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A Modified Bairstow Method for Multiple Zeros
of a Polynomial

By F. M. Carrano

Abstract. A modification of Bairstow's method to find multiple quadratic factors of a

polynomial is presented. The nonlinear system of equations of the Bairstow method is

replaced by high order partial derivatives of that system. The partíais are computed by a

repetition of the Bairstow recursion formulas. Numerical results demonstrate that the

modified method converges in many cases where the Bairstow method fails due to the

multiplicity of the quadratic factor. Rail [4] has described a generalization of Newton's

method for simultaneous nonlinear equations with multiple roots. This may be applied to

solve the nonlinear Bairstow equations; however, it fails in some cases due to near-zero

divisors. Examples are presented which illustrate the behavior of the author's algorithm

as well as the methods of Rail and Bairstow.

1. Introduction. Bairstow's method [1] is a well-known algorithm to determine

quadratic factors of a polynomial with real coefficients. It is limited, however, in that

convergence is quadratic only if the zeros are complex conjugate pairs of multiplicity

one, or are real of multiplicity at most two. For higher multiplicities it is impractically

slow or subject to failure. An extension of the Bairstow method is described which

relaxes this limitation. An algorithm due to Rail [4] for solving simultaneous nonlinear

equations with multiple roots is also discussed in the context of Bairstow's procedure.

2. Newton's Method. The ideas to be presented are analogous to Newton's

method and some of its modifications, and hence we begin our discussion at this point.

Consider the polynomial P(x) with zero a. The Newton iteration function is

(1) x - P(x)/P'(x).

If a is a zero of multiplicity m, we consider two modified iteration functions, both

of which are quadratically convergent. The first is obtained by observing that a is a

simple zero of Pim~v(x). An application of Newton's method then gives

(2) x - P{m-1)(x)/P^)(x).

The second (see e.g. [3]) is

(3) x - mP(x)/P'(x).

If Homer's scheme is used to evaluate P and its derivatives, (2) costs more than (3)

to compute. To determine m in (3), however, it may be necessary to calculate the

derivatives used in (2) anyway. If such is the case, cost is no longer a factor, and the
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choice of method would depend upon potential numerical difficulties. In fact, such

difficulties are likely as the denominator of (3) becomes small. Similar results will be

encountered in the subsequent presentation. (1), (2), and (3) are analogous to the Bair-

stow, the modified Bairstow and the Rail methods, respectively, which are considered

next.

3. Bairstow's Method. Consider the polynomial with real coefficients P„(x) =

a0xn + a,x"~l + ■ ■ ■ + an, and an approximation, x2 — px — q, to a quadratic factor

of Pn(x). Form

(4) Pn(x) = (x2 - px - q)(boXn-2 + b,xn~3 + ■■■ + bn.2) + (x - p)bn_, + bn,

where ft, = a, + pb,-, + qbj-2,j = 0, • ■ • , n;b-2 = b-, = 0. Then*2 — px — q is a

quadratic factor of Pn(x) if and only if bn-, = bn = 0 [3]. Thus, we must solve the

nonlinear system

(5) 6,_,(p, q) = 0, bn(p, q) = 0.

Newton's method is used to accomplish this. The required partial derivatives are

obtained recursively from

c, = bj + pcj-i + qCj-2,        j = 0, • • • , n — 1;    c_2 = c_i = 0,

where dbn(p, q)/dp = cn_,, dbn(p, q)/dq = dbn.,(p, q)/dp = c„_2, and dbn.,(p, q)/dq =

d-3-

The corrections to p and q are then

,,, . bnCn-3 0„_iCn_2 "n-lCn-I bn.Cn-2
(6) Ap = -i- ,        Aq = —j——-

cn-2 Cn_]C„_3 Cn_2 C„_iCn_3

Thus, p, = p + Ap, q, = q + Aq are the next approximations in this iterative process.

If x2 — sx — r is a quadratic factor of P„(x), then the Jacobian determinant of (5)

at the solution

(7) D(s, t) =
\dbn.,(s, t)/dp    dbn.,(s, t)/dq

I db„(s, t)/dp       dbn(s, t)/dq

is nonzero in case the quadratic factor has zeros which are either simple, distinct zeros

of Pn(x) [3], or real equal zeros of multiplicity two.* In such cases, Newton's method

converges quadratically for sufficiently close initial guesses. In all other cases, D(s, t) =

0,* thereby causing the method to converge slowly or to fail because of near zero

divisors in (6).

4. Modified Bairstow's Method. We begin this section with an investigation of

the higher order partial derivatives of (5). The recursion formulas of the Bairstow

method are extended as follows.

Definition 1. Let A) = ait j = 0, • • • , n, and define

AL2 =  AÍ, = 0,

A) =  A)'1 + pA)-, + qA)-2,       j = 0, • • • , n;    i = 1, 2, • • • .

* See Corollary 1 and Theorem 4 of the next section.
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We remark at this point that A) = b¡ and A) = c, by definition. A) is obviously a

function of p and q, and the point at which it is evaluated, if not explicitly stated, will

be apparent from the context.

Definition 2. Given Pn(x) and a particular (p, q), let

/>„_„(*) =  Ak0xn-2k + A\xn-x-2k + • • • + Ak.2k,        k = 0, • • • , [n/2].

As seen from (4), Pn-2(x) is the quotient polynomial resulting from the division of

Pn(x) by x2 — px — q. If Pn-2(x) is divided by x2 — px — q, the quotient would be

P„-i(x). These results are contained in the following lemma.

Lemma 1.

Pn-2k(x)   =    (X2   —   PX   —   q)Pn-2_2k(x)   +   (X   —   p)Akt\-.2k(p,  q)  +    ^»-2*0»,  d)

fork = 0, ••• , [n/2].

Proof. By induction on k. If k = 0, we are considering the original Bairstow

method, and this lemma has been established [3]. Assume the lemma true for k — 1,

and consider k g [n/2]. Then

r* s   \ ák   n —2fc     i        Ak   n— 1— 2k     i ■ Ah
Pn-2k(x) =   AoX        + A,x +  ■■• + An-2k

= (x2 - px - q)Q(x) + (x - pK-i-2l + </„-

where

Q(X)   =   do*-2-2*   +   d,Xn-3~2k   +    • • •    +   </n-2-2*.

Equating coefficients of like powers of x yields

d0 =  /40,

d, =  4i + Wo,

rf, =  /Í* + prf,_, + <?rf,_2,       j = 2, ■■ ■ , n — 2k.

From Definition 1 we see that tf, = y4¿+1, j = 0, ■ ■ ■ ,n — 2k, and from Definition 2

that Q(x) s= /'„.^.¡¿(jc), thereby establishing the lemma.   Q.E.D.

We now proceed to show that the higher order partial derivatives of b„(p, q) and

bn-,(p, q) may be obtained recursively from Definition 1.

Theorem 1.

i+,       1 dA)        1  dA}+,
Aj-i = t -r— = t —T— ,        j = 0, • ■ ■ , n;    i — 1,2, ■ • • .

i   dp        i     oq

Proof. By induction on i. Suppose /' = 1 and j = 0. Then dA\/dp = dA\/dq =
A2_, = 0 is obvious. Assume the theorem is also true for subscripts ¿j, and consider

j + 1 Si n. Then

—¿— = J- [Ai+i + pAj + qAj-,\

=   A) + pA2., + qA2

=  A2,

2
■a
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°Aj+2        ö       o      -       .1       ,       .i,
—^       = T~ \.Ai+2 + pAi+, + qAj]

=  A) + pA2-, + qA2-2

=  A2.

Thus, the theorem is true for 7+1. Now assume it is true for i and all j, 0 :£ j =» «.

Consider / + 1. If j = 0, then

1    dA'o+  _    i    ¿%'+ _     +2 __

i+l     dp      " i + 1     d<7 '

is readily apparent. Assume the theorem true for subscripts &j, and consider j +

1 ^ n. Then

1       d.4) + i d        i i + , +1

7+T~är = 7+Tä;M'+1+^'   +9A-¿

= t^tt iiA]+1 + p(i + 1M;-' + A<i+l + 9{i + l)AÍ¡-2]

=   Ai+2

[A'i+2 + pA)l\ + qA)+1]

= T+ïl~^q~ + P^q~ + q~oT+  A>    J

[m*+1 + po + d^-î + «a + i)¿£í + av1]

1      d;4;t2 _       1       à  r

i+l     d<?      "  / + 1 dq

i+ 1

=   A)+2.

Thus, the theorem is true for j + 1.   Q.E.D.

Theorem 2.

dkA1-

., *-¿á ■• = k\A)*-\-k,        j = 0, ■ • • , n;    k = 0, • ■ •  , j;    i = 0, • • • , k.
dp     dq

Proof. By induction on k. If k = 0, the theorem is obvious. Assume the theorem

true for k and all i, 0 S i Ú k. Consider k + 1 g j. If i = 0, then

+ -d. _   3      d A) d jt+1 t+2

isider r + 1 ^ fc + 1. Th<

[d*^' d  ... .k+,

dPk

Assume the theorem true for i, and consider i 4  1 ^ fc H   1. Then

_"        -^i_   _   _P_  i
dpt+1-<i+1)dqi+1 - dq ' a-*"<;-< I ~  a- l*M

= (& + l)M*!2t+1)_(i + 1).

Thus, the theorem is true for i+l.   Q.E.D.
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The next theorem provides a criterion for the determination of the multiplicity of a

quadratic factor.

Theorem 3. (x2 — sx — t)m, m ^ 1, is a factor ofPn(x) if and only if

Al+i-2k(s, t) =  Ak+2-2k(s, 0=0    for k = 1, • • • , m.

Proof. By induction on m. If m = 1, we have

Pn(x) = (x2 - sx - t)Pn-2(x) + (x - s)A\-,(s, t) + Al(s, t).

The proof, in this case, is given by Henrici [3]. Now assume the theorem true for m,

and consider m + 1. We have, by the induction hypothesis,

Pn(x) = (x2 - sx - t)mPn.2m(x).

Consider

Pn-2m(x)   =   (X2   -   SX   —   t)Pn-2-2m(x)  +   (X   —   S)A™*,\2m(S,   t)  +    /C-2mCs>   0-

If A"lî_2m = AZHm = 0, then x2 - sx - t is a factor of P„-2m(x), and so

(x2 — sx — t)m+1 is a factor of Pn(x). Conversely, suppose (x2 — sx — /)m+1 is a factor

of Pn(x), and x2 — sx — t = (x — a)(x — ß). Then

,0, Pn-2m(oc)   =    (a   —   S)/C-l-2m   +    X-Vm   =    0,

^-2m(j8) = (ß - su:"-*» + ä. = o.

If a 9^ ß, the determinant of the system (8) is a — ß ^ 0, so the only solution of (8)

is the trivial one A^,'_2m = AZl2m = 0. However, if a - ß = 0, then P'n_2m(a) =

AVUm = 0, implying that A^IL = 0 also.   Q.E.D.
We propose to replace the system (5) of Bairstow's method by

(9) /Ci-2m(P, d) = 0, AZ+2-2m(p, q) = 0.

From Theorem 3 it is seen that (s, t) is a solution of (9). To investigate the applicability

of Newton's method to (9), its Jacobian determinant must be considered. To this end,

we make the following definition.

Definition 3.

Up, q) = (k - l)2
A„+2-2k(p, q)    An+3-2k(p, q)

An+,-2k(p, q)     An+2-2k(p, q)

for    k = 2, 3,

Using Theorem 1 it is seen that Jk+,(p, q) is the Jacobian determinant of

(10) Ak+,-2k(p, q) = 0, Ak+2.2k(p, q) = 0,

and in particular, Jm+,(p, q) is the Jacobian determinant of (9). (Note that D(p, q) =

J2(p, q).) An immediate consequence of Theorem 3 is

Corollary 1. If(x2 — sx — t)m, m\\2, is a factor of ' Pn(x), then

Jk+i(s, 0 = 0    for k = 1, • • • , m — 1.

The following theorem establishes when Jm+,(p, q) is nonzero.

Theorem 4. Assume

(i) (x2 - sx - if is a factor ofPn(x),

(ii) (x2 — sx — t)m+1 is not a factor ofPn(x),
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(iii) x2 — SX — t = (x — a)(x — ß).

Then Jm„(s, t) ?¿ Q ifandonly ifPn-2m(a) * 0 andPn.2m(ß) * 0.

Proof.

—   [Jm+ÁS,   t)]   =    [A„-2m(S,   t)]2   —    An+l-2m(s,   t)- A"*,^2m(s,  t)
m

[.m+l   n2    _    r    .m i Jm+i I      * Âm+l 1       Jm+1

/in-2ml     '        L^în+1-27»   "T  SA„-2m   T"   tAn-,-2m\' A-l-2«

- Mm+1 l2 — ç/4m+1 • ^m+1      — /um+1     l2

=  lA"*2m]2 — (a + ß)A™*21m- /C-i-2m + aß-[/C-+i-2m]2

=    [(«   —   S)^r-l-2m   +    ̂ r-2m]-[(/3   —   S) AÜ-1-tm   +    ¿C-2m]

= P„_2m(a)-Pn_2m(/3).

The conclusion now follows immediately.   Q.E.D.

As an immediate consequence of this theorem, we have the following corollary.

Corollary 2. Under assumptions (i), (ii) and (iii) of Theorem 4, Jm+,(s, t) = 0 if

and only if a and ß are real and one of the following conditions occurs:

(a) a = ß and a is of odd multiplicity.

(b) a 9e ß and m = multiplicity of a < multiplicity of ß.

Newton's method, when applied to (9), converges quadratically for sufficiently

close initial guesses provided its Jacobian determinant at the solution is nonzero. The

corrections, Ap and Aq, are given by

a     _ _ni     _ _    m jm+i jm jm+l i

"P    —       T , x   L^n + 2-2m'   ^»-1-2« -^n+l-2m'  -4n-2mJ>
Jm+i(p, a)

(ID
a        _   ___   r  Am Am+^ Am Am+^   1

Jm+Áp, <?)

where the A) are evaluated at (p, q).

Under the conditions of Theorem 4, if we knew the value of m we could solve (9)

remembering that a solution of (5) is a solution of (9), but not conversely. Since in

practice m is not known in advance, we use an approximation to m which is improved

as the iteration continues. The following steps are suggested:

1. Given an initial guess, (p0, q0), evaluate the A).

2. Estimate the value of m by considering Theorem 3.

3. Using this estimate in (11), calculate Ap and Aq, and form the next iterate

p = p0 + Ap, q = q0 + Aq.

4. Repeat the above using (p, q) as a new initial guess.

In effect we solve system (10) at first with k < m, and finally with k = m (i.e.,

system (9)). When k < m, system (10) has a zero Jacobian determinant at the solution

(s, t) by Corollary 1. In this case, Newton's method is not quadratically convergent.

In practice, however, only a few iterations per system need be taken before (9) is

considered.

5. Results.   The following criterion to determine m has been used with success:

p. is taken as an approximation to m in case
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(12) | ^+1-2*1 ^  |ön|-e.    and    \Akn+2.2k\ 5¡  |a„|-e

for k = 1, • ■ -, p. (e = 10~4 is a reasonable choice.)

This criterion in conjunction with the aforementioned root-finding algorithm

was tested with 100 arbitrarily selected polynomials of degrees between 4 and 24

having multiple quadratic factors. This provided 175 test cases involving quadratic

factors with multiplicity. Convergence was achieved in 103 instances (59%) (see Table

la). Divergence was noted only after seven attempts with various initial guesses,

(Po, ?o), failed to produce a sequence which approached the proper solution. Excluding

divergent cases, convergence was achieved 76% of the time. Bairstow's method was

far inferior to the modified method. Typical results are shown in Table 2.

Clearly, the choice of criterion to determine multiplicity affects the overall per-

formance of the algorithm since, as noted previously, convergence is less than quad-

ratic when k < m. It would appear, therefore, that the correct value of the multiplicity

should be used as soon as possible. Experience has shown, however, that the regions

of convergence differ when m is known as compared to when m is calculated using

(12). Closer initial guesses may be required when m is known.

For example, consider the results for the polynomial (x2 + 9)3 (jc — 3)6 (x — 2)2

given in Table 3. For case (b) when m is known, convergence is to an extraneous solu-

tion. A closer initial guess is required to achieve convergence to the desired quadratic

(case (d)). Case (a) shows that by using a sequence of approximations to m in lieu

of a closer guess, the desired convergence may also be obtained. Usually when m is

calculated, more iterations are necessary to obtain convergence than when m is

known (cases (c) and (d)). (Similar results were observed for Rail's method which is

described in Section 6.)

6. The Relationship to Rail's Method. Using the notation of Section 3, Rail's

method [4] provides corrections

(13) Ap =  m —2-—- , Aq =  m —2-—-
Cn-2 C„_iCn_3 C„_2 C„_iC„_3

From Theorem 2 we see that (11) involves (m — l)st and wth order partial derivatives

of bn and ¿>„_,, whereas (6) and (13) involve only b„, bn_, and their first-order partíais.

Clearly, using the recursion of Definition 1, (11) costs more to compute than (13).

Analogous to Section 2, however, we may have to calculate higher order partial

derivatives anyway in order to determine m using Theorem 3. If such were the case,

suppose we have determined that Akn+,_2k and Ak+2_2k are negligible for k = 1, ■ • •, m,

but are not negligible when k = m + 1 (i.e., A™*,'_2m and A^2m are not negligible).

The quantities 4Tn-*., 4r+»-t.> A^,l_2n, AmnlL, and A^l2m are required to form Ap

and Aq using (11). All but the last of these have been computed. The quantities re-

quired by (13) are available so the extra cost in using (11) instead of (13) is the com-

putation of /4™+V_2m. Both (11) and (13) are quadratically convergent, so it would

appear that (13) is preferable in light of its lesser cost. We claim, however, that numeri-

cal difficulties are possible as the denominator in (13) approaches zero.

The method was tested with the previously mentioned data set both with m as-

sumed and with m calculated using (12) (see Table lb). In the former case, convergence

occurred in only three instances. Failure due to small (less than or equal to 5 = 0.5

X 10"8 in magnitude) divisors in (13) occurred in 109 cases (62%). In such instances



788 F.   M.   CARRANO

S
o

■p
to

(4

a
CO

■P
i-l

3
to
eu
K

O

>>
t.
a
E

o
cd
E-i

I
U=T
(U P
> C
ri eu

I
bO
h
CU
>C\I
C  bO
O c
Ü »H

I
u
et>iH
> -P
c c
o eu
l> bC

4) .P
> C
*-t m
c bO

i
hi

eu
>oo
C tú.
o c
O n

I
Sh
CUr-l
> -p
c c
o eu
o te

•o
o

n    ri
eu   cd

i
U c
eu o
a»n

p
c cd
CU  t-
cu cu
-O -P

cu
> TJ
cd cu
£  3

C
co »H
C -P
o c
■H O
■P   CJ
cd
4-> t-t

3 O
a
E to
O 4J
O rH

3
•-i 10
»H CU
<   U

CO
• S    •

co O —

<-i   CO
3        C
io--- o
CD   CJ  »H
U^ -P

ü
T3 4->    CU
CU   (h  CO
•p cd
cd CL,    «
ü -P
■H «

■o   • eu
c c -P
•H   O

ri   CU
hC to  CD
C ri   ce

HU-
> eu
cd t, eu
£ at<

3
CO   CD rH
eu <-< «h
co D cd
cd 3 c«
o o

•o o
p .p
io C
CU tH -c
■P CU

O iH
Cm in
o\ s.

O   ti
tnVO tH
cu r<~, .c

£ E
3 a
CM SJ

CO
C cd
cd o

co C cu
O co

(0 o
cu -o x:
t, cu .p
3 E
te t-, u
•H o o
t, v, v.

CO
eu
-p
cd
t,
cu

■p
3
X)

CO
C
O

ri

P
cd
f-,
cu
■p

in
r—

■a
eu

10
«

3

co
I
c
rH
X
m

o
U      II

u
v| ~

•a
eu
■H
c*
to

«H
•P
et
10

■P
O
C

<

co

■o
CJ
p
a
CJ

a   tj

v| v|

c.   tr
<   <

cr

a

w
Eh
C

CU
T3
3

CO
I

C
to O
Cti ri

3 -P
3

C r-i
O O

ri   CO

eu -P
■p o
•h eu
Sh U
o t,

o
cu o
o
C eu
eu x.
t;.p
U
eu x:
> cj
C cd
O o
O   U

a
eu c.
> cd
o
a o
< -o

¡r
3
r
CJ

c

c
cr:
c
p

CJ
U

3

ff
Ä

CD
>
o
u
ff

CD
je

p
o
eu
u
u
o
o
c

C
o

•H

£
3

h
O

(m

to
CJ
to
ff

M
C
O

•c
■a
as

o

h
CJ
jo
E
3
C

CJ
p
ff

c

CJ
u
3    •
tr*c

ri   CU

cd
■O rH
C 3
O CJ
CJ rH
eu cd
co o



A  MODIFIED  BAIRSTOW  METHOD 789

r-H c\j roer invo r—ao o\OHry roer invo
rH rH rH iH  rH H  rH

Ë
O
c
>>

rH

O

Ih
O

«-,

CO
■o
o
X.
P
eu

3
O
P
CO
U
■H
ff
23

•a
c
ff

3
o
p
to
u
n
«
m

•a
eu

•o
o

C
o
to
■H
r,

«

C.
E
O
o

oj

CD
rH

a
ff

¡r"

3
o
p

ff
en

rH in
inco
VO CM
rom
VO rH
CN rH
CM ON
O CM
t— av
COH
r- rH
in rH
m s-
rH CO
avao

Ocr
colo
cr o
mm
rom
Ovo
mrH
CM S-
ON CM
SCVJ
rH in
CO rH
rH CM
O CV
CO S-

S- ON ONcr
co novo in
CO Cf\ rHCT
oo vo s- no
ins- inrH
co rH roer
nocr o o
\£)COOL1
in cvvo vo
HO-TS
coco in ro
VO CO ^T CM
o\o C\J^
S-CO oo co

-T CM
co ^~
C—CM
on un
rH CM
KO O
s- ro
ko s-
m c-.

s-s-
tnvo

- co
O t-CAH

COrH

CKKO
o co
CNS-
KO O
CM CTN
r-i lo
CMn
CM KO
cm in
o o
CM CO
rH CT-
VO t—
CO CO

MO O O CO
-T 0\LTO
ro o o cm
COCO CO rH
S-cr CO CO
CO CM CM ro
VO rH rOCM
ko cm s- in

vo cr cm co
rH  COin-T
in ok ro on
CO rH LO rH
njcins
CV Ov CV Ov

ONOO COCOCOCOCOCOCOCOCOCOCOCOCOCOCO
I   I   I   I   I   I   I   I   I   I   I   I   I   I   I   I   I

oco
o in
OVO
o m
O  rH
o in
o ro
o in
o o
o in
o cn
o S-
oao
mcM

co c co
CM rH O
O rH S-
rH rH C
CM 00 ro
inco in
in cr-vo
inco o
in rH to-
rneo in
rH VCCO
rot-^co
c-1—o
rH rH CM
ONCT- CT-

LO rH  S-CO
O s- o s-
S- rH -=T
cm coco ro
H-TCOH
LOCO r-i OK
inn o\n
rH C— inrH
CM ON OCO
O CO CO KO
CO KO S-cr
CM in rH O
ko cm cr- in
cm ro ooer
cn o. a\ cr.

j-iro
r- roco
c- cm in
nos-s-
LO CM CN
OCMS
e> - ro
CN CM rH
CO LO S-
œ ror-
ro o rH
r- no cr
cm onlo
in invc
CTN C a-

-3- VC

ins
rovo
ms
t-i ve
er vc
vo ro
LOCO
vo o
CM CO
roco
c. c»
o m.
S-s-
CNCV

cm r-j co
MAS
ro cm cr
coló in
incr vo
oco-t
CM COcr
oo cm co
- CM vo
s-vo cm
cm in LO
LO O VO
o in o
CO CO  ON
cr- o- cr\

inLoininininininininininininintnin

ro
I
x

rH cm roer invo s-oo on o rH cm roer lovo

CN
+

CJ
p
cd E|
E
n <H
4J ol
to
CJ

rHrHrHrHCMCMCMCVJCMCMCMCMCMrororO

3
O
•p

ff

■a
CJ

o

O rH LO
O LOCO
OVO CM
o ro ro
OKC r-i
C OXrH

O CM ON
O O CM
O S- C-
O COrH
O t— rH
C LO rH
o ro r—
in rH ro
COCO

Ocr
ro in
cr o
coló
coló
o vc
COrH
CM s-
CJNCM
t-- CM
rH LO
CO rH
rH CM
C c-
CO s-

o s-
co ^r
cm cr-
eo vo
vc o
ro in
— c-
rocM
r- cm
o s-
co o.
oc s-
no cr-
C- rH
s-co

ce vo rovo
sve c- on
NNVÛO
LOS- LOVC
CO S-cr S-
s- ro lo s-
H L^VC-T
VC LO S-cr
CCCSH
OCCHCO
rH CM -r- rH
O rovo O
cr ov cr cr
LO CO rH CT
CO CO  CN CjN

LO PO
CM CM
LO CN
S- CM
CNcr
Cv LO
IOS
o c-
VO VO
o e'-
er ro
ro s
ro cr.
vo s-
CN Ov

— cm in. o
CV S-CM LO
CM O rH VO
cm c- roco
r—vc vo ro
rH CM C O
LO CV C O
r-i^T   O   O
cr inc o
cr o o o
cr o o o
— o o o
coco
coco
CN O O O

OCC
o in
ovo
C LO
C rH
O LO
O ro
O LO
O O
O LO
O CV
O S-
oco
in cm
ONCN

co o co
CM rH O
CHS
r-H! rH O

ou co ro
inco in
lo cvve
in oo o
LO r-i S-
rH CC LO

Hvcœ
ro s-co
CNS-O
rH rH CM
CvCN CN

S-nOer VC (
CCSSCI
C KC  r-i S--
CnO.Hi
cr o. ro.ee t
o cm o- l"j
O- rH CMCO r
CM LO CM S- <
CO L"- CO rH t
vr ro j- LO :
C O- L--. CM C
O VC S-OC I
COCC O CM (
cm ro m vo r.
CN C- ON C- (

L~ CM -=T r-<
LO-C- rH ro
rH  rH  m LO

■ s- s- roco
■ ccorjc

i m r
1 vr t\
' ro invo O
VC--VO CC

i in^r c- o
'eci¿cj
: CM C— CM CO
IrH S- COCT
- a"! CO CV C-
v on CN cv cr-

CNCOCOCOCOCCCOCCCCCOCOOOOOCO C- CNON
I I I I I I I I I I I I I I I I I

cr.s- lo
OCO rH
^r rH rH
CM O O
vo o o
vo o o
i— o o
o o o
o o o
o o o
o c: c
o o o
o o o

lo lo in lo in lo lo lo lo lo in in in in vc vc vo

rH CM cn^r LOVO t—

OHCO
o cm ro
O CJN ON
o cm ro
O  CJNrH
ojio
O ^T  LO
o in cm
O CN LO
O CM CO
O -3- LO
O cm ro
o vc vo
in ro cm
o o o

cvs-vo
rH CO VO
cm co ro
cm cj r-
rOJT  r-i
ro o cm
^CNO
roco s-
ON O VO
-3"   rH VO
inrOrH
CM r-i ¿T
CN^- O
rH rH rH

O O o

V0 CM
rH VO
ro o
OCO
O o
ON CM
CN rH

CM S-
co vo
O CM
rH ro
s-s-
S- LO
O O
o o

rorororororororo
I   I   I   I   I   I   I   I

o ro roco
o^r cr s-
O rH CO O-.
O S- ONCO
O CM J CO
O O OVO
o s-vo o
O  LO rH rH
o ro CNoo
O VC CN-=T
OC0 CM VO
O  CM rH O
O CO ON. CM
in ro cvj cm
o o o o

in ro lo in
VC O .3- VO
CN novo LO
VC O CM VO
O VO rH O
cm o co ro
s-t—nOLO
CM S- CN LO
VO S- rH O
CM VC OO
VO LO LO O
VO LO.-T r-i
vo cm cr s-
rH rH O O
O O o o

I   I   I   I   I   I   I   I

rH CM rO¿3- LOVO f-

ro ro^r ^^^c

o ro^r
O o vo
c o r-
O LO CM
C^KC O
O o s-
03C\
o o in
O CN ro
o s-co
csro
C CO  r-i
o o s-
LO 04 O
o o o

s-~
no o
rojc-
O r-
ro o
O ro
LO S-
CJ co
oo co
CNVC
■=■ o
J" cr
ro o
cr-. o
Cv C

C-  O  rH
vo cr vo
rH cr s-
C- S- LO
s-cr co
sco c-
HC-.O
o c- c-
ro c- CN
o er- CN
O O CN
C C- CN
C CNC-
O C- CV
o cr cv

no no no cm no ro
I   I   I   I   I   I

CNcr
— m
CKr-l
— o-
s c,

3HSS

o cm cr ro
O CO CM CO
O rH VO C
Ocr  S-rH
OCO s-co
o
O CvS-LO
o cm s- —
c cr rorH
c-co vo s-
o o nono
O CM CM CM
O  O VO rH
in no'rH O
o o o o

i in
r-tKC
O CM
VO C-
cr s-
o c-
s a
cr- c-.
C- ON

CM CM
I   I I

cr cm I
fO.OO I
rvjcr
cr o
CM O
cr o
c- o
e c
co
a- o
co
c-. c
o o
o o
CNC

HHrHHCNO-OVrH
I   I   I   I   I   I   I   I



790 F.   M.   CARRANO

T>
O
jZ
■p
4)
X

•o
4) S
E O
3 -P
co co
co U

< -H
cd

•p
■H X)
ü CU

•H Ti

rH  ««
a»H

■H 13
■P   O
-HE
3
s: bo

c
• ri

CO   CO
> 3

■ocm
(U ^N

4J CM
Cd I

rH   K
3~
ovo

r-i^*

cd m
ü I

X

+>ro
•H^
CJ (TV
■H +
rH CM
a x

•p
■H   U
3 C

o
cd
E-

rH cm mer invo sao on

O ONOV
O S-CVJ
o ins
OVO rH
o meo
o over
o mcvi
o ins
O rHVO
osen
o ss
o cm ON
o o in
o ser
r-< ms

oven
OO <H
S S
er m
cm m
rH o
mer
o o
r-i m
o CM
VC CM
VO rH
svo
oo cr-
eo co

r-i S
oo o
in cm
LOS
coco
00 CM
cr co
O-ICM
rH S
o ov
rHCT
cr cm
ros

overeo
CO CO CO
VO0O CM
er rH ro
vo rorH
OCO CM
ONCM VO
nono cm
rO r-i rH
ON CO OO
lr\HH
o o o
er er er

COOOOO CO00

ov svo vo VO VO VO VO vo vo
I   I   I   I   I   I   I   I   I   I

oco ro
OVO er
O SON
O «H CM
O en cm
O rHVO
OOOer
o ms
O SCM
o noo
O rH CM
ocr vo
oco in
O rH O
rHVO er

CM rH
CM rH
ovs
roer
CM S
CM er
O o
OVON
S-CM
er o
CM VO
O rH
CO CM
ovs
ro no

oo m
CMVO
CM CM
vo no
er ON
o m
vo ro
er er
SVO
ON er
O ON
CMCO

SSrH
SSON
oo ms
co in m
Ser CM
VO rH 00
S-CO ^T
cr ovov
rH er er
CO SS
00 VO VO
CM CM CM
vo vo vo
CM CM CM
ro mm

voininininininininin

H e\i mer mvo seo

o ov
ovo
ocr
oco
ooo
o s
o in
o s
o s
o CM
o o
O rH
ocr
in in
O rH

rHVO
invo
CM S
rH LO
CM
voco
oo o
CM ON
cm in
CM Ov
o in
CDVO
OV0O
er m
VO CM

O CM O
ovo m
r-i inco
ovo in

vo in
cr in cr-
in inco
ovo cr-
vo co m

KVH
cr rH in
er rH O
er vo o
vo o o
ooo

VO  rH
icr er
O ON
ONrH
O r-i
¿T  rH
CM O
O O
o o
o o
o o
o o
o o
o o
o o

OVCO OVOVONOVONOVON
I  I   I  I  I   I  I   I   I

OVO
O s
OVO
O O
O rH
o s
o in
o o
o s
O CM
O CM
Oer
O rH
inco
o s

COrH
SCO
o ro
rHVO
mm
ins
OvrH
VO o
VO CM
0O r-i
ovo
inm
er vo
VOVO
rH O

inino
invoco
moNrH
er oo on
ONVO O
rH CM 00
mcM m
OvOer
ovcM m
movvo
ONVO r-i
ON00 O
OO rH O
rH O O
OOO

CM S
O m
r-i  CM

sen
cm m
oo o
o o
o o
o o
o o
o o
o o
o o
o o
o o

vo tnvovovovovovovo

■h cm mer mvo soo ov o r-i cm mer r-i cm mer mvo soo on o h cm
rH rH rH

CD
p
cd E
Ë

•H t«

P o
co
eu

iHiHrHrHrHrHCMCMCMCMCMmmm rHrHrHrHCMCMCMCMCMmmm

o o vo
O ON0O
O O rH
OVO er
O OVS
OVO s
Oer er
oveer
Oer cr-
oco s
o o-in
o rH m
ocr cn
OOO ON
r-i rHVO

vo vo s- m o
rH CM  Ovo s

cm m
CM
co cr-
in cr
ins
CM ON
CJNCO
rH m
inrH
VOVO
00 ON
Ser
SCO

ICO
CO svo
voce m
o svo
ONVO S
O- CM VO
noer no
o-. m cm
VC  S rH
CM 1 ■ ro
CNCM er
o novo
00 ON OK

so
roco
co ro
so
CO vo
ovo
SCO
over
00 ON
rH  rH
coin
CO CO
rH  O
oo o-
ervev

S rH
mm
r-i m
cm m
O-CO
in er
in o
CO ON
s in
rH CM
rH O
er S

s
. ON
O- ON

o er cr
vc ONcr
S CT. LO
soo s
CO CO rH
O VO rH
CM O O
rH O O
m o o
Ov c c
s-oo
ono o
o- o o
ON o o
ON o o

O OO CM S
o ro o cm
O O VO CM
O inco rH
O rH  rH O-
o s ros
o roscr
o no nooo
oco s-vo
o inco s
O rH  CM S
o vo co o
Oer O CM
mvo ONCM
OOO CO ON

cr co o
rH mm
rH CO CT
VO VC  ON
m roco
LOrHOO
over CM
er vc er
er CM vo
CV r-i VO
in cm m
ooinrH
vo o-.er
cr vc co
CN Ov ON

vo vo
voco
CO s
svo
CO rH
Ser
er CO
CO er
Ov O
00 o
mer
ON ON
r-t m
ONON
ONON

CM S O- CM
even mvo
mer ovno
on roco m
Ser vo vo
co er ov o
rH S- O O
CM S- O O
C OVO O
min o o
vc s- o o
ONOV o c
S ONO O
CT. ONO O
CT. OVO O

ONCO cooocooooocooocooococo OVON
I   I   I   I   I   I   I   I   I   I   I   I   I   I   I

ON0O COOOCOCOCOCOCO0CCO ON ON
I   I   I   I   I   I   I   I   I   I   I   I   I

O COrH
o in on
O rH ON
O ONVO
O rHVO
Oer vo
Cril-

o rH m
OCO ON
Oer CM
O S-rH
C^T o
o cm in
rH 00 ON

er CM
mcM
CM S
OVCO
ONCM
rH S
roo
cm m
00 s
rH VC
o o
vo co
O CM
vo s
CTVCN

cr m
C   r-i

rH m
in m
oo m
cr s
rHcr
CyKr-i
co vo
CO ON
sm
VO s
l-i S
COCO
OVON

SCT rH CT-
insrivc
CM CM OOO
ONVO CM 00
cm in m, rH
no o owe
co rH ovm
vo vo mm
CO 00 VC rH
co vo ser
rOHioH
CM  LO CM  rH
rovo co c-
crv ov cjNCN
CTvCT. C-CT

r-i CM in CM
m rH CO S
er m CMco
o o mer
ms rH m
CM ON CM O
ONVO o o
s- so o
CT- S O O
in co c o
in ov o o
LO CTN O O
CV O-, O O
CN OVO O
Cv CV o o

o s
o s
o s
OVO
ocr
ovo

.O CV
C rH
o m
c-=r
o s
O CM
o m
mec
O CT

cr ON
invo
ONCM
min
ss
er m
VO CM
rH CM
vo m
rH m
cr cm
s m

reo r
coco
ONON

O CT
ocr
roer
rHOO
CO O
(OH
co ro
CT0O
er vo
COS
rH S
s s
r-i cr
crvON
OV OV

VC O CM
socr
CT-SCM
roco cr-
in vo rH
UN rH CO
mer cm
rooeo
rH cm m
rH rH rH
C VO S
CM in CM
SCO Cv
ON Ov ON
CN ON ON

ONVC VO VO
mer co cm
r-i sroer
OvCM O CT-
SVO O rH
LO cm no o
CC vo o o
ros- o o
VO s- o o
rocM o o
en on o o
VC Ov O O
ON ON O O
a-, o- o o
CNCV O O

voinininininininintninininvovo voLnmLOinminminmmvovo



A  MODIFIED  BAIRSTOW  METHOD 791

OVO
OCO
OCO
O ON fO rHVO

<B
ITS

o o
o cr-
oco
o vo

CO ON
oer
ooo
o s
o s
ovoo
ovov

+
CM

Xl.

u \-
o .

Ir,

2

ce! :
rr

•0
c
«

3
O

ff

x>co
I   I

O LO
O ON
O LO
OVO
O r-i

O CT-
O rH
OCO
o ro
O CM
Oer
o co
ovo
CT-OV
o-cr-

in LO LO cr co

té

fl

cu
p
ff E
E

o
co

ira
i cu I

V
O i

O

c
o

E
o •
o .

I

r-i CM PO^T LOVjO SCO On

CM ON PO
-=T  H O
in-=r vo

co on^rr
vOHO\
CM CO ON
s unon
vo SiT
mom

oonm
cn on vc
ONVO -=T
OO    ■

•    -CM
CO inrH

I   I  I

o\co
cm vo
onvo
ooo
SS
co s
cm o
oco
■C CM
CM S
so

SH
VQVO

o^r -3-
soo
CM ON O
LO CO CO
covo vo
-3" O O
CONS
cm s s
SHH
O UN UN
vo    •    •

• O O
cn^r ¿r
SCNJ CM
cm ss
CMCOCO

scmít
UN-a- UN
CO-3" CM
seo o
m.=r in
\o mm
in cm o
cm rocM
CM CM LTN
oo m
-=T r-4-3"
OSCM

oco-3-
O OCM

VO OOOS rH
mvo CO in CM
O OVO rH S
VO mi CM rH CM
CO 0-?Lr\CT\
cr« s-=r vo -=r

¿r vO-TvOS
rH CM CM S O
CM CO CM -=3" m
j-coc^oj o
vo m mer o
cm oo vc m
o m-a- o •
0-3- • - m
in   • ss o

• vo in invo
-=r -=r »n vo cm

I        I        I

4) -P
rH

bO -
tu c a)
B -H -P
CO fn £0
U3 r.
(Ü T3 (U

QJ -H

m 3 Tj
-H -P Id
^-"H -H

c r

O  crj
e v

%4 XT
O  C -P

+J «H
CO *H
CPO O
•H   I
E o C
O rH 0
C   X «H
tu m -p

T3    * CO
O -P

.c c a
H CÜ E

x: o

invo seo cao h ro irij- invo sco o\o h cm oo.=r invo sco o|
rHrHrHrHrHrHrHrHrHrHCMCMCMCMOvlCMCMCMCMCM

cm cm (M mmmmmmmmmmmmmmmmmmoommmmmm on1

o o
o ON
o in
o vo
o o
ovo
O CM
O rH

rom
o m
O (M
o in
oco
OCO
oo

SCO CM
min cm
rH rH VO
OHCO
OO rH
-3COON
■=r .=r -=r
S rH VO
CM-3- O
in-^- o
minin
inOMS
■7SO
OOO
OOO

roo cn
CM CMCO
inooco
VO CM CM

rn
.. .co

CM rH O
cm vo in
S S CM
mCM rH
s o on
(M OVO
rHVO rH
r-i-=r in
ONCoO

VOCO CM S
m^TT co vo
SVO CM O
O rOCM CM
invo r-i m
vo svo o.
co ino s
rH o m o
o o o o
O rH O mi
-=r co rH o
cm-=t sm
coamo
m^r vc rH
o o o o

^r vc
mcM
co in
OCvl
mo
vo m
lovo
-=T CM
s m

1  OC

^T CM rH CM
rH CM f- CM
ON O CT. m
o o int^-
i>- ONVO O
r-H f-
ino
co in

CTvCO
CO CM C—VC

m o
ir -=r
o 0\

in ro
CM O
^ vo
co vo
r--co
cm in
vc o
o o\

-=r vo cm
VO r—^T
.=r mvo

in-3- in
rHVO CM
rH CO CM
c*-« in-=r
vu o>m
ojins
VO ONVO
invo mi
f- meo
o\ CM co
O CO rH

cm mo
■^  CM rH
CvirOr-
■=T CM f-
iS-OCO
VO O CM
CM OO CM
co rH m
<J\ ooo
■=r cm
CMn^r
CO CO CM
CO CM LO
m cm o
-=T KO CM

poco
I   I

COCO ONCOCO ONCO OCO ON ONCO
I     I     I     I     I     I     I     I     I     I     I     I

ONCO
I      I

ONCO
I     I

ONCO ON
I     I

CO ONiT

I     I     I

CO iT VO VO
in o cm m
H O H O
3 0iSS
c—vo mvo
rH rH t— rH
ono VC rH
on ON-=r in
CO h- coco
lti^-ïco
VO H-3-ON
■=t c--.=r •
rH cm ono
o t- »on
co    •co (M

•■3-lMO
h-in in rH

oo m
in in
r-i r-i
COCO
rH rH
m. in
in in
VOVO
coco
ONON

on cn

ONON
vc vc
in in

o -=r
ovo
o o
o r-i
O rH
OVO
0-3
o in
o cm
oco
O CM
O (M
03
ONON
0\0\

vovo in
rH O CM
CM-=r r-i
r-i f-CM
CO CM
cosis
ONCO f-
■=T rH CO
CM iT r-i
0\-=T CM

f-VOCO
co N-in
mmt--
cocos
ONco r*-
vo i m

tnr CM
NCNO
ON ONO
CNONO

moNON
r-i ins
SCO s-
inooo
vo on on
CNonin
CO CM S-
VOCOH
CJNCT^O

vc r—
VO CT-
CM CM
O o
CO f

o vo
in o
s- m
rH -=r
-3" CM
co in
CO CM
on in
S- r-i
on o

ONCO
onc\
co o
on s-
o\co
vc on
coco
cnzT
co cn
CM CM

i m
cm in

,co oo
co o
ONO

mine.
c inco
S-VO rH
(M3S
oco s-
onvc o
vo-3- on
ins-ir
son
in-=r ON
vomo
co oco
■=T VO iT
OOO rH
O ONO

LTN rH ¿?   CM
o onco vc
co vo ít m
LnONH-3
CM -3" -3- m CM ON
ONVO OOCM

rH VO
mm
iniT

i in r
on s on on
vo it s s
on rH on in
VC rH O CO
m-3- -3- vc
c rH on on
CO CM VC OO
ono a.o

j vo t
creo
voco
CM CM
-3- s-

s- mv.
CM VC C
o mr
mvo t-
s-oo t
o vo c
invo c
in^-c
innr

■ UN rH  ON ON
■ VC cm in LO

mvo
¿T VC

CNO
m mv.
CO CM Vj

o o
o en
vo o
vo co
o mi
oo s
o o
r-i CN
CM rH
cn cr.
CO co
onvc
CO s

oomrH m
CNSinoj
HIAHS
co on cm on
■=t cn^r in
cm invo m
o-=r -=r s-
in-=r vc
¿T CM CM CN
ON LTN rH CO
O OOrH Cn
rHVO On ON
veve
CO ■ CM

in in ininvc ininvc invo in vovo invo invo invo mvo mvo- vc-3-
_L

-3"  rHOO
rH^r o m|
-=T  r-i VO  OJ

O CM 0O
O -=T r-i
o inco
O rH O
o mo
o enr-t
o co -=T
o •=* oo
OVO-3
o o m
O ONON
O OO rH
OVO CM
ONVO O
ON ON O

DOO ONCTvONON
lililí

O ON
oco
O r-i
o vc
o on
o m
o r-i
o m
o in
o m
o (M
O r-i
o o
ONON
ONON

r-i CM PO-3- in

POiT O
monvc
ins-o
H O rH
mo O
VC O O
OO O O

ivOOO
OOO
OOO
OOO
OOO
OOO

s-onoco
o cm son
CM VC S--3-
iT  (M  mrH
vc -=r cm oo
ONVO O O
ONVC O O
rH VO O O
rH rH O O
ONCM O O
VO O O O
VC O O O
O O O C
o o o o
o o o o

in invo vovo vo

r-i (M ro-ir invo soo

(MCMCMCMCMOOmon

o o
o in
o-=r
ovo
O CM
o m
o m
o s
o m
O  r-i

o o
o-=r
ovo
ONCO
CT. ON

JT O
ONVO
co s
vc o
m o
CMCO
CM S

on r-\
mon
C^T
ON ON
ON CN

OSLO
onco co

■ vo oovo
s in in
O  ONON
in cm s
CM VO CO
in un s
C0 iT S
ON S ON
HOMTl
on on ON
VOCO  ON
ON ON ON
ON ON ON

m o
vc -
rH CC
r-i O
m o
o o
o c
o o
o o
o o
o c
o c
o o

LOCOCOCOOOCOCO ONON
I   I   I   I   I   I   I   I   I

O ON r-i
o in cm
C r-i S
c cm in
o vc on
o m o
O CNiT
O O rH
OCO rH
O U0 ON
o in s

■ oo
o (M m
ON ON On
ON ON ON

ONCO co vo cvi in
oo on o mena
VOCO m rH vc on
cn rH ONin in -3-
(M rH ON CM CM (M
invo in s ono
vc on in ono o
CM S-CO SOC
vc cm inso o
voco inco c o
on.=r o co o o
iT VO 0O ON O
S CO ON, CN O
ON ON ON ON O
ON ON 0\ ON O

mminmmmmvcvc



792 F.   M.   CARRANO

iteration was resumed to insure that the choice of 5 did not bias the results. Failure

was recognized only at the occurrence of an exponent underflow or overflow (this,

in fact, never took place). Of the 109 cases, 85 resulted in divergence, 20 involved

sequences which approached the solution very slowly, while for the remaining 4

convergence actually took place (see Table lc). Thus, continued iteration did not prove

to be profitable. Results were slightly better when m was computed, but the overall

behavior was essentially the same.

Typical results are shown in Table 4. Here Rail's method with m assumed begins

to converge. The denominator of (13) is less than 0.5 X 10~8 in magnitude when the

third iterate is computed. Subsequently, the sequences diverge. For comparison

purposes we consider the modified Bairstow method under the same conditions.

Convergence is obtained after five iterations. We note, however, that the second

iterate is less accurate than the second iterate of Rail's method ((6.00067, — 9.00220)

vs. (5.99995, —8.99985)). Nevertheless, greater accuracy is ultimately achieved using

the modified Bairstow method. Similar results are obtained when m is calculated

using (12). Note, however, that the denominator of (13) does not become less than

0.5 X 10"8 in magnitude.
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