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The F-E-M-Test for Convergence of Nonconforming
Finite Elements

By Zhong-ci Shi

Summary. A new convergence test, the F-E-M-Test, is established for the method of
nonconforming finite elements. The F-E-M-Test is simple to apply, it checks only the local
properties of shape functions along each interface or on each element. The test is valid for a
wide class of nonconforming elements in practical applications.

1. Introduction. A simple and widely used procedure for checking convergence of
nonconforming finite elements is the patch test, first presented by Irons in [1], [4]. As
originally phrased in terms of mechanics, the basic idea of the patch test is that if the
boundary displacements of an arbitrary patch of assembled elements are subject to a
constant strain state, then the solution of the finite element equations on the patch
should reproduce this presumed solution exactly. The mathematical explanation of
the Irons patch test was given by Strang [16], [17]. Let a,(u,v) be the discrete
bilinear form of the given variational problem, u* the true solution of the problem
and u, the finite element approximation. Then the patch test has the following
mathematical formulation:

1 d,(u*,v,) =a,(u*,v,)—a,(u,v,)=0 Yu*€P, v, €V,
h h h h wlty, 0y m> Un

where V), is the finite element space in which the approximate solution u, is sought,
P, is the space of polynomials of degree m and m is the highest order of derivatives
appearing in the variational problem.

However, it has been proved in [19], [7], [8] that Irons’s patch test or its equivalent,
the formula (1), is neither necessary nor sufficient for convergence.

In a recent paper [21], Taylor et al. gave a discussion concerning the validity of the
patch test from an engineer’s point of view. A new form of the patch test, Test C, is
formulated which checks not only the satisfaction of the basic differential equation
but also of its natural or ‘traction’ boundary conditions, as well as of the stability
requirement of approximate problems. Paper [21] claims that Test C is a correct
interpretation of the patch test, which should provide a necessary and sufficient
condition for convergence. The first counterexample of Stummel [19] to the patch
test was checked in [21] by Test C and failed to pass the test. However, it is shown in
[12] that Stummel’s second example still passes Test C but fails to converge to the
true solution for natural boundary conditions. Hence, Test C cannot be a sufficient
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condition for convergence of nonconforming finite elements. A further analysis and
interpretation of the patch test is apparently needed.

Because of the limitations of the patch test, Stummel [18] has proposed the
generalized patch test, which together with the approximability condition provides a
necessary and sufficient condition for convergence of nonconforming elements
applied to general elliptic boundary value problems. Many nonconforming elements
have been successfully tested by the generalized patch test in [18], [7], [8], [9], [10].
The generalized patch test is a very powerful tool for the study of convergence
properties of nonconforming elements. However, its usage seems to be difficult for
engineers in practical situations.

The aim of this paper is to present a simple and effective convergence test which
may easily be checked along each interface, the F-Test, or on each element, the
E-M-Test. The new test has been first mentioned in [13] and later in [11], [3]. In this
paper we describe the test in detail.

2. Formulation of the F-E-M-Test. 2.1. We consider variational equations of the
form

(2) uy€V; Y faa,D"uOD’udx= Y ffaD"vdx YveV,
lol, [rjxm ~G loj<m "G

where G is a polyhedral domain in R” and V' is a closed subspace of the Sobolev
space H™(G) = {v: D € L*(G), Vo such that |s| < m}, equipped with the norm

R 1/2
||v||m.c=( x [ 1D%| dx)

lol<m

and the seminorm

1,2
|U|,,,,G=( Y L|D°v|2dx) .

lo|l=m
The coefficients a,, are bounded measurable functions on G and f, € L*(G) for
|o| < m. The variational equation (2) may be written in the form
(3) us €V, a(uy,v)=1(v) VoeV.
Dividing the domain G into a regular family of finite elements K with diameters

hy < h and defining appropriate piecewise polynomial spaces V), the finite element
approximation of the problem (3) then is to find u, € V, such that

(4) a,(uy,v,) = 1,(v,) Vo, €V,
where

a,(u,v)=Y Y / a,,D°uD"dx,
K Jo|, |T|<m K

Wo)=X T [ f,Dvdx.

K |ojxm K

We assume, as usual, that the bilinear form a(w,v) is continuous on H"™(G) X
H"™(G) and V-elliptic over the space V, and that the discrete bilinear form a,(u, v)
is uniformly V,-elliptic over the spaces V. Then the Lax-Milgram Theorem guaran-
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tees the unique solvability of the variational equations (3), (4). Note that certain
weaker stability conditions concerning the bilinear forms a(u, v), a,(u, v) have been
stated in [20].

2.2. The F-E-M-Test is now described for the problem (4) with m = 1,2 corre-
sponding to general elliptic boundary value problems of second and fourth order.
The test consists of tests of two different types. The first is a face test, the F-Test,
which checks the conditions (F) along each interface, and the second is an element
test, the E-M-Test, which verifies the conditions (E) + (M) on each element. In the
following, the notation D,v, is used for the partial derivative of v, with respect to
Xy

F,-Test. The finite element space V), is said to pass the F,-Test for problems of
order 2m, if for every function v, € V, the jump of v,, denoted by [v,], across each
interface F of two adjacent elements K, K, satisfies the condition

/F[vh]ds

For every outer boundary F C dK N 0G with Dirichlet boundary conditions, we
define the jump [v,] - = v, | r and the condition (F1) is understood as

fv,,ds So(h';(/z)llvh”m,K'
F

F,-Test. For fourth-order problems the F,-Test requires that the jumps [D,v,]
across each interface F satisfy the condition

[ [Dw,)ds

For every outer boundary F C 9K N 8G with Dirichlet boundary conditions we
define [D,v,]r = D,v,| r and the condition (F2) reads

fFDkv,,ds

In particular, if in the condition (F1) or (F2) the equality

(F1) < o(h’ll(/z)nvh“m,l(lukzv hy = max(hl(l»hl(z)'

(F2)

<"(h'l'/z)“Uh||2,l<,u1<2, k=12,...,n.

<O(h'l'/z)ll”h"z,x, k=1,2,...,n.

f[u,,]ds=0 or f[Dkuh]ds=0,' k=1,2,....n,
F F

holds for all F C 0K, respectively, the F-Tests are called the strong F,-Test or
F,-Test, respectively.

E,-M,-Test. The finite element space V, is said to pass the E;-M,;-Test for
problems of order 2m, if every function v, € V, can be decomposed into two parts,
a continuous part C;(v,) and a discontinuous part N,(v,):

(5) v, = Cy(v,) + Ny(v),
such that on each element K the discontinuous part N,(v,) satisfies the two
conditions

(E1) l/;KN,(U,,)n,ds <o(h'l'(/z)”‘)h”m,,(, r=12,...,n,

<o(h ) vl .

(M1) ] [ Mo
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where n, are the components of the unit outward normal vector on the boundary
0K.

E,-M,-Test. For fourth-order problems, the E,-M,-Test requires that the first
derivatives D,v, can be decomposed into two parts

(6) Dw, = C,(D,w,) + N,(Dw,), k=1,2,....n,
where C,(D,v,) are continuous functions over all elements and N,(D,v,) are the

associated remainder terms such that on each element K the discontinuous parts
N,(D,v,) satisfy the conditions

(E2) <o(hyNoploxs  kor=12,...n,

f Nz(DkUh)"rds
aK

2 _ 2
(M2) faK Ny(Dw,)'ds < o(hi)vallhxn  k=1.2.....n.
Similar to the strong F-Tests, if the equalities
f Ny(v,)n,ds =0, r=1,2,...,n,
9K
or
/ N,(D,)n,ds = 0, k,r=1,2,...,n,
K

hold for every element K, respectively, the tests are called the strong E,-M,-Test or
E,-M,-Test, respectively.

THEOREM 1. For second-order problems (m = 1), the F,-Test or the E-M,-Test
implies convergence.

THEOREM 2. For fourth-order problems (m = 2), the F-Test or the E,-M-Test
together with the F,-Test or the E,-M y-Test imply convergence.

The proof of these two theorems will be given in Section 4.

2.3. According to the above convergence theorems, we summarize the procedure of
the F-E-M-Test as follows:

For second-order problems (m = 1) the test is carried out in two steps.

Step 1. Verify the F,-Test for each interface and each outer boundary where
Dirichlet boundary conditions are prescribed. If it is passed, convergence is guaran-
teed. .

Step 2. If the F,-Test fails, verify the E;-M,-Test for each element. We need a
decomposition of the shape function v,. When the vertices of the element are nodal
points of v,, the corresponding linear or bilinear Lagrangian interpolating poly-
nomial for v, at the vertices is a good choice of a continuous part C;(v,) in (5). The
discontinuous part N,(v,) now is the remainder term of the interpolating poly-
nomial. By interpolation theory (see [18, Inequality 2.1.(5)]) and the inverse prop-
erty, we then have

2 2
(7) j,;K Nl(vh)2 ds < Ch%(lvhlz‘K < Chyl Uhll,K'
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Here and later, C denotes a generic constant, independent of the mesh size &, which
may have different values at different places. The inequality (7) obviously implies
the condition (M1). Therefore, only the condition (E1) has to be verified. If it is
passed, convergence follows.

For fourth-order problems (m = 2) we carry out three steps.

Step 1. Verify the F,-Test. The condition (F1) with m = 2 holds if the shape
function v, has two nodal points on each side of the elements, since in that case
interpolation theory gives

2
(8) [ 1o ds < Chido o ox,
for each interface F = K, N K,, and

2
9) /Fvﬁds < Chyl Onlox

for each outer boundary F C 4K N dG with Dirichlet boundary conditions.

We may also verify the E,-M,-Test. The conditions (E1) + (M1) with m = 2 hold
if the shape function v, is continuous at the vertices of the elements, because in that
case the first inequality in (7), that is,

2 2
/aK Ny(v,)"ds < Ch%(|vh‘2,K’

implies both the condition (E1) and (M1) for m = 2.

In particular, if a plate element under consideration is a Celement, then both the
F,-Test and the E,-M,-Test are satisfied a priori.

It is a common practice that for fourth-order problems every element has two
nodal points of function values on each side of the elements, usually at the vertices.
Therefore, the F,-Test or the E,-M,-Test for fourth-order problems is valid in
practice.

Step 2. Verify the F,-Test. If it is passed and Step 1 was successful, convergence is
guaranteed.

Step 3. If the F,-Test fails, verify the E,-M,-Test. We need certain decompositions
of the first derivatives D,v,. If the vertices of the elements are nodal points of D,v,,
the corresponding linear or bilinear interpolating polynomials of D,v,, at the vertices
are usually chosen as the continuous parts of D,v, in the decomposition form (6).
Then the remainder terms N,(D,v,) satisfy the inequalities

(10) faKNz(Dkvh)zdssCh,(|u,,|§',(, k=1.2.....n,

which imply the condition (M2). In this case, only the condition (E2) has to be
verified. If it is passed and Step 1 was successful, convergence follows.

Remarks. 1. The strong F-Tests or the strong E-M-Tests imply the satisfaction of
the Irons patch test.

2. The F-E-M-Test can be applied for assessing the convergence of certain
nonconforming elements that do not pass Irons’s patch test in the sense of the
formulation (1), as will be demonstrated in Section 3.




396 ZHONG-CI SHI

3. For fourth-order problems the conditions (F2), (E2), (M2) are simply obtained
from the corresponding conditions (F1), (E1), (M1) by replacing the shape functions
v, by their first derivatives D,v,, k =1,2,...,n

4. As we have seen in the above procedure of carrying out the F-E-M-Test, the
essential conditions which have to be verified are (F1) or (E1), and (F2) or (E2), for
second-order and fourth-order problems, respectively. The other conditions may
simply be proved in most practical cases by the continuity assumptions on the shape
functions or their first derivatives at certain nodal points of the elements. The
F-E-M-Test is simple to apply.

3. Applications. It will be proved in this section that many well-known nonconfor-
ming elements, as well as some newly introduced elements, pass the F-E-M-Test.

3.1. The Crouzeix-Raviart Elements. This is a class of triangular elements. The
nodal parameters are the function values at rth order Gaussian points on each side
F of the triangle K. The shape functions v, € V, are piecewise polynomials:

Ullr(EPr(K)’ Uilr(lFePr(F)’
for each triangle K and for each side F of K.

Since every function v, € V, is continuous at rth order Gaussian points on each

interface F = K, N K, and the quadrature formula having these Gaussian points as

nodal points is exact for all polynomials of degree 2r — 1 in one variable on F, we
obtain

f [v,]ds =0, VF=K,NK,.
F
For F C 9K N 3G with Dirichlet boundary conditions,
f v,ds = 0.
F
The Crouzeix-Raviart elements thus pass the strong F;-Test.

3.2. Wilson’s Element. This is a rectangular element. The nodal parameters are the
function values at the vertices of the rectangle K and the mean values of the second
derivatives D v, and D,v, on K, respectively. The latter are two internal degrees of
freedom which can be eliminated at the element level. The shape function v, on each
rectangle is a full quadratic polynomial.

Let Q,(v,) be the piecewise bilinear interpolating polynomial of the shape
function v, at the vertices of all elements and R,(v,) be the associated remainder

term. Then Q,(v,) is a continuous function over all elements. We have the
decomposition

vy = Q1(v,) + Ry(v,,).

It can easily be verified that for every rectangle K

f Rl(vh)nrds=0’ r= 192’
K

so that the strong (E1) condition holds. Moreover, it is known from [18, Section 2.2]
that the remainder term R,(v,) satisfies the inequality

j; R(Uh) ds < Ch |Uhll K>




" F-E-M-TEST FOR CONVERGENCE OF NONCONFORMING FINITE ELEMENTS 397

thus the condition (M1) is also satisfied. Therefore, the rectangular Wilson element
passes the strong E;-M,-Test.

Now we apply the E,-M,-Test to the quadrilateral Wilson element which violates
the patch test. The convergence has been previously proved in [8] under the
condition that the distance d; between the midpoints of the diagonals of each
quadrilateral X is of order o(h ) uniformly for all elements as 4 — 0.

For the E;-M;-Test we need a decomposition formula (5). Following Step 2 of
Subsection 2.3, the 4-node isoparametric bilinear interpolating polynomial of the
shape function v, is chosen as the conforming part C,(v,). Then it can be shown
(see [8]) that for every quadrilateral K the remainder term N,(v,) = v, — C,(v,)
satisfies the inequalities

(11)

< CdK|Uh|1,K* r=12,

f N,(v,)n,ds
oK

and
2 2
faK Ny(v,) ds < Chk|vh-|1,l<~

Comparing the inequality (11) with the condition (E1), we find that the condition
dy = o(hy) makes the quadrilateral Wilson element pass the E,-M,-Test.

Remark. Two 8-node quadrilateral elements of Sander and Beckers [5] that do not
pass Irons’s patch test have been analyzed in [7], where it was shown that these
elements also converge under the condition d, = o(hy). Like the quadrilateral
Wilson element, by use of the 8-node isoparametric Lagrangian interpolating poly-
nomial of the shape functions as their conforming parts, it can also be proved that
the two elements of Sander and Beckers pass the E,-M,-Test under the condition
dy = o(hg). Thus we have seen that our new F-E-M-Test is able to prove the
convergence of these elements that do not pass the patch test.

3.3. A New 4-Node Quadrilateral Element. Taylor et al. introduced a new element
in [21]. On each quadrilateral K the conforming part C,;(v,) of the shape function
v, is the standard 4-node isoparametric bilinear polynomial, as in the quadrilateral
Wilson element stated above. The nonconforming part N,(v,) is constructed as a
linear combination of four special cubic polynomials vanishing at the vertices of the
reference square K = [-1,1] X [-1,1]:

Ny(v,) = (1 - 52)(1 —n)a; +(1+ 5)(1 - "12)"2
+(1 - 52)(1 + "7)‘13 +(1 - 5)(1 - 712)“4'

Substitution of N,(v,) into the condition (E1) to satisfy the strong (E1) condition
yields two linear equations for the unknown parameters a;, 1 < i < 4. Eliminating
two of the a, gives two cubic polynomials which form the nonconforming part
N,(v,) and are added to the conforming part C,(v,). Obviously, the new element so
constructed satisfies the strong E,-M;-Test and thus yields convergence.

3.4. Modifications of Stummel’s Examples. 1t is known [6], [12], [19] that two
examples of Stummel pass the patch test but do not imply convergence to the correct
solution. A simple modification of Stummel’s first example has been given in [14],

[21], which replaces the nonconforming step function w; on each subinterval I,

(12)
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scaled to the reference interval [-1, 1], by the new quadratic polynomial
(13) g =[1+e(1-sY)]w, -1<s<1,

where ¢ is an arbitrary small constant but larger than round-off.
Actually, the modification (13) may be further extended by introducing on each
element /; a general nonconforming basis function

(14) ¢ =f(s)w, -1<s<]1,

where f(s) € H'[-1,1], f(-1) = f(1) =1, f(s) # 1. The formula (13) is a special
case of (14). Convergence of the modification (14) can be checked by the E,-M,-Test.
In fact, let us decompose the shape function v, of the new modified element as
follows:

(15) v,=Y,+Z,

where the conforming part Y, is the usual continuous piecewise linear polynomial
and the nonconforming part Z, consists of the basis functions ¢, of (14). Evidently,
the nonconforming part Z, satisfies the strong (E1) condition on each element
I =[x;_, x;]:

(16) Zy(x; = 0) = Z,(x,_, + 0) = 0.

As for the condition (M1), it is not obvious whether or not the nonconforming part
Z, satisfies this condition, because now the conforming part Y, in (15) is not the
linear interpolating polynomial of v, at the nodal points, and interpolation theory,
therefore, is not available for Z,. However, after a direct calculation it is found that
Z, satisfies the following inequality

(17) Z,(x;-, +0)2+ Zh(xj_0)2<+| al

X v
S5 f(s )2 ds

which shows that the condition (M1) is still valid, so that the modification (14)
passes the strong E,-M;-Test. A similar modification can be made for Stummel’s
second example.

We note that Stummel’s examples pass the strong (E1) condition as well, but do
not satisfy the condition (M1).

3.5. Adini’s Element. This is a well-known C° rectangular plate element. The
nodal parameters are the function values and the two first derivatives at the vertices
of the rectangle K. The shape function v, on K has the form

2
l,lj’

vk € Py(K) +[xix,, x,x3].

We use the E-M-Test. Since it is a C-element, both the F,-Test and the
E,-M,-Test are automatically passed. Now we verify the E,-M,-Test. By definition,
the derivatives D,v, are continuous at the vertices of the elements, so that the
bilinear interpolating polynomials Q,(D,v,) of D,v, at the vertices are continuous
over all elements, which gives the following decompositions:

Dy, = 01(Dy,) + Ri(Dyy,), k=1,2.

It has been shown in [18] that for every rectangle K,

f R(Dw,)n,ds=0, k,r=1.2.
K
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In addition, from interpolation theory we have
2 2
faK R(Dyv,)" ds < Chylvyl, -

The strong condition (E2) and the condition (M2) are then satisfied. Therefore,
Adini’s element passes the F,-Test, the E,-M;-Test, and the strong E,-M,-Test.

3.6. Morley’s Element. This is a triangular plate element. The nodal parameters
are the function values at the vertices of the triangle K and the first derivatives in
normal direction at the midside nodes. The shape function v, on K is a quadratic
polynomial v¥ € P,(K).

We use the F-Test. First, it is easily seen that the F,-Test and the E;-M,-Test are
passed because of the continuity of v, at the vertices of the elements. Next, by the
definition of the element, on each interface F the jump [D,v,] is a linear polynomial
in one variable vanishing at the midpoint of F. The midpoint rule gives

(18) / [Dp,]=0, Dp, = dv,/dn.
F

On the other hand,
f Dw,, = v,(b) — v,(a), Dy, = dv,/3s,
F

a, b being the endpoints of F. Since the shape function v, is continuous at the
vertices of all elements, we have

(19) / [Dw,]ds = 0.
F
The equalities (18), (19) imply
f [Dw,]ds=0, k=12 F=K NK,.
F
For F € 9K N 9G with Dirichlet boundary condition, we also have
f Dw,ds =0, k=1,2.
F

Hence the strong F,-Test is passed. Morley’s element thus passes the F;-Test, the
E,-M,-Test, and the strong F,-Test.

3.7. De Veubeke’s Element [2, Fig. 6(b)]. This is a triangular element. The nodal
parameters are the function values at the vertices of the triangle K and at the center
and the values of the first derivatives in normal direction at the second-order
Gaussian points on each side of K. The shape function v, on K is a full cubic
polynomial v} € P,(K).

We use again the F-Test. Like Morley’s element, the F,-Test and the E;-M-Test
are obviously valid. As for the F,-Test, we note that the jump [D,v,] of de Veubeke’s
element across each interface F is a quadratic polynomial in one variable vanishing
at the second-order Gaussian points. Application of the quadrature formula, having
these two Gaussian points as nodal points, yields

fF[D,,u,,]ds=0, F=K NnK,,
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from which, by the same argument used in Morley’s element. we conclude
ﬁjbwﬂa=o, F=K, NK,,

and '

,[FD"U" ds =10

for outer boundaries F with Dirichlet conditions. Therefore, de Veubeke’s element
passes the F,-Test, the E,-M,-Test, as well as the strong F,-Test.

3.8. Specht’s Element [15]. This is a new triangular plate element. The nodal
parameters are the function values and the two first derivatives at the vertices of the
triangle K. The shape function v, on K has the form

Uf = [)‘1’ A AL AAL AN AGA, >‘21)\2, }‘227\3, }\23)\1,
NAA L AN, MAGNY],

using the area coordinates A; of the triangle K. Three additional constraints

(20)

(21) A=Jﬁﬂamw=0, i=1,2,3,

along the sides of K are introduced, which in conjunction with the nine nodal
parameters uniquely define a polynomial v, of the form (20) on the triangle K. In
(21), P, denotes the Legendre polynomial of degree 2 on the sides A, = 0.

We still apply the F-Test. Since the shape function v, is continuous at the vertices
of the elements, the F,-Test and the E,-M,-Test are valid. Secondly, by assumption,
the jump [D,v,]r across each interface F is a polynomial of third degree in one
variable and vanishes at the endpoints of F. Then, using the constraints (21) the
expansion of [ D,v,] r in Legendre polynomials takes the form

(22) [Du,]F=a,P(s) + a;Py(s),

where P, j = 1,3, are the Legendre polynomials of first and third degree. In the
expansion (22) there is no constant term P, by virtue of the fact that the function
[D,v,]r has two zeros at the endpoints of F and P,, P; are odd functions. From
(22) it follows immediately that

(23) j; [Dp,lds=0

Once we have the above equality (23), using the continuity of v, at the vertices and
Dirichlet boundary conditions, we may conclude as in Morley’s and de Veubeke’s
elements that the strong F,-Test is valid. Hence Specht’s element passes the F,-Test,
the E,-M;-Test, and the strong F,-Test. '

4. Proof of the Theorems. We apply the generalized patch test of Stummel and
prove the theorems stated in Section 2 by a series of lemmas. According to [18], for a
second-order problem (m = 1), the generalized patch test consists in verifying that
as h — 0, the relations

(24) meg=2/¢%maea r=1,2,....n,
K “9K
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hold for every bounded sequence v, € V, and for all test functions ¢ € C°(G)
(¥ € C(R") in the case of Dirichlet boundary conditions), where n, is defined as
in (E1), (M1). For a fourth-order problem (m = 2) the test requires that, as & — 0,
the relations

(25) L(¥,0,) =X [ don,ds—>0,  r=172,.,n,
K V9K

(26) T, (¥,v,) = 2[ yDwn,ds >0, k,r=12,..n,
hold for every bounded sequence v, € V) and for the same class of test functions as
used in a second-order problem.

LEMMA 1. The condition (F1) gives

IT, (¥, v,)| < ChlYLiogly, + oYl loall s r=1,....n,

using the norm

bl (£ 5 [ (0 °u,,)2dx)l/2.

K jojsm

Proof. For every function f € L?(F) let

1
27 Pff=—| fds, F|=| 1ds
(27) =l fas 1FI=

be the mean value of f over the side F. The associated remainder term is
(28) RGf=f- BT
Then we write

T.(y,0,)=% ¥ fP0F¢Rgvhn is+Y ¥ fRF\pRov,,n ds

K Fcidk K FcoK

+y ¥ foPOU,,n ds.

K FcdkK

(29)

By the definition of the operators P/ and R}, the first term on the right-hand side
of (29) vanishes,

(30) DY f PFYREv,n, ds = 0.
K FcikK

By an application of Schwarz’s inequality and interpolation theory [18, 2.1(5)] the
integrals in the second sum are bounded by

1/2 1/2
2
’f Rg\PRoFUh”rds < (/ (ROFIP) ds) (/ (ROUh) d) < ChKl‘Hl.K‘UhIl,K’
F F
and so
(31) L L [ RiyRGn,ds|< CHlvblo,
K Fcak
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The third term is

E Z /\bPoUh” ds—E|F|PF\,bP0F[vh]n

K FcoK

Using the condition (F1), the regularity assumption of element partitions and an
inequality of the type in [18, 2.1(3)], we have
f [v,]ds
F

o( M) ¥l k, 0 0kl x, U,

IFHPOF‘PPOF[Uh]”F| || ds
|F|

1

JIFIhy
< O(I)H‘IJ”I,K‘UKZH Vi llm k0,
for each interface F = K, N K,, and
'F||P04’P0 [Uh]” ' 0(1)”‘H|1.K||Uh”m,l<
for F C 3K N 9G with Dirichlet boundary conditions. Otherwise,
IF”PO‘PPO [Uh]”ﬂ: 0

for F C 0K N 9G, since in that case Y € C§°(G). Therefore,

L X [ 4roynds|<o¥ il

K FcikK

(32)

Combining (29)-(32), we have proved Lemma 1. O

LEMMA 2. The condition (E1) + (M1) gives
T4 o) [ < oMI¥lillopllnn  r=12,....n

Proof. By virtue of the decqmposition (5) of the function v, we have
Zf YCy(v,)n,ds =0
K YOK
and so
(33) L) =X [ wN(v)n,ds.
K 3K
For every function f € L*(K) let

1
PKf= — dx, K|= 1d
K |K|fkf IIfK x

be the mean value of f over the element K. The associated remainder term is

Rof =1- PSS
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Then we write

Tr(\P,Uh) = Zf ‘PNl(Uh)”rds = E/ POK‘PNl(Uh)”rdS
K Y9K Kk YoK
(34)
+ Z/ RSN (v,)n, ds.
Kk Y9K

Applying the condition (E1) and the regularity assumption of element partitions to
the first term on the right-hand side of (34) gives

< Z|P0K1P| f Ny(vy,)n,ds
K 0K

[, PN (0,)n, ds
K

(35) "/2 ”\P“o kllvy “m KS 20(1)”4/"0 kllvy ”m K

P F
< oMY llolloalls-

The second term can be estimated by use of the condition (M1) and interpolation
theory as follows:

, \V2 , \V2
’f R§¢N1(v,,)n,ds<(f (RE) ds) (/ Ny (v,) ds)
K K 9K
<ol klvyllm k-
Therefore,
(36) R(’)(‘PNl(Uh)nrds <0(1)"11/|1||vh"m.h'

Lemma 2 now follows from (34)-(36). O
LEMMA 3. The condition (F2) yields

(37) T (¥ o) | < ChlY Lol + oI illonllan,  kor=1,2,..0n

Proof. We recall that the condition (F2) is obtained from the condition (F1) by
replacing the functions v, by their derivatives D,v,. Therefore, Lemma 3 follows as
in the proof of Lemma 1 by replacing v, by D,v,. O

LEMMA 4. The condition (E2) + (M2) yields
(38) lTk.r(‘ll”Uh)ls0(1)”¢.||1”vh”2.h’ k,r=12,....n

Proof. Using the same argument as in the proof of Lemma 2, Lemma 4 is obtained
by replacing v, by D,v,, and C;, N, by C,, N,. O

From the above lemmas it follows that the F-E-M-Test, described in Section 2,
provides a simple sufficient condition for the validity of the generalized patch test
for second-order and fourth-order problems. Therefore, the F-E-M-Test can be used
for assessing convergence of nonconforming elements applied to general elliptic
boundary value problems of order two or four.

We remark in passing that the F-E-M-Test is not necessary for convergence. It is
only a sufficient condition.
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Finally, we would like to emphasize the fact that the F-E-M Test checks only local
properties of the shape functions and/or their first derivatives, namely along each
interface or on each element. In practice, most of the nonconforming elements,
invented by engineers, are constructed by mechanical considerations and intuitions,
based upon a local analysis of shape functions and their derivatives on an individual
element, which leads exactly to the condition (F) or the condition (E) + (M), e.g.,
Morley’s, de Veubeke’s, Sander-Beckers’, and Taylor’s elements. Therefore, the
F-E-M-Test should be able to deal with a sufficiently wide class of nonconforming
elements in practical applications.
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