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On the Convergence of Collocation Methods for

Boundary Integral Equations on Polygons

By Martin Costabel and Ernst P. Stephan*

Abstract. The integral equations encountered in boundary element methods are frequently

solved numerically using collocation with spline trial functions. Convergence proofs and error

estimates for these approximation methods have been only available in the following cases:

Fredholm integral equations of the second kind [4], [7], one-dimensional pseudodifferential

equations and singular integral equations with piecewise smooth coefficients on smooth curves

[2], [3], [17], [26)-[29], and some special results on the classical Neumann integral equation of

potential theory for polygonal plane domains [5], [8], [9]. Here we give convergence proofs for

collocation with piecewise linear trial functions for Neumann's integral equation and Symm's

integral equation on plane curves with corners. We derive asymptotic error estimates in

Sobolev norms and analyze the effect of graded meshes.

0. Introduction. In this paper we give convergence proofs and asymptotic error

estimates in Sobolev norms for collocation with piecewise linear spline trial func-

tions applied to two basic integral equations of potential theory on plane polygons,

namely the integral equation of the second kind with the double layer potential

(" Neumann's integral equation"), and the integral equation of the first kind with the

simple layer potential ("Symm's integral equation"). We use an idea of Arnold and

Wendland [2], namely considering Dirac delta functions (the " test functions" in the

collocation method) as second derivatives of piecewise linear functions. Therefore,

similar results as presented here should be possible for splines of higher odd order.

Corresponding results for even-order splines are not yet available. Thus, for one of

the simplest methods of numerically solving Dirichlet's problem on a plane domain

with corners, the midpoint collocation with piecewise constant trial functions for the

first-kind integral equation with the simple layer potential, convergence is still an

open problem. The method of Fourier series that yields the convergence proof in the

case of a smooth boundary [27] cannot be applied in the presence of corners.

We apply the method of local Mellin transformation that has previously been used

to derive error estimates for Galerkin methods for a wide class of operators,

including those occurring in boundary element methods in acoustics, electromag-

netism, and elastostatics [U]-[14]. Thus, it is to be expected that also the techniques

presented here will apply to a rather large class of integral equations. For example,
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the case of singular integral equations of Cauchy type will be treated in a forthcom-

ing paper.

Let T be a connected closed plane curve composed of smooth arcs TJ, j = 1,..., J,

that meet'at the corner points Zj at interior angles Uj e (0,27r). The Sobolev spaces

HS(T) are defined for s > 0 being the restriction of HS+1/2(R2) to I\ for s < 0 by

duality: HS(T) = H-S(T)', and H°(T) = L2(T). It is known [11], [12] that for

|s| < 3/2, the space HS(T) may equivalently be defined as the corresponding

Sobolev space on the arc length parameter interval, transferred to T by the

parameter representation map.

We consider the following two integral equations on T:

(0.1) (l + K)u=f,

(0.2) Vu = f.

Here the operator K of the double layer potential is defined by

(0.3) Ku(z):= -];f u(S)-r^-rlog\z-!;\ds{n,
ir Jr on(S)

where s(f ) is the arc length on T and 3/3«(f ) denotes the derivative with respect to

the normal vector at f e T pointing into the interior of T. The operator V of the

simple layer potential is defined by

(0.4) Fii(f)- --( MU)log|z-n<MO-
ir ¿y

It is known [11] that 1 + K: HS(T) -» HS(T) is continuous and bijective for all

s e (j - a0, j + ct0), where we define a0, ai» • • • > aj G (i> 1) by

v= min{~* 2tt- u}'     a°:= mm{aj\J = h---,J}-

Similarly, V: HS(T) -» HS+1(T) is continuous and bijective for all í e (- \ - a0,

— 2 + ao)> provided the analytic capacity of T is not equal to one. We shall assume

this in the sequel.

For the collocation method, we need a grid A^ = {xx,...,xN} c T, the x, being

both the collocation points and the meshpoints of the trial functions. By Sl(AN) we

denote the N-dimensional space of splines of order 1, i.e., each u e S1(hN) is a

continuous function on T that is a linear function of the arc length on each of the

segments xnx    v n = 0,..., N - 1, where x0:= xN. Let

h:= max{|jc„ + 1 - x„||n = 0,...,N - 1}.

We do not impose a uniformity condition on AN, but assume only that h -* 0 as TV

tends to infinity.

For the second-kind integral equation (0.1), the collocation method is the follow-

ing:

Find uN e Sl(AN) such that

(0.5) (l + K)uN(xn)=f(x„),        n = l,...,N.

For the first-kind integral equation (0.2), the collocation equations are

(0.6) VuJx„) = f(xn),       n = l,...,N,
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but we shall have to modify (0.6) in some way in order to obtain a convergence

proof (see (3.3) and (3.6)).

The paper is organized as follows: In Section 1 we present some facts on the

convergence of general projection methods. They are stated in a form which is

convenient for the application to collocation methods and allow easy incorporation

of compact perturbations as well as localization arguments.

In Section 2 we prove convergence and stability in the Hl Sobolev norms for the

approximation scheme (0.5) for the second-kind integral equation (0.1).

In Section 3 convergence and stability results for two modifications of the scheme

(0.6) for the first-kind integral equation (0.2) are shown.

In the final Section 4 we investigate the asymptotic orders of convergence. For the

case of the first-kind integral equation, where we have to use weighted Sobolev

norms, we prove a new approximation result and we show that the use of suitably

graded meshes yields convergence of the same order as for smooth curves.

1. On the Convergence of Projection Methods. We need some results on the

convergence of projection methods, including compact perturbations and spaces

with two norms. Such results are well known [16], [19], [24], but we present a

formulation that is particularly adapted to the present case. As the lemma in

question might be of independent interest, we also include a complete proof.

Let X and Y be Banach spaces and A : X -> y be bijective and continuous. For

the approximate solution of the equation

(1.1) Au=f

we assume that we have a sequence of finite-dimensional subspaces

VN czX,    TNc r,   dimJ^ = dimTN < oo       (N e N)

and we replace Eq. (1.1) by the relation for uN G VN,

(1.2) (t,AuN) = (t,f)    for allí G 7„.

Here the brackets denote the duality between the space Y and its dual Y'. We make

the following assumptions:

(i) There exist bounded operators PN: Y' -> TN that converge on Y' strongly to

the identity operator.

(ii) There is a Banach space X0, continuously embedded in X (hence, ||x||^<

C||jc|| % for all x g X0 and some constant C).

(iii) For all N there holds VN c X0.

(iv) For all N we are given a mapping QN: VN -* TN and a constant M such that

(1.3) \{QNv,Aw)\^M\\v\\x\\w\\Xu    for all u g VN, we X0, /V g N.

(v) There exists a collectively compact sequence of operators CN: X -> X' in the

sense of [1] and a constant y > 0 such that

(1.4) \(QNv,Av) + (CNv,v)\>y\\v\\2x   for all o g VN, N g N.

Lemma 1.1. Under the above conditions (i)-(v) there exists N0 g N such that for all

N ^ N0 the system (1.2) has a unique solution uN g Vn for any f g Y. There is a

constant C such that for this "approximate solution" uN and the "true solution" u
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there holds

(1.5) IKIIa-<C||"IU„   for all u G X0, N > N0,

(1-6) II« - uN\\x < Cinf{||« - ö||x0|ö g VN).

Proof. For abbreviation, we write || • ||:= || • H^ and || • ||0:= || • H^. The deriva-

tion of the quasi optimality (1.6) from the stability (1.5) and the unique solvability of

the system (1.2) is standard:

Denote the solution operator u »-» uN by GN. Then GN: X0 -» (VN, || • ||) is a

projection operator. Its norm is bounded by C for all N > 7V0 by (1.5). Thus for all

VN:

\u ~ un\\ =||« - ö - GN(u - «)|| ^ ||u - ü|| + C||w - w||0.

Hence the assertion (1.6) follows.

For the proof of unique solvability of (1.2) and stability estimate (1.5) we consider

first the special case where all operators CN in assumption (v) vanish. (Actually, this

is not so special: The existence of QN with (1.4) for CN = 0 is also necessary for

stability, cf. [17].) Then from (1.4) it follows that the solution of (1.2) is unique,

namely:

If (t, Av) = 0 for all t G TN and some v g Vn, then

yII!;II  <<\{QnV,Au)\- 0, hence v = 0.

As (1.2) is represented, after choosing bases in VN and TN, by an N X N system of

equations, the existence of uN follows from uniqueness. The stability estimate (1.5)

follows from (1.2), (1.3), (1.4):

Il M   < -\(QNuN,AuN)\ = -\{QNuN,Au)\ < —1| uN || || u ||0.

Now we consider the general case with nonvanishing perturbations CN. We define

new operators QN and show that all assumptions are satisfied for large /V if we

replace QN by QN and CN by 0. Thus we reduce the general case to the special case

considered above. Define

QN:= QN + PNA' lCN =QN + A'~lCN-{\ - PN)A"lCN.

Here A'_1 is the inverse of the isomorphism A': Y' -» X' adjoint to A. The norms

of PNA'~lCN: X ^> T'are bounded, hence

\(QNv,Aw)\<\(QNv,Aw)\ +\(pNA'-lCNv,Aw)\

< M\\v\\ \\w\\0 + Mx\\v\\ \\w\\

« (M + CMX)||v|| ||w||0.

Thus (1.3) holds for QN and all N. As 1 - PN -> 0 strongly on Y' and the operators

A'~lCN: X -+ Y' are collectively compact, A'(l - PN)A'~lCN: X -> X' tends to

zero in operator norm. If we denote the operator norm of A'(l - PN)A'~lCN by 8N,
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we obtain

\(QNv,Av)\ =\(QNv,Av) + (A'-lCNv,Av) + {{I - PN)A'-lCNv, Av)\

= \(QNv,Av) + (CNv,v) + (A'(l - PN)A'-lCNv,ü)\

>(y-8N)\\v\\2.

Thus, if N is large enough to imply ô^ < y, the corresponding estimate (1.4) holds

for QN, and CN replaced by zero. This completes the proof.   D

Remark 1.2. We shall need the lemma only for the case of QN and CN not

depending on /V. Thus QN = Q: X0 -> Y' will be a linear operator satisfying

(1.7) QVn^Tn   for all TV g N,

and CN = C:  X -* X' will be a compact operator, or equivalently, the quadratic

form v -* (Cv, v) appearing in (1.4) will be completely continuous on X.

Remark 1.3. The operators PN: Y' -» TN are not explicitly needed for (1.2). Only

their existence is used in the proof. If Y' is a Hilbert space, we can take the

orthogonal projections onto TN. We then must assume that TN -* Y' in the sense

that for all / G Y' there is a sequence tN G TN converging to t. By duality and the

reflexivity of Y, this can be formulated as the following condition.

,     . If ve Fand lim N^x{tN,y) = 0 for each sequence tN g Tn,

(1'8) thenv-0.

We shall use this condition later on instead of (i) above.

The Gârding type inequality (1.4) can be localized by means of a partition of

unity. We formulate this result for the situation of spaces with two norms but with

QN and CN not depending on N. Thus, we make the following assumptions: Q:

X0 -» T' is a linear operator with A'Q: X -» X¿ bounded (according to (1.3)).

There exist bounded linear commuting operators a- (_/' = 1, ...,m) on X and b¡

(j = 1,..., m) on Y such that

(a)Zfmlaj - 1 oa X;
(ß) Bf:= AOj - bjA is compact from X to AX0 c Y; i.e., A~lBf: X -> X0 is

compact;

(Y) B} := Qoj - b'jQ is compact from X to Y'\

(8) For every k = l,..., m there is a compact operator Ck: X -> X' and a

constant y^ > 0 such that

(1.9) Re((Qakv,Aakv) + (Ckv,v)) > yk\\akv\fx    for all o G X.

Lemma 1.4. Let the assumptions (a)-(8) be satisfied. Then there exists a compact

operator C: X -» X' and a constant y > 0 such that

(1.10) Re((Qv,Av) + (Cv,v))>y\\v\\2x   forallv&X.

In particular, (1.4) holds.

Proof. From (ß) and (y) it follows that for j, k = 1,..., m,

(Qa2v,Aa2v) = (QakajV, AakajV) + (Ckjv,v)



466 MARTIN COSTABEL AND ERNST P. STEPHAN

with Ckj: X -* X' compact. Here one has to use that Bj"Q: X -> X' is compact.

There follows

(Qu,Av) =    E   \Qa2v,Aa2kv
j,k = \

=    E   {{QakajV,Aakajv) + (Ckjv,v)).
j,k=i

By (1.9),

Re{(QakajO,Aakajv) + (CkajV,ajv)) > yk\\akajv\\ ,

hence

m

Re(Qv,Av)>    E   (yJIûa^II   - Re(ckjv,v) - Re(ckajV,ajV
7,* = 1

2

> -yl| t71|   - Re(Ct;,i;)

with y :=  ¿min{ yj /c = 1,..., m} and C = EM(Ct> + a'£ka¡).   D

Remark 1.5. Note that in this formulation the finite-dimensional spaces K^ and TN

do not appear. Therefore, this local principle is very easy to apply. Compare also the

local principles of Prössdorf [22] and Silbermann [17].

2. The Second-Kind Integral Equation. In order to show convergence of the

collocation scheme (0.5) for the integral equation (0.1), we apply Lemma 1.1 to the

following situation: X0 = X = Y = Hl(T); A = 1 + K; VN:= S\àN);

TN:= S-\LN),vhsn

(2.1) S-l{AN):=spm{8(x-xn)\n = l,...,N}.

We have to check the assumptions of Lemma 1.1.

The abstract Galerkin equations (1.2) coincide with the collocation equations

(0.5). Furthermore, assumption (i) of Lemma 1.1 is satisfied in view of Remark 1.3.

Namely, Hl(T) is continuously embedded into C(T) and the condition h -> 0

implies that every point f g T is an accumulation point of a sequence ^ e AÄ.

Thus the hypothesis in condition (1.8) is only satisfied if y = 0 on I\

Next we define

(2.2) Q:=D2,

i.e., the second distributional derivative with respect to the arc length. Then clearly

(2.3) QS^A^cS-^A»)

holds, i.e., (1.7) is satisfied. Note that our lemma does not require QN to be bijective!

(The latter property is frequently assumed in other approaches [2].)

We have to show the two estimates (1.3), (1.4) in the case QN = Q. The first one

follows by continuity: Let v, w G H1^); then

|<ßi;,(l + K)w)\ =\-(Dv,D(l + K)w)LHV)\

<IMI//'<r)||(l + X")w||ffi(r)< MHI//'<nlk|l//1(r).

Note (2.4) is true for any Lipschitz curve I\
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The Gârding type estimate (1.4) requires more work, and it is only here that we

use the special shape of T as a (curved) polygon.

Lemma 2.1. There is a constant y > 0 anda compact operator C: Hl(T) -* //_1(F)

such that

(2.5) \(Dv,D(l + K)v) + (Cv,v)\>y\\v\\2HHr)   for all v g Hl(T).

For the proof of (2.5) we use a partition of unity and Lemma 1.4 to reduce (2.5) to

the corresponding estimate on a reference angle.

Let Tw = e""R + U R+ be this reference angle. If we use Tu to parametrize a

neighborhood of one of the corners z-, then the operator induced by K differs from

the operator of the double layer potential defined on Ta only by an operator that is

compact on Hl; see [10]. Thus we only need to consider the case that T and Tu

coincide on a neighborhood of the origin, and K is defined on Tu. We then have to

show

Lemma 2.2. There is y > 0 such that

(2.6) Re(Dv,D(l + K)v) > y\\vÙiTJ

for all v G //^r^) with support in a fixed compact set. The constant y may depend on

this compact set and the angle u, but not on v.

Proof. We proceed analogously to the proof of Gàrding's inequality for 1 + K in

[11]. The operator K maps even and odd functions on Tu to even and odd functions,

respectively. Therefore, it suffices to show

(2.7) Re(Dv,D{l±Kjv)L2(Rt)>y\\v\\2HHR+)

for all v G C0°°[0, oo) with

Kj(x):- Iflra(—J-tau')«/»'.

By the Parseval relation for the Mellin transform we obtain

Re(Dv,D(l ± Kjv)

(2.8) = ^-Re f \X + i\2
2ir       hm\=-\/2

I   -    sinh(7T -to)(\ + /')\l.,.      ., .2 ,,

\ sinh7r(\ + /)       /' '

Here the Mellin transform is defined by

J/-00
x'x-lv(x)dx,

0

and we use

Dv(X)= -i(X + i)v(X + i),

K^(X)=-i$inh{\-")Xv(X)    forImAG(-l,l)[ll].
" sinhwA
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Now we have

sinh(7T - u)X

sinhirX

ir
sin — = : 1 — q < 1   for all À with Im À = —

(In [11] we used this estimate for Im A = - j.) Therefore, we can estimate (2.8)

from below by

1 — qC ,-,        .|2,A/,        .\i2   ,,        . ...        „2 „    „2
f \X + i\2\v(X + i)\ dX=(l-q)\\Dv\\2L2iR+)>y\\v\\2Hi(R+).

lir    J\m\=-\/2
D

Proof of Lemma 2.1. Choose a partition of unity x, e C™(R2) with ET-iX/ = 1

on T such that Xj• > 0 and x/= vX/ e 0° and such that the support of Xj

contains exactly one corner Zj. (Thus m = J.) Then a3 = è- = ¿»j in Lemma 1.4 is the

operator of multiplication by x¡- Then the commutator of A with a} is compact on

HX(Y) (actually it maps L2(T) into H1^) continuously), and the commutator of Q

with üj maps Hl(Y) into L2(T) and hence is compact from HX(Y) to H~l(T).

Together with Lemma 2.2, we see that all assumptions of Lemma 1.4 are satisfied,

and its conclusion (1.10) gives (2.5).   □

We can now apply Lemma 1.1 and find immediately

Theorem 2.3. There is an N0 g N such that for all N ^ N0 and all f G H\T) the

system of collocation equations (0.5) has a unique solution uN G S^A^,). There is a

constant C independent of N and u such that

ll"jvll//'(r)< C||i/||Hi(r)

and

II"- «Jlff'tn^ Cinf{||n- ù||Hi(r)|ùG S^A/v)}.

Remark 2.4. Note that the grids AN need not be uniform. Nor do they have to

include the corner points. One can conjecture that the estimates in Theorem 2.3 hold

for arbitrary bounded Lipschitz domains, probably also in higher dimensions. Up to

now, however, there exists no proof avoiding the use of Mellin transformation.

3. The First-Kind Integral Equation. We consider the collocation scheme (0.6) for

the integral equation (0.2). The natural choice Q = D2; X = H+l/2(T), A = V is

not useful, because in general then (Qv, Av) = oo, i.e., Q does not map into

y = (AX)' c H~3/2(Y). We present two variations of this natural choice. Let us

first define

H^2{Y):= {«G//1/2(r)|ù/G//1/2(r)(;' = l,...,/),

(3.1)
where üj — u on TJ, ùJ■ = 0 on T \ TJ j.

The norm in Hl/2(T) is

II2 •—   V II     II2
llH1/2(r)--   Zw \\uj\\nl/2(ry

7 = 1

Then Hl/2(T) is the completion of C*(T\{zx,..., Zj}) in this norm. Hl/2(T) is

densely embedded in H1/2(T). The operator V maps Hi/2(T) continuously into

H3/2(T) but it is not surjective, as the //"1/2(r)-solution u of Eq. (0.2) with smooth
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/ in general behaves like 0(\z - z¡\tt'~x) near z-, where ay was defined in the

introduction [11]. Thus, in general, u G HS(T) for s > a0 - \ G (0, \). We define

(3.2) S(AN):= {v£Sl(AN)\v(Zj) = 0,j = l,...,j},

and we assume that

{zx,...,zj} cAN.

Thus, dim S(AN) = N - J. Now choose J functions ijx,..., tj7 g H3/2(T) such that

r\j(zk) = 8jk (j,k = l,...,J). Define the projection operator R: H3/2(T) -»

//3/2(r)n^1/2(r)by

tfg(z):=g(z)-  I g(z,.)ij,(z).
7 = 1

Then the adjoint operator R' acts in S_1(^/v) as follows:

j

R'8(z - xk) = 8(z -xk)- E 1j(xk)8(z - zj)       (xk g An).
7 = 1

If we take the (N - J )-dimensional range space of R' as space TN of test functions,

we arrive at the modified collocation equations

j j

VuN{xn)-  E VuN(zj)t\j(x„) =f(xn)-  ¿Zf(zj)flj(x„)

(3.3) 7 = 1 7 = 1

(n = l,...,N),uN£S(AN).

These are satisfied by solutions in S(AN) of (0.6) but not conversely. Now we have

the following situation:

XQ = X= H1/2(T);    A = V;    Y = AX;

VN = S(AN);    TN = R'Sl(AN);    Q = R'D2.

Furthermore, we can assume that tj G Y for j' = l,...,J. This implies (1.8). Then it

is easily seen that the assumptions (i)-(iv) of Lemma 1.1 are satisfied. It remains to

show the inequality (1.4).

Lemma 3.1. There is a compact operator C: Hl/2(T) -* //1/2(r)' and a constant

y > 0 such that

Re((Dv,DRVv) + (Cv,v)) > y\\v\\\i/HT)   for all v g Hl/2(T).

Proof. By localization to the reference angle Ta, decomposition into even and odd

parts, and density arguments, we see that we have to show

(3.4) Re{(Dv,D(V0± Vjv) + (CM» > yM|W+>

for all v g Cq°(R+) with support in a fixed compact set. Here,

(3.5) VMx)-= --/     logl - -e""" Hy)dy-
ir J0 y
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Mellin transformation gives [11]

?3W-2fSa**<*-'>   0"* «<•.»>•
By the Parseval relation we obtain

(Dv,D(V0± Vjv)

= x- f \X + i\2i>(X + i)
¿IT /uu _i n

|ß(X)</A.

'lmX= -1/2

coshw(A + /') + cosh(fl- - u)(X + i)

(X + i) sinhw(A + i)

For Im À = - \ we have v(X + i) = v(X) and X + i = X. Shifting the path of

integration to Im X = 0, we thus obtain

(Dv,D(V0±Vjv)

1     r C0Sh77(A + l') ± cosh(77 - u)(X + i) , . ,    . ,2
=   "t—  / A-~,-7^-TT-   Ü(A)      «A

2"'-/ImX-0 Sinh77(A + /)

-j-j     m+(X)\v(X)\ dX,

with

m . (X) = -r—,—r(coshwA + cosíocosMw - u)X ± z sin w sinh( 7r - u)X).
- sinhwA

Hence,

and thus

Rew±(A)> y(l + A2)       (A g R),

/-oo 2

Re(Dv,D(V0± Vjv) >y (1 + X2)\v(X) | dX
•'-oo

II   II2
> yIMI/r'^oo-

This gives (3.4), and the lemma is thus proved if we note that 1 - R is finite-dimen-

sional and hence compact.   D

Lemma 1.1 is now applicable to (3.3) and gives

Theorem 3.2. There are N0 G N and C > 0 such that for all f g H3/2(r) with

u := K-1/ G Hl/2(T) and for all N > 7V0 there exists a unique solution uN G S\AN)

of (3.3) satisfying

¡"Arllfl^OD^ C||M||,/i/2(r)

and

II"- "/vll//'/2(r)< Cinf{||«- ù||^/2(r)|ù g ^(Aj).

As the hypothesis u g H1/2(T) excludes the interesting case of u having corner

singularities, the theorem is of limited applicability. We shall construct now a second

modification of the original collocation scheme that will work for all weak solutions

if the right-hand side is smooth enough.



COLLOCATION METHODS FOR BOUNDARY INTEGRAL EQUATIONS 471

We choose a weight function p g C°°(R2 \ {zx,..., Zj}) with

p(z) = \z — ZA in a neighborhood of z,,       j = 1,..., J.

We assume again that {zx,..., Zj} c A^ and define

Sl{AN):= l-S\AN)={u\pu^S'(A)}.

If we define

S-\ANy.= {4>^S~l(AN)\supp4,n{zx,...,Zj}= 0),

then

dimS^A^) = dimS"1^) = N -J,

and u g Sp(AN) implies pD2pu g S^A^). Thus we set VN:= S¿(AN);

TN:= S~1(AN); and Q:= pD2p. Then the collocation equations (1.2) are: Find

t/JVGSp1(A^)with

(3.6) VuN(x„) = f(x„)    fora\\x„<=AN\{zx,...,Zj}.

We need the weighted Sobolev space

HY2(Y):= -pH^2(Y)={u\pu^H^2(Y)}

with the norm

ll"IU^2:= llp"IU'/2.

Then we set

X:=Hl/2(T)   and    X0 := //p1/2(r) n //"^(r)

with the norm

n   n2        n   m2 n   n2
ll"lk:= IMI///2 +ll"ll//'/2(r).

With A:=V and y:= yiA" the hypotheses of Lemma 1.1 are satisfied: (1.8) holds

because Y c HX¿2(Y\{z1,...,zJ}) is a Hubert space of functions continuous on

Y\{zx,..., Zj). Thus assumption (i) holds. Assumption (ii) is trivial. Concerning

assumption (iii), we note that every v g S*(An) is continuous on each segment YJ

and is constant on one-sided neighborhoods of the corners. Thus VN c X0 holds. It

remains to show the estimates (1.3) and (1.4). In order to use the local principle,

Lemma 1.4, one has to consider commutators of multiplication operators by

X g C0°°(R2) with A and with Q:

Bl := OX" XQ = P{(D2X) + 2(Dx)D)p,

B°:=AX-xA.

Here one can assume that x equals one or zero on a neighborhood of the corner

points. But outside such neighborhoods, the spaces X and XQ coincide with

H1/2(Y), where f is a smooth curve, and for the latter case the corresponding

compactness results are well known from the calculus of pseudodifferential opera-

tors.
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Therefore, we only consider the reference angle Yw and the bilinear form

(3.7) b(v,w):= (Dpv,DpVw)L2(Vu),

where v,w G C™(YU) with support in a fixed compact set, and p(z) = \z\ on the

support of v and w.

(3.8)

Lemma 3.3. Forallv,w g C^(Yuj),

b(v,w) = bx(v,w) + b2(v,w)    with

bx(v,w) = (Dpv,VDpw),        b2(v,w) = (Dpv, Vw) = - b2(w,v) .

The following estimates hold with y > 0 and M independent of v, w:

(3-9) \bx(v,w)\ < M\\v\\Hy2(TJ\w\\ffy^T^,

(3.10) Re{bx(v,v) + (Cv,v)) > y||HlV2<r„)

with a one-dimensional operator C, and

(3.11) \b2(v,w)\ ^ A/||ü||ffi/2(rj(||H'||Hi/2(r„) + ||H'||ff-i/2(ru)).

Proof. By taking even and odd parts of v and w, one reduces everything to the

half axis R+ (compare Lemma 3.1). One has

(3.12) pDV^^V^Dp   with (pv)(x) = xv(x) on R + .

From this, there follows (3.8). The estimates (3.9), (3.10) and (3.11) follow from

known properties of the operator V:

\(Dpv,VDpw)\ ^ M\\Dpv\\H-wi\\Dpw\\H-w2,

Re(Dpv,VDpv) > y||Z)pt;||w-i/2,

\(Dpv,Vw)\ < Ai||Z)pi;||ff-i/2||w||//-i/2.    D

Remark 3.4. The estimates in the above lemma can also be proved by Mellin

transformation. In this way one can see also that the anti-Hermitian part b2 of the

sesquilinear form (3.7) is not bounded with respect to the Hermitian part bx. This

fact forces us to introduce the different norms in X and X0. With V0, Va as defined

in (3.5), one finds on R+:

(Dp<t>,DpVt) = j-f m + (\)l(\-i)H\-i)d\

with

cosh-rrX ± cosh(77 - u)X
m iX) = (X2 + iX) sinh irX

Here, Re m +(X) corresponds to bx, and /' Im m +(X) to b2, and for small A the latter

is not dominated by the first one, so that estimates (1.3) and (1.4) cannot hold

simultaneously with only one norm (i.e., X = XQ), whatever this norm might be!

Now we can apply Lemma 1.1 and obtain the corresponding stability and error

estimates.
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Theorem 3.5. There exist ]V0eN and C > 0 such that for all f G Hl/2(Y) with

u = K_1/g H~1/2(Y) satisfying pu G H1/2(Y) there exists a unique solution uN G

Slp(AN) of (3.6) satisfying

\\«N \\rfl/2(T) <  C( Il M \\„- l/2(n + || M ||h¿/2(d)

II" - "Jl»¿/2(r)< Cinf{||« - w||w i/2(d + ||«- "l|//¿/2(r)|« e S^A^)).

Remark 3.6. The hypothesis is satisfied for all smooth /; / g HS(Y) with 5 > 3/2

is sufficient. The reason is that the singular parts of u are of the form (near a corner

I I"!       I lA
\Z-Zj\   \0g\z -Zj\

with some a > -1 (actually, a = mctj + n - 1 > - |, where m G N, n G N0, and

a7  is defined in the introduction). Such functions are obviously contained in

Hy2(Y).

4. Orders of Convergence. From the error estimates in Theorems 2.3, 3.2, and 3.5,

one can derive convergence orders simply by utilizing results on the orders of best

spline approximations in the respective norms.

In Theorem 2.3 there appears the standard //'-norm, and one can therefore apply

the standard approximation property of piecewise linear splines:

(4.1)      mf{\\u-ü\\H¡(T)\Ü^S1(AN)}^Ch''\\u\\H^.iT)      (0<o<l)

where C does not depend on h and u g H1 + °(Y). Here the grid AN with maximal

meshwidth h need not satisfy any uniformity condition. In our case of the second-

kind integral equation, we can apply (4.1) for

°<a0- 2 e (0,|),

if the right-hand side satisfies / g Hl+a(Y), because then also u g Hl+a(Y) holds.

It is well known that one can obtain also an order of convergence of hl as in the

smooth case if one uses graded meshes ([9], [16], [26]). We shall study the effect of

graded meshes only in the case of the first-kind integral equation where, due to the

nonstandard norm, we have to prove the approximation result anyway.

For the integral equation of the second kind, we can use Aubin-Nitsche type

duality estimates to derive error estimates in lower-order Sobolev norms and obtain

higher orders of convergence in this way. For this purpose we need an approxima-

tion property of the test functions in the dual space.

Lemma 4.1. There exists C > 0 such that

inf{||, - T|ff-'<r)|T e S~l{AN)} < Ch\\t\\LHD

for all t G L2(Y), h > 0.

Proof. Given t g L2, we have to construct t £ S_1(A„) such that

|(í-T,<í>)|  < CA||f||¿2(r)||(H|„1(r)

for all 4> g Hl(Y). Clearly, we can assume that Y is the unit interval and t and <i> are

smooth, and
j

r(x) =  Y,cjHx~Xj);      0 = xx ̂  ••• <x, = l.
7 = 1
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Now choose cx = 0, and

c,= f'   t(i)dk       (j = 2,...,J).
xj-\

Then by partial integration

0-tA)      - E/"'  #{*)£   t(i)didx,

hence

j

7 = 2   */-! Xj-l

K'-T,*)| «£ E   /*'   |*'(*)|2<kf   /*   ,(*)#
7 = 2 \   XJ-1

J

Xj-\        Xj-\

l/2\

flX

/Xj 2 _ 2   F   i 2
|<f>'(*)l ¿* E \xj~xj-i\ I   k(*)l ̂

7 = 2    V-i 7 = 2 */-!

<lkl|2//'(r)A2IUIlW)-   D

Theorem 4.2. Let 0 < a < a0 - 1/2 aw/ s g [0,1]. Then there is C > 0 shc/¡ //îaf

/or a/// G Hl + a(Y) and the solution uN of the collocation equations (0.5) there holds

llu   —   f<      I <-   l^hl +0-Jll   ill     ,II"     un\\h'(T) < c" 11/ \\Hl*'(ry

Proof. For i = 1 this follows from Theorem 2.3 and (4.1). If we show it for s = 0,

then the general case will follow by interpolation. Thus we have to estimate

II" - "yvllz.2(r)= sup{|(/,u - uN)\\le L2{Y), ||/||z.2(r)= l}-

Now 1 + K: HS(Y) -» HS(Y) is bijective and continuous for all s G [ — 1,1]. The

same holds for the adjoint operator 1 + K'. Thus ||/||t2 = 1 implies t := (1 + K')~ll

g L2(T)and ||f||£.a(r)< M:= ||(1 + K'y\ Now we use the definition of uN:

(t,(1 + K)(u-un)) =0    forallreS-^A^).

Thus, for all t g S_1(A^),

\(l,u- uN)\ =\(t,(l + K)(u - uN))\=\(t - t,(1 + K)(u - uN))\

<\\t~ T|U-i(r)C||(« - uN)\\Hi(T).

By Lemma 4.1,

|(/,h - uN)\ ^ CA||r||L2(r)|«- «Afilar).

Hence,

II" - "Jl/.2(n < Ch\\u - uN\\Hi{T),

and the result follows.   D

Remark 4.3. For s > 1/2 we have, by Sobolev's embedding, estimates in Holder

norms. In particular, we have the pointwise estimate

II" - Mz-rn = 0(Aa°_t)    for any e > 0,
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which can be improved (without further work!) to a 0(A3/2_E)-estimate for suitably

graded meshes.

Now we consider the case of the first-kind integral equation, Theorem 3.5. Spline

approximation in weighted Sobolev spaces has been studied by several authors [6],

[9], [15], but the kind of result needed here is not available. We assume that

u g H~1/2(Y) is the solution of the equation Vu = f with / smooth enough. Then u

has the following properties:

(i) u g H"»-^2'^); pu g Ha°+1/2-e (any e > 0);

(ii) pu = 0(pa°); Dpu = 0(pa"~l); D2pu = 0(ptt°~2) near the corner points.

For these estimates on u and Dpu, f g H5/2+e(Y) is sufficient, and for the estimate

on  D2pu, /g//7/2 + e(T) suffices. We approximate u by its interpolation ü in

Sp( A). Thus, if we define

vv := pu,       vv := pü,

then iv is the piecewise linear interpolant of vv with nodes in AN. Note that w is

continuous on Y and vanishes at the corners. Now for the error estimate it suffices

to consider a neighborhood of the corner points, because outside such a neighbor-

hood, « is smooth and therefore one has an approximation of order A3/2 in the

//1/2-norm.

We consider a one-sided neighborhood of one corner point and assume that it is

parametrized by the unit interval. We further assume that

p(x) = x,

and u is given on [0,1] with the properties (i) and (ii) above. We define w, vv and vv

as above and write a.= a0 ^ (%, 1). We assume that the grid A^ has the form

(4.2) xj=(jh)ß,       j = 0,...,N = l/h

with some ß > 1. We have to estimate the two norms on [0,1],

II« — "||//-'/2    and    || vv — vv||//'/2.

Lemma 4.4. There is a constant C such that

Ch3/2      forß >

\\U — Ü   //~'/2 +    W - VV U/i/2 <

Chaß-

2« - 1

/*!<*< 2Ï + Ï<Ï>0>-

Proof. From the estimates (ii) above we find for x g [x¡, xj+ x]:

\(w-w)(x)\^\xJ + x-xJ\2      sup      \w"(0\ < Chaß(j + I)
t*iXj.XJ+1]

and

\(w - w)'(x)\ ^\xJ + x-Xj\     sup     |w"(£)|
££[-V xJ + 1]

< Ch<a-Vf>(j + ïf—1»-1.

Furthermore, for j = 0, i.e., x G [0, xx] we have

aß-2

— ( w - w)(x)
X

w(x) ixi)
^ C(x «-1  4-  U(a-\)ß

)•
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We then estimate the following four integrals:

jj :=   rVl |(w - w)(x)\2dx < Ch^^(j + if«-1*"5,
Jxj

jf; =   p"   \(W - W)'(X)\2 dX ̂  Ch^"-^(j + lfa'l)ß'\
xj

jf := p+l |I(W _ w)(x)   dx ^ ch(2a-l)f>{j + 1)(2a-l)ß-5

fx/+l   I 1
/y4:=   f ' + 1    ±(w _*)(*)   dx^Ch"ß(j+l)

aß- 3

This gives

w - »Ill» =   E /y < CA<2a+1)^ E ß2a+1)ß-5.
7 = 0 /-I

Now the sum on the right-hand side is bounded for (2a + l)ß - 5 < -1 and

bounded by C/V(2a+1)^-4 = CA"(2a+1)/5+4 for (2a + l)ß - 5 > -1. Thus we get

vv - VV   ¿2 <
CA2

Cn(a + l/2)ß
for^<>2TTT

Analogously, we find, using J2,

\(w - w)'(L2 < c{A(a_A1/2)„}    for/?{ < } 2^T-

With y3, we get

(vv — vv) ¿2 = ||«-"lk2<cU(o_1/2)^ for^<)2^=l

With Jf, we get

-|«-«Hk<c{£)    for/3{>}f.-(w- vv)

Now we use interpolation to get the desired norms:

I1/2!!...        .r.l|V2   „   ^ÍA3/2

haß
\w - w\\HW2 < C||w - vv||L2 ||w - w||„i < C{ "'   }    iorß}

Note that for a g ({-,1):

> ^ 2/(2« - 1),

4/(2« + 1)

4           2           2 4
1 < i:-—r < — < -z-t <

2a + 1       a       2a — 1       2a — 1 '

From the Sobolev embedding theorem Hl/2+e c L°° we obtain by duality L1 c

ff-1/2"8, i.e.,

||w - u\\h1/2-' < C||m - u||l'    for any e > 0.

Hence we find for any e > 0

II" - «II//-'/2 < C||w - ü\\i} *\\u - «II/.2.
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This gives

(A2     \ ¡ß > 4/(2« - 1),

Ilu - U\\„-w2 < cl h2~*   >    for / 2/« < ß < 4/(2« - 1),

U0""'/ \l^ß<2/a.

The rate 3/2 is obtained here for ß > 3a/2 which is less than 2/(2a - 1). Of

course, one could also write down from this the rates for 4/(2a + 1) < ß <

2/(2a - 1).
Note finally that for the slightly larger norms || • ||#-i/2 and || • ||#i/2 the same

estimates hold, because they have the same interpolation properties [20].   D

Combining Lemma 4.4 and Theorem 3.5, we obtain our final result, Theorem 4.5

below. We assume that the grid A^ locally in a fixed one-sided neighborhood of

each corner point has the form (4.2) in a suitable coordinate representation.

Theorem 4.5. There exists N0 g N and C > 0 such that for all f smooth enough and

N > N0, the solutions u g H~l/2(Y) of Eq. (0.2) and uN g S¿(An) of (3.6) satisfy

ÍA3/2        ifß > 2/(2«0 - 1),

\\u-uN\\l{yHr^C^_e    in<ß<4/{2ao + l).{mye>Q)_

Thus, we find also here the same optimal order of A3/2 that is valid for the

//1/2-norm in the case of a smooth curve, if only the mesh refinement is strong

enough at the corners.
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