)"
n 1 n . . 4a’° B
(27a) '2F1[§+v+§,§+v+1,V+1,———(2b+l)z]

° W(c—d)/z,<c+d+2n—1)/2(2x), x>0,

c,d>0;b>a>0;v> —3,

(27b) = (—1)-[expression (27a) with x replaced by (—x)
and I'(c 4 n) replaced by T'(b + n)], x <0,
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22v+l(b2_a2)v+1/2(1+t2)2v+l

8 = .
28) (0 {46 — a®)+4°[b(1+2b)— 2a° 1+t [(1+26)° — 4a°1}" 2 - (1 — i) (1 + ir)*
Case 15.
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a>bz20;c,d,vy>0;8,\0,¢620,
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Case 16.
j(x) _ 1rl/2a2v+'y—ﬂ+l(d2 _ cz)v+1/2(a _ b)ﬂx'y—le—az. © © anP(n + 2V + l)
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Case 18.
f(x) _ 7|'l/2(b2 _ aZ)v+1/ZC2uv+u+)\+1x)\e—cz © F(zl/ + n + l)cﬂ#xﬂ#
27(b* + D*'T + DTG + §) 270 (b + 1)'n! T(1 + A + nw)
(35) [ n, 1 no , _a_c_] S
2F1V+2+2’V+2+1’V+1’(bcu+1)2 ’ x=0’
b>a>0c,A>0v> —3px —1,
2 _ 2 v+1/2' 2uv+p )2V E A+1
36) ot) = b a’) c (c it) c

(€ — il — (L + b") — T — a'e™e — iny*}"
Case 19. McNolty [23], [24].

f(x) = x%""/2K(@@ + bx* + cx*), —o <x< o,
a,b,c>0;,7=0,

(37

where

1/2

K=——"7—
de(r, — 1)

[r'%e" ' T(=%, 1) — r.' e ' T(—4, ry7)]
and I'(a, x) is the incomplete gamma function, T'(e, x) = T(a) — (a, x).

1

T /2 @ 2u — t2
. . -t’/du' r2(r—u) __ ri(r-w)
@8 o) = g [ e e du

where r,, r, are the two roots (which may be complex) given by

+ b+ (b — 4ac)”?

2
% s b # 4ac.

i, 2 =

Case 19 was developed jointly by the author and Dr. Eldon Hansen of the Lock-
heed Palo Alto Research Laboratory. Expression (37) is an important function
occurring in the design of optimum infrared signal processors. Other functions
listed above occur in problems related to: fluctuating radar cross section, fading
radio signals, weapons coverage and distributions of sums of random variables.

In expression (38), the restriction is r, # r,, i.e., b° — 4ac = 0. If we require
that b — 4ac > 0 (which is the usual case in applications), then (38) becomes

_ ™ -NttrN? _t 1/2
°0 = k(N = 09 {N" [‘p(@r)‘” AT ) + ‘]

_ NeNHTN"[‘I’((_;Tt)_x/E‘F NT1/2> + 1]

_ Qe_Q“’TQ"[@((77‘3175—QT1/2)+l]+Q€Q‘+‘roz

. |:<I><E4—Tt)i7§ + QTW) + 1]} ,

(38a)

where, in (38a), N = (b/2c — M)"*, Q = (b/2c + M)"*, N°Q* = a/c, N° + Q° =
b/e, M = (b® — 4ac)/4c®, K is the normalizing factor when ¢ = 0 and &(x) = erf(x).
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The restriction b° — 4ac > 0 (with a, b, ¢ > 0) implies that the four poles of
(37) must lie (in two conjugate pairs) on the imaginary axis of the z = x + iy plane
rather than falling in arbitrary locations as is the case when the constraint is simply
Py Py

Continuous Distributions. References [27] and [28] by Norman L. Johnson
and Samuel Kotz provide an excellent treatment of the subject of continuous distri-
butions. The two volumes contain an extremely large collection of distributions
together with lucid discussions of their properties and applications.

Mixture Representations. As an alternative to expressing the preceding func-
tions in terms of special functions, one can write them as mixture representations
(Luke [13] and McNolty [20]), i.e., infinite series of simpler density functions weighted
by discrete probability functions. Several examples are given below. In what follows,
P(n; a) is the Poisson distribution on n with parameter a, NB(m; a, b) is the negative
binomial distribution on m with parameters a and b and G(y; a, b) is the continuous
gamma distribution for u with parameters a and b.

A. Expression (1) can be written as

0 fGes Ay, Q) = i P<m;z—)‘>-G<x;% , 0 + m) , x

m=0

v
o

B. Expression (5) becomes

d b
&) s a, by N, w) = D P<m; >-G(x; a, mp + N+ 1), x

n
m=0 a

1\
o

C. Expression (11) is

v
o

an fx; a, by v, p) = i NB(n; v, §>~G(x; b,u+v+n), X

D. Expression (17) is given by

o b
a7 fx;a, boe; B,v) = 2 O P(n; §)~NB(m; B, 1 — —)

m=0 n=0 a

‘G(x;a,y + m+ n), x

v
o

E. Expression (19) is

i a, bye, d; By, N, 1) = O O D NB(m; b, 1 — §>N3<n;c, 1 - 7:)

(19) m=0 n=0 r=0

-NB(r; d, 1 —§>G(x; a,m+n+r+7), x = 0.

F. Expression (21) is

A T
(21) j(xs a, b) c v, )\, T) = Z Z NB(m, b, 1 — a)‘NB(n,C, 1 — a)

m=0 n=0

G(x;a, m + n+7), X

v
o




502 FRANK MCNOLTY

Other functions from Cases 1 through 19 may be written in a similar manner
and, thus, a two-fold description of these densities in terms of both special functions
and mixture representations can provide additional insight into their mathematical
structure. Also, in performing various manipulations with the density functions
one has a choice of using the special-function form or the mixture representation.
One or the other might be easier to work with depending upon the problem. The
extensive discussion in Chapter 9 of Luke [13] provides more generalized results
than the simple expansions (1), (5), (11), (17), (19) and (21) above.

Sums of Random Variables. Many of the functions presented in Cases 1
through 19 reproduce themselves by addition of independent variables. The re-
productive property holds true provided that certain of the parameters remain fixed
for each variate in the sum, while other parameters need not remain the same. The
fixed parameters ordinarily correspond to the location of the poles, zeros or branch
points of the characteristic functions; while the “free” parameters are those which
determine the order of the poles or zeros or the number of branches of the function.
The characteristic functions are infinitely divisible with respect to the free parameters.
Clearly, for instance, the distribution (15) is not reproduced under the addition of
independent random variables.

Although the examples which follow are purely illustrative and the notation
imperfect, the results indicate the application of the preceding density functions
to addition problems.

The random variable X,(u; «, \) will be distributed according to the gamma
distribution

(39) gu; a,\) = M e /TN, w20,
a, A\ > 0,

while the random variables Xz(u; A\, v, Q) and X,(u; a, b; », u) are distributed
according to expressions (1) and (11), respectively. Similarly,

Xk(v; a, v), Xo.(u; a, b; ¢; B, v), Xo(u; @, b; ) and X, (43 a, b, ¢; v; N\, 7)

denote random variables distributed according to (3), (17), (7) and (21), respectively.
Then the following relationships hold true:
(@ ForU=X+17,

Xu(u; a, byv, w) = X,(x;a,v) + X,(y; b, )

where @, b = 0 and now v > 0 and x > O, rather than u + » > 0.
() ForV=X-1Y,

Xk@; a,v) = X,(x;a,v+ 3) — X,(v;a,v + 3)

wherea > Oand v = —1.
(¢c) ForU =X+ Y,

Xs,(u; a, b;¢; B,7) = Xp(x; 2a, 2(20)"*,v,) + Xu(y;a — b, a; 8,71 — B)

where v = v, + y55a> b = 0;¢,8 2 0; v, v1, v: > 0and, if further, v, — 8> 0
then for U = X + Z + W we write
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Xo,(u; a, b5¢; 8, 7)
= Xp(x; 2a, 2Q20)"*, v2) + X,(z; @ — b, B) + X,(w; a,v, — B).
(d) ForU=X—7Y,
X,(u; a, b;c) = Xp(x; 2, 2%, a) — Xs(y; 2, 2%, b)

where, of course, the appearance of a Bessel variate always permits a further res-
olution into sums of Bessel variates and/or gamma distributed variates.
() ForU=X+17,

Xo,(u; a,b,c;v; M, 1) = Xi(x;a — N a; b,y —b—c)+ X, (y;a— 7,¢)

whenc > 0and y — ¢ > Owherea > N, a> r,a,b> 0; \,7 = 0.
() ForU =X+ 7,

Xo,(u; a5 b,¢c;v; M, 1) = Xo(x;a— 1,85,y —b—c)+ X,(y;a— N\ D)

whenb > 0and vy — b > Owherea > N, a>r,a,¢> 0, N\, 7= 0.
(g) ForU=X+47,

Xo,(us a; b,c;v; M, 1) = Xolx;a— N, a— 7, b,¢)+ X (y;a, vy —b—2¢)
whenb + ¢ >0,y — b —c> O0Owherea > \;a > 1
e> 0n 20 and {b>0 ifa—1>a—\2,
¢c>0 fa—AX>a—r1.
(h)ForU=X+4+Y+ Z,
Xo.(u; a5 b,¢;7; N, 7)
= Xx;a—Nb)+ X,(y;a—1,¢0)+ X(z;a,vy —b—¢)

whenb > 0,¢c>0andy — b — ¢ > Owhere \,7 =2 0;a> N\, a>r,a> 0.
(i) Denote the random variable distributed according to (15) by Xi(x; a, b; »)
thenfor U = X + ¥,

Xi(u; a,b;v) = Xu(x;6—a, bsv+ 3, -1+ X000+ a,v+ )

where now » > 3,6 > a > 0.
(j) Denote the random variable distributed according to (25) by X, then, for

X=X1—X2+X3—X4,

X = X3<x1'2( B )1/2 1272 3 C)
T\ 48/ @)+ B

_ . 8 >1/2 » )
XB<x2, 2(1 +8 (25)1/2(1 ¥ 6)3/2 » €

(s (25) (1. () e - )
+ Xuix;; 1, T_-I———ﬂ ;a—c,c)—X,,x4;l,-1—_*_-B s b—c,c)
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Palo Alto Research Laboratory, for her excellent typing of this rather cumbersome
text.

Lockheed Palo Alto Research Laboratory
Palo Alto, California 94305

1. B. C. BHATTACHARYYA, “The use of McKay’s Bessel function curves for graduating fre-
quency distributions,” Sankhya, v. 6, 1942, pp. 175-182. MR 5, 126.

2. R. C. Bosg, “On the exact distribution and moment-coefficients of the D2-statistic,”
Sankhya, v. 2, 1936, pp. 143-154.

3. S. S. Bosg, “On a Bessel function population,” Sankhya, v. 3, 1938, pp. 253-261.

4. A. ErpELYl, W. MaGNUs, F. OBERHETTINGER & F. G. TricoMmi, Tables of Integral
Transforms, Vol. 1, McGraw-Hill, New York and London, 1954. MR 15, 868.

5. J. O. IrwIN, “On the frequency distribution of the means of samples,” Biometrika,
v. 19, 1927, pp. 225-239.

6. K. V. KRISHNA SASTRY, “On a Bessel function of the second kind and Wilks Z-distribu-
tion,” Indian Acad. Sci. Ser. A, v. 28, 1948, pp. 532-536. MR 10, 387.

7. RabpHA G. LaHa, “On some properties of the Bessel function distributions,” Bull. Cal-
cutta Math Soc., v. 46, 1954, pp. 59-72. MR 16, 152.

8. R. D. Lorp, “The use of Hankel transforms in statistics. I,” Biometrika, v. 41, 1954a,
pp. 44-55. MR 15, 885.

9. R. D. Lorp, “The use of the Hankel transform in statistics. II,” Biometrika, v. 41,
1954b, pp. 344-350. MR 16, 382.

10. R. D. Lorp, “The distribution of distance in a hypersphere,” Ann. Math. Statist., v.
25, 1954c¢, pp. 794-798. MR 16, 377.

11. YupeLL L. LUKE, Integrals of Bessel Functions, McGraw-Hill, New York and London,
1962. MR 25 #5198.

12. YupeLL L. Lukg, The Spectral Functions and Their Approximations, Vol. 1, Math.
in Sci. and Engineering, vol. 53, Academic Press, New York, 1969. MR 39 #3039.

13. YupeLL L. Lukg, The Special Functions and Their Approximations. Vol. 2, Math.
in Sci. and Engineering, vol. 53, Academic Press, New York, 1969. MR 40 #2909.

14. A. T. McKay, “A Bessel function distribution,” Biometrika, v. 24, 1931, pp. 39-44.

15. FRaANK McNoLTY, “A contour-integral derivation of the non-central chi-square distri-
bution,” Ann. Math. Statist., v. 33, 1962, pp. 796-800. MR 25 #651.

16. FRaNK McNoLTy, “Applications of Bessel function distributions,” Sankhya Ser. B,
v. 29, 1967, pp. 235-248. MR 37 #3672.

17. FRANK McNoLTY, “A note on radial distributions,” Operations Res., v. 16, 1968a,
pp. 211-216.

18. FRANK McNoLTY, “Expected coverage for targets of nonuniform density,” Operations
Res., v. 16, 1968b, pp. 1027-1040.

19. FRANK McNoLTy, “Quadratic form distribution associated with special functions,”
Sankhya Ser. B, v. 34, 1972, pp. 21-26.

20. FRaNK McNoLTY & Jack ToMsky, “Some properties of special-function, bivariate
distributions,” Sankhya Ser. B, v. 34, 1972, pp. 251-264.

21. FrRaNk McNoLTy, “Random vectors with non-uniform phase distributions.” (Sub-
mitted.)

22. FRaNK McNoLTy, “Reliability density functions when the failure rate is randomly
distributed,” Sankhya Ser. A, v. 26, 1964, pp. 287-292. MR 32 #4719.

23. FRANK McNoLTy, R. CLow & E. HANSEN, “Some matched filter configurations for
infrared systems,” IEEE Trans. Aerospace and Electronic Systems, v. AES-8, 1972, pp. 428-
438.

24, FrRANK McNoLT1y, R. CLow & E. HANSEN, “Some properties of the output of inte-
grat;)r in an infrared system,” IEEE Trans. Aerospace and Electronic Systems, v. AES-8, 1972,
pp. 552-558.

25. KARL PEARSON, “Further applications in statistics of the Tn»(X) Bessel function,”
Biometrika, v. 24, 1932, pp. 293-350.

26. DEs RAJ, “On a generalized Bessel function population,” Ganita, v. 3, 1953, pp. 111-
115. MR 14, 775.

27. NorMAN L. JouNsON & SAMUEL Kotz, Distributions in Statistics. Continuous Uni-
variate Distributions. 1, Houghton Mifflin, Boston, Mass., 1970. MR 42 #5363.

28. NorMAN L. JouNsoN & SAMUEL Kotz, Distributions in Statistics. Continuous Uni-
variate Distributions. 2, Houghton Mifflin, Boston, Mass., 1970. MR 42 #5364.




