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On Some Orthogonal Polynomial Integrals

By Luigi Gatteschi

Abstract.   The modified moments of the weight functions w(x) = x (1  — x) ln(l/x),

on [0, 11, with respect to the shifted Jacobi polynomials Pn^a^\x) = P^^(2x - 1),

and w (x) = x e     (lnx)  , p = 1, 2, on [0, °°), with respect to the generalized La-
(a)

guerre polynomials Lyn '(x), are explicitly evaluated.

1.   A Jacobi Polynomial Integral.   In a recent paper, Gautschi [3], generalizing a

result of Blue [2], has considered and explicitly evaluated the modified moments of

the weight function

w(x) = x"ln(l/x),      p>-l,

on [0, 1], with respect to the shifted Legendre polynomials Pjfrx) = PA[2x - 1).

We further generalize these results by considering the weight function

(1.1) w(x) = xp(l-xfln(l/x),      a, p>-l,

and evaluating its modified moments on [0, 1] with respect to the shifted Jacobi poly-

nomials Pfa'ß\x) = Pna'ß\2x - 1).

It is convenient from now on to replace p by ß + p; thus, the modified moments

we have to examine assume the form

(1.2) ^(P) = ío  xß + ßV - xTHUx)P^ß\x)dx,

a,ß,ß + p>-l,n = 0,l,2,... .

We easily see that

vna'e\p) = -2-(a+ß+»+i) £ (1 - tro + ry+Mln(7Í(l + t))P^a-ß\t)dt

= _2-(a+/3+u+i)jJ^ (l-0a(l +^+"ln(l + t)p(na-ß\t)dt

-In 2 • Ç_x (1 - tfil + tf+>*Pn"-ß\t)dt \ ,

hence, by putting

I(na'ß)(p) = (\   (1 - 0a(l  + tf + ̂ ß\t)dt,
(1.3) J~l

a,ß,ß + p>-l,n = 0, 1,2, . . . ,
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we obtain

(1.4) P<?'ß\p) = 2H« + ß + P+D^> %)ln2 .l^jn^y

The following expression for (1.3),

rip +i)    ros + p + i)r(« + a + i)
(1.5)      I(«S){}l) = 2a+ß+>l+1

nWip -n + 1)    T(« + a + ß + p + 2)

is known ([1], [4, p. 256]).  Indeed, (1.5) is easily obtained, multiplying on both

sides of Rodrigues' formula,

(1 - if(l + tfPna< «(f) = —— — {(1 - t)n+ail + t)n + ß},
2"ni   dt"

by (1 + t)ß, integrating from -1 to 1 and carrying out n partial integrations on the

right-hand side.

Differentiating (1.5) with respect to p gives

^-Ina'ß\p) = /<«•%) {In 2 + UP + l) + Uß+P + l)
il.6)     dp

-tip - n + 1) - \pin + a + ß + p + 2)},

where 0(x) = r'(x)/i\x) is the logarithmic derivative of the gamma function, and, if

p coincides with an integer m < n, m > 0, the right-hand member must be replaced

by its limit as p —► m.

We first consider the case where p ¥= 0, 1,2, . . . ,n - 1, whenever n > 1.  By

inserting (1.5) and (1.6) in (1.4), we obtain

,(.,«,„) =   TO; + l)Yjß + „ + l)Yjn + q + l)

(1.7)" nWip - n + l)r(« + a + ß + p + 2)

•{ 0(/i - n + 1) + 0(h + a + ß + p + 2) - 0(/t + 1) - 0(0 + ju + 1)},

witha,)3,(3 + ju>-l,n = 0, 1, 2, . . . and p ¥= 0, 1, 2.n - 1 if n > 1.

Taking into account the recurrence relations T(x + 1) = xT(x) and 0(x + 1) =

0(x) + 1/x, we may derive a useful algorithm for the computation of the modified

moments v^na'ß\n).   Indeed, it is easily seen that, if we put

a(ß)    m r(« + 0r(^ + i)

0     W        r(a + /3 + M + 2)     '

b(0a'ß\p) =U<* + ß + P + 2)->Piß + ß + l),

and we construct the two sequences {ana<ß)(ß)} and {b{na- ß\p)}, defined by the re-

currence relationships

nia + ß + ¡i + n + 1)
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bna'ß)ip) = b£»QÍ) +
OL+ß + n+ 1 +n     p+l-n

we have

vn^ß)ip) = a^ip)b^ii£).

Therefore, this last expression also shows that (1.7) can be written in the follow-

ing rational form with respect to n

,   „ Tía + 1)1X0 + P + O   Í
U"     (ß)=     Via + ß + p + 2)     {^+^ + 2)-0(0+,+ l)

(1.8) +±(-1-L_)\
k=1\a + ß +p +1 +k   p + l-k/)

n      (q + k)jp + l-k)

k=i kia + ß + p + 1 + k)'

where a, ß, and p satisfy the above-mentioned conditions.

To examine the remaining case n > 1 and p = m = 0, 1, ...,«- 1, we recall

that for any integer r > 0,

K-r + e)
lim—-~ = i-iy-1r\.
e^0 Fi-r + e)

Then, from (1.7), we obtain

v^ß\m) = lim   ,/<*•%)
p-*m

T(« + a + l)T(m + l)IX/3 + m + 1) 0(m + e - n + 1)
lim

«!r(n + a + ß + m + 2) e_0 T(m + e - n + 1) '

and finally

„(«,«M = f_ 1)B-m »«K«->"-l)! r(n+a+l)r(0 + m + l)

" it! r(«+a + 0 + m + 2)    '

a,/?>- l,m = 0, 1,2,. . . , n - \,n> 1.

This completes the evaluation of the integrals (1.2).   Integrals of the form

f* x^O -x)ai\niHx)rP*{a'ß\x)dx,

may be similarly evaluated by repeatedly differentiating (1.7) with respect to ju.

2.   Some Examples.  The results derived in the previous section show that if one

has to evaluate modified moments of a given weight function of type (1.1) for given

values of p and a, then one may choose as polynomial basis the Jacobi polynomials
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Pna'ß'(2x - 1), with ß being a free parameter.   For instance, in the case of the weight

function

wix) = xpln(l/x),      p>-l,

we can construct the modified moments associated with the basis {Pn°'ß\2x - 1)} in-

stead of the particular one, {Pn°'°\2x - 1)} considered by Gautschi [3].

It may be of some interest to note that the choice p = ß yields very simple ex-

pressions for the corresponding modified moments,

(2.1)  ^°'«(0) = /o1x<Vl/*)^°'i3)(2x - l)dx
l/iß + 1)2,      « = 0,

]i-l)"W +!)(«-!)!
B>1.

IXn + ß + 2)

Also, in the case of the more general weight functions (1.1), the formulas we ob-

tain are particularly simple when we let p = ß,

fo xßil -x)alniUx)P^'ß\2x - l)dx

,2.2) ,^+lW+D

T(a + ß + 2)

IX« + a + l)r(/3 + 1)

nlX« + a + ß + 2)

An example of (1.1), with a ¥= 0, could be the weight function

wix) = xp(l - x)-'/zln(l/x),      p > -1,

for which, recalling that [4, p. 60]

«    2k - I
/>*<-*,-%)(*) = T*{x) n

k=l      LK

where T*ix) = 7,„(2x - 1) is the shifted Chebyshev polynomial of degree n. Setting

T» = Jo *P(1 ~ xTYlHUx)T*ix)dx,      p > -1,

and applying (1.9) and (1.8), we have

„_m m\jn-m-l)\ ^   «   2ÄT-1

(W+m)! /i,      2    '

p + XA = m < n, m > 0 an integer,

, V^r(P + i) (
(2-3)   rnip) = { J^Jñ |*<P + 3/2) - HP + 1)

+ ¿/—i-í_
fc=! \ p + 1/2 + *     p + 3/2 - *

»    p + 3/2 - *
•  I I  -—,      otherwise.
kL=\ P+1/2 + k
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3.  Two Laguerre Polynomial Integrals.   In this section we consider the problem

of evaluating the modified moments of the weight functions

(3.1) wpix) = e-*x<Xlnxy,      p > -\,p = I, 2, . . . ,

on [0, °°), with respect to the generalized Laguerre polynomials Lna'ix).

We first examine the case p = 1, which is relative to a weight function of mixed

sign.  By introducing, for notational convenience, a new parameter p such that p = a

+ p, we refer to the integrals

(3.2) N\an(p) = f" e_xxa+Mlnx L(na\x)dx,   a, a + p. >-l, n = 0, 1, 2, . . . ,

for which, if we set

(3.3) I^ip) = J7 e-*x<*+"4a>(x)rfx,

we have

(3.4) M«lip) = ylna\p).
dp

The evaluation of Ina\p), hence of N[a£ip), can be carried out in a way much

similar to that concerning the Jacobi polynomials described in Section 1.  To this end,

we need to recall the Rodrigues formula for Laguerre polynomials

1   d"
e-xxaz4a)(x) =-ie~xx"+a).

n\ dx"

Indeed, inserting this last formula in (3.3) and integrating by parts n times, we

obtain

j(*)(    = til rpu + IWjp + a + 1)

" n\ Vip-n + 1)

At this point it is not difficult to derive from (3.4) the following two expressions

^(M)-("irr(P + 1)r(M+a+1)

(3.5) l" "! rOi-n + 1)

■ {tin + i) + Up + a + i) - Up - « + 1)1.

with a,a + p>-l,n = 0, 1, 2, . . . and p =£ 0, 1, . . . , n - 1 if n > 1, and

, .                       . ml in - m - 1)\
Ma)(ffi) = (- l)"1'1 —- Tim + a + 1),

(3.6) 1'" «!

m = 0, 1, . . . , n - 1, n> I;

the second being obtained from the first by taking its limit as p. —»■ m.
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Finally, we remark that (3.5) may be put in the following form

(3.7) A^)(p.) = IX/i + a + 1) Uip + a + 1) - ¿ *        } f\ "    * ■
\ fc=i ä    p     l ' fc=i        K

The evaluation of the modified moments

AföOO = /0" e^xa + "(lnxf ¿<a)(x)6?x,      p > 2,

associated to the weight functions (3.1), can be obtained by repeatedly differentiating

(3.5) with respect to p. We shall only examine, with some details, the case p = 2.

Differentiating (3.5) once, with respect to p, gives

, , (-1)" r(p + l)r(p. + a + 1)
N[alip) = L-^- —-—-

2'n n\ Vip-n + l)

(3.8) • {(0(p + 1) + W + a + 1) - 00* ~n + l))2

+ 0'(/z + 1) + Viii + a + 1) - 0'(p - « + 1)},

which holds for all n > 0 with p. =£ 0, 1, 2, ...,«- 1, when « > 1.

A more convenient form of (3.8), obtained by using the previously recalled

properties of the functions T(x) and 0(x), together with the recurrence relation

0'(x + 1)= 0'(x)~ l/x2,is

i / " 1        \2
Ma>) = T(p + a + 1)   (00/ + a + 1) - Z   . _    _,  )

( \ fe=i K    p     i /

(3-9)
n 1 /      "     fc - JLl - 1

+ vat + a +1) - z-—2 n
&1 (* - p - l)2 i   k=l k

If p = m = 0, 1,2,...,« — 1, n > 1, from (3.8) we have

(3.10)   M2alim) = lim  A^>(p) = ^- T(m + l)r(w + a + l)[An(m) - 2B„im)},
u-»m nl

where

02(m + e - n + 1) - 0'(m + e - n + 1)
^«(OT) =   lim -,

e^o rim + e-n + 1)

Mm + e - n + 1)
BJm) = lim { Um + e + 1) + 0(m + e 4- a + 1)} —-;.

e^o r(m + e - n + 1)

By means of the two series expansions

rM=L72—-+ Z  akix+r)k,
r!    x + r     k=0

r = 0,1,2,...,

0to = —— + 0(1 + r) + ¿  ftfc(x + r)fc,
x+r fc=0
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which are valid for |x + r\ < 1, it is easily seen that

Anim) = (- l)"-m2in - m - 1)! 0(n - m),

Bnim) = (- l)"-min - m - 1)!{ 0(/n + 1) + 0(w + a + 1)}.

Hence, substituting these last two expressions into (3.10), we obtain the final

result
, . ml in - m - 1)!

N2a)nim) = (- l)m2 —^- r(w + a + 1)
n!

^'U^ ■{0(/i-m)-0(/n + l)-0(m +a + 1)},

m = 0, 1,. . . ,n - 1,n > 1.

4.  Some Particular Cases.  The results derived in Section 3 assume a very simple

form when p = 0, that is in the cases where the weight functions

e-*xalnx    and    e^xa(lnx)2,      a>-l,

and the polynomials Lna\x) have the same parameter a.

For the first weight function, applying (3.7) and (3.6), we find

r°° , , ( r(a + l)0(a +1),      n = 0,
(4-1) L  e-xxalnxL(na\x)dx=  \

(-l\a + l)ln, n>l,

which may be regarded as a generalization of the well-known integral representation

y = -J     e_xlnx dx,

of the Euler-Mascheroni constant y = -0(1) = .57721 56649. . . .

For the second weight function, by using (3.9) and (3.11), we obtain

(4.2)  Jo°° e-*xa(lnx)24a)(x)rfx

Tía + 1){ 02(a + 1) + 0'(o + 1)},      #1 = 0,

2 |«-i 1 |
- T(a + 1) { Y   - - 0(a + 1) y ,       n > I.
n (*=i * J

Two other cases of interest, which may be used, for instance, in constructing the

modified moments of the weight functions

exp(-x2)lnlxl    and    exp(-x2)(lnlxl)2,

on (-°°, °°), with respect to the Hermite polynomials Hnix), are obtained by means of

Szegó's relationships [4, p. 106] between Hermite and Laguerre polynomials,

(4.3)  H2nix) = i-l)n22nnlLn-'A\x2),      H2n+lix) = (- l)"22" + 1«!x4'/;)(x2).

Indeed, setting x = t2 in the integral (3.2), with a = -lA and p = 0, from (3.7)

and (3.6) we obtain

(vV04) = -Vi(7 + 21n2),      « = 0,
4\     exp(-r2)lní4-/2)(í2)£/r= I

{-y/n/n,      n > 1,
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hence, by applying the first relation in (4.3),

r" , i:^(7 + 21n2),      ii = 0,
(4.4)     J0   exp(-x2)lnx//2„(x)dx={     4

( (-l)n-1(n-l)!22(n-1Vff,      n>\.

Similarly, if we assume a= % and p = -% in (3.2), then (3.7), together with the

second relation in (4.3), gives

Jo  eM-x2)lnxH2n + iix)dx

(4-5) =(-i)"-i2"-if7 + 2 z ^tt) n c*-i).
\ fc=i 2k     1 / fc=i

« = 0, 1,2, . . . .
The integrals involving the weight function exp(-x2)(ln x)2 can be dealt with in

the same way.  Recalling that \¡/'Qá) = 7r2/2 and 0X0 = 7r2/6, by use of (3.9) and

(3.11), this leads to the following results,

/" exp(-x2)(lnx)2#2„(x)

(4.6)
— {02(H) + 0'(H)} = 1.94752 21803 . . . , n = 0,

i-l)"22("-l\n-l)l^n(y + 2 1n2+Z  |\      n> 1,

and

f~expi-x2)(lnx)2//2„ + 1(x)rfx
J o

,s (/"2\27r2" 4^"(4.7) = (_ lT2n-2     A   +   Z + 7 -  Z   ̂ T^T      H   i2* - O-
(V       fc= 1 2A: — 1 '        6     fc=1 i2k- ly ) k=i

n = 0, 1,2,_
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