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A Weak Discrete Maximum Principle and Stability
of the Finite Element Method in L
on Plane Polygonal Domains. I

By Alfred H. Schatz*

Abstract. Let 2 be a polygonal domain in the plane and Sf(ﬂ) denote the finite
element space of continuous piecewise polynomials of degree < r — 1 (r > 2) defined
on a quasi-uniform triangulation of 2 (with triangles roughly of size #). It is shown
that if u, € Sf.'(ﬂ) is a “discrete harmonic function” then an a priori estimate (a
weak maximum principle) of the form

"“h"L“(Q) < C“uh||L°°(aQ)
holds.
Now let u be a continuous function on £ and uy, be the usual finite element
projection of u into S:‘(.Q) (with uy, interpolating u at the boundary nodes). It is

shown that for any x G.S’:1 ()
1 ifr=2,

1\r = —
llu — uplly () < c('" h) I =Xl (q), Wherer = {o if r > 3.

This says that (modulo a logarithm for r = 2) the finite element method is bounded
in L, on plane polygonal domains.

0. Introduction and Statement of Results. The purpose of this paper is to
discuss some estimates for the finite element method on polygonal domains. In
particular, we shall consider the validity of (for want of a better terminology) a
“discrete weak maximum principle” for discrete harmonic functions and then use this
result to discuss the boundedness in L, of the finite element projection. In this part
we shall discuss the case of a quasi-uniform mesh. In Part II we shall concern our-
selves with meshes which are refined near points. Let us first formulate the problems
we wish to consider and state our results. References to other work in the literature
which are relevant to our considerations will be given as we go along.

For simplicity let £2 be a simply connected (this is not essential) polygonal
domain in R? with boundary 8§2 and maximal interior angle a, 0 < a < 27, where
we emphasize that in general £ is not convex. On Q we define a family of finite
element spaces. For simplicity of presentation we shall restrict ourselves to a special
but important class of piecewise polynomials. For each 0 <h <1, let T, denote a
triangulation of § with triangles having straight edges. We shall assume that each
triangle 7 is contained in a sphere of radius & and contains a sphere of radius vk for
some positive constant y. We shall also assume that the family {7} of triangulations
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is quasi-uniform, i.e., there exist a constant vy, such that
.1) Y27 >0

independent of h. Let S;'(SZ) = S", r > 2, an integer, denote the finite dimensional
space of continuous functions on Q whose restriction to each triangle 7 € T} is a
polynomial of degree <r—1 and .§f(§l) denote the subspace of Sf(Q) consisting of
those functions which vanish on 32. Note that S*(Q) C WL,(Q).

Consider the bilinear form D(:, -) on W;(Q) x W;(Q) defined by

02) D(u, v) = fn Vu - Vudx.
Now if u € W;(ﬂ) is harmonic in § then

o
D(u, v) =0 for all v € W1(Q).
It is well known that if in addition u is continuous on £ then it satisfies a maximum

principle, i.e., its maximum and minimum values are taken on 3£2. We shall say that
u, € SP is discrete harmonic in £ (relative to S*()) if

o
0.3) D(uy,,x) =0 for all x € S*(Q).

In [1], Ciarlet and Raviart showed that if Sf’(SZ) is taken as the space of piecewise
linear functions (r = 2), then u,, satisfies a maximum principle if and only if the
maximum angle in any triangle 7 € T}, is < /2. Recently Mittelman [4], has shown
that if S”(§2) is taken to be piecewise quadratics ( = 3) then a maximum principle
holds if and only if all the triangles 7 € T, are equilateral. Obviously then a discrete
maximum principle holds under very restrictive conditions.

More generally we shall show (see Section 3) that the following a priori estimate
(a “weak discrete maximum principle”) holds for the subspaces S¥(Q):

THEOR:eM 1. Let S be as above. Suppose that the {T,} are quasi-uniform
(i.e, satisfy (0.1)) and u,, € S','(Q) satisfies (0.3). Then for h sufficiently small

04) "uh"L“(Q) < Clluh"L,,(aﬂ)’

where in general C > 1 is independent of h and u,, but may depend on S, y and r.
If Q is convex then C is independent of SQ.

Remark 1. The condition that £ be simply connected is not essential. An
inequality of the form (0.4) is also valid in this case.

Remark 2. The methods used here in proving (0.4) differ entirely from those
considered in [1]. Here we shall apply in our situation, techniques developed in
Natterer [5], Nitsche [6], [7], Nitsche and Schatz [8], Schatz and Wahlbin [9],
[10], [11], R. Scott [12]. Our proof depends in part on a priori estimates given
below (see Lemma 1.2) for the problem —Au = fin Q, v = 0 on 9 on polygonal
domains. Thus the inequality (0.4) also holds for the discrete analogue of solutions
of homogeneous second order differential equations for which estimates of this type
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are known. As a simple example of this we may take u, € Sf(Q) satisfying (with
(u, v) = fquvdx)

D, ¥) + o(u,, ¥) =0 for all y € SA(Q),

where o is a given constant. Here u,, is the discrete analogue of a solution of
—Au + ou=0in Q. If 0 >0 then a maximum principle holds for u but if 0 <0
and is not an eigenvalue then it does not hold. However, an inequality of the form

II“IIL“(Q) < C““"L,,(Bﬂ)

remains valid and (0.4) also for the corresponding discrete solution u,,.

Remark 3. As is well known, a major feature of the maximum principle for the
continuous case is its independence of the domain. Theorem 1 states that for convex
€, the constant C appearing in (0.4) is independent of 2, i.e., 2 may be any convex
mesh domain. In this case C depends only on 7 in (0.1) and the order of piecewise
polynomials used. The corresponding result for a general mesh domain is an open
question. Our proof for nonconvex regions does not yield this because of several
points, for example the use of the a priori estimate (1.5) which is domain dependent.

Remark 4. If we are willing to replace the constant C appearing in (0.4) with
a term of the form C(In 1/h) or ch™€ for arbitrary € > 0 where in general C =
(e, 2, v, r) then a simpler proof of Theorem 1 may be given than that presented in
Section 3. In other words we shall go through some extra difficulties in order to
obtain the form (0.4).

Remark 5. Let S be fixed and let G; C Q be the set of points in { whose
distance from 9 is greater or equal to d. One can show that if d = h' ¢ for any
€ >0, then

"uh"L,,(Gd) < C""uh"Lw(aﬂ)’
where C* — 1 as h — 0. We conjecture that this is also the case for the constant
C occurring in (0.4).
We shall now apply (0.4) to investigate the stability of the finite element

projection in L., on a polygonal (not necessarily convex) domain. Let u be a con-
tinuous function on £. For example, u may be thought of as a weak solution of

-Au=f in Q,
u=g onof,

where f and g are prescribed (but not specified here) so that u is continuous on Q.
Let us note that for any y € Sf(Q), D(u, y) makes sense by integration by parts.
In fact, for continuous u we may define (see Schatz and Wahlbin [9])

D(u, ) = Z <fr ulydx + far u%"?ds),

TETh

where ds denotes arc length along a7.
Let u, be the finite element approximation to u determined in the following
way: On 0% let u, interpolate (see Section 2 for further details) u at the boundary
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nodes, then u, € S:'(SZ) is defined to be the unique solution of

(0.5) D(u,, ¥) = D(u, ¥) for all y € S*().

We wish to estimate |lu — u,ll, _(q). Our approach here will be to compare u,, to
another related problem defined on a convex polygon say Q containing 2. To this
end we shall make the following assumption which says tt that the family {7},} may be
extended to a quasi-uniform family of tnangulatlons of Q

A.l. Thereisa convex polygonal domain Q QC Q, such that for h sufﬁcxently
small, each triangulation T}, of & can be extended to a triangulation T,, of Q and the
family {T } is quasi-uniform with the same constant y appearing in (0.1).

In Section 4 we shall show

THEOREM 2. Let Q2 be as above and suppose that Sf(Q) satisfies A.1. Let u
be a continuous function on Q and u, € Sf(S’Z) satisfy (0.5) where on 9%, u,, inter-
polates u at the boundary nodes. Then there exists a constant C independent of u,

u,, and h (for h sufficiently small) such that for any x € Sﬁ’(ﬂ)

1\7
©6) b =yl _y < € (1n ) W =Xl ey
If u € WL(®),
Iy
0.7) e =yl < c(m h) e =,y o

Several remarks are in order.

(1) The inequality (0.6) says that (modulo the usual logarithm for r = 2) one
can obtain the best rate of convergence in L., that the subspace can provide even
when the domain is nonconvex. This is in contrast to the rate of convergence in
L,(2) where for nonconvex domains the finite element method is not bounded in L, (2)-
Now if I > 0 is an integer let C'() denote the space of functions having continuous
partial derivatives up to order / which are continuous in £ with the norm

leell g o,y = > max |D%.
@) i< @
Define the seminorm

Wl , = sup lu(x) — u(y)l
chR) xyea Ik -y|*
and for / > 0 an integer and 0 < 0 < 1, C'*?(Q) will denote the usual Holder spaces
with the norm

+ 2 1D

lyl=1

Il g 5 = Wl coc@y

It is well known that if  + ¢ <7 and u € C'*9(§) then there exists a x € S7() such

_ < 1+0 /0y . : . . . :
that |lu xIIco(ﬁ) Ch'*°(Q2) IIuIIC, +ody This together with (0.6) immediately

implies the following

COROLLARY. Under the conditions of Theorem 1, let u € C'*9() for some
integer 1 2 0 and 0 < g < 1, then
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Cor el 1Y
(0.8) llu upll, (@) < Ch +"(ln h) Ilullcz+o(5)'

In Nitsche [7] it was shown that if  is convex, u = 0 on 32 and §:' ) is
taken to be piecewise linear functions (r = 2) the one has the estimate

1
e =yl _ () < az(ln ;)llu X1 a,

for any x € 51’(9).

In the nonconvex case, again with u = 0 on 8%, it was shown in Schatz and
Wahlbin [10] (using a much simpler technique) that one may obtain an almost
optimal rate of convergence in L, of order #6~¢ provided u € Wl | Z (1)}
(e > 0 arbitrary), where 8 = m/a and « as before. There it was assumed that near the
corner with maximal angle a the solution u behaves like (using polar coordinates
R )u~=~ clRﬁsin p6 + smoother terms. The methods used there do not extend
to yield the “optimal” rate of convergence if u is smoother. This latter fact is very
useful for example in finding pointwise estimates for the error when singular functions
are used in the finite element method in conjunction with the usual piecewise poly-
nomial subspaces. This will be the subject of a future publication.

(2) In Schatz and Wahlbin [9] (see Section 2 for more details) it was shown
that if Qy CC Q; CC Q then one has an interior estimate (valid for a large class of
finite element methods) of the form

09 W-uly (g <C(n ) lu =Xl gy + e = syl 0

The major point of (0.6) is that it is valid up to boundary for nonsmooth domains.
We shall find it convenient to use (0.9) in proving Theorem 2.

An outline of this paper is as follows: In Section 1 we introduce some notation
and collect some preliminaries. In Section 2 we shall discuss some properties of the
subspaces Sf(ﬂ) and some preliminary results for the finite element method. Section
3 is devoted to proving Theorem 1 and Section 4 to proving Theorem 2.

In Part II of this study we shall first localize the results presented in Theorems 1
and 2 and use these results to show that inequalities of the type (0.4) and (0.6)
“almost” hold when the finite element spaces are defined on a class of meshes which
are refined near certain points of the domain. Applications will also be given.

1. Notations and Some Preliminaries. All functions considered in this paper
will be real valued. If 1 < p < oo, then

1/p
“““Lp(ﬂ) = (-[n lu|de>

with the usual modification when p = . For eachj = 1, 2, define the seminorm

Ip
14
)y = <2 WDul ,,(n)>

lal=j

and the usual norm on the Sobolev space W’;(Q), k a nonnegative integer,
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Il (; Ma m))

o
W’;(Q) is the completion of Cy’(2) under the Wg(ﬂ) norm. For the L, inner product
we set (u, v) = [qu(x)(x)dx.

If Q4 C Q, then for d > 0, N,(2,) will denote a d neighborhood of ©, relative
to Q , i.e.,

Ny(Qp) = x : x € Q; dist(x, Q,) <d}.

In the special case that Q, is a point, say {x,}, we set N;(Q,) = S;(x,), the
intersection of § with a sphere of radius d centered at Xy

We shall need the following version of Poincaré’s inequality.

o
LEMMA 1.1. Let 2 be a simply connected polygonal domain and v € W2l ).
Then for any d > 0 and X € 392

(1.1) "v"Lz(Sd(a?)) < 4"d|vlw;(gd(;))’
Proof. 1t is sufficient to consider v € Cg(2). Extend v as v = 0 outside Q and
introduce polar coordinates (p, 6), where p = [x — x|. Then
u(x,, X,) = v(x, + p cos 8, x, + p sin 6).

Since vy = —vx, p sin 0 + v, ,P €08 0 and v vanishes at some point on each circle
p = constant, it follows for 0 < p <d that

m 2 27
lo(x,, x,)I? <( ﬁ, (g | + Tog, o - do) < 4nd? f o (e 12+ lv,, ?)db;

the inequality now follows on integrating this last inequality over S,(x).

Remark. If Q is not simply connected then (1.1) holds for all d < d,, for some
dy =dy(Q).

We shall frequently use the following inequality which is a consequence of
Holder’s inequality. Namely if diam(Q) <d, 1 <p <2 and v € L,(R2) then

(12) Ioll, (@) <=2l q).

We shall also need some estimates for weakosolutions of-Au=finQ, u=0
on 9Q when Q is a polygonal domain. Let v € W }(8) satisfy

(1.3) D@, ) =(f, ¥) foral y € ﬁ/;(sz).

As in the introduction, let 0 < a < 27 be the maximal interior angle in £ and set

B = n/a.

LEMMA 1.2. Let v satisfy (1.3), then
@) (0. A. Ladyzenskaya and!N. N. Ural ceva [3)], Grisvard [2]). For any convex
QA<P,vEWIQ)N Wz(ﬂ)and
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14 Ivlwg(m < Wl @)

(ii) (Grisvard [2]) If % <B<1andf€L,RQ) for some 1 <p <2/(2-p),
then v € W? ()N W2 () and there exists a constant C (depending on S and p) such
that

(iii) If £ € Ly(), supp(f) C S,(x,), xo € Q, dist(x,, Q) < d, then

(1.6) 1y < AmdIflly (s 4 (x o))
Proof of (iii).
lu le(ﬂ) =(Vu, Vu) = (f, u) < IVIIL2(Sd(xo»"u“l'z(sd("o))'

There exists a point x € 382 such that S;(x,) C S,;(¥), and (1.6) now follows on
applying Lemma 1.1.
We shall need local versions of (i) and (ii) of Lemma 1.2.

LEMMA 1.3. Under the conditions of Lemma 1.2, there exists a constant C
such that if Q) C Q, C &, ]Vd(ﬂo) C Q,, p =2 when Q is convex (8 > 1), and
1 <p<2/(2-B)when b <B<1, then

-1 -2
1.7 'vlwg(ao) < C(“f“Lp(ﬂ ») +d™ vl +d "v“Lp(nl))’

Wa(2y)
where C is independent of Q2 if Q is convex.

Proof. By a straightforward covering argument it is sufficient to consider the
case when Q5 = Sz/5(¥o), 2; = S4(%o) and xo € 5. Let w € Cg'(S4(xy)), w =1
on By 4/3(x,), ID*wl < C/d""I lal = 1, 2, where By(x,) is the open ball of radius d
centered at x,. Then wv € Wz(Q) N Wz‘(ﬂ) and (1.7) follows by applying (1.4) and
(1.5) to the function wv instead of v.

2. Some Properties of the Subspaces and Further Preliminaries. We shall need
some properties of the subspaces Sf(ﬂ). To begin with, let T be a fixed triangle. We
choose the nodes for T to consist of (see [13] and [12]) (i) the vertices of T, (ii) if
r > 3, the r — 2 points on each edge that divides the edge into r — 1 equal parts,

(iii) if » > 4, (r — 3)(r — 2)/2 points in the interior of T. The nodes in any triangle

7 € T}, are defined by an affine identification of 7 and T. The interpolant u; € R (9))
of u is defined by u = u; at the nodal points. We shall collect some well-known
properties of the subspaces S*(Q). If M,, is any mesh domain, i.e., the union of
triangles in T, and if u € W;(Mh) for some 1 <p < 2, then

< Ch?* 2P|

-1 - —_

wiMy)
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If M, is any mesh domain then for any x € S*(M)

22) Iyt 4,y < Ch Il 1)
and
2.3) "X"L”(Mh) < Ch—l“x"L2(Mh)'

The constant C in (2.1), (2.2) and (2.3) is mdependent of M,,.
Now let u, € S"(Q) be arbitrary, and let u), € S"(Q) be equal to u, at all
interior nodes and #,, = 0 at all boundary nodes. Then obviously,

(2.42) supp(u, —4,) C A, = {x : x € Q, dist(x, Q) < h};
and since the nodal basis is uniform (see [13]), it follows that

(2.4b) la, =l () < Cllupll, _ a0’

where C is independent of 2 and depends only on vy and .

We shall need some local estimates, for the finite element method, up to the
boundary in Wi ; see Nitsche and Schatz [8], Schatz and Wahlbin [10] and interior
estimates in L., Schatz and Wahlbin [9].

LEMMA 2.1. Suppose that (A.1) is satisfied. There exist positive constants
C, and k, such that . .
@) IfQ CQ, CQ Ny(Q) CQ,, d=>k,hand u € Wi(Q) and u,, € S*()
satisfy
(]
(2.5) D(u—-u,, ¥)=0 foral y € S"Q,),

then for h sufficiently small and any x € g‘"(ﬂ)

fles _u""W%(ﬂo)

(2.6)

—1 _ —1
< C(lu Xle(n ) +d "u XIle(Ql) +d "u _uhan(ﬂl)).

(i) If R, CC Q, CC Q, d = dist(Qy, 3Q,) > kh, u € () and u, € S*(Q)
satisfies (2.5) (see Section 0), then for h sufficiently small and any x € S*(R)

@7 lu=wyly oy <C(ln g ) =Xl g,y + 4 e =yl g )
where
_ 4l ifr=2,

{0 ifr>3.

In (2.7) and (2.6), C is independent of Q, ,, Q, u, u,, and h, for h sufficiently
small.

Let us note that if u, € S"(S) satisfies
o
D(u,,x) =0 for all x € S*(Q,)
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we are at liberty to choose # =0 and x = 0 in (2.7) and, hence,
-1
(2.8) gl gy <Cd™ MUyl (@ )
where C is as above.

3. Proof of Theorem 1. Let u, € S*(Q) satisfy (0.3), and let x, € & be such
that |u,(xo)l = llu, "L“(Q)' Set d = dist(x,, aK2). It follows from (2.8) that there
exists a constant k; > 1 such that if d > 2k, h

luh(xo)l <cd! lee, "Lz(Sd(xo))'

On the other hand if d < 2k, h, then using the inverse property (2.3) we have that
since xo € 1€ T, for some 7

|y, (x0)l < ch~1 llee,, "Lz(f) <ch™! llee, IIL2(S 21(xg))’

Hence
@B.D lglly, ) < cp™ "y Iz 5 (s p (x>
where
(3'2) p= max(d, 2h).
Now
flaa = su I(uy,, o), lloll =1
MIL26 o) T e (S (xg) Gl O Wl 5 5 20

Letv € ﬁ’;(ﬂ) be the unique solution of

(3.3) D(v, ¥) = (¢, ¥) for all Y € W} (),
and let v, € §f(9) be the finite element approximation to v defined by

(4) D@y, X) = (9, ) for all x € SH(E).

We note that since % < f, by Lemma 162’ there exists a 4/3 <p, < 2, where p, = 2
if € is convex, such that v € W;o(ﬂ) N W;(Q).
Let U, = u;,, on %2 satisfy

(35) D(U,, ¥) =0 for all y € WL(Q).

Note that U, satisfies ~AU, = 0 and, since U, € W, (38) and U, € c©), U,
satisfies a maximum principle. We write u,, = u, — U, + U,,. Then using (3.2), (3.3),
(3.4), and (3.5)

@y, O <y, = Uy, o) + Uy, )| = 1Dy, = Uy, 01+ 1(Uy, 9

3.6) < lD(uh, )l + "uhIILw(aQ)lwnLl(sp(xo))

< lD(uh, U)I + ﬂ"uh“L“(aQ)“‘p"Lz(n) < I'D(uha v)l + p"uhl|L°°(aﬂ)'
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In view of (0.3), (3.3) and (3.4) we have for any x € SO:'(Q)
(3.7) ID(uy,, V)| = Dy, v = vy) = Dy, = X, v = v,).

We now choose x = ﬁ,, satisfying (2.4a) and (2.4b). Then, using (2.2) and (2.3),

ID(), = Wy, 0= V)l < cluy — o

wi@® " hlwia,)

(3.8)
Uy -7 - -
<ch iy, —uylly_(a)lv v"'w}(A,,) Sch™ v Uhlw%(Ah)"uh"L“(aﬂ)’

where as in Section 2, A, = {x : x € Q; dist(x, 3Q) < h}. Collecting (3.1)—(3.8), we
arrive at

(3.9) "uh"Lw(n) < c(p_lh_l Iv - vthi(Ah) + l)lluhuLw(aﬂ).

The proof of Theorem 1 will be complete once we have shown
“p=lpy - <C
(3.10) P ho ”hlw}(A,,)
Let R, = diam Q and consider the annuli
A= {x:x€Q,270*DR <k~ x| <27/R,}, j=0,1,2, etc.
and
Aj=A4,_ U U4 U4, U Ul 1=1,2c¢tc
Set d; = Ro2'i ,and let 1 <j <J = [In,(R,/8p)] + 1 where [-] denotes the greatest
integer function.
We first note that forany j =0, 1,...,etc.,
(3.11) mes(4; N A,) < cdjh,

where, in general, ¢ depends on £ if § is nonconvex but is independent of § if Q is
convex. This is easy to see in the nonconvex domain where Q is a fixed polygonal
domain; and hence, its boundary is composed of a fixed finite number of straight
line segments. To see this for a general convex § we first notice that

“AnNA)C (‘Sdi(xo) NAYC {x:x€ Sd’.(xo), dist(x, BSdi(xo)) <h}= Gi'
Since  is convex, then Sy (x,) is convex and the length of S, (x,) < 2nd;. Hence,

mes(4; N Ap) < mes(G;) < 2ndh, which proves (3.11).
Using Schwarz’s inequality and (3.10),

“th i =yl
£ " wlag

J
<p~'n! v-y +h-v
c12) 3,;,' "IW}mhnA,-) o hlw}(AhnSBp("o))‘

J
<C{X o7 h % d b — v,

+p 2y -
e W%(AhnAj) P IU vhl

WH(A,NSg,(x)) % )
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Note first that in view of (2.1), (1.4), (1.5) and (1.2)

|v-v,,| W2(ﬂ) W%(ﬂ)

WiARNSg,(x0))

2-2/p 2-2/pg
<ch °|v| <ch “‘p"Lpo(sp(xO))

2
Who (@)

2-2/pg 2/pg—-1
<ch °p 0 "‘Plle(sp(xo)).

Since I|¢IIL2($p(x°)) =1,py > 4/3 and h/p <1,

b

h>3/2—2/p0

—%y=Yyy — <c(
h™"p™ vhlw%(l\hnssp(xo)) p

(3.13)

where c is independent of § if § is convex.

LetZ={j:1<j<JT; A, ﬂA,- # @}. Forj € Z we apply (2.6) to the domains
A;and A,-1 , respectively, and obtain using (1.4), (1.5) and (2.1)

lv—

<c{lv-vyl +d; v -yl

Ly(4])

+d -l
(3.14) ' Laap)

<c{h’ " Popy +d M -v,ll Y

vyl
" wianap wia)

}

wh A Ly}

Since v is harmonic in A,?, we have using (1.7) and (1.2) that

K=oy <ch’ HPogtPot g1y + d;7 2ol

Ly4})

).
w2 (A ) wia ,.3)
Since diam(4;) < 4d;, A’ N A,, # 0 and, therefore, dist(4?, 3S2) < h, there exists
a point X; € 0Q such that 47 C Sde(J?i). Hence, by (1.1) and (1.6)

2-2/p 2-2/py 2/pg—-2 h\2-2/p
h 0 04°/Po — 0
(3.15) ol <ch d; Ivlw%(A?) <c< ) p.

d;

=
(“i ) J

We now estimate the second term on the right of (3.11). Forj € Z and J?i as
above

- < ly — _
llv Uh"Lz(A?) < llv Uh"Lz(Sde(xi))

3.16
(3.16) = sup =y, m)l, “n“l'z(SSd.(’—‘ N 1.
nECE (S8, ) it

Let w € w2 satlsfy D(w, ¥) =(n, ¥) for all y € wz(sz) (note that w € W3 ()

and let Y, €S h(Q) satisfy D(w,,, X) = (n, x) for all x € S"(Q) Then in v1ew of
(1.4), (1.5), (1.2) and (2.1)
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I = v, )| = 1DE = v, W) = 1DV ~ vy, W = W)l

<l- v,,lw%(mlw - w"lw{,(a) <l- ”Ilw;(m'“’ - w’lw%(n)

4-4 - - -
<ch /p0'|¢||Lpo(n)"ﬂ"Lpo(_Q) <Ch4 4/Pop2/Po ldl?/Po l.

From this (3.13), (3.12) and (3.11) we obtain after summing overj € Z

3 p=th—%d% -
jGZp hh v"IW%(An”Ai)
1 PUCl I 1 ]

(3.17) ,
< c|n3/2-2lpo + .
[ ,Z:l dlij‘/2—2/po p2-2/Po Igl d3/2-—2/p0

i
Since py > 4/3,3/2—-2/pg > 0, 7/2 = 4/py > 0, d; > p we obtain from (3.14), (3.10)
and (3.8) that

—1— 12-2/p h\7/2-2/p
N R
P lv v,,lw%(Ah) ‘W P ,

where in view of (3.2), the inequality (3.9) follows which completes the proof.

4. Proof of Theorem 2. Extend u to $ as a continuous function on $ (again
calling it u) such that ¥ = 0 on 02 and

@“.1) "u"L“(ﬁ) < C“u"L“(Q)-

Let u, € g‘f(ﬁ) be the unique solution of

o ~
4.2) D(u - @i,,m) =0 for all n € SH(Q).
Now
@“43) le = uh"L“(ﬂ) < [lu - ;h"L,,(ﬂ) + "17;, — Uy "L,,(ﬂ)‘

Apply the interior estimate (2.7) to the domains 2 and 'S?Z, respectively, then for the
first term on the right of (4.3)

~ 1\r ~
@4 e =Tyl _qy < c(m ) Ml qary + e =l -
Assume for the moment that we have shown

@4.5) e =yl 3y < Cllal, gy

then from (4.4), (4.5) and (4.1) we have

@) I = Tyl _ oy < C(ln ;1;) "l _ca)-

Consider the second term on the right of (4.3). Since D(;;;, = uy, n) = 0 for all
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o
neE Sf(Q), ie., u, —u, is discrete harmonic in Q, we have from Theorem 1 that

llty = uplly () < Cliuy = upll, _ag)

<Cllu =l a0y + It =ty 20)]-
The first term on the right may be bounded as in (4.6). Since u,, = u; on 9 and
lull, a0y < lull, _(oq), we arrive at

~ 1\7
162, = uylly,_(ay < C<1n ,—,> il _cqy-

Combining this with (4.6) and using (4.3), we have

1\r
Jlee — uh"Lw(ﬂ) < C<ln ',;) “u"L,,(ﬂ);

and the result would follow on applying this result to u — x with u —u, =u—x -
(4, —%)-
Let us now prove (4.5). We write

llw — uh"i NGO (u = up, u—u,) =D —uy, ),
where D(Y, n) = (u uy,,n) foralln € WZ(Q)

Let y, €S o1 (S » () satisfy D(Y — ¢,,, x) = 0 for all x € Sh (Q), then using this
and integrating by parts

e = uylZ &) = D = up, ¥ = ¥) = D, ¥ = V)

(Y — ¥p)
4.7) GT" <.’;1 ——Lds - j;_uA(dJ - th)dx)

< X <
fe‘fh

Since the triangulation is quasi-uniform, it follows (see [9]) that for each r € ™

oW — ¥p)
on

+ 1y - ‘l/h"w%(r)> “u"Lm(ﬂc)-

Ly(or)

oY — ¥p)

- -y - ;
an < Y w,,uw%(f)+h ly 'le,"w%(f))

L 1(37)
and we obtain from (4.7)

(4.8)I|u—uhlliz(ﬂc)<C;h'1||ll/-\Dhllw{( gt 2 M- w,,uw,()gu Wl (@,

1'ET

For the first term on the right-hand side of (4.8) we have from the definition of y,,,
(2.1) and (1.4) that

- ‘ph“ 1,3 <Iy- ‘ph"w (ﬂ) <Cly - ‘1’]"

<Ch
Widh Il
(4.9)

210)) w3 (s

< Ch‘lu - uh"Lz(a)‘
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In order to estimate the second term on the right of (4.8) we first note that the
interpolant Y of Y has the property that

- < s
(4.10) W= dilly2,) < CW2
and for any x € S"(Q)
< -1
Hence, using (4.10) and (4.11),
- < - -
W= Ynllyacy SW = Uil + M= dnlla )
< -1 _ -1 -
< q"‘p"w%(?) +h Yy %Ilw{m +h Yy 'Phllw}(f))
< “y - )
Now using (4.9),

2 =l . < Cllu—ully (&)

TET, wim 2

This together with (4.9) and (4.8) proves (4.5) which completes the proof of (0.6).
In order to prove (0.7) we use (0.6) and (2.2) and write

< llu =yl + lluy —u,ll

Nt = |

wl®) wl) wl@)

<Cllu=ufl ;g =yl o))

wl(e)

< u—u
\C(" I"WL(Q)

_ (10 LY -
<C<I|u uI"WL(Q) +h <lnh lu = ull, (o)
<c(mi)
(n h> “u“WL(ﬂ)‘

The desired result (0.7) now follows on applying this last inequality to u — x for any
X € S%(S2) and writing u — u,, = u — x — (4, — X).

+ h™ VY - uI||L°°(Q) +h - uh"Lm(Q))
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