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Semidiscretization in Time for Parabolic Problems

By Marie-Noélle Le Roux

Abstract. We study the error to the discretization in time of a parabolic evolution
equation by a singlesstep method or by a multistep method when the initial condi-
tion is not regular.

Introduction. The problem we are considering is the parabolic evolution equa-
tion

) W)+ Au(t)=0, 0<¢<T

u(0) = u,.

Here, A is a linear operator, unbounded on Hilbert space H, of domain D(4) dense
in H; the initial value u,, is assumed to be only in H.

In the first part, we study the error due to the discretization in time of the
problem (*) by a single-step method. The scheme is defined by the choice of a ra-
tional approximation r(z) to the exponential ¢~ for complex variable z. For the case
of 4 selfadjoint, these methods are analyzed in [1] and [2]. Also in the special case
of one space dimension, similar results can be found in [9]. For the case of 4 non-
selfadjoint, the result for the special case r(z) = 1/(1 + z) was obtained by Blair [3]
and by Fujita and Mizutani [6] . Using the technique in [1], we generalize these re-
sults when the method is strongly A(6)-stable (0 < 6 < n/2). Concerning examples,

a class of rational approximations {r,(z)} to e~ % which are strongly 4(0)-stable with
p > 3 is documented in [8] and [2]. It is shown in [8] that for p >3, r, is in fact
strongly A(Bp)-stable for some 0 <6, < n/2. For small p, 0, is close to n/2 and in
the special cases p = 3, 4, rp is A-stable. Examples of rational approximations to e~ ?
which are strongly A(6)-stable with r(>) = 0 are provided by the family r,(z) develop-
ed in [2].

In the second part, we investigate error estimates when the discretization in time
is carried out by means of a multistep method. Zlamal gives an error bound under the
assumption that the operator A is selfadjoint and the method strongly 4(0)-stable.
Here, error estimates are obtained if the operator 4 is maximal sectorial and the meth-
od strongly A(6)-stable (0 < 6 < 7/2).

I. Semidiscretization in Time by a Single-Step Method.
1. Introduction. Let A be a linear operator, unbounded on Hilbert space H,
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of domain D(A) dense in H. A is supposed to be maximal sectorial [7]; and we con-
sider the problem

u'(t)+Au(®) =0, 0<t<T,

u(0) = Up,

where u,, belongs to H. The approximate values u, of u at the time level #, = nAt,
(At denotes the time increment) are determined by

)

(2 Uy, =r(Atdu,, n=0,

where r(z) is a rational function of the complex variable z defining the single-step
method. The error at the time ¢z, is given by

lu, —u(t, )y = (€7 (At | ys
hence, we deduce
3 lu, —u@, )y < le'nd = P(AtA)l gy 1y lttg -

2. Assumptions on the Method. We assume that the single-step method is of
the order p (p > 1); then there are two constants ¢, > 0 and C > 0 such that

le™* - rz)l < ClzIP*!, vz €E€C, Izl <o,.

LEMMA 1.1. Let the single-step method be of the order p, then, for any § €
[0, n/2], there are constants o, B and ¢ > O depending only on r and 0 such that for
2€C, Izl <0,-0<Argz <49,

“4) [7(z) — e ™?| < Cnlz|Pt1gPnRez

Proof. We have the equality

@) - e = ) - e |5 igyetnm1-nz |

j=0

Sincé the method is assumed of the order p, we have

Inz) - e 2l < ClzIP*!
and,

IM2)l <e™Re3(1 + ClzIPHY), VzeC, IzI<o,.
Let z € C such that -0 < Argz < +46, 6 € [0, n/2], then, Re z > |z cos 8; hence
Iz)] < &% Rez(gzIcos o+cu|"“)
and there is a constant ¢ < ¢, such that
ClzIP*! < %lzlcos 0, Izl <o.

Therefore,

Iz)l <eRez forlzl<o,-0<Argz<+0
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and

n—1 . .
IP(@) - eI < ClzIP+! Y gTiRez/2gm(nm1-DRez,
j=0

Hence,

I7*(z) - e "?| < Cnlz|PH1gnRez/2

This concludes the proof.

We also assume that the method is strongly A(6)-stable, i.e. if § is not zero, Vz
€8y, In(z)l <1 and I(=9)| < 1, where S, is the sector {z € C/z = = or 0 or —6 <
Argz<0};if 06 =0,Vx >0, Ir(x)| <1 and Ir(>)| < 1.

3. Error Estimates in the Case of a Selfadjoint Positive Operator.

THEOREM 1.1. Let A be a selfadjoint positive operator and let the single-step
method be strongly A(0)-stable and of the order p. Then, there is a constant C de-
pending only on the method such that,

©) ArP
lu, —u( )y < C? lugly forn=>1.
n

Proof. Since the operator A is selfadjoint, we have

le™tnd — P DtA)l gy gy = sup  le7'n* —r"(Ar2)l < sup le™™ —r(x)l.
’ ZES,(4) x>0

Let x € R, such that x < ¢ (o has the value defined in the Lemma 1.1); we get

_ C AP
le™* — P'(x)| < CnxPHlePnx < — = C —.
nP 4
Let x € R such that x = g; then

le™™* —'(x)| < e + sup Ir(x)I".
x=20

Since the method is strongly A(0)-stable,
sup In(x)l =r<1;
x30

hence,

c ArP
e - P"X)i<e” +r<—=C—.
v

Then we get

AP
le™*nd — Pi(AtA)l g gy gy < c—t;,

n

and the result follows from (3).
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4. Error Estimates When A is Not a Selfadjoint Operator. In this case, we shall
need the following lemma:

LEMMA 12. Let A be a maximal positive operator for which there is some con-
stant 0, (0 < 0, < 7/2) such that

Yu € D(4), (Au, u) € Seo~

Let ¢ be a continuous function on the sector S, (8, < 6 < n/2) which is holomorphic
in the interior of S, and satisfies for some constant R > 0 and two functions f, and
f, from R to R, the following estimates:

©) Vz €Sy, lzI<R, lo2)l <f(lz]),
©) Vz €Sy, I1zI 2R, lgz) - p(=)| <f,(Iz]).
Further, assume that the functions f|, f satisfy
R dr +oo dr
Io [0 — <t and fR L) T <t

Then there is a constant C such that

C o
b )lg s ) <394, gf: 50 ‘% +fR 210 ‘%’ + (R +1%)|np(oo)12

+ (=)L,

@®

Proof. We set

z

h@) = 9(2) ~ T )

We have

PA) = h(A) + oAU +4)" and AT +A) gy gy < 1.

Hence,

Il‘p(A)lIg(H,H) < IIh(A)llg(H'H) + lo(>)l.
Besides, we have

=L — Ay1

W) = 5 | e - 4y az,

where I is the continuous, positively oriented curve defined by Argz = £6. Let T,
={z€T,lzI<R}and I', = {z €T, |zl > R}. Forz €T, the following estimate
holds [S]

c 1

0-0g lzI"

Ml - Ay Mg gy <

Now, from (6), we get
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lh(z)| = ¢(z)— ~ ¢*) <fi(lzl) + lzllg=o)|, Vz ETy;

hence

e
2mi

<

Ll h)al - AY dz (f: fl(r)%+RI¢(°°)I);

6-96,
from (7), we get

lh(2)! = |pz) — §(° )+ S A )‘ <f2(|z|)+—|¢(°°)| Vz €T,;

hence,

1 1
- - <
i Ir, h(z)(zI - A) " dz

= (Jr n0 L+ k).

The estimate (8) now follows immediately.

THEOREM 12. Let A be a maximal positive operator satisfying for some con-
stant 0, (0 <0, < /2),

VYu € D(4), (Au, u) € Sq,.

Further, assume that the single-step method is of the order p and strongly A()-stable
(6o <0 <m/2). Then there is a constant C depending only on the single-step method
6 and 0, such that

D
©) lu, - u(t,)ly < C % lug I
n

Proof. We apply Lemma 1.2 with ¢(z) = ¢ "* — r*(z). Then, from (4), we get

VzES,, lzI<o, lgz)l <CnlzlP*+1ghnlzicose

and

o o AP
f nPePnreosd g, < < f xPe*dx < C —.
0 nP =0 o

Besides, we have
VzES,, lzI >0, loz)- o)l < e 210080  |p7(z) — (o)

and

n-1 . .
r"(2) = ') = (n(z) — (=) 3 rl(2r" ().
j=0

Since the method is strongly 4(6)-stable, we may set
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su Inz)l = e®
Y
ZES, izlza

for some & > 0; and since r is a rational function, there is a constant C such that

Inz) - H(e)l < I_CI for 1z1 > 0.
z

Hence, for Izl > o

Isp(z)—<p(°°)| < e—nlzlcose + Le—ns

|z|

and

+ o0 —nrcosé —né 1 A
fo (e +c& )dr<c<——+e—"5)<c’ A%

r r2 nP

Besides, |¢(e°)| = |77 (=°)| and 1/*(°)| < C/n?, since |n(>)| < 1; then using (8), (9)
follows.
II. Semidiscretization in Time by a Multistep Method.

1. Introduction. We again consider the equation (1). Let p and ¢ be two real
polynomials of degree less than or equal to g,

q q .
pQ) =Y o’ and o)=Y B8 (2, >0).
=0 i=0
The approximate values u,, of u at the time level 7, = nAt are determined by

q

(10) 3 (0 + AtB AN, ;= O,
i=0
assuming the starting values ug, u,, . . ., Uq_, to be given (by another method).

2. Assumptions on the Method. (a) We assume that the multistep method is
of order p; then we have

i=0

q q
(11) Y ily=13 "8, 1=0,1,...,p
i=0

(b) We also assume that the (p, 0) method is strongly A(0)-stable. We set
w(§;2) = p) + za(§),

Sy ={z€C/z=o0orz=00r-9 <Argz<+60}.

The method is strongly A4(8)-stable (0 < § < 7/2) if and only if the modulus of all
roots of the polynomials &( -, z) are less than one for any z in the interior of S,. If
0 = 0, the method is strongly A(0)-stable if and only if for any x > 0 the modulus of
all roots of the polynomials w( -, x) and o are less than one; the roots of the polyno-
mial p with modulus equal to one, {;, are simple and the growth parameters ), satisfy
Re ); > 0; these growth parameters A; are given by

A= a(§ ,)/ fip,(f i)'
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We now define

o + Biz
o, +6qz

62) =

0<i<g),

%(E)=0 forl<O0,
70(2) = 1:

q
3 NP, (2) =0 forl>0,IE€Z,
k=0
q .
Ez) =Y 8) D2, 1>o0.
i=0

Then, we have

é B {ALAY Uty ) = Uy i) = E (AtA)u,.

Hence [5]

[V] [

u(t,H_q) -u,

Y T (AAR (i), - ut,)

0 k=0

=]
Il

n
+Y V- i(AtA)E (AtA)u,,.
1=0

LEMMA 2.1. Let the method (p, o) be of the order p and A(0)-stable; then for
any z € C with Re z = 0, we have

(12) |E(2)| < ClzIP*1g7tRez 1>,

Proof. We set

v)=€e", t>0,Rez>0.
We have
E(2) = (o + ﬁqz)—lg > apd +10)- z B’ + i
i=0
Since the method is of the order p, we get
q +i(l+i-1t
E@)=( +8,27"{ Y o f, '(—|)pv<P+l>(r)dt
i=1 D:

1+i (I + -1
+ (l—lt))'p__ v(p+l)(t)dti'

_ZI

Now, vP*1)(#) = (=z)P* e~ and, since the method is strongly A(6)-stable, we have
aqﬁq > 0. Hence,
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q lal q 181
E@) < — > Sai 3 Bt ) (g prigires,
la, I1\i=2 p! =o (e - 1!
LEMMA 22. Let the method (p, o) be strongly A(@)stable (0 < 6 < n/2). Let
zE€Csuch that -0, <Argz<0, (0<0,<0)if0 >0andz€R, z220,if0 =
0. Then, there are constants R, u, C, such that

lv(2)l < Ce™ ! for 1z| > R,
(13) 3 '71() Bl

ly(2)l < ce#zl for Izl <R

Proof. The first inequality follows from the following result [5]. If the method
(p, 0) is strongly A(6)-stable, there are constants ¢ € ]0, 1[, R > 0 and ¢., > 0 such
that

Vz €Sy, lzZIZR, Iy@)l< c.c.

The second inequality follows from the following result [S]. If the method (p, o) is
strongly A(6)-stable (0 < 8 < /2), for any @ > 0, there are two constants ' and C >
0 such that, forany x ER,,x <aand forany A€ Ty, (I'y = {z €C/z=oo0r Argz
= 10), ly0c + V) < G,

Case (i); 6 > 0. Let z € C such that IzI <R, Argz = a,0 < a <4§,; then we
have

sin(f0 — a sin o
z = |zl ( ) + lzl — €9,
sin 6 sin 6
and
sin(f — «
Iz1 g < R.
sin 6
Hence,
I7l(z)| < Ce—p'llzlsin(e—-a)/sino
that is,

,sin(6 —8,)
sinf
Case (ii); 9 = 0. Let x <R; then there are two constants u’ and C such that
ly,(0)l < Ce™ ™ and (13) follows.
3. Error Estimates in the Case of a Selfadjoint Positive Operator.

Iy (2! < Ce Pl with pu=u

THEOREM 2.1. Let A be a selfadjoint positive operator and let the (p, ¢) method
be strongly A(O)-stable and of the order p. Further, assume that the starting values are
obtained by a single-step weakly A(O)-stable method of the order p — 1; then there is
a constant C depending only on the (p, 0) method and on the single-step method such
that

ArP
(14 lu, —u(t,)y < C— lugyly.
’ﬁ
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Proof. Since the operator A is selfadjoint and positive, we have

n
< sup
$(H,H) x>0

l I_Z;, Tn—1(AtA)E|(ALA)

’Yn_z(x)Ez(x) .
0

i=
Let x € R, such that x <R (R is defined in Lemma 2.2).
From Lemmas 2.1 and 2.2, we get
1,001 < CenDx 0<I<n,
and
lE(x)l < CxPHle™,  1>0.
Set v = inf(u, 1); then

C
< Cne VPXxPt1l g —
nP

an Yn—1()E;(x)
=0

Now, let x = R and we have the estimates

Y < Ce*D g <i<n,

lE(x)l <CxPHle™ 1<,
lEy(x)l < C

Hence,

3 1 GEE)
=0

n
< Cze—un + Z e—u(n—l)e—-lxxp+l
=1

Set v = inf(u, R); then

< c
2 Yn—i®E (%) ! S C{e™m + ne Ve PP+l < —.
=0 n

Hence,

AN

SHH) nP

i Y p_i(AtA)E ,(AtA)I
I=0

Since we have assumed that the starting values are obtained by a weakly A4(0)-stable
single-step method of order p — 1,

u, =r(Atdu,, 0<s<gqg-1,

where r is a rational function satisfying Vx = 0, Ir(x)| <1 and for which there are
constants ¢ > 0 and ¢ > 0 such that

l(x) - e*I<ClxIP Vx<o.

Since the operator A is selfadjoint and positive, we have

Iy, (A2A);_ (AtA)(u, — u(t ) < sup |y, ()8 o GNP (x) — €)Y lug |y
x>0
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Let x €ER,, x <inf(o, R); then

1y, ()| < Ce#=R)x L ceknxehax |5, (x)| <C,

and
=1 )
Pe) — eI < Irx)— eI 3 rl(x)eC=1-Nx| < oxP.
j=0
Hence,
lod , AP
1Y ()8 o NP (x) — %) < Ce™#m*xP < — = C' —.
n? 4

Let x = inf(o, R); then

[ )| < Ce#(1=F) < Cekdemhm,

so that
’ Atp
008, OXPCx) - ) < G < S = ¢ —.
nP 14
Hence,
1g-1 s AP
> Y Vas(B1AP, (A4, ~u(ty)) [|< C—= lugly.
§=0 k=0 tlr"

4. Error Estimates When A is Not a Selfadjoint Operator.

THEOREM 2.2. Let A be a maximal positive operator for which there is some
constant 0, (0 < 0, < n/2) such that

Yu € D(4), (Au, u) € Sp,,.

Let the (p, 0) method be strongly A(6)-stable (8, < 6 < n/2) and of the order p.
Further, assume that the starting values are obtained by a weakly A(8)-stable, single-
step method of order p — 1, then there is a constant C depending only on the (p, 0)
method, on the single-step method, on 6 and 0, such that

ArP
(15) lu, —u(ty)ly < C— luyly.
o

Proof. We apply Lemma 1.2 to estimate

€(H,H)"

” 1;) Yn—i1(AtA)E | (ALA)

From Lemmas 2.1 and 2.2, for any z €S, and lzI <R (6, €]6,, 6[), we have

n n
E Yu-1@E(2) < C Z e h(m=Dlzl|,|p+1,-1lzlcos6
=0 1=0
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Set v = inf(u, cos 6,); then

< Cne—vnlzl|z|p+l

n
2 Tut@E(2)
1=0
and
J‘” ne V" dr = L (f“ e VP pP dp) < £
0 nP 0 nP
Besides, for / > 1, Ey(>) = 0 and from (13) and (14), forz €S, , Iz > R

n
<C Z e—p(n—1)|z|p+le—llzlcosal‘
=1

IZ".,I Tn-1(2)E|(2)

Now, set » = inf(u, R cos 6, ); then

e M (n=l)vizlcoso, < ¢Vne iz lcos6 1-v)

and

< Cne—vnev—lz lcos6y lz|p+l

1;1 Tn-1@)E)(2)
and

o C
fo ne—vnev—rcosol'pdr < —.

n?
For I = 0, E,(°°) may be not equal to zero,
Bo
lim Ey(2)=—.
1zl 2ES q

We bave

B
Ta(2Eo(2) = 1,(=) ﬁi < 17,@) = 1,(NEG(2)| + |Eg(2) = Eo (=)l 7, ().
q

Now, for |zl > R, we have [5]
eun

| - )| < C
Tal®) = 1a(=) < € — (Log(1 + 1z1))?

and |E (2)| < C. Also,

aoB, ~ o By
Ey2)-Ey(>) =————+
0 0 o, + qu

q
3 8,2
=1

hence, for z € Sy, and Iz| >R,

C
|Eg(2) = Eo(9)] < ot Ce™'zlcos by
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Then, since |7y,,(*)] < Ce™", we get

B 1
T@DEo(2) = 7,(=) = | < G g + L4 gizicoss li
B, 1 + (Log(1 + Iz1)? Izl
and
- 1 1 e rcosfy
f+ e"“”( t—+— dr < Ce™#n,
R r(1 + Log(1 + r)? r?

Then, from Lemma 1.2, we get

n 1
’Z 7,,_,(AtA)E,(AtA)”2 HH) S Ci; + e hn 4 l‘yn(oo)Eo(w)‘f;
=0

hence,

Now, we assume that the starting values are obtained by a weakly A4(6)-stable single-
step method, of the order p — 1; then

n
X Ya(AtA)E,(AtA) o

=0

u, =r@tu,, 0<s<gqg-1,

where 7 is a rational function satisfying Vz € S,, In(z)| <1 and for which there are
some constants ¢ and C such that

Iz) - e ?1<ClzIP Vz€ES,, lzI<o0.
We again apply Lemma 1.2 to estimate
1y, k (AtA)S (ALY (AtA) = €4 ) gy gy, O<k<s50<s<g-1.
Set o, = inf(o, R). Then forz €Sy , Izl <o, and n >k,
1Y@ @) (2) — e7%%)| < Ce™#7 lzl|z1p

and

+o C
[ emmrpm g < S
0 nP

Besides, we have
k@05 N (@) = €7°%) = 7,1 (2P o4 (I *(>0)]
< k@) = Vi NS (@) + 1y, () I8,_, (2) — & s—x(Nr(@)!
+ 1 (NS ()NIr°E) = ro(=)1.

Now, for Iz| > o, we have
e mun

V@) = Vi) < C

1 + (Log(l + |z|))2;
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and since r and §,_, are rational functions,

C C
18, x(2) =8, ()| < o Ir(z) — r(>)l < o for lz1 > o,.
z z
Also,
ly, () <Ce™ " and 18 _,(2)| <C for Izl > o0,.
Hence,

Yk (@5 (2)°(2) = €7°%) = Yy (W 5 (<) ()]
1 1
+ —_—
1+ (Log(1 + Iz1))? Izl

< Ce#n

and from Lemma 1.2, it follows that

I Y- (AtAY .4 (AtA)(ré(AtA) - sat4 )l

1
<C > + I7n—k(°°)6s—k(°°)rs(°°)l < ="
n n
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