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On Some Orthogonal Polynomial Integrals

By Luigi Gatteschi

Abstract. The modified moments of the weight functions w(x) = xp(l - x)aln(l/x),
on [0, 1], with respect to the shifted Jacobi polynomials P;(a’ﬁ)(x) = Psla’ﬁ)(Zx - 1),
and wp(x) = xpe—x(ln x)p, p =1, 2, on [0, «), with respect to the generalized La-

. (¢} ..
guerre polynomials Ln (x), are explicitly evaluated.

1. A Jacobi Polynomial Integral. In a recent paper, Gautschi [3], generalizing a
result of Blue [2], has considered and explicitly evaluated the modified moments of
the weight function

w(x) = x!In(1/x), u>-1,

on [0, 1], with respect to the shifted Legendre polynomials PXx) = P,(2x — 1).
We further generalize these results by considering the weight function

(1.1) w(x) = x(1 = x)*In(1/x), «a,p>-1,

and evaluating its modified moments on [0, 1] with respect to the shifted Jacobi poly-
nomials P*(*F)(x) = PP (2x - 1).

It is convenient from now on to replace p by § + u; thus, the modified moments
we have to examine assume the form

a2 HPw =] L (L = ) In(1PFP(x) i,

a,B,B+u>-1,n=0,1,2,....
We easily see that

1
VOB () = —7(a+p+ut ) f_l (1 = 0% + " #InCA(1 + £))PCP () dr

1
= —2"<°‘+ﬁ+”+”{f_l (1 - %1 + Of*#In(1 + HPP(t) dt

1
~In 2 -f_l 1-%1 + t)ﬂ+“P,(,°"B)(t)a’t},

hence, by putting

1
(13) 1P () = f_l (1 - 0% + e T pB)(p) ar,
. 0,3,B+#>_1,n=0,1,2,...,
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we obtain

d
(14) P = 2“““’*““’{1,‘.“’ Dwin2 - - 15.“"”(#)}-
u

The following expression for (1.3),
FTu+1) TE+u+Dr+a+1)

15 I(Ot,ﬂ) = 20t+ﬁ+#+l
(135 4576 nTu-n+1) Tn+a+p+u+2)

is known ([1], [4, p. 256]). Indeed, (1.5) is easily obtained, multiplying on both
sides of Rodrigues’ formula,

(__ 1 )n dn

— A Bp(a, B4 — - _ pnta n+p
(=07 + 078 Py = = —2 {1 = afrFe + 0y,

by (1 + )", integrating from —1 to 1 and carrying out n partial integrations on the
right-hand side.
Differentiating (1.5) with respect to u gives

16 d%l,‘,“"”(u) =P {In2 + Y + 1) + 9@ +u+ 1)

—Yyu-n+D)-yn+a+p+u+2)},

where Y(x) = I''(x)/T(x) is the logarithmic derivative of the gamma function, and, if
u coincides with an integer m <n, m = 0, the right-hand member must be replaced
by its limit as u — m.

We first consider the case where u # 0, 1,2,...,n — 1, whenever n > 1. By
inserting (1.5) and (1.6) in (1.4), we obtain

FPu+ D@+ u+ D +a + 1)
v ) =
(1.7 nD-n+ DI +a+p+pu+2)

Wu-n+D)+dynta+tftpu+2)-Y+1)-y@+u+ D}

witha,B,8+u>-1,n=0,1,2,...and u#0,1,2,...,n—-1ifn>1.

Taking into account the recurrence relations I'(x + 1) = xI'(x) and Y(x + 1) =
¥(x) + 1/x, we may derive a useful algorithm for the computation of the modified
moments Vf,“ ’ﬁ)(u). Indeed, it is easily seen that, if we put
Ta+ DI@ +p + 1)

Fa+p+u+2)

PPy = Wa+B+u+2) - Y@ +u+ 1),

a§ ) =

b

and we construct the two sequences {aff"ﬁ)(u)} and {bf,"“ M (w)}, defined by the re-
currence relationships

(@+n)u-n+1)

g Pw) = af2P(w)

ne+B+u+n+1)
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1 1
n 00 = bR a+B+u+l+n p+1-n

we have

ps:! ,ﬁ)(#) - af,a ,B)(“)bga,ﬁ)(#)_

Therefore, this last expression also shows that (1.7) can be written in the follow-
ing rational form with respect to n

M@ + DI + u + 1)
Na+pg+u+2)

(18) +ﬁ< ! S »
k=1 a+ﬁ+[.1+l+k [I+l—k

n (a+ku+l1-k)
glk@+ﬁ+u+l+@’

v D) =

{wm+ﬁ+u+ﬂ—wm+u+n

where a, 8, and u satisfy the above-mentioned conditions.
To examine the remaining case n =2 1and u=m=20,1,...,n — 1, we recall
that for any integer r = 0,

. YCrte T
el

Then, from (1.7), we obtain

v &B(m) = lim (B ()
u~>m
Pn+a+ DR+ NIE+m+1) Y(m+e-n+1)
- im ,
nfn+a+8+m+2) emo (M +e—n+1)

and finally
mn-m-D)!'Tn+a+ DB +m+1)
n! Fn+a+p+m+2)

v m) = 1yt

b

(1.9)
a,f>-1,m=0,1,2,...,n—-1,n=1.
This completes the evaluation of the integrals (1.2). Integrals of the form

[ 384401 = 21 )PP ) i,

may be similarly evaluated by repeatedly differentiating (1.7) with respect to u.

2. Some Examples. The results derived in the previous section show that if one
has to evaluate modified moments of a given weight function of type (1.1) for given
values of p and a, then one may choose as polynomial basis the Jacobi polynomials
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P,(l“’ﬁ)(2x — 1), with  being a free parameter. For instance, in the case of the weight
function

w(x) = xPIn(1/x), p>-1,

we can construct the modified moments associated with the basis {P,(,o’ﬁ)(Zx - 1)} in-
stead of the particular one, {P,‘,o’o)(Zx — 1)} considered by Gautschi [3].

It may be of some interest to note that the choice p = f8 yields very simple ex-
pressions for the corresponding modified moments,

1 +1 2, = 0’

@1) #00(0) = [ xin(1)PL O (2x ~ 1)dx = D%
1)"T@ + 1) - 1)!
n+p+2

Also, in the case of the more general weight functions (1.1), the formulas we ob-

n=l.

tain are particularly simple when we let p = §,
1
[, ¥ =21 PO (2x - 1dx
I'(a+ DI'@ + 1)
T+ 8 +2)

(2.2) {(Ya+p+2)-y@+ 1}, n=0,

1y 'n +a+ DI'E@ + 1),
nf(n +a+p+2)
An example of (1.1), with a # 0, could be the weight function
w(x) = x°(1 - x) %In(1/x), p>-—1,

for which, recalling that [4, p. 60]
1 k - 1
XA = T3 [T~
k=1 2k

where T;¥(x) = T,(2x — 1) is the shifted Chebyshev polynomial of degree n. Setting
1 y
7,(0) = fo xP(1 - x)_/zln(l/x)T:(x)dx, p>-—1,

and applying (1.9) and (1.8), we have

2 n_mm!(n—m—l)' m 2k—1
b (n + m)! kI=Il

p+%=m<n, m2>0 an integer,

V(o + 1)

23) 7@ =< T +3/2) {‘“" t32 v+

n 1 1
g <p+1/2+k p+3/2—k>}

n p+32-k
—_ otherwise.
II,o+l/2+k ©
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3. Two Laguerre Polynomial Integrals. In this section we consider the problem
of evaluating the modified moments of the weight functions

3.1) w,(x) = e x(Inx)’, p>-1,p=12,...,

on [0, ), with respect to the generalized Laguerre polynomials Lf,"‘)(x).

We first examine the case p = 1, which is relative to a weight function of mixed
sign. By introducing, for notational convenience, a new parameter u such that p = «
+ u, we refer to the integrals

(32 N =f: e*x*tFnx L®(x)dx, ¢,a+u>-1,n=0,1,2,...,

for which, if we set

3.3) I = [ X HHLO) ax,
we have

N () = -2 @
(3'4) l,n(l"l) - (1—#1'1 (#)'

The evaluation of I,(,"‘)(y), hence of N g‘f‘,z(u), can be carried out in a way much
similar to that concerning the Jacobi polynomials described in Section 1. To this end,
we need to recall the Rodrigues formula for Laguerre polynomials

n

1 d
e"‘x"‘Lff‘)(x) = —— (e*x"t),
n! dx"

Indeed, inserting this last formula in (3.3) and integrating by parts n times, we
obtain
CD)'T+ D +a+1)
n! Pu—-n+1) ’

I =

At this point it is not difficult to derive from (3.4) the following two expressions

D" T+ Dl +a+ 1)
@) —
M) n! Mu-n+1)

(3.5)
YA D) F Y tat+ ) -Y-nt )}

witha,a+u>-1,n=0,1,2,...and u#0,1,...,n—1ifn>1, and

ve  Mom=com ’—"-1"—1,:'_—1)' P +a + 1),

m=0,1,...,n-1,n2>1;

the second being obtained from the first by taking its limit as u — m.
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Finally, we remark that (3.5) may be put in the following form

n 1
3.7 N(1°,‘,),(p)=l"(p+a+l){tlx(u+a+l)— > }

=1 k—u-1

The evaluation of the modified moments
MO = [, et InxPLO)dx,  p>2,

associated to the weight functions (3.1), can be obtained by repeatedly differentiating
(3.5) with respect to u. We shall only examine, with some details, the case p = 2.
Differentiating (3.5) once, with respect to u, gives

(~1)" D(u + D0 + o + 1)
@) ()) =
Naa®) =) D(u-n + 1)

AW+ D)+ Y@ +a+ 1) - Yu-n+1)>

(3.8)

YR+ D +HY@+tat+ )=y @u-n+1)},
which holds forall n >0 with u#0,1,2,...,n—1,whenn > 1.

A more convenient form of (3.8), obtained by using the previously recalled
properties of the functions I'(x) and Y(x), together with the recurrence relation

Y+ 1) =¢'ex) - 1/x2,is

n 1 2
N‘z‘f,’,(.u)=1“01+°‘+1);("’("”‘“)_,; k"_“_1>
(39)

n 1 n k-u-1
+Y'utat+1)- —————2 I
kgl (k-p-1> 1
Ifu=m=0,1,2,...,n—1,n=1, from (3.8) we have
N("‘) . (a) - 1)’l
(3.10) NYP)(m) = lim Nyaw) = - [(m + DI'(m + a + 1}{4,(m) - 2B,(m)},
u—>m H

where

C Yimte-n+D)-yY'(mte-n+1)
A,(m) = lim )
=0 F(m+e—n+l)

Bam) = lim {g(m + e+ 1)+ ym +e+at ”}‘f*((:::’;:))

By means of the two series expansions

cy1ro e

—+ Y g (x + 0,
r! x+r k=0

r=0,1,2,...

_1 oo
Y(x) = — U +P)+ kgo b (x + 1,
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which are valid for |x + r| < 1, it is easily seen that
Ay (m) = (C1"™2An ~ m = 1) Y(n ~ m),
B,(m)=(C1)""n-m-D{Y(m+ 1)+ ¢y(m+a+ 1)}

Hence, substituting these last two expressions into (3.10), we obtain the final

result
(@ ma, M —m-1)!
NEYm) = (-1)"2 —————T(m +a + 1)

(3.11) {y(n-m)y—yY(m+1) - yY(m +a + 1)},

m=0,1,...,n—-1,n>1.

4. Some Particular Cases. The results derived in Section 3 assume a very simple
form when u = 0, that is in the cases where the weight functions
e*x%nx and e *x%*(nx)?, a>-1,

and the polynomials Lff‘)(x) have the same parameter a.
For the first weight function, applying (3.7) and (3.6), we find

oo Mo+ DY(a+1), n=0,

@.1) f o € X%Inx L(x)dx =

=I(a + 1)/n, n=1,

which may be regarded as a generalization of the well-known integral representation

P e —X
vy = fo e *Inx dx,

of the Euler-Mascheroni constant y = —y(1) = .57721 56649. . . .
For the second weight function, by using (3.9) and (3.11), we obtain

Mo+ {y2@+ 1)+ Y@+ 1)}, n=0,

42) [~ e*x¥(nx)?L@(x)dx = n—
@2) Jo L dx zl‘(a+1)gzli_\l’(a+l)z, n>1.
n k=1

Two other cases of interest, which may be used, for instance, in constructing the
modified moments of the weight functions

exp(-x?)Inlx| and exp(-x*)(Inlx1)?,

on (—o, =), with respect to the Hermite polynomials H,,(x), are obtained by means of
Szegd’s relationships [4, p. 106] between Hermite and Laguerre polynomials,
43) Hy,(x) = (122" LGP, Hy, () = (1D)"22 Il xL (D).

Indeed, setting x = 2 in the integral (3.2), with @ = —% and u = 0, from (3.7)
and (3.6) we obtain
V() = —v/n(y + 2In2), n=0,
—n, n>1,

4f: exp(—t)In¢ Lf,_l/’)(ﬂ)dt = {
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hence, by applying the first relation in (4.3),

—;/" (y +2In2), n=0,
D - 122D, >l

Similarly, if we assume a = % and u = —% in (3.2), then (3.7), together with the
second relation in (4.3), gives

fow exp(-x*)lnx H,, , | (x)dx
4.5) = (-1l 1(’)’ +2

“4.4) f: exp(—xz)lnx H,, (x)dx = {

)H @k - 1),

n=0,1,2,....
The integrals involving the weight function exp(~x?)(In x)? can be dealt with in
the same way. Recalling that y'(%5) = #%/2 and Y'(1) = n%/6, by use of (3.9) and
(3.11), this leads to the following results,

S 2k -

[y exp(-x*Xinx)2H, ,(x)

ﬁ{wz(%)+w'%}—19452 -
(4.6) 8 (%)} = 1.94752 21803 . . ., n=0,

n—1
(—1)yr22(n— 1)(,,_1)1\/,,<7+21n2+ Z 1) n>=1,

and
f = exp(-x)(Inx)*H,,, , , (x) dx
0

n 2 n
“.7) = (—1)*n—2 = - - —
12 §<7+k=12k—1) + Zl oo 1)2$ r=I 2k - 1),

n=0,1,2,..
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