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Variational Crimes and L* Error Estimates
in the Finite Element Method*

By Charles 1. Goldstein

Abstract. In order to numerically solve a second-order linear elliptic boundary value
problem in a bounded domain, using the finite element method, it is often necessary in
practice to violate certain assumptions of the standard variational formulation. Two of
these ‘‘variational crimes” will be emphasized here and it will be shown that optimal L=
error estimates still hold. The first ‘“‘crime’’ occurs when a nonconforming finite element
method is employed, so that smoothness requirements are violated at interelement bound-
aries. The second ‘‘crime’’ occurs when numerical integration is employed, so that the
bilinear form is perturbed. In both cases, the “patch test” is crucial to the proof of L™
estimates, just as it was in the case of mean-square estimates.

1. Introduction. The proof of optimal pointwise error estimates for the finite
element method has been the subject of intensive research in recent years. For example,
see [1]1—[9], where optimal (or nearly optimal) L™ error estimates were established
for second-order linear elliptic boundary value problems. For a more comprehensive
survey of the literature concerning this subject, see [10] or [11].

For practical implementation of the finite element method it is often useful, or
even necessary, to violate some of the basic assumptions of the underlying Galerkin
method. These violations were referred to as variational crimes in [12]. It is the
purpose of this paper to establish optimal L* error estimates for finite element meth-
ods when variational crimes are committed.

The first crime discussed in [12] occurs when a nonconforming finite element
method is employed. (This means that the trial functions fail to satisfy required
smoothness conditions on interelement boundaries.) The second occurs when numerical
quadrature is employed. The third variational crime deals with the case in which the
trial functions fail to satisfy essential boundary conditions. (This usually occurs in the
presence of curved boundaries.) A number of methods for treating the last situation
were considered in [1], where optimal L™ error estimates were established. In this
paper the first two variational crimes are emphasized, although one method for treating
the Dirichlet boundary condition based on polygonal approximation of the domain is
also considered.

The present paper may now be outlined as follows. In Section 2, a description is
given of the second-order linear elliptic boundary value problem under consideration, as
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well as certain fundamental properties of the finite element spaces. Both the Dirichlet
and Neumann boundary conditions are considered. Some of the basic results proved in
[1] and [2] are recalled. These results are then employed to prove an additional useful
result (Corollary 2.1).

In Section 3, the finite element method described in Section 2 is generalized in
two ways. The first generalization occurs when the finite element spaces are noncon-
forming. The second occurs when the finite element equations are perturbed, e.g., due
to a perturbation of the bilinear form. In both cases, certain results of Section 2 em-
ployed in the proof of L™ error estimates are generalized in a manner suitable for ap-
plication in Sections 4 and 5.

In Section 4, it is demonstrated how to obtain L™ error estimates when noncon-
forming finite element methods are employed. In the specific finite element method
treated here, the finite element spaces consist of piecewise linear functions defined on a
triangulation of a two-dimensional domain. These functions need not be continuous
across interelement boundaries but only at the midpoints of these sides. The error
estimate is obtained by combining the results of Sections 2 and 3 with certain poly-
nomial invariances.

In Section 5, L™ error estimates are obtained for both the Dirichlet and Neumann
problem when numerical quadrature is employed. Again, the results are obtained by
combining results of Sections 2 and 3 with certain polynomial invariances. L™ estimates
were obtained for the Dirichlet problem by Wahlbin in [13] using quadratic triangular
isoparametric elements and numerical quadrature.

2. Preliminaries. In this section we shall describe some of the results proved in
[1] and [2] that will be relevant in the remainder of the paper. The main results are
embodied in Theorems 2.1-2.4. A useful consequence of Theorem 2.1 is Corollary 2.1,
to be proved later in this section. In order to simplify the statement of our results, we
shall impose more restrictive assumptions on both the boundary value problem and
finite element spaces than necessary. (See Remark 2.2 below for an indication of some
extensions of these results.)

Let 2 denote a bounded open set in RN N = 2 or 3, with smooth boundary
082. We shall consider the following boundary value problems:

2.1)(D) Au=f inQ, u=0 onaQ,
and

N
. 9
2.1)(N) Au=f inQ, Tu= ']Zl a;; %cos(ni) =0 on 3%,
i,j=
where cos(n;) denotes the directional cosine of the outer normal with respect to the
xdirection, and A is the selfadjoint, uniformly elliptic differential operator given by

N
2.2) Au = — 2 <a.. 6_u> + cu,
i )

where ¢ = 0 on £ (¢ >0in (2.1)(N)). For simplicity we assume that 982 is of class
C” and that c(x) € C*(Q) and a;(x) € Cc*(Q),i,j=1,...,N. The smoothness of
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f will be specified implicitly later in terms of u. We shall refer to either of the prob-
lems, (2.1)(D) or (2.1)(N), as (2.1) when it is not necessary to specify the boundary
condition.

Note that the Dirichlet problem (2.1)(D) has a unique solution under the above
assumptions. To ensure unique solvability for the Neumann problem (2.1)(N), we as-
sume that ¢ > 0 on £ in this case. We observe that the results and arguments of this
paper hold if the differential operator and the boundary condition are generalized, al-
though some of the technical details become a bit more complicated. In addition, the
smoothness assumptions can be considerably relaxed.

We shall employ conventional notation for Sobolev spaces. Suppose that p € [1, %)
and M is a nonnegative integer. Set

1/p
Iulpr(n) = < Z ”Dau“ﬁp(ﬂ)> s

lal=M
and
M » 1/p
"u”wg!(g) = Z |u|w§(n) s
§=0
where a = (a,, . . . , @), each o; denotes a nonnegative integer, and o] = 2}~=1°‘i~

Note that D% denotes the weak derivative of the real-valued function u. For p = oo,
set

Iulwy(g)z Z IlD“uIILw(Q),
lal=M

and

M
lullyMeay = 2 lulws ().
s=0

Define Wg"(Q) = {u: "“”wM(sz) < oo} and HM(Q) = WQ’(Q). For nonintegrag s>0,
we may define H5(Q) in the sense of interpolation theory; see, e.g., [14]. H%(Q) is
defined as the closure of C(';" (£2) under the norm given by || || HS(©)- The dual of
H*(Q) will be denoted by H~%(52) and is defined as the closure of C*(§2) under the
dual norm. We shall denote the inner product on L2(£2) by ( , ).

A typical finite element method employed to approximately solve (2.1) consists
of a family of finite-dimensional spaces, S”, and bilinear forms, d'(, ), where h €
(0, 1]. In order to define the spaces, S" . we first define the notion of a quasi-uniform
family of triangulations of . By a triangulation, T", of £ we mean a finite number
of disjoint, open simplices, ', such that Q = UrheTh?'- The boundary “simplices”
have (possibly) one curved face, whereas all interior faces are flat. We shall say that
{T": h € (0, 1]} is a quasi-uniform family of triangulations of Q if each simplex "
contains a ball of radius ¢,/ and is contained in a ball of radius ¢, h, with 0 <¢, <e¢,
independent of A and t".

We shall assume that our family of finite element spaces, S”, satisfies the following
condition with respect to a given quasi-uniform family of triangulations, (Th: h e

o, 1]}.
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(A.1) Each linear space, S”, consists of functions, v, such that v restricted to
is a polynomial of degree < K for some fixed integer K = 2. K is independent of
he(0,1],vE€S", and " € T". Finally, S" is generated by a nodal basis of Lagrange
type.

For more detailed descriptions of nodal finite element spaces, see [11] or [12].
Note that $” C L™(§2). However, functions in S* are not necessarily continuous in £,
nor need they satisfy any boundary condition. The following inverse inequality is an
important consequence of (A.1):

—s—N(1/p—1
23) Hollys iy < ChI=NUPUDl ol o,

where p, ¢ € [1, =], s and ¢ are integers such that 0 < ¢t <s < K- 1,¢t—-s -
N(1/p —1/q) <0, and the constant C is independent of h € (0, 1], " € T",and v ES".
(In this paper, we shall generally use the same letter C to denote different constants when
there is no danger of confusion.) For a proof of (2.3) see, e.g., [2].

The finite element approximation, u”, to the solution of (2.1) will be defined
using a family of symmetric bilinear forms, a”( , ), defined on $" x §*. Since §” is
finite dimensional, a”( , ) is a continuous bilinear form for each & € (0, 1]. We shall
require the following condition in order to define u”.

(A2) Ifv, €S" and a"(v,, v) = 0, for each v € S", then v, = 0.

Condition (A.2) states that the bilinear form, ”( , ), is nondegenerate. Using
(A.2) and the finite dimensionality of S”, we may now define our finite element ap-
proximation, u”, by means of the equation

2.4) d"w",v) = (f, v), foreachv € sh.

Observe that neither of the above conditions implies a relationship between the bilinear
forms, a”( , ), and problem (2.1). The following condition states that optimal mean
square error estimates hold for the solutions, u and u”, of (2.1) and (2.4), respectively.

(A3) If sis an integer such that 0 < s < K — 2 and u € H?(Q), then there exists
a constant C independent of 4 € (0, 1] and u such that

_,h +2
||ll u "H_S(SZ) < Cn' |Iu”H2(Q)'

We shall require certain estimates for the Green’s function for problem (2.1) and
its finite element approximation. Let Gx0 denote the Green’s function for (2.1) with
singularity at the point x, = (xol, N on) in Q. The following estimate was
proved in [15]:

Cllnlx = xll, for N=2, |al =0,
2.5 IDSG, (%) <

X" X0

Clx —xo2 V712l for N>3or N =2, |a| >0,

where DY denotes a derivative of order o with respect to x, x # x, and C is indepen-
dent of the points x and x,, in £ (up to the boundary). From now on we shall delete
the subscript, x,, when referring to G = GXo'
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LEMMA 2.1. Consider problem (2.1)(N) ((2.1)(D)). Suppose that s is an integer
such that 0 <s<K-2,N=20r3,h€(0,1],x, € t"forsome rh € T", and con-
ditions (A.1) and (A2) hold. Then there exist functions G € C*(%), G” € .S"' and
5 e Co (Sl) sattsfytng the followmg conditions:

(1)AG =3, TG = 0 on 39 (G 0 on 0Q2),

(i) *(G", v) = @, v) = v(x,), for each v € s,

(iii) maxxenlD"‘&(x)l C N1 where Ja| > 0,
and

(i) IG = Gl -5y < < Cht2 N2 provided that (A.3) also holds.

In addition, the support of 5(x) is contained in a sphere of radius C'h centered at Xq-
The constants C,, C 1 and C are independent of h and Xq-

The proof of Lemma 2.1 follows from the same arguments as in [1] or [2] and
is based on the Bramble-Hilbert lemma (see, e.g., [11]) and elliptic regularity theory.
Observe that Lemma 2.1 holds for nonconforming finite element spaces, S". We shall
also require the following approximation assumption.

(A4) Suppose that p € [1, =] and that s is an integer greater than 1 satisfying
the condition N/p <s <K if p>1land N<s<Kif p=1. Also, suppose that
ue W;(t") for each #* € T". Then there exists a function u“ in §” and a constant C,
independent of u, h € (0, 1] and ¥ € T", such that

2.
2 W= ullyl ony < CHlulyys o),

and 4
llu "W‘;(th) < C”u"w;(thy

Furthermore, we have
1
,§o VP = u Ny gy < Oty oy,
provided Njp + 1 <s<Kifp>land N+ 1<s<Kifp =

Conditions (A.1)—(A.4) may be employed to establish L™ error estimates for a
variety of finite element methods, as shown in [1] and [2]. We first describe a speci-
fic finite element method for solving the Neumann problem, (2.1)(N), and present the
main results obtained from [1] and [2] that will be of use in Section 5 below. We
shall then do the same thing with regard to the Dirichlet problem.

A natural finite element method for treating problem (2.1 )N) was employed in
[2] and consists of a family of bilinear forms given by

26) d'@wv)= f Z (u 831: gv/ +cuv>dx for each u, v € H'(Q),

and a family of finite element spaces, S’I'v, satisfying condition (A.1) with K > 2. We
assume that functions in S’I'V are continuous in §2, so that Sf'v C H'(Q). Observe that
for the Neumann problem, it is not necessary to impose any boundary condition on

functions in S'I(,. We see that the bilinear form, a”( , ), given by (2.6), is coercive over
H'() x H'() since ¢ >0. Hence, we have @ (v, v) > Clivll}j1 ., for each v EHY(Q).
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Since a”( , ) is coercive over H! (2) x H'(R), it is readily seen that condition (A.2)
holds. The approximation assumption, (A.4), follows from the Bramble-Hilbert lemma as
in [2]. Furthermore, condition (A.3) follows using a standard duality argument; see, e.g.,
[16]. It thus follows that Lemma 2.1 holds for this finite element method, where x, may
now be an arbitrary point in 2.

The next result is a key ingredient in the proof of L™ error estimates. The proof of
this result follows from the same arguments as employed in [1] or [2] and hence will
not be repeated here.

THEOREM 2.1. Consider the finite element method for solving problem (2.1)(N)
with the bilinear form, a"( ), defined by (2.6), and the finite element space given by Sh,
for each h € (0, 1]. Then there exists a constant C, independent of h and x, € Q, such
that the following estimates hold:

(@) IfK=3and N = 2 or 3, we have

h
G -G "wi(g) < Ch,

and
(b) If K =N = 2, we have

IG = G"lly1(qy < Chllog hl.

Before proceeding further, let us introduce some additional notation. For each
subset, D < Q, set

h
Wp (D) = {u € LP(D): llulflyt ) <},

where [ is a positive integer and

1/p
2 lullBt o)), 1<p<wo,
wo @)
N theTh;thn D+ p
”u“wi’(D) =
max Nlullyi (hy p =
theThthnp+g P

Denote W;h (D) by H" (D). We next state and prove the following useful corollary.

COROLLARY 2.1. Suppose that the hypotheses of Theorem 2.1(a) hold and 1 is
an integer such that 2 <1< K — 1. Then there exists a constant C, independent of
h € (0, 1] and x, € Q, such that the following estimate holds:

=2 for 1> 2,

1G4t () < C
M T o bl fori=2.

Proof. Set C, = {x: Ix —xo| <h}, Q, = {Unegn: " N C, # B},and Q;, =
Q- ﬁh. (It may be seen from the quasi-uniformity of the family of triangulations

that the number of simplices, ##, contained in €, is bounded by a constant indepen-
dent of A.) Note that

h\h hh h\\h
2.7) IG™ 1wt (@) < 16”1 @,y * 1G>
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and
hyjh <\C—-Chih, ho,o
(2.8) G "WII(Q;I) <G -G “w’l(gh) + ”G”wll(gh)-
In view of (2.5), we have

=02 for1>2,
<C

2.9) IGII,
Mi@W = g Bl for 1= 2.

We next consider ||G — G" ”wl @) Let G’ denote a smooth function equal to G
in ©,, and let G4 € §" denote the functlon obtained from (A.4) with u given by G'.
We may now apply (2.3) and (A4) to obtain the following estimates for each * C Q.

IG = G"llyt gy SNIG = GAllyt gy + 1G* = Gyt iy
(2.10) < ClGllyt oy + CH=DIGA = G"llyy1pny
<ClGlwk gy + CH=EDIG = Gllyy1y-

We now sum over each #* C £, and apply (2.9), (2.10), and Theorem 2.1 to obtain

02 for1>2,

2.11) G - G™||" 4 <C
Wi = llog | forl=2
Finally, we consider
(2.12) 16"yt @,y < 1IG = Gyt @, + Gl @,

where G is defined by Lemma 2.1(i). Employing Lemma 2.1 and elliptic regularity
theory, we see that

(213) ”G”WII(S'Zh) "G”HI(Q ) S ChN ”6"H’_2(ﬂ ) C'h_(l_2).

Suppose that " € Q,, and let G4 € S" denote the approximation to G given by (A4).
It follows from Lemma 2.1(i) and (ii) that G" = G" the finite element approximation
of G. Hence we may apply (2.3), (A.3), and (A4) to deduce

IG = Gyt iy < CHV2(IG = Gy + 1G4 = G llgamy)

< CHV2(IGI 1y + HNGA = GMIL 20m)
(2.14) Hl(h) L2(t")

< CHV(IGlgigny + HNG = GHll 2y + B7HIG = GMllp2pny)

< O (G gay + H G2 ony)-
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We now sum over the finite number of simplices, #* C Q,,, and apply elliptic regularity
theory and Lemma 2.1 to conclude that

IG = Gyt @,y < V2 (UG 1cq,y + B PIGl 2 om)
(2.15)
< GV (I8 g1-2(q + B~ PliBll2q,y) < CHD,

with C again independent of & and x,. Combining (2.7)—(2.9), (2.11)—~(2.13), and
(2.15), we have proved the corollary. Q.E.D.
We now apply Theorem 2.1 to obtain the following L™ error estimates.

THEOREM 2.2. Suppose the hypotheses of Theorem 2.1 hold, u satisfies (2.1)(N),
and u € WX(Q)). Then there exists a constant C independent of h € (0, 1], such that
the following results hold.

(@) If K>3 and N = 2 or 3, we have

e = oy < CHENutll K 2y
(b) If K =N = 2, we have
llu = u" | oy < CH? llog Bl llully2 (q)-

Proof. (a) Suppose that x, € Q. Employing the properties of the Green’s func-
tion for problem (2.1)(N), as well as (2.1XN), (2.4), (2.6), and Lemma 2.1, we obtain

(2.16) u(xy) —u"(xy) = d"(w - u", G) = a"(u - u", G - G") = d"(u - u*, G - G"),

with u“ obtained from (A 4).
We now combine (2.16), (A.4), and Theorem 2.1(a) to deduce

luxo) = u"(xo)l < Cllu = u lly 1 0)IG = G*lly1 g

< cnk1 ||u||w£(n)||G - Gh”w}(g) < ChK”u"wﬁ(g)-

This proves (a).

(b) The proof is almost the same as that of (a) except that Theorem 2.1(b) is
employed instead of Theorem 2.1(a). Q.E.D.

We next consider the Dirichlet problem, (2.1)(D), and observe that in order to
employ the bilinear forms given by (2.6), it would be necessary to assume that func-
tions in S” vanish on 8. Since this is generally not practical for curved boundaries,
various alternative finite element methods have been developed to circumvent this dif-
ficulty. A few of these methods were analyzed in [1], where optimal L™ error esti-

mates were proved.

In this paper, we shall treat problem (2.1)(D) by approximating £2 by a family of
polygons, Q" with h € (0, 1]. For simplicity, we assume that © is a convex open set
in R? and each Q" is an inscribed convex (open) polygon in . Let S'l’) denote a fami-
ly of spaces satisfying condition (A.1) with respect to a given quasi-uniform family of
triangulations of Q" for each h € (0, 1]. Thus, each " € T" is a triangle with straight
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edges. We assume that K = 2, so that each function in S% is piecewise linear. Further-
more, suppose that functions in S%, are continuous in  and vanish in Q — Q". The
bilinear form, a”( , ), is now defined by
2
d"(u, v) = fnh Z_: <ai]. 37“ g;- + cuv >dx,
2.17) w= Y
for each u, v € H' () and h € (0, 1].

Remark 2.1. It is not necessary to assume that the polygonal approximations,
QP are as restrictive as given here. See, e.g., the arguments in [13], where the ap-
proximating domains, 2", are not assumed to be contained in 2. However, our present
assumptions suffice for the purpoges of this paper. We also observe that the present
method for treating the Dirichlet problem yields an error of order O(h?), even if K is
greater than 2 in assumption (A.1). This is due to estimate (2.20) below (see the proof
of (2.28)). The use of isoparametric elements as in [13] or of nonstandard finite ele-
ment methods as in [1] yield errors of order O(hX) with K > 2.

It follows as before that assumptions (A.1)—(A.4) again hold with Q replaced by
Q" and K = 2. Furthermore, Lemma 2.1 holds in this case where X, may now be an
arbitrary point in . We shall next state results analogous to Theorems 2.1 and 2.2
with K = N = 2. These results will be applied in Section 5 below. In Section 4, we
shall treat a nonconforming finite element method closely related to the conforming
method under consideration here.

THEOREM 2.3. Suppose that S is a convex open set in R*. Consider the finite
element method for solving problem (2.1)XD) with a"( , ) defined by (2.17) and the
finite element spaces given by S’I‘) for each h € (0, 1]. Then there exists a constant C,
independent of h € (0, 1] and x, € Q" such that the following estimate holds:

(2.18) IG - Ghllw%(nh) < Chllog hl.

The proof of Theorem 2.3 follows from the arguments of [1] or [2]. Further-
more, we have the following stronger estimate:

(2.19) IG = G*lly1(q) < Chllog hl.

To see this, note that it follows from the definition of Q" and S'I') that

(2.20) dist(@Q", 3Q2) = 0(h?),
and
(2.21) " lly1 @-qhy =0, for each v € s".

Employing (2.5) and (2.20), we obtain

(2.22) IGlly 1 -qhy < ChZ.

We may now combine (2.21) and (2.22) with (2.18) to obtain (2.19).
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THEOREM 2.4. Suppose that the hypotheses of Theorem 2.3 hold, u satisfies
(2.1)(D), and u € W2(S2). Then there exists a constant C independent of h € (0, 1],
such that the following estimate holds:

llu — uh||L°°(Q) < Chzllog h| ||u”w3°(g)-

Proof. Employing the properties of the Green’s function for problem (2.1)(D), as
well as (2.1)(D), (2.4), (2.17), and Lemma 2.1, we obtain the following equation for
each point x, € Q*:

u(xy) = u(xy) = d"(u —ut, G - G")
2
2.23) o Py <a,.,. 37“ g’% + cuG> dx,
with u# obtained from (A4). We see from (A.4) and Theorem 2.3 that
(224 " - u?, G = G")| < Ch?llog hl llully2 gy

Furthermore, we may apply (2.22) to deduce

2
ou oG
fg_gh ijz=:1 (aij 5;} a_xl + cuG) dx

< C”ulle(g)“G"w}(Q_Qh)

(2.25)
< O lully1 (q)-

Combining (2.23)—(2.25), we obtain

(2.26) llu = ull ooy < Ch?log lullyy2 (-

It follows from (2.20) that

@227)  Wllpeqghy < Ch2IV0ll gy, for each v € B (Q) N W2(S).

We now conclude from (2.21) and (2.27) that

(228) ”u - uh“Lm(Q__Qh) < alzllu”WL(ﬂ)

Estimates (2.26) and (2.28) together imply the theorem. Q.E.D.

Remark 2.2. The results of this section may be stated in greater generality than
given here. For example, analogous results were proved in [1] for nonselfadjoint dif-
ferential operators, A, under more general assumptions on the finite element spaces
than given in (A.1). However, our assumptions suffice for the purposes of this paper.

3. Variational Crimes. In the remainder of this paper, we shall be concerned
with proving results analogous to Theorems 2.2 and 2.4 when the finite element meth-

od is altered in either of two ways. The first case we treat may be considered as a
perturbation of the finite element subspaces, S, and the second as a perturbation of
the coefficients of the finite element equations. In order to apply the method of proof
described in Section 2, we shall derive, in this section, an extension of Eq. (2.16)
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under much weaker assumptions than in Section 2. In both cases, the right-hand
side will contain additional terms. It will be seen in Sections 4 and 5 how each of
these terms may be estimated in specific examples. We again consider the boundary
value problem (2.1) (D) or (N)) with the same assumptions on the coefficients and
boundary as in Section 2.

Case 1-Nonconforming Subspaces. We shall consider the finite element method
as described in Section 2, with the exception that functions in S” need not be con-
tinuous across interelement boundaries. Hence, we shall weaken the assumptions of
Section 2 as follows. To begin with, suppose that  is replaced by an open set,

Q" € Q, for each h € (0, 1]. Let $” denote a family of finite-dimensional spaces sat-
isfying condition (A.1) with respect to a given quasi-uniform family of triangulations,
{T": h€ (0, 1]}, of Q*. We thus assume that Q" = UtheTh " and observe that Q"
does not include interior faces.

It is readily seen that 8" C L=(Q") N Wﬂ:‘ (") for each positive integer I, em-
ploying the notation of Section 2 for the piecewise Sobolev spaces Wl’,h(D). Note that
functions in " are only defined on Q", not ©. We next define a family of bilinear
forms, a”( , ), acting on H‘h(Qh) x th(Q"), by

N
3.1 A v)y= Q. frh ‘Zl <aij E?Tu L cuv> dx,
ij= i

therh 6xi

where N=2or 3,u,v € H‘h(ﬂh), and h € (0, 1]. We assume that condition (A.2)
holds. Hence there exists a unique function, u” € §", satisfying

(3.2) 'W", v) = (f, v), for each v € S".

We now assume that x, € Q" so that x, € tg for some tg € T". We observe
that Lemma 2.1(i)—(iii) again holds as in Section 2. (Lemma 2.1(iv) would require an
additional assumption such as (A.3).) Hence there exists a unique function, G" € ",
satisfying

3.3) &GN, v) = u(x,), foreachv € sh.

As before, we denote the Green’s function for (2.1) with singularity at x, by G = Gxo'
THEOREM 3.1. Suppose that u € W1 (Q) and satisfies (2.1) ((D) or (N)),
xo € Q", (A1) and (A2) hold, a"( , ) is defined by (3.1), u" satisfies (3.2) and G"
satisfies (3.3). Then we have
u(xy) — u'(xg) = "G - G",u~x) + &'G", u-u")
(34
+d"(G - G", x) + (u(x,) — (G, u)), foreach x € S".

Proof. We first express the left side of (3.4) as follows:

(5)  ulxy) —u"(xy) = d"(G, u—u") + {u(xy) - u"(x,) — "G, u - uM)}.
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It is easily seen that, for each x € S”, we have

&G, u-u")=d"G-G" u-u")+ G, u-u")
3.6
(3.6) =d"G-G"u-x)+dG" u-u")+d"G-G" x-u).
We now employ (3.3) to obtain

u(xy) - uh(xo) -G, u-u") = u(xy) - &' (G, u) + &"(G, u") - uh(xo)
(3.7 =u(xy) - (G, u) + a"(G - G", u") = u(xq) — (G, u)

+d"(G-G",x)+d"(G-G", u" —x), foreachx€S".

Finally, we add (3.6) and (3.7) and then substitute in (3.5) to obtain (3.4). Q.E.D.

Remark 3.1. An analogue of Theorem 3.1 remains valid even if the spaces, S”,
and the boundary value problem, (2.1), are generalized as in Remark 2.2. We also ob-
serve that the specific form of a”( , ), given by Eq. (3.1), was not necessary for the
proof of Theorem 3.1. The main requirements on a”( , ) are that condition (A.2)
holds and all terms in (3.4) are defined.

In Section 4, we shall apply (3.4) to obtain an L™ error estimate for a specific
nonconforming finite element method for solving the Dirichlet problem. In addition to
the two conditions, (A.1) and (A.2), required here, it will be necessary to apply (A.3)
and (A .4), as well as certain polynomial invariances (related to the “patch test™), in
order to choose x appropriately and suitably estimate each term on the right side of
(3.4). Note that if Q = @, the last term in (3.4) is zero. Finally we observe that if
© = Q" and the finite element method is conforming (so that the required continuity
and boundary conditions are satisfied by functions in $”), then the last three terms in
(3.4) are zero and (3.4) reduces to (2.16) (with x = u?).

Case 11—Perturbation of the Coefficients. We next consider a conforming finite
element method for solving problem (2.1) when one or both sides of Eq. (2.4) are per-
turbed. Again, suppose that Q2 is replaced by an open set, Q" £ Q, for each h € (0, 1].
Let S” denote a family of finite-dimensional spaces contained in W (") and satisfying
condition (A.1) with respect to a quasi-uniform family of triangulations, {T": h € (0, 1]},
of Q". We define Q" as the interior of Q" = U, hern . (Hence Q" now includes
interior faces.)

We next define a family of bilinear forms, a”( , ), as follows:

N
(38) ', v)= f > <aij g—u ;)_v + cuz> dx, for each u, v € H'(Q),
R Xi OX;

where N =2 or 3 and # € (0, 1]. We assume that condition (A.2) holds. As a con-
sequence of (A.1) and (A.2), it follows that Lemma 2.1(i)—(iii) holds for each x,, in Q.

We now assume that the bilinear form a”( , ) and the linear functional f( )
(given by f(v) = (f, v), for each v € L?(Q)) are perturbed. Let 2”( , ) denote the
perturbed symmetric bilinear form defined on S" x §”, and let 7" denote the perturbed
linear functional defined on S”. In addition to the solution, u”* € " of (3.2), suppose
that there exists a solution, 7" € S, of the equation
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(3.9) F'@", v) = f"(v), for each v € §".

(We shall see in Section 5 that the existence and uniqueness of #” may be proved under
suitable assumptions in the case of numerical quadrature.)

THEOREM 3.2. Suppose that u € WL(Q), x, € Q", (A.1) and (A.2) hold,
" C wL(Q"),d"( , ) is defined by (3.8), u" satisfies (3.2), G" satisfies (3.3), and
" satisfies (3.9). Furthermore, suppose that either u satisfies (2.1)(N) and Q = Q",
or u satisfies (2.1)(D) and S* C E'(Q"). Then we have

u(xy) — i (xy) = (G - G", u—x) + (@ - ") (G*,7")

3.
(10 + (f— ") (G") + (u(xy) — (G, u)), for each x € S".

Proof. We first observe, using the properties of u, (3.2), and the properties of the
Green’s function, G = G"o’ that

u(x,) - ﬁ"(xo) = u(xy) — &G, u) + (G, u - ")
(3.11) =u(x,) - &' (G, u) + d"(G, u —u") + &"(G, u" - ")
= u(x,) — @"(G, u) + &HG-G" u-u)+ G u -,
We next apply Eq. (3.3) to each of the last two terms in (3.11) to obtain

u(xq) — ﬁ”(xo) — G -G u-x) + G i)

(3.12) + (u(x,) - @G, u)), for each x € S".

Employing (3.2), (3.9), and the symmetry of "( , )and a"( , ), we deduce

(3.13) &G, ut) = AW, GM) = f(GM),
and
(3.14) A G, W =a"@", GM = FrGM.

Finally, we combine (3.12)—(3.14) to obtain (3.10). Q.E.D.

Observe that when no perturbation is present and = Q", Eq. (3.10) reduces to
(2.16) (with x = u). In Section 5, we shall apply (3.10) to prove the existence of a
function, %", satisfying (3.9), and also establish L™ estimates for u — #" when the per-
turbation is due to a sufficiently accurate numerical quadrature scheme. In addition to
the assumptions (A.1) and (A.2) required here, it will be necessary in Section 5 to ap-
ply conditions (A.3) and (A.4), as well as certain polynomial invariances in order to
estimate the right side of (3.10).

4. A Nonconforming Finite Element Method. In this section we consider a
specific nonconforming finite element method for solving a boundary value problem in
R?. We shall derive L™ error estimates using Theorem 3.1. We begin by describing our
boundary value problem and finite element method. Consider the following model prob-
lem:

4.1) —Au=f in, u=0 onoaQ,
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where Q is a bounded, convex two-dimensional domain and 0S2 is of class C*.

We shall approximately solve (4.1) using the following nonconforming finite ele-
ment method. Suppose that for each 4 € (0, 1], § is replaced by a convex (open)
inscribed polygon, ©2”. Consider a quasi-uniform family of triangulations, T, of Q"
into disjoint open triangles, ", of diameter O(k). Thus, we have Q" = UtheTh . We
assume that two neighboring triangles may only intersect at a vertex or along an entire
side. -

We construct a family of spaces, S, as follows. Suppose first of all that each
v in S vanishes in £ — Q7. Assume that the restriction of v" to each #* is linear
and that v is continuous at the midpoint of each side of *. Also suppose that v" =0
at the midpoint of each side of #* contained in 8Q". It is clear that condition (A.1)
holds for this family of spaces, S”.

Observe that in general, functions in S are discontinuous and fail to vanish on
aQ". However, S" C L™(£2), and $" contains the conforming subspace, S, described
in Section 2 and consisting of continuous piecewise linear functions vanishing on Q"
It is readily seen using the Bramble-Hilbert lemma, as in [11], that condition (A.4)
holds with K = 2. Furthermore, 4 may be taken to be the interpolate, u!, of u with
respect to the nodal basis for S%.

The nonconforming space, S, was constructed and applied in solving the Stokes
problem in [17] and [18], where this space was employed to impose the incompres-
sibility condition, div v" = 0, on functions in S”. The fact that S” is roughly three
times as large as S" made it possible to impose this additional constraint.

We shall require the piecewise Sobolev spaces, W’ (D) and H" (D), defined in
Section 2. Furthermore, we define our bilinear form, ah( ), as in Eq. (3.1):

@42) '@ w= Z thv ywdx, for each v, w € H'(Q") and h € (0, 1].
therh

It may be seen, using the argument of [11] (Section 4.2) or [17], that condition (A.2)
holds. As a consequence there exists a unique function, u” € S”, satisfying the equa-
tion

(4.3) '@, v) = (f, v), for each v € S".

We next consider mean-square error estimates. It may be seen, using the argu-
ments of [17] and [18], that condition (A.3) holds with  replaced by Q" and K = 2.
Furthermore, it follows from these arguments that

44 llu —u ”Hl(nh) Chllully2(q), for each h € (0, 1].

We are now ready to prove the main result of this section.

THEOREM 4.1. Suppose that u € W2(Q), u satisfies (4.1), and u" satisfies (4.3).
Then there exists a constant C, independent of h € (0, 1], such that the following
estimate holds:

Nl = ullpm gy < Ch2llog Al llullyy2 (g
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Proof. We first note that it follows from (2.21) and (2.27) that
(4.5) lt = Ul gy iy < CH? llutllyp1 gy
In view of (4.5), it suffices to prove
(4.6) e = | =gy < Ch?llog Al lully2 (q-

Suppose that x, € r’g for some triangle tg € T". Since conditions (A.1)—(A.3) hold,
we observe that Lemma 2.1 holds in the present case. Applying Eq. (3.4) with x = u”,
we thus obtain
u(xy) - ul(x,) = "G -G, u-ut)+d"G", u—-uh)
4.7
+d"G-G" ut) + (u(xq) - (G, u)).

Consider the last term in (4.7) and employ (4.2) and the properties of the Green’s
function, G = Gxo’ to deduce

uGse) "G, u) = [, VG - vudx

We may now combine (2.5) and (2.22) to obtain

@8)  llxy) "G, w)l < ClVulymgy [, I7G1dx < CHluly1 (q)-

We now consider the third term on the right side of (4.7) and note that u“ =
ul € ;11 (2) and is continuous in . Employing integration by parts and the properties
of the Green’s function, we see that ¢*(G, u?) = u* (xq). Furthermore we see from
(3.3) that *(G", u?) = uA(xo). Hence we conclude that

49) G -G" ut)=0.

We next estimate the first term on the right side of (4.7). Since u4 € WL(Q"),
we may employ (4.2) and (A 4) to deduce

l2"(G = G, u = u") < CIG = G"I}y1 gmyllu = uliy 1 gy
< Chliully2 )lIG = G" 1 qny.
In view of this, we thus require the following estimate:
(4.10) IG - G"II',’V%(Q;,) < Chllog hl.

Estimate (4.10) is analogous to the estimate in Theorem 2.3 and follows from the same
arguments as in [1] or [2]. It now follows that

(4.11) (G = G", u —u)| < Ch*llog hl llully2 (-

We are left with estimating the second term on the right side of (4.7). Hence we
wish to prove

4.12) 1" (G", u — u")| < Ch?llog h| llly2 (-
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We shall establish (4.12) with the aid of certain polynomial invariances. We first note
that
(4.13) d'@w-u", W= 2 D, w"), foreach w" € 5",
therh
where

(4.14) Dn(v, W) = 23; f 0 %,lf W' — Cw", é"))ds, for each v € W2 ("), w" € S".
=17 ¢

Here, e]'.', j=1,2,3, denote the sides of " and C(W", el.h) denotes the value of w” at
the midpoint of eih. Equations (4.13) and (4.14) follow from (4.1), (4.3), integration
by parts, and the fact that functions in S” are continuous at the midpoint of eih.

We next observe that the following polynomial invariances hold for each ¢* € T":

(4.15) D,n(v, p) =0, for each v € W2(f") and p € P ("),
and
(4.16) D,n(q, w") =0, for each g € P (") and w" € ",

where P,(th) denotes the space of polynomials of degree < I defined on ¢* for each
integer / > 0. The first invariance, (4.15), follows easily from (4.14). The second in-
variance was proved in [17]. It follows from the fact that the integral of a linear func-
tion over an interval is zero provided the function vanishes at the midpoint of the inter-
val. Equation (4.16) readily implies the “patch test”; see, e.g., [12].

We now define a function, G#, as the unique function in S'I') equal to G at all
vertices of the partition, 7", that do not intersect tg or any of its neighboring triangles,
and equal to zero at the remaining vertices of 7. Thus, G4 is zero near X, and is
equal to the interpolate of G with respect to the conforming subspace, S'L‘), away from
Xx,. Since G* is continuous, we readily see with the aid of (4.1), (4.3), and (4.13) that
@17 du-u", M =d"w-u", G" -G = X D@ G"-G*).

theTh

In order to estimate the right side of (4.17), we first observe that each #* € T"
is affinely equivalent to a reference element, 7. For example, f may be taken to be the
triangle with vertices at (0, 0), (1, 0), and (1, 1). Thus, f may be mapped onto each
" by means of an invertible affine mapping, F,n, given by

(4.18) x = Fu(X) = Bnk + b,n, for each % € §,

where B,n is a 2 x 2 matrix and b, is a 2-vector. Furthermore, functions in W{,(t")
are mapped into functions in W{,(f), with j = 0 and p € [1, =], by means of the usual
correspondence:

(4.19) &%) = ¢(x), for each X € 1.

Finally, we define P* to be the restriction of S to #* and let P denote the image of
P" with respect to the correspondence given by (4.19).
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It is readily seen, using (4.18) and (4.19), that the bilinear form given by (4.14)
yields a bilinear form, D;( , ), acting on W2(#) x P and given by

(4.20) D(®, W") = D,n(v, w"), for each b € W2(8), W' € P.

Combining (4.20) with (4.15), (4.16), (4.18), and (4.19), we deduce

4.21) Dy(®, p) =0, for each b € W2(?) and p € P,(7),
and
(4.22) Dy(g, w") =0, for each § € P,(?) and W" € P,

We may now combine (4.21) and (4.22) with the Bramble-Hilbert lemma (as in [11,
Section 4.2]) to obtain

(423) 1D W < Clbly2 Www}(;), for each b € W2(P), w" € P,
It also follows, as in [11], that
(4.24) Pl iy < CH2p ol nys  for each § € Wi (),

where j > 0 and p € [1, ]. Finally, we combine (4.20), (4.23), and (4.24) to con-
clude that

(4.25) D, G" = G < Chluly2 ghy IG" = G411 pny.
Substituting (4.25) into (4.17), we obtain
(4.26) I~ u", G*)| < Chlulyz ) IG" = G* fiy1qm)-

We next observe that

IG" - G* I';V}mh) <IG-G" |';V} @ * 16 - G* |’;V{(nn)
(4.27)
< Chllog h| + |G - GA |';V}(Qh),

using (4.10). It follows from the definition and approximation properties of G* and
(2.5) that

(4.28) IG - G4 """i < Chllog h.

Combining (4.26)—(4.28), we thus conclude that (4.12) holds. Combining (4.8), (4.9),
(4.11), and (4.12) with (4.7), we finally obtain

4.29) lu(xy) — " (xq)l < Ch* llog Al llully2 (g

where C is independent of x,. We have thus proved (4.6) and hence Theorem 4.1. Q.E.D.
Remark 4.1. The arguments employed above to prove L™ error estimates are ap-
plicable to other nonconforming finite element methods and other boundary value
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problems. For a discussion of mean-square error estimates in connection with a variety
of nonconforming methods, see [11] and the references cited there.

5. Numerical Quadrature. In this section we consider a conforming finite element
method for solving problem (2.1). However, we assume that the integrations necessary
to obtain the finite element equations, (2.4), are replaced by numerical quadrature. We
shall derive L™ error estimates for both the Dirichlet and Neumann problems with the
aid of Theorem 3.2. Let us observe that L™ estimates were established for the Dirichlet
problem in the presence of numerical quadrature by Wahlbin in [13]. (See Remark
5.1 below for a brief description of his results.)

We first consider the boundary value problem given by (2.1)(D), assuming that £
is a bounded open subset of R? and that the boundary of  and coefficients of A are
smooth. For the sake of simplicity, we assume that ¢ = 0 in (2.2). As in Section 2,
we may treat this problem employing the family of finite element spaces, $" = S',f),
and bilinear forms, a”( , ), defined by (2.17). To this end, assume for simplicity
that Q is convex and is replaced by a convex (open) inscribed polygon, Q", for each
h€(0,1]. Recall that S” satisfies assumption (A.1) with respect to a quasi-uniform
family of triangulations of 2 for each & € (0, 1]. Furthermore, $” consists of con-
tinuous piecewise linear functions vanishing in Q — Q. The bilinear forms are defined
by
G.1) ', v) = fﬂh i a; g“ & - ds, for cachu, v € H'@"),he©,1].

l,[=

As we remarked in Section 2, it may be seen that conditions (A.2)—(A.4) hold,
as well as Lemma 2.1, Theorem 2.3, and Theorem 2.4 (with Q replaced by ©" when
necessary). In particular, there exists a unique function, u” € ", satisfying the equa-
tion

(5.2) d&'W", v) = (f, v), for each v € S*.

In addition, it follows from the arguments of [11] that
(5.3) llu — u IIH @h < < Chlijul! 2 @)

We see from Lemma 2.1 that there exists a unique function, Gzo = G" € §", such that
(5.4 a'(G", v) = v(x,), foreachveE ",

where x,, is a fixed point in (1

Before defining our perturbed bilinear forms, 2”( , ), and linear functionals,
?"( ), we shall define our numerical quadrature scheme over each #* in the same way
as described in [11] (Section 4.1). To this end, we first observe, as in the previous
section, that there is a reference element, 7, such that # may be mapped onto each *
by means of an invertible affine mapping, F,x, given by

(5.5) x =Fp(x)=BnX + b,n
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where B, is a 2 x 2 matrix and b,n is a 2-vector. The determinant of B, is denoted
by det(B,n). It is clear that, for any integrable function ¢(x) defined on , we have

(5.6) ft W) dx = det(B ) [ 3(R) %,
where ¢ and ¢ are in the usual correspondence:
5.7 ¢(x) = p(x), for each x = F,n(%), x € 1.
We define our quadrature scheme over the reference element, 7, by means of a
formula of the following form:
J A A
(5:8) I3) = X we()).
j=1

We assume that the nodes, Bj, belong to Z. In accordance with (5.6) and (5.7), we define
our quadrature scheme over each #* by means of the formula:

J
(5.9) In(p) = 3 w; no(b; ),
j=1

where w; ,n = det(Bn)W;, and y is defined at each node b; n = F,h(Ej), 1 <j<J.
Set

(5.10) En(p) = f AP dx — 1 in(p),

and define £,(9) similarly. Note that E,n(p) = det(B,n)EH®).
We now define, @"( , ), by replacing the integral on the right side of (5.1) by
numerical quadrature. Hence we have

therth

2
~h - du dv
(5.11) a"(u, v) > In <Z a; ax, a_x,-> ,

provided u, v € C!(¢), for each ## € T". Furthermore, we denote [ o fu by f(v) and
set

(5.12) o= X A1),

ther

provided f, v € CO(IT), for each #* € T". Let us assume for the time being that con-
dition (A.2) holds with respect to @"( , ). We may now define our approximate solu-
tion, #", of (2.1)(D) as follows:

(5.13) a"@", v) = f*(v), for each v € 8".

We shall now show that, when the quadrature scheme is sufficiently accurate,
condition (A.2) holds with respect to @#( , ). Furthermore, an analogue of Theorem
2.4 holds with u” replaced by %". For this purpose, we recall that P((D) consists of all
polynomials of degree not greater than / defined on the set D.
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THEOREM 5.1. Suppose that N = K = 2, u satisfies (2.1)(D), and f € W;o(Q)
for some p, > 1. Finally, suppose that

(5.14) E{p) =0, foreach € P\(D).

Then for h > O sufficiently small, there exists a unique function, " € S", satisfying
(5.13). Furthermore, we have

[l — ah”Loo(Q) < cn? [log | "f"wgo(g),

where C is independent of h.

Proof. To begin with, assume that there exists a function, " € §", satisfying
(5.13). Using elliptic regularity theory and Sobolev’s inequality, we conclude from the
hypothesis on f that u € W2(2). We observe that it follows, exactly as in the proof of
Theorem 4.1, that

(5.15) = 2"l ewir iy < CH? 1 (-

Now suppose that x,, is an arbitrary point in Q" so that Xy € t_g for some triangle
tﬁ € T". We apply Eq. (3.10) with x replaced by u# (obtained from (A.4)) to deduce

u(xy) - u"(xo) =d"G - G" u-ut) + @" - G" "
(5.16) )
+(f = ") (G") + (u(xy) - (G, u)).

We may estimate the last term in (5.16) using the same argument as in the proof
of Theorem 4.1. Hence we have

(.17) lu(xy) = (G, u)l < Ch? el 1 ()

Now consider the first term on the right side of (5.16). We may apply (A.4) and
Theorem 2.3 to obtain
(G = G, u = u) < CIIG = G*llyy1 (qmy It = u llyy 1 by
1 oo
(5.18)
< Ch? llog Al llully2 (-

We next consider the second term on the right side of (5.16). It follows from
(5.1), (5.10), and (5.11) that

5.19) @" -, w=— 3 En < i % aw> , for eachv, w € §".

Q. — ——
) i R
therh = 7 ox; ox;

Suppose that #* € T" and recall that 7 is mapped onto #' by means of the affine map-
ping given by (5.5). It may be readily seen using the arguments of [11] that

(5.20) |det(B,n)| < Ch?,
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and
g = g aw\l olp (5, 80 3w
(5.21) 2 e 3 Z % 3%, 3%,
ij=1 i 0% i,j=1 i %%
We may now apply the Bramble-Hilbert lemma and the hypothesis, (5.14), to
obtain
(5.22) IE{@)| < Cloly2 g, for each ¢ € W2(D).
Set
o= Zz: i 0 aw
=y Y ox; ox;

and substitute in (5.22). Since ¥ and W are linear, we deduce

B ow
i %)

We now map 7 back onto # and combine (2.3) and (4.24) with (5.21) and (5.23) to
obtain

2

< .Z, @il w2 i Plwl i Wlw 3y
L]j=

(5.23)

2
ov 0w
En <Z &ij ax; 8—x,>
i

j=1

2
(5:24) < C 3 W laylyzemPlwLen Wi
i,j=1 .

2 !
< Ch .mai(z”a,-j||w3°(th)nvllW‘L(th)"W"w}(th)-
l?]= ’

Set v = " and w = G” and then combine (5.19) and (5.24) to conclude that
(5.25) @ - a") @, G") < Ch?[[@" lly 1 @by IG" Il 1 @y

It follows from (2.5) and Theorem 2.3 that

IG" w1 @hy < 1IG = G"lly1@hy + IGlly1qhy < Chilog i
(5.26)
+ Gl 1y < €

for A sufficiently small. We now employ (5.25) and (5.26) to deduce
(5:27) @ - )@, G") < CH @111 gy,

We next estimate the third term on the right side of (5.16). Suppose that
" € T" and apply (5.5), (5.14), (5.20), Sobolev’s inequality, and the Bramble-Hilbert
lemma to obtain

(5.28) En(fG") < CRIE(TGMI < CHIFGM s
1
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Choose q, < o such that 1/q, + 1/p, = 1. Furthermore, suppose that p =2 + €
with € > 0 small and choose ¢ < 2 such that 1/p + 1/g = 1. Note that G" is linear in
7 and apply (4.24) and Holder’s inequality to deduce
lféhlw%(’f) < C(lflw;b;o(;)'Gh ILqO(;) + |f|w!1,(?) |Gh|w¢1?(’f))
(5.29)
< C(lflwgo(,h)lGh liaogeny + I Iy G iyt ohy)-

We next sum over all #* € T" and combine (5.28) and (5.29) with Sobolev’s in-
equality to deduce

(5.30) I =FD @M < T2y @IG" -

Applying Lemma 2.1 and (5.3), we see that
1G" 3 @ty < 1IG = Gl 1 gy + G 1 amy
(5.31)
< Ch”G"H2(Q) + ”G"w‘ll(g) <C+ ”G”w}?(g)-

In order to estimate the last term in (5.31), we write @ = D U D", where D/ is de-
fined as the intersection of § with a sphere of radius O(h) centered at x,, and D' =
Q- Dﬁ. We choose D” such that dist(D", supp(§)) > Ch. We now apply Sobolev’s
inequality to deduce

Employing Lemma 2.1 and elliptic regularity theory, we obtain

To estimate the last term in (5.32), we note with the aid of Lemma 2.1 that 5(x) =
JqG,(x")8(x")dx', for each x € Q. We may thus combine (2.5) and Lemma 2.1 with
the definition of D" to see that

Gl 2oy < Cliog .
Combining the last two inequalities with (5.32), we obtain

(5.33) IGlly3 ) < Cllog hl.
Combining (5.30), (5.31), and (5.33), we conclude that
(5:34) I(f = 77)(G™)] < Ch2llog h I7llw2 @y

We now combine (5.16)—(5.18), (5.27), and (5.34) to conclude that there exists
an hy € (0, 1] such that, for each & € (0, h,] and each point x, € Q" we have

(5:35) WuCxg) = #"(x)| < CHllog Al (a2 gy + 11wz ) + RNyt
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where C is independent of x, and . In order to estimate the last term in (5.35), we
employ a “kickback argument” as in [13]. We first observe that

(5.36) 1311 @iy < " = @™y qhy + "l 1 on),
where u" satisfies Eq. (5.2). It follows from the “inverse inequalities”, (2.3), that

h _o3h -1y, h _5h
(5.37) e = @y 1 @iy S CHH e = ooty

<7 (= uhl| iy + lu = u" | wighy).
We readily see using (A.4) and (2.3) that
™l 1 @ty < " = uhllyy1 ohy + 4 = ully1 oh)
+ ully1 (ohy < Ch (I = u; opohy + 1t = U], c0ryhy)
(5.38) W (227) L=®Q%) L=
+ liu — uA“wgo(g_h) + ”u”w}”(g) < Ch"u”wi(n)

+ Cliuliy1 ) + Ch 7 llu = u™l| ooy
In view of the definiton of u” and Theorem 2.4, we readily obtain
(5.39) lit = u"ll ooy < Ch*llog Al llully2 (.-

We may thus combine (5.36)—(5.39) to deduce

15211y 1 1y < Chillog Al llullyy2 g
(5.40)
+ Clully1 gy + Ch~Hiu = Tl oty

We may now combine (5.35) with (5.40) to conclude that the following estimate holds
for h sufficiently small:

lu - ah”Lw(Qh) < Ch? [log Al ("u“Wﬁ(ﬂ) + ”f”wgo(a))
(541)
+ Chllu = 7"l oo 1y

It follows, from the unique solvability of (2.1)(D), estimate (5.41), and the finite
dimensionality of $”, that %" exists and is unique for 4 sufficiently small. Combining
(5.15) and (5.41) with Sobolev’s inequality and elliptic regularity theory, we have
proved the theorem. Q.E.D.

Remark 5.1. The arguments employed in the proof of estimates (5.25), (5.30),
and (5.40) follow along lines similar to those employed by Wahlbin in [13]. In [13],

L™ error estimates were established for a second-order linear elliptic boundary value

problem in R? using a finite element method based on quadratic triangular isopara-
metric elements. It was assumed there that f€ wf (2) and the quadrature scheme was




1154 CHARLES 1. GOLDSTEIN
sufficiently accurate that E4() = 0, for each ¢ € P,(#). It was then shown that
(5.42) e — ")) L@ S GRS w3y

for arbitrary € > 0. (Note that C, — o as ¢ — 0.) The arguments of [13] may also
be shown to yield the estimate

(5.43) lu = 7"l emqy < C* NS w2y,

where %" satisfies (5.13), f € W12(Q), and the remaining assumptions of Theorem 5.1
hold. Note that, in Theorem 5.1, we were able to eliminate the factor #~€ present in
(5.43) under the slightly stronger assumption that ||f ”Wf+6(9) < oo for some € > 0.

Remark 5.2. The arguments of Theorem 5.1 may be extended to the case in
which K > 2 and N = 2 or 3. Let us consider each term on the right side of Eq. (5.16).
The first term may be estimated in the same way as before. The two middle terms are
due to the presence of numerical quadrature. Hence it is necessary to employ a suffi-
ciently accurate quadrature scheme in order to suitably estimate these terms. We shall
demonstrate this in the proof of Theorem 5.2 below. The last term in (5.16) is due to
the difference between the polygonal domain, Q”, and the given domain, . For this
reason, estimate (5.17), as well as (5.15), remain the same regardless of K. This esti-
mate may be improved using alternative methods for treating the Dirichlet problem.
For example, isoparametric elements may be employed as in [13] (with N = 2 and
K =3).

We next consider the Neumann problem, (2.1)(N), employing the finite element
method described in Section 2 to solve this problem. Hence, our family of finite ele-
ment spaces, S" = Sf'v, satisfies condition (A.1) and consists of continuous functions
defined on = UthETh t". Recall that functions in S" need not satisfy any bound-
ary condition on 92 and that boundary elements may have one curved face. We may
assume that K >2 and N = 2 or 3 since the case N = K = 2 may be treated using the
arguments of Theorem 5.1. The bilinear form, a”( , ), is now given by

d"(u, v) = % f (a.. Qu dv cuv> dx,
(5.44) i, Ja\ % ox; ox;

for each u, v € HY(Q), h € (0, 1].

We again observe that a”( , ) is coercive over H'(2) x H'() since ¢ > 0.
Suppose that we are given a quadrature scheme, /,,, defined on each element
" € T". We also assume that

(5.45) En(p) =0, foreach ¢ €P,p ("), and ¥ € TH,

where E,n(yp) is defined as in (5.10). We define @"( , ) as a perturbation of &*( , )
as before, where a”( , ) is now defined by (5.44). We are now ready to prove a re-
sult analogous to Theorem 5.1. As we observed above, the second and third terms on
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the right side of (5.16) describe the effect of numerical quadrature. For the sake of
simplicity, we shall only estimate the second term. Thus we may assume that f = f"

in Theorem 5.2. If f# f", we may estimate the third term on the right side of (5.16)
using an argument similar to that employed in Theorem S5.1. In this case, we would
again require additonal smoothness assumptions on f in order to obtain an estimate
analogous to (5.30).

THEOREM 5.2. Suppose that K > 2, N = 2 or 3, u satisfies (2.1XN), and u €
WX (Q). In addition, suppose that Eq. (5.45) holds. Then for h > 0 sufficiently small,
there exists a unique function, " € 8", satisfying

(5 .46) ah@", v) = (f, v) = f(v), foreachv € S".

Furthermore, we have
(5.47) = UMl ooy < CH¥ llog hIPK3]lullyK g,

where C is independent of h and
1 for K =3,

By =
> o fork>3.

Proof. Assume, for the time being, that there exists a function, uh € Sh satisfy-
ing (5.46). Now suppose that x,, € tf for some simplex, fh € T", and apply (3.10)
(with f = " and x replaced by u*) to obtain

(5.48) u(x,) = "(x,) = (G - G", u —u?) + @" - ") (G", ).

Here, we used the fact that u(x,) = a"(G, u). The first term on the right side of (5.48)
may be estimated using the same argument as in Theorem 5.1. We thus obtain

(5.49) "G — G", u — u™)| < ChN|lull & (-

We next estimate the last term in (5.48) using a version of the Bramble-Hilbert
lemma established in [19]. Suppose that ¢ € T" and observe that IEm()l < Clol L(th)
for each ¢ € C°(¢"). It now follows from (5.45) and [19] that there exists a constant
C independent of A, M eET" andv, we S" such that the following estimate holds:

N N
ov ow 2K-3 v aw
Er"(.Z % o, 5{)' SO X Gy 5, o, [ w3
i,j=1 l ] i,j=1 1 ] b
< Cp2K-3 il o oy lolyB+1my Wy y+1,h
(5.50) ,;,Z=:1 W;: s, W PlEr e Wyt

B+1<K-1,
y+1<K-1

K—
< Ch?%3 max "aij”W°2°K_3(th)”v”Wﬁ'—l(rh)”w"Wf_l(th)'
ij=1,...N
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Similarly, we obtain the following estimate:
(5.51) IE n(cow)] < CHPK = lelly 263 gy oll K1 gy W1l K 1 oy

Set v = " and w = G", apply (5.50) and (5.51), and sum over each #* € T" to
obtain

(5.52) I@" — ") @, G < CH* RN I, K1 g IG™ I k-1,

We see from Corollary 2.1 that
(5.53) IG" 1y k1) < Ch™®llog hP3K.
We may now apply an argument analogous to that in Theorem 5.1 to deduce
(5.54) IE" 1}y & -1) < Cllully & gy + A=KVl = | ).
Substituting (5.49) and (5.52)—(5.54) into (5.48), we conclude that

lu(xq) = @"(xo)| < Ch¥ (llog AI°3Klullyy K (q + hllog hIP3K |lu = & e ),

where C is independent of x, and #. We thus obtain the following estimate for & suf-
ficiently small:

(5.55) = 71| ooy < CH¥ llog AIP3K jull K .

It follows, from the unique solvability of (2.1)(N), estimate (5.55), and the finite di-
mensionality of S, that #" exists and is unique for 4 sufficiently small. The theorem
now follows from (5.55). Q.E.D.

Remark 5.3. We see from (5.14) that the hypothesis, (5.45), of Theorem 5.2
must be strengthened when K = 2. This is also the case for L? error estimates. (See
[11] and the references cited there for the proof of mean square estimates in the
presence of numerical integration.) We also observe from Theorem 5.2 that there is an
additional [log A| present when K = 3. This may be removed, e.g., by improving the
quadrature for K = 3, so that (5.45) is replaced by the equation E£4(@) = 0, for each
@ € Py(7).

Remark 5.4. The results of this section may be proved under more general as-
sumptions on the boundary value problem, as well as for more general finite element
spaces. (See Remark 2.2 for an analogous observation regarding the results of Section
2.) For example, lower-order terms may be present in the differential operator given
by (2.2) and A4 need not be symmetric. Furthermore, the smoothness assumptions on
the boundary and coefficients may be relaxed.
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