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Finite Element Collocation Methods for
First Order Systems

By P. Lesaint and P. A. Raviart

Abstract. Finite element methods and the associate collocation methods are con-
sidered for solving first-order hyperbolic systems, positive in the sense of Fried-
richs. Applied in the case when the meshes are rectangle, those methods lead for
example to the successfully used box scheme for the heat equation or D.S.N.
scheme for the neutron transport equation. Generalizations of these methods are
described here for nonrectangle meshes and (or) noncylindrical domains; stability
results and error estimates are derived.

1. Introduction. Let  be a bounded domain in the (x, y) plane with boundary
I'. We denote by n = (n,, ny) the outward unit vector normal to T'.

We consider the following problem: Given a vector-valued function f = (f, ...,
fp) € (L*(Q))?, find a vector-valued function u = Wy, -y up): Q — RP, which is a
solution of the first-order system

ou ou .
1.1 =4 % ou -
(1.1) Lu Aax+Bay+C“ f in Q,
with the boundary condition
(1.2) (An, + Bn,-M)u=0 onT.

In (1.1), (1.2), 4, B, C and M are p x p matrix-valued functions. We assume that

(i) the matrices A, B are symmetric,

(i) the functions (x, y) — A(x, »), B(x, y) belong to W1*(Q; L(RP)), ie., are
Lipschitz-continuous in .

(iii) the function (x, y) — ((x, y) belongs to L™(2; L(RP)).

Sufficient conditions for the problem (1.1), (1.2) to have a unique strong solu-
tion have been obtained by Friedrichs [4]. In particular, we shall use the property

1.3) M+ M*>0,

(where M* denotes the adjoint of M). In fact, in the sequel, we shall consider only
specific examples of problem (1.1), (1.2).

Finite element methods for solving first order systems, symmetric and positive,
have been considered by the first author in [9], [10]. He has introduced continuous
finite element methods in which the space of trial functions coincides with the
space of the test functions and is a finite-dimensional subspace of (H!(R))?.
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Similarly, discontinuous finite element methods have been introduced in [9], [12];
again the same finite-dimensional space is used for the trial functions and the test
functions, but these functions are now discontinuous at the interelement boundaries.

On the other hand, it has been noticed [9], [11] that classical finite-difference
methods for the neutron transport equation could be interpreted as finite element
methods in which the space of test functions differs from that of trial functions, or
equivalently as finite element collocation methods. The same is true of a finite-differ-
ence scheme for the heat equation introduced by H. B. Keller [7] in view of boundary
layer computations: the box scheme.

The purpose of this paper is to provide a fairly general analysis of such methods
which are successfully used in practice. An outline of the paper is as follows. Section
2 is devoted to the description of the finite element method and the associated colloca-
tion method. In Section 3, we analyze a simple case where the matrices 4, B, C have
constant coefficients and the domain £ is a rectangle but the operator L is otherwise
general. The obtained results are applied in Section 4 to the case of conforming and
nonconforming finite elements, and the neutron transport equation is considered as a
particular example. Some technical preliminary results are given in Section 5 for the
case where the matrices 4, B and C have nonconstant coefficients and these results
are applied in Section 6 to the heat equation in a noncylindrical domain, written as a
first order system. Stability results and error estimates are derived, hence generalizing
the results of Keller [7].

Throughout this paper, we shall make a constant use of the classical Sobolev
spaces H™ () provided with the norms

1/2
oll 0 = ( > [, e dx) ,

lalsm

and the seminorms

1/2
= %2 ax) ',
2 <|al§m f‘Q >

where a = (o, ..., ,) is a multi-index such that o; = 0, |a|l = Z]_, o;, and where
0% = (a/axl)"’l oo (a/ax,,)“".

2. The Finite Element Schemes. Let us define a general (nonconforming) finite
element method of approximation of problem (1.1), (1.2). Let Q = UKe T;,K be a
decomposition of €2 into closed subsets K with diameters < & such that:

() K#Sforall KET,,

(ii) Igl 0122 = @& for any pair of elements K, K, € T,.

With each element K € T,, we associate two finite-dimensional spaces X, and Y, of
smooth scalar functions defined on K. Next, we are given a finite-dimensional space
X, of functions y, whose restrictions ¢, to any element K € T, belong to X. In
the conforming case, we have the inclusion X, C H'(S2), while in the nonconforming
case this inclusion does not hold but is replaced by some weaker continuity require-
ment (see condition (3.3)). We set




FINITE ELEMENT COLLOCATION METHODS 893
(2.1) Y, = {p, €L*(Q); VK € T, v € Yg}-

Let V,, be a subspace of the product space X} which consists of functions v, =
Wp,1s -5 Vp, p) which satisfy the boundary condition (1.2) in some approximate
sense. We assume that

(22) dim ¥, =dim Y, (= X dim Yg);

KET,
and we consider the following form of the weighted residual method: Find a function
u, €V, such that

(2.3) VKET, Ywe s, [ (Lu,-fvaxdy =0,

where (¢, *) denotes the Euclidean inner product of R? and |- | the corresponding
Euclidean norm.

In all the sequel, we assume that the spaces X}, and Y, are constructed by means
of quadrilateral finite elements. In fact, all the examples that we have in mind require
the use of such elements. Therefore, we suppose that, for any K € T,, there exists a
C!-diffeomorphism F x from the reference square K = [~1, +1]2 in the (%, n) plane
onto K. We shall make a constant use of the one-to-one correspondences

Ptre=0°F¢', ob>p=ypoF,

between the functions & defined on K and the functions ¢ defined on K.
Let X and ¥ be two finite-dimensional spaces such that

XcH'®), ?cL*®);
we set forall K € T,
2.4) Xy (resp. Yy)={o=0° Fg', € X (resp. )}
In order to be specific, we assume in the following that
(2.5) p,cXco, Y=0,_,

for some integer m > 1, where P, denotes the set of all polynomials of degree < m
in the two variables £, n and Q,, is the set of all polynomials of the form
pE )= 2 .
0<i,j<m
Now, for computing the integral of (2.3), we use the mapping Fy: (¢, ) € K —
(x, y) = Fg(t,n) €EK. Setting &t = m, we obtain by a simple calculation

fK(Luh - f,v)dxdy

L (2a-Ea)E. (ZavBp)E 0)dedn,
- (B 4-59)3 o (A BB S s GDg)aan

(2.6)

where J - denotes the Jacobian determinant of Fj that we may assume > 0.
Next, to get a more computational form of the weighted residual method, we
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replace in (2.3) the integral [, by a quadrature formula. Let &; and g;, 1 <i < m,
be the Gauss-Legendre weights and abscissae for [— 1, +1]; we set

A

U = @; (:Jl g," = (gi’ g])’
=T (@)oy g =Fx@y), 1<ij<mKET,

Then

m
(X)) fk @, m)dEdn is approximated by 3. O;P(&)
ij=1

or equivalently

(2.8) J- ¢(x, y)dx dy is approximated by [Zl wl{f.(p(gg ).

Now, using (2.8), the weighted residual method becomes

(2.9) VKET,, Ywe YP, Z wff (Luy, =1, v)(gh) =

i,j=1
Let us introduce the basis Gij> 1 <i, j <m, of the space Y, defined by

‘pij(gfl) = 6ik6j1’ 1<ijkI<m
By replacing successively in (2.9) v by (0, ..., 0, ;;, 0, ..., 0), we find
(2.10) VK €T, (Lu, ~f)gf) =0, 1<ij<m

so that u, € V,, collocates to (1.1) at the points g‘"l( We thus obtain a collocation
method at the Gauss-Legendre points of each quadrilateral K € T,,.
Note that (2.10) can be also written in the form

@.11) {(ayA_a_xB>g_§+< HAtE )92”1((0“ f)}(gu)

1<ij<m
Remark 1. The finite element methods introduced here may be viewed as gen-
eralizations to P.D.E’s of the one-step Galerkin methods for O.D.E’s which are de-
scribed in [5], [6]. O

3. A Model Problem. We first consider the following simple situation:

(i) The set Q and all the elements K of T, are rectangles whose sides are parallel
to the (x, y) axes. Hence, forall K€ T,, F x is an affine mapping.

(ii) The matrices A and B have constant coefficients and the coefficients of the
matrix C are elementwise constant.

In that case, we are able to derive in an easy way stability and convergence
results for the weighted residual method (2.3). This is done in Sections 3 and 4 where
we assume without mentioning it again that the conditions (i) and (ii) hold. In Sections
5 and 6 we shall extend the corresponding analysis to the collocation method (2.10)
in a more complicated situation.

Let us define the operator m, to be the orthogonal projector from L*(Q) onto
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Y, and, for all K € T,, the operator 7, to be the orthogonal projector from L%(K)
onto Y. Weset mg = f. Clearly we have

Yy € Lz(Q), Wk = WK(‘P”(),

e YR
Vo € LK), T = RP.
In order to prove a stability result, we want to evaluate

Y [, o mydcdy, vEV,
KETh

We then denote by iy (respectively ﬁn) the orthogonal projector with respect to the
variable £ (respectively to the variable 1) from L2(~1, + 1) onto the space of all poly-
nomials of degree < m — 1. We shall often use the following property

(3.1) = ff, =f.

LEMMA 1. We have for all symmetric p x p matrices E with constant coefficients
and for all § € XP

SO0
S (E % m)) dt dn

= 3 [T @, w01 - E, 751, ) dn.

(3.2)

Proof. We notice that, for all n, each component of the function ¢ —
(E(30/0£XE, n)) is a polynomial of degree < m — 1. Hence, using (3.1), we may write

f< as,nv)dédn*f( gg’ﬁs )dgdn
=f12<12“g 7 )d’édn f( E(ﬁf)),ﬂu)dgdn

Next, by the symmetry of the matrix E, we obtain

J; (Eg—g ) ddn =3 [ 55 @ip, 0 dean,

from which (3.2) follows at once. [

Let us now define the operator ni to be the orthogonal projector from L?(T)
onto the space Y, of the traces over I" of all functions of Y, . Similarly, for all
K € T,, we denote by nf( the orthogonal projector from L?(3K) onto Y s> Where
dK is the boundary of K.

Concerning the continuity properties of the functions of X, we assume that, for
any pair of adjacent elements K, K, of T, and for any function ¢ € X,,, we have

(3.3) ﬂf( 0= ﬂs ¢ on the edge K' = K NK,.
1

Since n,‘s;cp = @ at the m Gauss-Legendre points of each side of 9K, the assumption
(3.3) exactly means that a function ¢ € X, is necessarily continuous at the m Gauss-
Legendre points of each edge K' of Th-
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We also assume that the functions of ¥, satisfy the boundary condition (1.2)
in the following sense:

(3.9 WY, €V,, (4n, +Bn, -M)ﬂivh =0 onT.
Let us now state a weak-stability result.

THEOREM 1. Assume that the hypotheses (3.3), (3.4) hold. Assume in addition
that there exists a constant a > 0 such that

(3-5) C+C*>al
Then we have for all v, €V,

(36) 2 KGZTth Loy, myv,) dx dy > fr My, , mv,)dS + alm,v, 12 -

Proof. Let K € T, and v € X§. Since K is a rectangle whose sides are parallel
to the (x, y) axes, we may write

o

ay S 0D . M .
anf12<‘4a )d&d +8£ (B— >d’g’dn

and by Lemma 1
v v
Je (A 2 * B o Kv>dxdy
3 i oo in o a o
L2 G, mp O, m - G 2,01, mhdn

+ % g_’s‘ T B, 79 (¢, 1) - Bigd, #,9) ¢, ~ D} ak.

Hence we get

ov v 1
(3.7) fK <A x> T8 3 1rKv> dxdy =3 faK((Anx + Bn)mxv, mxv) dS,

where n = (n,, ny) is the unit outward normal along 9K.
Next, let v, be in V. Using (3.7) and the hypothesis (3.3), we obtain

v v
) f (A—"'—-*-Ba 1r,,v,,>dxdy

KeT),

=% > f ((An,, + Bn)mgv,,, mRv,)dS

KeT,

1
=3 fr((Anx + Bny)n‘,fvh, nivh) ds,
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and by (3.4)

avh avh 1
, A2 i+pt =2
(3.8) KZ::%,, fK ( o ol ﬂhvh) dxdy = > fr (MnSv,, m3v,)dSs.

On the other hand, since the coefficients of the matrix C are elementwise con-
stant, we have

fn (Qv,, mpu,)dx dy = fﬂ (Cmpvy,, myv,) dx dy
and by (3.5)
(3.9) fn (Cvy,, myv,)dx dy > % Ilﬂhvhllg’n.

Therefore, the desired inequality (3.6) follows from (3.8) and (3.9). O

Observe that Theorem 1 does not necessarily imply the existence and uniqueness
of the solution u, € ¥V, of problem (2.3). In fact, if f = 0, using (1.3) and (3.6), we
only obtain m,u, = 0. Therefore, we introduce the following hypothesis

(3.10) {vh EV,;VKET,, VwE YF, fK(Lu,,, w)dx dy = o}= {0}.

As a consequence of Theorem 1, we get

THEOREM 2. Assume that the conditions (3.3), (3.4), (3.5) and (3.10) are
satisfied. Then problem (2.3) has a unique solution u, € V, and we have the error
bound

< f (M, — ), Ty, — ) ds>‘ 2+ imy, - wlg

er T;JK (L(u —vp,), w,,) dx dy
C sup

3.11 < inf
(3.11) = A

v,EVy,

+ (f P(Mrr‘,‘;(u = v,), Th(u — v,) ars>l ? fim (e = v,,)uo,,,( ,

for some constant C > 0 independent of h.

Proof. First, we note that the hypotheses (2.2) and (3.10) imply the existence
and uniqueness of the solution u, € ¥, of problem (2.3). Next, let v, be in ¥, and
let w,, be in Y7 ; we may write

L(u, —v,), dx d
K;h [ @, —v,), wy) ax dy

= - L s dxdy = L(u — ),W )dxdy.
KezTth(f Vps W) )y KGZT,,'[K( (u —vy), wy

By using Theorem 1, we have
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J 5, = v,), 7w, —v,)) dS + alim, @y = vIR

<2 ) IK(L(u =v,), m,(u, —v,)) dx dy

KET,
Tier, fK(L(u ~v,), w,) dx dy
<2| sup T limy, (uy, —vlp -
wpEeYh nllo,0

Hence, we get by the Cauchy-Schwarz inequality

( | (S, = v,), 75, ~ ) dS>” 2 4l = vl o

Zer, Jo @ = v,), w,) dx dy

<C sup i
wyeYh Wyllo,

b

so that (3.11) follows by the triangle inequality. O
Remark 2. Assume that in (3.11) the right-hand side tends to zero as h tends
to zero. Then Theorem 2 gives

li - =
pim llmp(up, —w)lly o = 0,

and this does not imply the convergence of u, to u. However, since m,u, = u, at the
Gauss-Legendre points g{f ,1<i,j<m, K€E€T,, we obtain the convergence of the
approximate solution u, “at these Gauss points”. [J

4. Applications. We now turn to some examples.
Example 1. A conforming method. We first choose

4.1) X=0,,
4.2) X, = {‘Ph € Co(ﬁ); VK € Tha Ypx € Xg (= Qm)},

so that we define a conforming finite element method. The degrees of freedom of a
function ¢, € X, are then determined in a standard way.

Let us evaluate the right-hand side of the inequality (3.11). Clearly, assuming
classical regularity hypotheses and taking as function v, some interpolate of u, we get
for the last two terms

( fP(Muﬁ(u —v,), T —v,)) ds)” Z=0mmtY), - vl o = OG™HY).

We now prove that we can choose the function v, in such way that the same bound
holds for the first term.

Denote by —1 = le < il <0 < fm = 1 the (m + 1) Gauss-Lobatto abscissae
for [-1, +1]. Given a function ¢ € C°(K), we define 7@ as the unique polynomial
of Q,, which satisfies

(4.3) Py = @dy), 1= G0, 0<ij<m
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Next, given a quadrilateral K and a function ¢ € C(K), we define rgp € X by
(4.9) 79 = 7o.

Finally, with any function ¢ € C%(Q), we associate r,¢ € X, by

4.5) ek = Tre(9ig)

We then consider a regular family (T,) of quadrangulations of Qin the sense
that there exists a constant ¢ > 0 independent of A such that

hy <opg, KET,,
where hy is the diameter of K and p, is the diameter of the inscribed circle of K.

LEMMA 2. Assume that (T,) is a regular family of quadrangulations of Q. Then,
if vE€ (H™Y2(Q)Y, we have for all w, € YP

4.6) Ifn([,(v —ruv), wy) dx dy' < Chm“"v"mn,n Iwpllg o -*

Proof. Let y €Q,, _,;we consider the continuous linear functional on
Hm+ 2(12)

¢ fK% ©@- ﬂp)@ ds dn.

Since ¢ = 79 for all € Q,,, this linear functional vanishes over @, . Let us show

that it also vanishes over the space P, ;. If = ¢™ +1 % —#is a polynomial of
degree < m + 1 in the variable £ which vanishes at the m + 1 Gauss-Lobatto points

i,., 0 <i < m. Hence 3(p — 79)/9¢ is a polynomial of degree < m which vanishes at
the m Gauss-Legendre points g;, 1 <i < m. As a consequence, (3(p -7)/08)y € Qa1
vanishes at the points £;;, 1 <i, j <m, so that [ ;((a(:p—?a)/ag)@ dt¢dn=0.

On the other hand, if $ = ™+, the function $ — 7% does not depend on £ so
that the previous integral vanishes again. Thus, the linear functional considered above
vanishes over P, ;. Using the Bramble-Hilbert lemma (cf. for instance [2, Lemma 6]),
we get for all p € H™*2(K) and all § €Q, _,

D . A\s . .
@ | [o(Z @ 79)b at dn| < 131, 2 2131 2.
Now let K € T,, v € H"*?(K) and w € Y. We have
> (e a
fK<A 2 (=), w)dxd -5 k(A G ru),w)dgdn

and by (4.7)

) AR Wil 5
IfK <A 5 © = rgv), w> dx dy| < clﬂ [0y 42,2 Wlo k-

*Here and in all the sequel, C will denote a generic positive constant independent of A.
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Since (T,,) is a regular family of quadrangulations, we get

5 R ~1/2
Bl 42,8 <cTgt! R 210l 4 & S chg P Wl 4 k0
N A T—1/2 -

Wllg 2 =T 2wy <chgtiwllg

[Qy/on| < hy /2,
so that

a
UK (A 3% ¥ &Y M) dx dy| ST Wl 42 x Wllg ¢ -

Similarly, we obtain

d
lfK (B 3, © = rev) w) dx dy' < AT Wl y g kWl &
and

|fK(C(v = rgv), w) dx dyl <chEpl, ., xIwllo -

Therefore, we get
| [ @ = rgv), w) ax dyl <RI Wl 45 Wl g
from which the inequality (4.6) follows immediately. O
We are now able to prove

THEOREM 3. Assume that the hypotheses (3.4), (3.5), (3.10), (4.1), (4.2) hold
and that (T,) is a regular family of quadrangulations of Q. Assume in addition that
u € H™2(Q)Y and ryu € V. Then problem (2.3) has a unique solution u, € V,,
and we have the error estimate

1/2
(4.8) ( fr(Mng(uh —u), m5(u, —u) dS) + Iy, = )llg o < CH™ il 42 0
Proof. Clearly, the hypotheses (4.1) and (4.2) imply (3.1) and (3.3), respectively.

Since r,u is assumed to belong to V,, we may apply Theorem 2 with v, replaced by
ryu in (3.11). Standard approximation results give

1/2
(fF(Mn;f(u—r,,u), w3 (u —ryu)) dS) <™ ulyyyy p <™l g o

"7(;,(“ - rhu)"o,ﬂ < e - ’h“"o,n < Chm+l|“lm+l’n.

Hence, the desired inequality (4.8) follows from Lemma 2. O

Example 2. A nonconforming method. We next study a nonconforming finite
element method which appears to be more effective than the previous conforming
one in some practical problems. We shall use here the techniques of [14].

Let }51 be the set of Gauss-LegendreApoints of 3K of the form @, 1), (21, ),
1 <i,j<m. We denote these points by b;, 1 <i < 4m, and we number them
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counterclockwise. Let 22 be a 0, _,-unisolvent subset** of I% ,m=2. Weset
=2, VUZ,.
LEMMA 3. The space of functions » € Q,, which vanish on $ is one-dimensional.

Proof. let ¢ € Q,, vanish on . By using the symmetry properties of the set
21 , we get

a=§1,D=CD"-1,1)=a-1,-1)=(1)"e(1,~1).

Let us next introduce the function  defined by

A m
v(E, ) = o(&,n) - A n (¢ ‘§1)(7I ’gj)a
i,j=1
where A is determined so that J(1, 1) = 0. Then, we have v, 1) = 1/7(—— 1,1)=
(-1, -1)= (1, -1) =0, and y vanishes at m + 2 points of each side of dK.
Therefore, J/ vanishes on oK.
For m = 1, we get \[7 = 0 so that &, n) = atn. For m = 2, we obtain

P& ) = NE* - D@* - DRE M), XE Dy s

Since @ vanishes on 22, the function X takes given values on f)z and is uniquely deter-
mined. Hence, we have

m
aan)=x[rl(s—aXn—@)+@2—1x#-nﬂanﬂ
i,j=1
and the function @ is unique up to a multiplicative constant. O
We denote by @, the polynomial of @,, which vanishes on £ and satisfies the
condition @,(1, 1) = 1. We have
tn,m=1,%,= 4,

Soo(s’ n) = %222 2 _ %(22 + n2)’ m=2, 22 = {0}.

Now, let Q;” be the space of polynomials spanned by éinj ,0<i,j<mi+j<
2m. Note that Q,, = @,, ® {£”7™}. Then we choose

~

49) £=0,,

(4.10) X, = {pp; VK € Ty, 951 € Xi and g, is continuous

at the m Gauss-Legendre points of each edge K’ of T,}.

N

Let us determine the degrees of freedom of a function ¢ € X.. Denote by T,
the space of the traces over dK of all functions of Q,,. It follows from the first part
of the proof of Lemma 3 that the space of functions @ € f‘m which vanish on £ is
one-dimensional. Therefore, there exists a set {a;}3™ of nonsimultaneously zero

**]et us recall that aset T = {ai}§v= 1 is P-unisolvent if for any set of scalars a1 < i < N, there
exists a unique function p € Psuch that p(¢)) = a;, 1 Si < N.
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scalars such that

~ r3 4m ~
VoET,, z o@(b,) =0

Then, if on the one hand we have o;  # 0 and if on the other hand the set %, isso
chosen that ¢, ¢ X, we set

— [h N «
2 - {bi}l<i<4m;i*io’ 2= El U E2'

Hence, using Lemma 3, we find that a function ¢ € X is uniquely determined by its
values at the points of £'.

One can easily check that, for m = 1, 2, we have o; = (- 1) so that we can
select the index i, arbitrarily and take

Y

Z m=1,

£=4
v, m=2

Next, setting =, = Fy(£), Zx = Fx(Z'), we obtain that the degrees of freedom
of a function ¢ € X, may be chosen as its values at the points of Z;. Moreover,
using (4.10), a function g, € X, is easily constructed by means of its values at the
points of T, = U ke 7, ZK-

Finally, we want to prove the analogue of Lemma 2. Given a function @ €
C°(K), we define 7' to be unique polynomial of Q', which coincides with 7p on £.
We then introduce the functions iy and r, ¢ as in (4.4), (4.5).

LEMMA 4. Assume that (T,) is a regular family of quadrangulations of Q. Then,
if v € (H™*2(Q))P, we have for all w,, € Y

(4.11) > f L =), w,) dx dy| <

m+1
CH™ + 0l 45,0 Wy llg g -
KGT

Proof. Let d/ € Q,,_1; we want to show that the continuous linear functional
on Hm*2(R)

~ 8 ~ arta 7
4.12) ¢ = f&@(«p-wﬂ dt dn
vanishes over the space P, , ,. First of all, since ¢ =79 = Fpforall g€ Q;", the
linear functional (4.12) vanishes over Q,,. On the other hand, if = §™*! (respec-

tively, = n™ *1), the function 7% depends only on £ (respectively, on 1), and we
have #$ = 7'¢. Hence, using the first part of the proof of Lemma 2, we get

fk(%@—?'@))‘i’dsd":o’ ¢,=£m+l’nm+l.

Since P,,,,, C Q,, ® {(gm+1} @ (9™} for m > 2, it remains only to con-
sider the case m = 1, @ = &n. Clearly, we have

Je 2 5 Pagdn= [ ndedn=0,
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and an explicit calculation shows that #® = 0 in that case. Hence, our assertion is
proved for all m > 1 and the desired estimate (4.11) follows just as in the proof of
Lemma 2. O

THEOREM 4. Assume that the hypotheses (3.4), (3.5), (3.10), (4.9), (4.10) hold
and that (T,) is a regular family of quadrangulations of Q. Assume in addition that
u € (H™*2(Q)Y and ryu € V,. Then problem (2.3) has a unique solution u, € V,,
and we have the estimate (4.8).

Proof. The hypotheses (4.9) and (4.10) imply (3.1) and (3.3), respectively so
that Theorem 2 applies. Using Lemma 4, the proof parallels that of Theorem 3. O

As a model application of Theorems 3 and 4, we consider the simple hyperbolic
equation

ou ou .
(4.13) uax+vay+ou—f in Q
with the boundary condition
(4.14) u=0 onl_= {(x,y) €ET; (un, +wn,)x, y) <0}.

Equation (4.13) arises in neutron transport theory. u and v are parameters such
that u> + »? < 1 and the function u = u(x, y, u, v) represents a flux of neutrons at
the point (x, y) in the angular direction (y, v); the quantity o denotes the nuclear
cross section which satisfies o(x, y) 2 a« > 0 and f = f(x, y, u, v) stands for the scat-
tering, the fission and the source terms.

Note that the boundary condition (4.14) is of the form (1.2) with M =

lun, + vn|.
Assume for convenience that u, v # 0. We define

(4.15) V,={v, €X,;v,=0o0nT_} in the case of Example 1
and
(4.16) V, = {v, € X,;; v, = 0 at the Gauss-Legendre points located on I'_},
in the case of Example 2. One can check that in each case

dim ¥, = dim Y, = m? card(T,).
In order to check the hypothesis (3.10), we state

LEMMA 5. We have
?€Q,: M0 =00nK o-1,1)=uE~1)=0,
7,81, ) = A, 1) = 0} = {0}

(4.17)

and
(418) {P€Q,;@0=00nK # ¢(x1,n) = @£, £1) = 0} = {0}.

Proof. Let @ be in Q,,. Assume that 79 = 0, mHE, )= 1rn¢(n, +1)=10. We

have
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P8 8) = A1, 8)=0@,+t1)=0, 1<ij<m.

Hence, using Lemma 3, ¢ is necessarily of the form

m
v=A n (E —éi)(n _gj)-
i,j=1
Assume in addition that &1, 1) = 0, we get A = 0 so that (4.17) holds. Likewise, if
we assume that @ € Q;", we also get A = 0 which implies (4.18). O

THEOREM 5. Assume that either the hypotheses (4.1), (4.2), (4.15) hold or the
hypotheses (4.9), (4.10), (4.16) hold. Assume in addition that (T,) is a regular family
of quadrangulations of S and that the solution u of (4.13), (4.14) belongs to H™}().
Then each of the corresponding problems (2.3) has a unique solution u, € V,, and we
have the error estimate

@.19) llun, +omy 1 PaGu, = w)llg r + limy (), — wllg o < ch™ il , 5 o

Proof. Let us check the hypothesis (3.10). Assume that a function v € X
satisfies

(4.20) VwE Yy, fK (Lv, w)dx dy = 0.

Then using (3.5), (3.7) and (3.9) (Theorem 1), we get

allmgvlly ¢ + [, (un, +m,)(o)? ds = 0.
Assume that v =0 on d_K = {(x, y) € oK, (un, + vny)(x, y) < 0}. We have

v =0 onKk, nﬁu =0 ondK, v=0 ond K

Then by applying (4.17), we get v = 0 on K. Now by sweeping through the mesh,
starting from the part I'_ of the boundary we find that (3.10) holds in the case of
Example 1.

Likewise, for the second example, if we assume that (4.20) holds and that
ﬂﬁv = 0 on d_K, we get v =0 on K as a consequence of (4.18). Using the same
argument as for Example 1, we find that (3.10) holds in the case of Example 2.

The desired result (4.19) is then a direct consequence of Theorems 3 and 4. O

The conforming and nonconforming finite element methods of approximation of
Eq. (4.13) appear to be higher order extensions of the SNG method and DSN method
of Carlson (cf. [8]), respectively. The convergence result (4.19) generalizes the analysis
of Madsen [13]. Although the two above finite element methods have the same rate
of convergence, numerical experiments show that the nonconforming method is more
effective in practice than the conforming one, particularly when using low order meth-
ods with a moderate number of elements.

5. Some Technical Preliminaries. We next consider the general situation where
the quadrilaterals of T, are not necessarily rectangles, and the differential operator L
has variable coefficients. We want to extend the analysis of Section 3 to the collocation
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method (2.10). In order to prove weak-stability results of the form (3.6), we now
need to estimate the following expression

m
K
Z wii(Lv,,v,)(EX), v, eV
KET, i,,'z=l iy (Lo, 0n)(g37) h = "h

which occurs when evaluating Z; Th Sx(Lvy, mv,)dx dy by means of the quadrature
formula (2.8). Unfortunately, such stability results are much more complicated to
establish in that case and we first derive some technical preliminaries.

Since

Z (Lv v)(g,'l( )

i,j=1

_ . dxp) 00, (&, dx
IR ((an B>az (s“‘*asB)

i,j=1

(5.1

§’|8’>
&..

8

=
563‘,

we have to evaluate expressions of the form

> o < 3% >(g,,) bE XP,

i,j=1
where
(5.2) the p x p matrix £ is symmetric;
(5.3) the function (¢, n) — E(£, n) belongs to W=(K; L(RP)).

We begin with the following result which is a mere restatement of Lemma 1.

LEMMA 6. We have for all symmetric p x p matrix E’o with constant coef-
ficients and for all b € XP

&, o (B 0 L\ . L& n f n ony A A
(5.4 .,.Zl < 0 3; ) @)= 5 Zl & {(Eyd, D)1, &) — (gD, 0X- 1, &)t
L= l=

Proof. Since #0(g;) = 8(8;;), 1 <i, j < m, and the quadrature formula (2.7)
is exact for all polynomials € @, _,, we have by using Lemma 1:

s AR A 0D ..
e

“f {(Eo#,0, #0X1, 1) = (B, 0, #,0X~1, )} dn.

The result follows by noticing that # v(+l &) = (1, g]) I1<j<m 0O
When the matrix £ has varlable coefficients, we set

(55) By = oo {BE |+ [Ee ),

where, in (5.5), I-| denotes the matrix spectral norm.
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LEMMA 7. Assume that the hypotheses (5.2) and (5.3) hold. Then, for all
€ > 0, there exists a constant C(€) > 0 such that for all b € XP

& [p0D ) . 1 & A - n PN
i']gl wij <E &’ U) (gl]) > -2- I§1 (‘-’]{(my U)(l, g]) - (Eﬁ, U)(" 1, g])}

A 1 S & {[5(1. D
s6) 4§ Ele [(5 te) X o001, )" + (-1, )}

j=1

i,j=1

teE 3 os,.,-lﬁ@i,-)lz].

Proof. Let Eo be a symmetric p x p matrix with constant coefficients. Using
Lemma 6, we get

A . [a00 L) . < ~ 00 . A 00 )~
MZ=:I “’ii( _g "> (gx'i)=i'12=:1 @ {(Eo £’0>+<(E-Eo) i, U)}(gx‘i)

1 m -~ oA a & O e
=3 Z wi{(Eov’ o)1, &) — (Ey, o)—1, g,-)}

and therefore,

m A 00 .\ . 1 AL A A A ~
> &y <E E’ v> G = 3 > o (&0, D)1, ;) — (ED, D)1, g,-)}
i,j=1

j=1
m LY F=Y £ BNA A A
57 & +3 3 G, ~ B, 0X1,8) ~ (B ~ ), 01, &)
=1
m.o s a0 ).
1L,]=

Now we choose the matrix E’o so that

sup _ 1B, m) — £l < |E|; .,
(5.8) (m)gi ¢E.n)-E, 1,

(take for instance Eo = F(0)). Then we have
Y G{E, — EX, 0X1, 8) — (B, — E)D, 0X-1, 8))}

j=1

(5.9

~ m
< lEll’oo Z (:)]{Iﬁ(l’gl)lz + Iﬁ(—l’ g])|2}°

j=1
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Next, we notice that the mapping

i=1

is a norm over the space p,, of all polynomials of degree < m in one variable £. Hence
we get for some constant ¢; > 0 and for all p € p,,

m R d . m
Zl W; Id_? (gi)|2 < ¢y 3‘?(1)2 + (- 1)2 + Z (:’i‘p(giyf-
= i=1

Applying this inequality to each component of the function £ — (£, £;), multiplying
by (bj and summing fromj = 1 to j = m, we find

m

Z i |og (gv)’

Lj=1

;; (1, gI* + 15— 1, )1} + Z wf,lv(x,)P%

Therefore, there exists a constant ¢, > 0 such that

2 oE-£) 59

i,j=1

- m 2 2 1/2 mo 1/2
<C21El,,,,[<§ o(1, g)I* + -1, 8)I"} + izlwi,-lv(g,-,-)l

. 'i=
m o 12 1/2
x <Z Gy 10E;)l > :

i,j=1

Using the inequality c,ab < ea® + c2b?%/4e, we obtain

L P AN A PR
UZ___I “’ii(w ~Ey) a8’ ")(gii)‘

(5.10)
< lﬁ"ll,mg }":' B(1, 8)1* + (-1, 8)I*} + e) > &, 10@ )1

j=1 i,j=1

with C(€) = C, + C2/4e.
The inequality (5.6) follows from (5.7), (5.9) and (5.10). O
In fact, under an additional assumption, one can improve the previous estimate.

LEMMA 8. Assume that the hypotheses (5.2) and (5.3) hold. Assume in
addition that there exists a symmetric p x p matrix E o With constant coefficients which
satisfy the conditions (5.8) and
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(511)  Ey-EQ1,8)>pl, E-1,8)-E,>8I, 1<j<m, p>0.

Then, there exists a constant C > 0 such that

m lm
@ (&; = {E,0,09( Eo, o) -1, 2;)}
2 off G e > >3 2 0fE.0.00.8) - 0,013
(5.12)
_clEII,oo 2 a’ijla@i,‘)lz-
ij=1

Proof. We start again from (5.7). Using the assumption (5.11), we have

> O {(Ey -~ Ew, 0)1, 8) - (B, - £)5, 0X-1, )}
j=1
(5.13)

m
=6 3 {1001, )P + 10-1,8)1%).
j=1
Combining (5.7), (5.10) and (5.13), we obtain

> o,(E 5. o) ,,)>2zw{(ﬁo 01, &) - (65, 01,8}

ij=1

+(B—elfly )X &1, )17 + Io(-1,2)1}
=1

m
PN A 212,
_C(e)lEll,go .Zl w,'ilv(gij)l 5
Lj=

and (5.12) follows by choosing € = ! IE'Il e O
In the sequel, we shall use Lemma 8 with Eo = E(0).

6. A Collocation Method for Parabolic Equations. Let us now study the
stability and convergence properties of the collocation method (2.10). For the sake
of simplicity, we shall restrict ourselves to first order systems associated with parabolic
problems. However, the analysis can be essentially carried out for other first order
systems with only technical modifications.

Let us assume that the domain £ is of the form

6.1) Q= {(x,) ER?;g,(x) <y <g,(x), 0 <x <R}.
We then consider the parabolic equation with variable coefficients

ou,
(6.2) > -2 <a(x ») 3 > +clx, y)u, =f, inQ

with the boundary conditions

(6.3) u(0,) =ud(»), £,(0) <y <g,(0),
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64 u,(x, g,(x)) =u,(x, g,(x)) =0, 0<x<R
In (6.2), the functions a, ¢ and f, are assumed to be continuous in Q with a, > a(x, y)
=a, > 0.
Let us reformulate the equation (6.2) in terms of a first order system. We set
ou u f,
(6.5) = 1 =1 = (!
u, =a(x, y) % u uy )’ f 0/

Then (6.2) is equivalent to Eq. (1.1) with

c
1 0 0 -1
o = = . C=
(€9 4 (0 0)’ ’ (‘1 0> 0

By changing u, in u, exp(\x), we may always assume c(x, y) = ¢, > 0 with ¢, arbi-
trarily large.

We next define the collocation method. Let 0 =x, <x, <x,<-:+*<x; =R
be a subdivision of the interval [0, R]; we assume that each strip

1
a
c

By = {6 ) EQ X, <x<x,,}, 0<i<I-I,

is partitioned into J quadrilaterals K as in Figure 1. We also assume for convenience
that the lateral boundaries of 2 are polygonal lines so that every quadrilateral K € T,
has straight sides.

T

b == fr =t ===~ bo-to=gs >
| —
| |
FIGURE 1
We set
6.7) =0,
(6.8) X, = {9, € C°(); VK € Ty, 91 € Xg},

and we denote by X, ,? the space of the traces over x = 0 of all functions of X,.
Notice that the functions of X, ,? are continuous and piecewise polynomials of degree
<m.

Now, given a function u§) = (uf) ,, uj) ;) € (X5)?, we want to find a function
u, = Uy 1, Uy 2) € X2 which satisfies
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(6.9) (Lu, —fXeg) =0, 1<ij<mKE€ET,,
and the boundary conditions
(6.10) u,(0,y) =ud(y),  £,0) <y <g,(0),

©.11) up 1 = 0 at the m Gauss-Legendre points of each edge

of the lateral boundaries y = g(x),i =1, 2.
One can easily check that the problem (6.9)—(6.11) is equivalent to a linear system of
2m?1J equations in 2m2IJ unknowns.
In order to study the stability properties of the collocation method (6.9)—(6.11),
we first consider a quadrilateral K of T, whose vertices are denoted by S; = (s;, ¢;),
<i < 4 (see Figure 2). Let Fy: (¢, m) — (x, y) = Fg(&, n) be the transformation
which maps K onto K. We set

3%y 1
(6.12) Tk =az€—_an=z(t1 Tt Yy ty).

YA

s

SE}\S4

Sy 5y

FIGURE 2

LEMMA 9. Assume vy > 0. Then there exist two constants ¢, and ¢, > 0
independent of K such that for all v € X%

i w{,‘-(Lv, v)(g{f-)

i,j=1
12, f(y - dy
i E ol coton (Seenicus
(6.13)
1 & . 3yA 0X ~ ~ A2 ax,\ A _
—Eglw‘{(bi 2+2a£ 12)@1,1) (35 1+2az 19)(3 1)}

mo 2 JK "
+'Z Oi\(codx ~ €27 )01 + 02 G-
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Proof. We start from the expression (5.1), and we notice that 9x/dn = 0. Apply-
ing Lemma 7 with £ = dy4/on and IEII,N = g, we obtain for all e > 0

(Z-0a+20m)2) .

- <<%+ (1+ 2e)7K>ﬁ§>(— L?,-)}

- Cle)vg 'z"j @02,

i,j=1

(6.14) =1

On the other hand, we have

m ~ 0D __ %, B3y 00, 1\
- a(HFino)e 2, %\ o ),

Since

—(g%(o)—g%(l))?(%(—l) (0)) aasaf, =15 >0,

we may apply Lemma 8 with £ = 3y/d%, E’o = — 9y(0)/0¢, IE'II’“ = ¢ and & replaced
by n; we get for some constant d > 0

(6.15)
m I
—dvg Y ©,01E;).

i.j=1

Next, since dx/0§ = §, — s, and the matrix B has constant coefficients, we
obtain by applying Lemma 6

< [0x 4 @_A -

0=
réai{(g%ﬁlaz)@i,l) @sc a)(g 1)}.

Finally, since ¢(x, y) = ¢y > 0,27 (x, ) > a;! > 0, we find

(6.16)

m m
(6.17) Zl@ii(JKCﬁ» 0X8;) = Z <COJKvl+ —Jgd )@.,)
ij= ij=1

By combining the inequalities (6.14)—(6.17), we get the desired estimate (6.13) with
c;,=1+2c,=cle) +td 0O
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Now, in order to get a weak stability result, we assume that there exists a con-
stant § > O such that foral K € T,

(6.18) 07k <8(sy —s5)(ty — t5).

The first inequality of (6.18) implies a very strong restriction on the domain £ and
on the geometry of the mesh. The function g, (respectively, g,) must be increasing
(respectively, decreasing) on the interval [0, R], and we must have |S,S,| > IS,S;] for
all K € T;,. On the other hand, the second inequality of (6.18) means that each quad-
rilateral K € T, is an O(h?) perturbation of a parallelogram.

Next, we set

6.19) ={(x»)€Q0<x<x}, T,={(x,y)EQx=x}, 0<I<I,

(6:20) Myyypp =Xppy =% Hy=Yohyyypp T hy_ypp) = %004y —x_y), I<ISI-],
and we introduce the space W,, of functions v, € X? which vanish at the m Gauss-
Legendre points of each edge of the lateral boundaries y = gi(x), i =1, 2.

THEOREM 6. Assume that (T,) is a regular family of quadrangulations of Q and
that the condition (6.18) holds. Then there exist two constants C and o > 0 indepen-
dent of h such that forallvE Wy and alll =1, ... ,1,

2 ¥ Z wK(Lv v)(g,'f)

KCﬁl i,j=1
(621 > (1 =chy_y oy 13 5, = (1 + chy ) 3 5

-1
2 2
=20 3 hylimyu, IG5, + allm,vllg o
k=1

Proof. Let K be a quadrilateral of T, with vertices S;, 1 <i< 4. We start from
the inequality (6.13). Using (6.18), we get

m

a m
za,.(gf;—cm(>af(1,§,~)>(l-ca(sl—sz) Z ( >(1 8)

j=1
31
= (1 - C3(sl - s2))ft4(7r;(vl)2(slv y) dy’
with ¢; = ¢, 8. Similarly, we have

‘—\: ( + "17K) 92(- 1, g)=(1 +c36s, - sz))f::(n}g(vl)z(sz, y)dy.

On the other hand, using the notations of Figure 2, we obtain

m

3y
z° (as o2 axf’ > >(gv D= f ((”‘19(”1)2 + 2myv, Xmgv, ), dS
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and
i ( ~2 + 2 ag 02> i 1) f ((ﬂsvl)2 +2(1rsul)(1rsvz))n ds.

Next, since (T,) is a regular family of quadrangulations of Q and by (6.18),
there exists a constant ¢, > 0 such that
Yk SCl-

The constant ¢, being assumed arbitrarily large, we have for some constant a >0

e N a2 JK A2
2 Dy\(eolg — a7k )0 "‘a_l'vz @)
ij=1

i,j=1

&L V A 1 . a
> .Z wi,JK<(co €C4)D3 + - >(g,.,.)>§ limgvlig -

Thus, summing (6.13) all over the quadrilaterals K of ﬁ, and using the above
estimates, we get, since 1r;,qv1 vanishes on the lateral boundaries y = gi(x),i =1, 2,

S 3 o, e

Kcﬁ, ij=1

l ! 2
'2' Z cahk—l/z)""'zvl "(2),Ek -1+ Cshk—x/z)llﬂ‘:vluo,zk_,}

a
+ 5 Impl o,

from which the desired inequality (6.21) follows with ¢ =¢5. O
Let us now state the following analogue of Gronwall’s lemma whose elementary
proof is left to the reader.

LEMMA 10. Let ()5 be a sequence of nonnegative numbers such that for all
1>21

-1 -1
(6.22) (I —chy_ypdo <+ chy )0 + 2¢ > ho + X Vk+1)2
k=1 k=0
with ¢ > 0, h,_ln < 1/c and \pkH/z € R. Then we have the estimate
1-1 1 +ch; Y
j+1/2
¢ < Para— N
! <,E, 1“7";'+1/2) o

(6.23) -1 1 < -1 1+Chj+1/2>
1= k+1/2

+
k}:‘o 1=chyyypa j=k+1 1=chiyypa

Ifh 4, < h°® < 1/c for all I > 1, the inequality (6.23) implies that, for some
constant X = A(h®) > 0, we have
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(6.24) o <o expAx) + 3 Y, 172 €XP(ACx, — X))
k=0

Let us prove the following result:

THEOREM 7. Assume the hypotheses of Theorem 6. Then, if u,, is a solution
of problem (6.9)—(6.11), we have the error bound foralll =1, ... ,L,
2>1/2

+ Iy “Vp, ),z F limy(u “Upllo,q (

LA ullo,z, + ilmy(, = Wl 0,

qup =1L -v,), wXek)

weY g wllg &

< inf cl X
(6.25) vV,EW 1 \kcg
Vp 1 =Up g on 20

Proof. Let v, be in W,; using (6.9), we have

2 i w!f(L(u,,-v,,),u,,—vh)(gg)

KCQ, ij=1

= Z f w{f(L(u“vh),uh—vh)(g{f)

KCQ; ij=1

1 ]
2 1 2 . ¢ _ 2
<< )2} GK) Imp(up =vllo,@, <5 2. €k *7 Iy, —vp)lig 0,

KcR, |/ KCh,

2

with

z,”’F 1 w{f(L(u —v,), w)(g{f)

lmewlly

€x = sup2
wGYK

Hence, by Theorem 6, we obtain foralll =1, .../,
_ _ a
¢ "hl—l/z)""ﬁ(“h,l ”h,l)"%,z, + 5 lmp(uy, _vh)"?),n,
< +chyp)limy(uy, | - ”h,l)llg,zo
-1 ) 2
t2% 3 bl v, )Ry 5 X ek

k=1 k Kcg,

Next, we use (6.24) with

o= ||"ﬁ(uh,1 - ”h,l)"%,z,’

2
=2 2 _«a
Yer12 = ) €x 5 lm,u, —v,)II2 .
@, 2 ""nn = Vplog, 0,
Brti/2
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We get, if Uy = “2,1 on Z,, and for h1—1/2 < A0 small enough,

12
LA U)oz, + My — vl g <C X 612(>

KCgQ,
for some constant C = C(A, R) and the inequality (6.25) follows by the triangle in-
equality. O
In order to get a more precise error bound, we need to prove some analogue of
Lemma 2. Let the interpolation operator r, be defined as in (4.5). We have

LEMMA 11. Assume the hypotheses of Theorem 6. Then we get for all v €
H™ P2 Q) andall 1= 1, ... 1,

L= 1w L ~ 1), wiep)

mewllo &

sup
we Y}z(

2\1/2
< " ol 12,0,

(6.26) ( 2

KCQ,

Proof. We only sketch the proof (for details, we refer to [9]). Consider the
continuous linear functional on H™ *2(K)

. 0 . nn
2 raCin FoN8y)-

As in the proof of Lemma 2, it vanishes over the spaces Q,, and P,, ;. Now, one
can check that the seminorm

o’ e
2 an'
is a norm on the quotient space H™ 2K )I(Q,, ® P, ) which is equivalent to the
quotient norm. Therefore, we obtain

0 o _noiis ¢ A

A similar estimate holds for the term (@ — F@)g;;)/on.

Next, let K be a quadrilateral of T, and ¢ be in H™t(K). Since (T,)is a
regular family of triangulations of © and the condition (6.18) holds, we get by using
the techniques of [3]

9

0.k

sl .4 | 220 o
¢ = [‘P]m+2,K dtdn m.K’ [Ql LK — o R

-1/2
) P : +2
[“O]m+2,K = C(\(t,n)él? JK(E, 77)) h;(n |*P|m+2,K,

32¢ -1/2
—X H m

-1/2
<C( inf J.(, pm+2
<<z,n)e12 k@ n)) K Ml

so that
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' F) —-1/2
@@ <C inf T m)  HE ol
ok v &mek © Pl +2.

Hence, we obtain for all v € (H™*2(K))* and all w € Y2

< <§ |<g{2 A———B) praChy rv)(g,,)l )ln(i ,,aw(g,,n’) ”

< chg *Hvlly, 4o 4 Mg Wllo k-

Likewise, we have

& & y - a SR PN
L]=

and

m ~
._Zl (€O = ), W& < ChE T vl 4y g wllg k-
i,j=

Thus, using (5.1), we get

m
K
2 L o), WE < O bl g wlo
L,]=

and the inequality (6.26) follows easily. O
We are now able to prove the final result.

THEOREM 8. Let (T,) be a regular family of quadrangulations of Q which
satisfy the condition (6.18). Then problem (6.9) has a unique solution u, € X, ,f
Moreover, assuming that a € W™*%=(Q) and u, EH™ +3(Q), we get the error
estimate

(6.27) Iy, ~ulo,z, + My, —wllp o, < CH" My llypysg, 1=1,...,1

Proof. Let us first prove the existence and uniqueness of the approximate solu-
tion u,. Hence assume that f, =0, u,? = 0; we have to check that 4, = 0. Applying
Theorem 6 with / = 1 and v = u,, we get

"ﬁ“h,1=0 onX,, mu,=0 ong,.

Therefore, u,, | vanishes at the m? Gauss-Legendre points of each quadrilateral K C f_ll.
Now, using the boundary condition (6.11), we obtain that uy, ; vanishes also at the
m Gauss-Legendre points of each lateral side of K C §,. Since u, ; = 0 on Z,, we
get immediately u, | = 0in Q,.

Let us next show that u, , = 0 in §,. Using (6.9) with f; = 0, we have for all
KCQ,,
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ou n2
ay

ouy 4 o
(g,!f):(—ax' +cuh,l>(g§)=0, 1<i,j<m.
Since

Qup o ..
uh,z(g§)= 3y (g-’{l(,)zo’ 1<ij<m,

we find again that u, , vanishes at the m Gauss-Legendre points of each lateral side of
KC ﬁl. Since u;, , = 0 on Z,, we also get uy, , = 0in §,.

Thus, we have proved that u;, = 0 in Q,. Using a recurrence argument, we obtain
u, =0in Q.

Finally, let us assume that a belongs to W™*2:(Q) and u, belongs to H™*3(Q).
Then we have u, € H™*2(Q). By applying Theorem 7 and Lemma 11 and by using
the estimates

Iy = r)l < O™ Mty
S _ +1
""h(ul rhul)no,zl < ™ "ulnm+2,91,

we obtain the desired error bound (6.27). O

Remark 4. The previous results can be easily extended to the nonconforming
elements introduced in Section 4.

Remark 5. The above results clearly generalize those of Keller [7]; we have
derived higher order analogues of the box-scheme. Let us also notice that the conver-
gence of the box-scheme can be analyzed in a completely different way by using the
techniques of Baker [1].
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