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On the Convergence of Collocation Methods for
Boundary Integral Equations on Polygons

By Martin Costabel and Ernst P. Stephan*

Abstract. The integral equations encountered in boundary element methods are frequently
solved numerically using collocation with spline trial functions. Convergence proofs and error
estimates for these approximation methods have been only available in the following cases:
Fredholm integral equations of the second kind (4], {7], one-dimensional pseudodifferential
equations and singular integral equations with piecewise smooth coefficients on smooth curves
[2], [3], [17], [26]-[29], and some special results on the classical Neumann integral equation of
potential theory for polygonal plane domains [5], [8], [9]. Here we give convergence proofs for
collocation with piecewise linear trial functions for Neumann’s integral equation and Symm’s
integral equation on plane curves with corners. We derive asymptotic error estimates in
Sobolev norms and analyze the effect of graded meshes.

0. Introduction. In this péper we give convergence proofs and asymptotic error
estimates in Sobolev norms for collocation with piecewise linear spline trial func-
tions applied to two basic integral equations of potential theory on plane polygons,
namely the integral equation of the second kind with the double layer potential
(“Neumann’s integral equation”), and the integral equation of the first kind with the
simple layer potential (“Symm’s integral equation”). We use an idea of Arnold and
Wendland [2], namely considering Dirac delta functions (the “test functions” in the
collocation method) as second derivatives of piecewise linear functions. Therefore,
similar results as presented here should be possible for splines of higher odd order.
Corresponding results for even-order splines are not yet available. Thus, for one of
the simplest methods of numerically solving Dirichlet’s problem on a plane domain
with corners, the midpoint collocation with piecewise constant trial functions for the
first-kind integral equation with the simple layer potential, convergence is still an
open problem. The method of Fourier series that yields the convergence proof in the
case of a smooth boundary [27] cannot be applied in the presence of corners.

We apply the method of local Mellin transformation that has previously been used
to derive error estimates for Galerkin methods for a wide class of operators,
including those occurring in boundary element methods in acoustics, electromag-
netism, and elastostatics [11]-[14]. Thus, it is to be expected that also the techniques
presented here will apply to a rather large class of integral equations. For example,
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the case of singular integral equations of Cauchy type will be treated in a forthcom-
ing paper.

Let I be a connected closed plane curve composed of smooth arcs T/, j=1,..., J,
that meet'at the corner points z; at interior angles w; € (0,27). The Sobolev spaces
H*(T') are defined for s > 0 being the restriction of H**/2(R?) to T, for s < 0 by
duality: H*(T)= H™%(T)’, and H°T)= L*T). It is known [11], [12] that for
|s] <3/2, the space H°(I') may equivalently be defined as the corresponding
Sobolev space on the arc length parameter interval, transferred to I' by the
parameter representation map.

We consider the following two integral equations on I':

(0.1) 1+K)u=f,
(0.2) Vu=f.
Here the operator K of the double layer potential is defined by
= _1 9 _
(0.3) Ku(z):= ﬂ/ru(g)an(g) log|z — ¢]ds(¢),

where s({) is the arc length on I" and d/0n({) denotes the derivative with respect to
the normal vector at { € I' pointing into the interior of I'. The operator V of the
simple layer potential is defined by

1
(0.4) Vu(§) = = — [ u(¥) loglz = §ds(%).
T
It is known [11] that 1 + K: H*(I") » H*(I') is continuous and bijective for all
s € (3 — ay 3 + a,), where we define ay, a,...,a; € (3,1) by
™ ki
o= mn{ —, —/— }; ay:=min{ ;| j=1,...,J}.
J {wj 27 — wj} 0 { J }

Similarly, V: H*(I') -» H**!(T') is continuous and bijective for all s € (- 1 — a,,
— 3 + @), provided the analytic capacity of T is not equal to one. We shall assume
this in the sequel.

For the collocation method, we need a grid Ay = {x;,...,xy} C T, the x, being
both the collocation points and the meshpoints of the trial functions. By S'(A ) we
denote the N-dimensional space of splines of order 1, i.e., each u € S}(Ay) is a
continuous function on I' that is a linear function of the arc length on each of the

segments x,x ., n=0,..., N — 1, where x,:= x,. Let

h:= max{|x,,, — x,/|[n=0,...,N = 1}.

We do not impose a uniformity condition on A, but assume only that » — 0 as N
tends to infinity.

For the second-kind integral equation (0.1), the collocation method is the follow-
ing:

Find u, € S'(Ay) such that
(0.5) 1+ K)uy(x,)=f(x,), n=1,...,N.

For the first-kind integral equation (0.2), the collocation equations are
(0.6) Vuy(x,) = f(x,), n=1,...,N,
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but we shall have to modify (0.6) in some way in order to obtain a convergence
proof (see (3.3) and (3.6)).

The paper is organized as follows: In Section 1 we present some facts on the
convergence of general projection methods. They are stated in a form which is
convenient for the application to collocation methods and allow easy incorporation
of compact perturbations as well as localization arguments.

In Section 2 we prove convergence and stability in the H! Sobolev norms for the
approximation scheme (0.5) for the second-kind integral equation (0.1).

In Section 3 convergence and stability results for two modifications of the scheme
(0.6) for the first-kind integral equation (0.2) are shown.

In the final Section 4 we investigate the asymptotic orders of convergence. For the
case of the first-kind integral equation, where we have to use weighted Sobolev
norms, we prove a new approximation result and we show that the use of suitably
graded meshes yields convergence of the same order as for smooth curves.

1. On the Convergence of Projection Methods. We need some results on the
convergence of projection methods, including compact perturbations and spaces
with two norms. Such results are well known [16], [19], [24], but we present a
formulation that is particularly adapted to the present case. As the lemma in
question might be of independent interest, we also include a complete proof.

Let X and Y be Banach spaces and 4: X — Y be bijective and continuous. For
the approximate solution of the equation

(1.1) Au=f

we assume that we have a sequence of finite-dimensional subspaces
Vyc X, TycY’', dimVy=dimTy<ow (N€N)

and we replace Eq. (1.1) by the relation for u, € V),

(1.2) (t,Auyy = {(t,f) forallt € T,.

Here the brackets denote the duality between the space Y and its dual Y’. We make
the following assumptions:
(i) There exist bounded operators Py: Y’ — T, that converge on Y’ strongly to

the identity operator.

(i1) There is a Banach space X, continuously embedded in X (hence, |[x||y <
Clx|| x, for all x € X, and some constant C).

(iii) For all N there holds V), C X,,.

(iv) For all N we are given a mapping Q,: V — T, and a constant M such that

(13)  [(Quv, Aw)| < M|[v|llwly, forallve Vy,we X,, NeN.

(v) There exists a collectively compact sequence of operators C: X = X’ in the
sense of [1] and a constant y > 0 such that

(14)  [(Quv. Av) + (Cyv,0)| > v|v|y forallve ¥y, N eN.

LEMMA 1.1. Under the above conditions (i)—(v) there exists N, € N such that for all
N > N, the system (1.2) has a unique solution uy € V,, for any f € Y. There is a
constant C such that for this “approximate solution” u, and the “true solution” u
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there holds
(1.5) luylly < Cllullx, forallue X,, N> N,
(1.6) lu = uylly < Cinf{|u — @llx, |72 € Vy}.
Proof. For abbreviation, we write || - ||:= || - ||y and || - |lo:= || - || x,- The deriva-

tion of the quasi optimality (1.6) from the stability (1.5) and the unique solvability of
the system (1.2) is standard:

Denote the solution operator u — uy by Gy. Then Gy: Xy = (Vy, || I) is a
projection operator. Its norm is bounded by C for all N > N, by (1.5). Thus for all
ne vy

lu = uyll =llu— 2= Gy(u—a)| <llu—a| + Cllu—al,

Hence the assertion (1.6) follows.

For the proof of unique solvability of (1.2) and stability estimate (1.5) we consider
first the special case where all operators C,, in assumption (v) vanish. (Actually, this
is not so special: The existence of Q, with (1.4) for Cy = 0 is also necessary for
stability, cf. [17].) Then from (1.4) it follows that the solution of (1.2) is unique,
namely:

If (¢, Av) = O for all ¢ € Ty and some v € V), then
vlol <{Qyo. Av)| = 0, hence v = 0.

As (1.2) is represented, after choosing bases in V,, and Ty, by an N X N system of
equations, the existence of u, follows from uniqueness. The stability estimate (1.5)
follows from (1.2), (1.3), (1.4):

2 1 1 M
lunll” < ?KQN“N’A“NN = ;'(QN"N’Au>‘ < 7”“N" flullo-

Now we consider the general case with nonvanishing perturbations Cy. We define
new operators ), and show that all assumptions are satisfied for large N if we
replace Q,, by Oy and Cy by 0. Thus we reduce the general case to the special case
considered above. Define

Oni= 0y + PyA 'Cy=0Qy+ 47 'Cy—(1 = Py)A7'Cy.

Here A’"! is the inverse of the isomorphism A4”: Y’ — X’ adjoint to 4. The norms
of PyA’"'Cy: X - Y’ are bounded, hence

[{Qwv, AW)| <|(Qnv, AW)| +|<PNAI_1CNU’AW>|
< Mol liwly + Myl [[w]
< (M + CMy)ollllwllo.

Thus (1.3) holds for @, and all N. As1 — P, — 0 strongly on Y’ and the operators
A 7'Cy: X = Y’ are collectively compact, A’(1 — Py)A’"'Cy: X - X’ tends to
zero in operator norm, If we denote the operator norm of A’(1 — Py)A'7ICy by 8,
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we obtain
Qw0 Av)| =[(Qyv, Av) + (47 'Cyo, Av) + ((1 = Py) A~ 'Cyu, Av)]
= |(@uv. Av) + (Cyv.v) + (4'(1 = Py) 4"~ 'Cyu.v)]

> (v = 8y)ol”.

Thus, if N is large enough to imply 8, < vy, the corresponding estimate (1.4) holds
for Oy, and Cy replaced by zero. This completes the proof. O

Remark 1.2. We shall need the lemma only for the case of Q5 and C, not
depending on N. Thus @, = Q: X, — Y’ will be a linear operator satisfying

(1.7) QVyc T, forall N€N,

and Cy = C: X — X’ will be a compact operator, or equivalently, the quadratic
form v — (Cv, v) appearing in (1.4) will be completely continuous on X.

Remark 1.3. The operators Py: Y’ — T, are not explicitly needed for (1.2). Only
their existence is used in the proof. If Y’ is a Hilbert space, we can take the
orthogonal projections onto T. We then must assume that T, = Y’ in the sense
that for all 1 € Y’ there is a sequence ¢, € T converging to ¢. By duality and the
reflexivity of Y, this can be formulated as the following condition.

(1.8)

We shall use this condition later on instead of (i) above.

The Garding type inequality (1.4) can be localized by means of a partition of
unity. We formulate this result for the situation of spaces with two norms but with
Qy and C, not depending on N. Thus, we make the following assumptions: Q:
X, = Y’ is a linear operator with 4’Q: X — X; bounded (according to (1.3)).

- There exist bounded linear commuting operators a; (j =1,...,m) on X and b,
(j =1,...,m)on Y such that

(«) L7 a} = 1on X;

(B) B):= Aa; — b4 is compact from X to AX,C Y; ie, 47'B): X - X, is
compact;

(v) B} := Qa; — b/Q is compact from X to Y;

(8) For every k=1,...,m there is a compact operator C,: X — X’ and a
constant y, > 0 such that

If y € Yandlim,_ (ty, y) = O for each sequence ¢, € Ty,
then y = 0.

(1.9) Re({Qav, Aaw) + (Co,v)) > yk||a,‘v"2,\, forall v € X.

LEMMA 1.4. Let the assumptions (a)—(8) be satisfied. Then there exists a compact
operator C: X — X' and a constant y > 0 such that

(1.10) Re({Qu, Av) + (Cv,0)) > vl|v|’, forallve X.

In particular, (1.4) holds.

Proof. From (8) and (v) it follows that for j, k = 1,..., m,

<Qafv,Aa,%v> = <Qakajv,Aakaju> + <ijv,v>
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with C;;: X — X’ compact. Here one has to use that B/-O’Q: X — X'’ is compact.
There follows

(Qv, Av)

m

> <Qajzv, Aa,fv>

1

~.
s =
|

2 (<Qakaju,Aakajv> + <ijv,v>).
jok=1

By (1.9),

Re(<Qakajv, Aakajv> + <Ckaju,ajv>) > yk||akaju||2,

hence
. v
Re{Qu, Av) > Y (yk||akajv]|2 - Re(ijv,v> - Rc(Ckajv,ajv>)
jok=1

> vloll’ ~ Re(Cv,0)

withy:= Zmin{y,|k=1,...,m}and C =%, ,(C;; + a;Cia;). O

Remark 1.5. Note that in this formulation the finite-dimensional spaces Vy and Ty
do not appear. Therefore, this local principle is very easy to apply. Compare also the
local principles of Prossdorf [22] and Silbermann [17].

2. The Second-Kind Integral Equation. In order to show convergence of the
collocation scheme (0.5) for the integral equation (0.1), we apply Lemma 1.1 to the
following situation: X, = X = Y = H(T); A =1+ K; Vy:= SYAy);
Ty:= S~} (Ay), where

(2.1) S~ (Ay)=span{8(x — x,)|n=1,...,N}.

We have to check the assumptions of Lemma 1.1.

The abstract Galerkin equations (1.2) coincide with the collocation equations
(0.5). Furthermore, assumption (i) of Lemma 1.1 is satisfied in view of Remark 1.3.
Namely, HY(T) is continuously embedded into C(T') and the condition & — 0
implies that every point { € I’ is an accumulation point of a sequence {y € A,.
Thus the hypothesis in condition (1.8) is only satisfied if y = O on T.

Next we define

(2.2) Q:= D?,
i.e., the second distributional derivative with respect to the arc length. Then clearly
(2.3) 0S'(Ay) € S7H(Ay)

holds, i.e., (1.7) is satisfied. Note that our lemma does not require Q,, to be bijective!
(The latter property is frequently assumed in other approaches [2].)

We have to show the two estimates (1.3), (1.4) in the case Q, = Q. The first one
follows by continuity: Let v,w € H(T'); then

2.4) l(QU»(l + K)W>| =|—<DU’D(1 + K)W>1.2(I‘)|

< ”U”H‘(l‘)“(l + K)W”H‘(r) < M”U”H'(r)”W”H'(r)-

(

Note (2.4) is true for any Lipschitz curve I'.
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The Garding type estimate (1.4) requires more work, and it is only here that we
use the special shape of I' as a (curved) polygon.

LEMMA 2.1. There is a constant y > 0 and a compact operator C: HY(T') > H™}(T)
such that

(2.5)  |{Dv,D(1 + K)v) + (Cv,v)| > vllvlﬁmr) for allv € H(T).

For the proof of (2.5) we use a partition of unity and Lemma 1.4 to reduce (2.5) to
the corresponding estimate on a reference angle.

Let T, = ¢’“R,U R, be this reference angle. If we use I, to parametrize a
neighborhood of one of the corners z;, then the operator induced by K differs from
the operator of the double layer potential defined on I', only by an operator that is
compact on H'!; see [10]. Thus we only need to consider the case that I' and T,
coincide on a neighborhood of the origin, and K is defined on I',. We then have to
show

LEMMA 2.2. There is v > O such that
2
(2.6) Re(Dv, D(1 + K)v) > v|vllmr,

for all v € H'(T,)) with support in a fixed compact set. The constant y may depend on
this compact set and the angle w, but not on v.

Proof. We proceed analogously to the proof of Garding’s inequality for 1 + K in
[11]. The operator K maps even and odd functions on I to even and odd functions,
respectively. Therefore, it suffices to show

2
(2.7) Re(Dv, D(1 + K,)v) 2.y = Y0,

for all v € C§°[0, o) with

k(i & [ tm| y)¢(_y>dy.

T Jo w _
By the Parseval relation for the Mellin transform we obtain
Re(Dv, D(1 + K,,)v)

1 2
2.8 = — Re A+
( ) 2m j;mx=—1/2| l

_ . sinh(7 — w)(A + i)
P+ sinha (A + i)
Here the Mellin transform is defined by

()= fow x*Ip(x) dx,

)Iﬁ()\+i)|2a'>\.

and we use

Du(A) = —i(A +i)d(A + i),
. sinh(7 — w)A
sinhz A

Ko(A\) = —i 5(A) forImA € (—1,1) [11].
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Now we have

sinh(7 — w)A L T—w| . 1
sinha A <|sm ) ‘ =:1-¢g<1 forall A\withImA = 5 -
(In [11] we used this estimate for ImA = — 3.) Therefore, we can estimate (2.8)

from below by

1-4 A+ il

. (2 2 2
27 B(N + ’)| dA = (1 - q)||Dv||,_z(R+) = Y”U“H‘(m)- ]
ImA=—1/2

Proof of Lemma 2.1. Choose a partition of unity x ; € CE(R?) with Yiix;=1
on I' such that x;>0 and ¥,:= \/Xj € C;° and such that the support of x;
contains exactly one corner z;. (Thus m = J.) Then a; = b, = b in Lemma 1.4 is the
operator of multiplication by X ;. Then the commutator of A with a; is compact on
HY(T) (actually it maps L*(T) into H'(T) continuously), and the commutator of Q
with a, maps H'(T) into L*(T') and hence is compact from H'(T) to H~!(T).
Together with Lemma 2.2, we see that all assumptions of Lemma 1.4 are satisfied,
and its conclusion (1.10) gives (2.5). O

We can now apply Lemma 1.1 and find immediately

THEOREM 2.3. There is an Ny € N such that for all N > Ny and all f € H(T) the
system of collocation equations (0.5) has a unique solution uy € S'(Ay). There is a
constant C independent of N and u such that

”uN”H'(I‘) < C”“”H'(r)

and

lu =y lliney < Cinf{llu = @l @ € S'(Ay)}-

Remark 2.4. Note that the grids A, need not be uniform. Nor do they have to
include the corner points. One can conjecture that the estimates in Theorem 2.3 hold
for arbitrary bounded Lipschitz domains, probably also in higher dimensions. Up to
now, however, there exists no proof avoiding the use of Mellin transformation.

3. The First-Kind Integral Equation. We consider the collocation scheme (0.6) for
the integral equation (0.2). The natural choice Q = D%, X = H*VX ), A=V is
not useful, because in general then (Qu, Av) = oo, ie.,, Q does not map into
Y'=(AX)Y ¢ H ~3/2(T'). We present two variations of this natural choice. Let us
first define

) H'4(T):= {ue HY/X(T) |, € H/X(T) (j=1,....J),
(3.1

where #1; = uon I/, #, = 0 on F\F’}.

The norm in H/(T) is

J
2 2
lull iz ry:= )y ““j”HVl(r)'
j=1

Then H'/%(T) is the completion of CP(T'\ {z,,...,2,}) in this norm. H*/*(T) is
densely embedded in H'/3(T). The operator ¥ maps H'/*(T') continuously into
H3/%(T') but it is not surjective, as the H~'/(T')-solution u of Eq. (0.2) with smooth
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f in general behaves like O(|z — zj|"/‘1) near z;, where a; was defined in the
introduction [11]. Thus, in general, u & H*(T') for s > ay — 5 € (0, 7). We define

(3.2) $(Ay)={ve sH(ay)In(z)=0,j=1,....7},
and we assume that
{z),....2;} C Ay.

Thus, dim S’(AN) = N J. Now choose J functions 1,,...,1, € H>*(T) such that
n,(2,) =8, (J,k ..., J). Define the projection operator R: H?3/*(T') -
H¥YT) A Hl/z(l‘) by

J
Rg(z):=g(z) — X 8(z;)n,(2).
j=1
Then the adjoint operator R’ acts in S~ (A ) as follows:
J
R8(z—x,)=68(z-x;) Z (x)8(z—z) (x,€4y).

If we take the (N — J)-dimensional range space of R’ as space T, of test functions,
we arrive at the modified collocation equations

VuN(xn) - Z VuN(Zj)nj(xn)___f(xn)— Zf(zj)n_j(x
(3.3) j=1 j=1
(n=1,...,N),uy € .§'(AN).

These are satisfied by solutions in S(A ~) of (0.6) but not conversely. Now we have
the following situation:

X,=X=HYYT); A=V; Y=A4X;
Vy=S8(Ay); Ty=RSY(Ay); Q=RD.

Furthermore, we can assume that n, & Y for j = 1,..., J. This implies (1.8). Then it
is easily seen that the assumptions (i)—(iv) of Lemma 1.1 are satisfied. It remains to
show the inequality (1.4).

LemMa 3.1. There is a compact operator C: H*(T') —» HY*(T')’" and a constant
vy > 0 such that

Re({ Dv, DRVv) + {Cv,v)) > 'Y”U"zl:,l/z(r) forallv € HY*(T).

Proof. By localization to the reference angle T',, decomposition into even and odd
parts, and density arguments, we see that we have to show

(3.4) Re(( Do, D(Vy + V,)v) + {Cv.0)) > Yo [,

for all v € C{°(R ) with support in a fixed compact set. Here,

. _l «© _ i —iw
(3.5) V.o(x):= ﬂfo logll e

o(y)dy.
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Mellin transformation gives [11]

—_— h(7 — w)A -
V00 = R0 (mAe 0.1).

By the Parseval relation we obtain
(Dv,D(Vy + V,)v)

1 2T TN
= Eflm)\=_l/2 IN+ i 6(A+ i)
[ coshm(A + i) £ cosh(7m — w)(X + i) (\)
(A + i) sinhm(A + 0) v

For ImA = — { we have 5(A + i) = #(X) and A + i = A. Shifting the path of
integration to Im A = 0, we thus obtain

(Dv,D(Vy + V,)v)

1 / coshm (A + i) + cosh(7 — w
5= A . ,

27 Jima—o sinha (A + i)

1 > . 2
= 5. b,

A+ D 1500) 2 an

with
A - . .
m, (A) = m(coshw)\ F coswcosh(7 — w)A + isinwsinh(7 — w)A).

Hence,
Rem, (A)>vy(1+X) (A€R),

and thus

5(A)[* dA

Re{ Do, D(Vy + V,)v) > yfw 1+ N

2
> vllola 2w,

This gives (3.4), and the lemma is thus proved if we note that 1 — R is finite-dimen-
sional and hence compact. O
Lemma 1.1 is now applicable to (3.3) and gives

THEOREM 3.2. There are N, € N and C > 0 such that for all f € H*/*(T') with
u:= V-f € HYX(T) and for all N > N, there exists a unique solution u, € S*(A )
of (3.3) satisfying

"uN“H'/Z(F) C” “H'/Z(F)

and

flu = uN”H'/Z(I‘) Cmf{”“ - “”H‘/’(F)W €S (A N)}

As the hypothesis u € H'/%(T') excludes the interesting case of u having corner
singularities, the theorem is of limited applicability. We shall construct now a second
modification of the original collocation scheme that will work for all weak solutions
if the right-hand side is smooth enough.
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We choose a weight function p € C®(R*\ {z,,..., z;}) with
p(z) =|z — z,| in a neighborhood of z, j=1,...,J.

We assume again that {z,,...,z,} C Ay and define

SHAy):= %S‘I(AN) = {u|pu € $'(A)}.

o
If we define
S™HAy)={o€ S (Ay)Isuppp N{z,,...,2,} = 7},
then
dimS}(Ay) = dimS~'(Ay) =N - J,

and u € S}(A,) implies pD’pu € S7(Ay). Thus we set Vyi= S} (Ay);
Ty:= S v); and Q:= pD’. Then the collocation equations (1.2) are: Find
uy € S}(Ay) with

(3.6) Vuy(x,) =f(x,) forall x,€ Ay\{z,...,2,}.
We need the weighted Sobolev space
HA(T)= HA(T) = (ulpu € HV(D))
with the norm
lullgi= louln

Then we set
Xi= HYA(T) and X,:= HY2(T) N HA(T)

with the norm

2 2 2
lullx,:= Nl +Nulls ey,

With 4:= V and Y:= AX the hypotheses of Lemma 1.1 are satisfied: (1.8) holds
because Y ¢ HY/X(T\ {z,,...,2,}) is a Hilbert space of functions continuous on
T\ {z,...,z,}. Thus assumption (i) holds. Assumption (ii) is trivial. Concerning
assumption (iii), we note that every v € S;(AN) is continuous on each segment I'/
and is constant on one-sided neighborhoods of the corners. Thus ¥, C X, holds. It
remains to show the estimates (1.3) and (1.4). In order to use the local principle,
Lemma 1.4, one has to consider commutators of multiplication operators by
x € CZ(R?) with A and with Q:

B':= 0x — x@ = p((D?x) + 2(Dx)D)p,
B%:= Ax — xA.
Here one can assume that x equals one or zero on a neighborhood of the corner
points. But outside such neighborhoods, the spaces X and X, coincide with

H'Y*(T'), where T' is a smooth curve, and for the latter case the corresponding
compactness results are well known from the calculus of pseudodifferential opera-

tors.
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Therefore, we only consider the reference angle I', and the bilinear form
(3.7) b(v,w):= (Dpv. DpVw) 2.,

where v,w € C°(I,)) with support in a fixed compact set, and p(z) = |z| on the
support of v and w.
LEMMA 3.3. For allv,w € C§*(T,),
b(v,w) =b,(v,w) + by(v,w) with
(3.8) -
b,(v,w) = (Dpv,VDpw),  by(v,w) = (Dpv,Vw) = — by(w,v).

The following estimates hold with y > 0 and M independent of v, w:
(3.9) |6y(0,w) | < Mllollmaaoliwllmae,,

2
(3.10) Re(b,(v,0) + (Cv.0)) > vl

with a one-dimensional operator C, and
(3.11) 165 (0,w) | < Mol Wl + 1wl )

Proof. By taking even and odd parts of v and w, one reduces everything to the
half axis R, (compare Lemma 3.1). One has

(3.12) pDV, =V, Dp with(pv)(x)=xv(x)onR,.
From this, there follows (3.8). The estimates (3.9), (3.10) and (3.11) follow from
known properties of the operator V-

[{ Dpv, VDpw)| < M|| Dpv||y-12| Dow | -1,

2
Re({ Dpv,VDpv) > y||Dpv|y 12,
[{Dpv,¥w)| < M| Dpv|ly-awln-r2. O
Remark 3.4. The estimates in the above lemma can also be proved by Mellin

transformation. In this way one can see also that the anti-Hermitian part b, of the
sesquilinear form (3.7) is not bounded with respect to the Hermitian part b,. This

fact forces us to introduce the different norms in X and X,,. With 1, V, as defined
in (3.5), one findson R, :

1 e .
( Dp$, DpV) = Efm:o m (NS = ) §(A - i)dA
with

., coshmA + cosh(m — w)A
m (N) = (N +iX) sinh'ﬂ)(\ ) .

Here, Rem ,(\) corresponds to by, and i Imm , () to b,, and for small A the latter
is not dominated by the first one, so that estimates (1.3) and (1.4) cannot hold
simultaneously with only one norm (i.e., X = X;), whatever this norm might be!

Now we can apply Lemma 1.1 and obtain the corresponding stability and error
estimates.
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THEOREM 3.5. There exist Ny € N and C > 0 such that for all f € H/*(T') with
u=V\fe H VXT) satisfying pu € H'/*(T) there exists a unique solution u, €
S,(Ay) of (3.6) satisfying

lun ey < 1l vy + lulma)

and

lu =y ey < Cint{{lu = @l vy +lu = allmem i € S (Ay)).

Remark 3.6. The hypothesis is satisfied for all smooth f; f€ H*(I') with s > 3/2
is sufficient. The reason is that the singular parts of u are of the form (near a corner
z;)

a k
|z -z log|z — z,]
with some @ > —1 (actually, « = ma; + n - 1> — 3, where m € N, n € N,, and

a, is defined in the introduction). Such functions are obviously contained in
H)/*(T).

4. Orders of Convergence. From the error estimates in Theorems 2.3, 3.2, and 3.5,
one can derive convergence orders simply by utilizing results on the orders of best
spline approximations in the respective norms.

In Theorem 2.3 there appears the standard H'-norm, and one can therefore apply
the standard approximation property of piecewise linear splines:

(41)  inf{|lu — @l i€ S AN} < ChYlullmeor,  (0<o<1)
where C does not depend on h and u € H'*°(T). Here the grid A with maximal
meshwidth 4 need not satisfy any uniformity condition. In our case of the second-
kind integral equation, we can apply (4.1) for

o<ay—3€(0,3),
if the right-hand side satisfies f € H!*°(T), because then also u € H'*°(T') holds.

It is well known that one can obtain also an order of convergence of A" as in the
smooth case if one uses graded meshes ([9], [16], [26]). We shall study the effect of
graded meshes only in the case of the first-kind integral equation where, due to the
nonstandard norm, we have to prove the approximation result anyway.

For the integral equation of the second kind, we can use Aubin-Nitsche type
duality estimates to derive error estimates in lower-order Sobolev norms and obtain
higher orders of convergence in this way. For this purpose we need an approxima-
tion property of the test functions in the dual space.

LEMMA 4.1. There exists C > 0 such that
inf{"t —1llrm| € STHAY)} < Chllt]leam
forallt € LXT), h > 0.
Proof. Given t € L?, we have to construct 7 € S~ !(A ) such that

|<t - 7»¢>| < Chnt“Lz(F)”¢||H‘(F)
for all ¢ € H(T'). Clearly, we can assume that T is the unit interval and 7 and ¢ are
smooth, and

J
(x)= Ledlx—x); 0=x<--<x,=1

Jj=1
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Now choose ¢; = 0, and
X .
g=f w(&)de (j=2,....J).
.\’/ -1
Then by partial integration

0—7@——§£ Mﬂft&dwx

hence

|<z_7,¢>|2<(i{/ /() ax [

j=2\"%-1 X1

5 1/2) 2
dx} )

J X, , 2 J 2 X 2
<X [ 8@ dx T lx = x 7 1(x) [ ax
j=2 X1 X1

Jj=2

f (¢) dé

-1

2 2
<lollmah?ltl e, O

THEOREM 4.2. Let 0 < 6 < ag — 1/2 and s € [0,1). Then there is C > 0 such that
forall f€ H'*°(T) and the solution u, of the collocation equations (0.5) there holds

flu — uN”H‘(I‘) < Chlﬂ_s”f”H““(F)

Proof. For s = 1 this follows from Theorem 2.3 and (4.1). If we show it for s = 0,
then the general case will follow by interpolation. Thus we have to estimate

lu =y lli2qy = sup{I{1,u = up) |11 € LAT), 1l 2ry = 1}

Now 1 + K: H¥(T') > H*(T) is bijective and continuous for all s € [—1,1]. The
same holds for the adjoint operator 1 + K’. Thus ||/||,> = 1 implies t:= (1 + K’)"!
€ L*(T) and |||| ;2ry < M= |1 + K’)7"||. Now we use the definition of u:

(r,(1+ K)(u—uy)) =0 forall7e S (Ay).
Thus, for all 7 € S7'(A ),
[ u = up)| =|(e, (1 + K)u—uy))| =[{t = 7,(1 + K)(u—uy))|
<t - T”H“(F)C”(u ~uy) “H'(l‘)-
By Lemma 4.1,
{1, u = up)| < Chllell2rllu = upy ey
Hence,

lu = uyll2ry < Chllu — uyllmrys

and the result follows. O
Remark 4.3. For s > 1/2 we have, by Sobolev’s embedding, estimates in Holder
norms. In particular, we have the pointwise estimate

lu — uyllp=ry= O(h%~) foranye >0,
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which can be improved (without further work!) to a O(h3/2~¢)-estimate for suitably
graded meshes.

Now we consider the case of the first-kind integral equation, Theorem 3.5. Spline
approximation in weighted Sobolev spaces has been studied by several authors [6],
[9], [15], but the kind of result needed here is not available. We assume that
u € HY%(T') is the solution of the equation Vu = f with f smooth enough. Then u
has the following properties:

(iyu € H* V2°¥T); pu € H**1/27¢ (any ¢ > 0);

(i) pu = O(p*); Dpu = O(p™~'); D*u = O(p*~?) near the corner points.
For these estimates on u and Dpu, f € H%**%(T) is sufficient, and for the estimate
on D%u, fe H"?*¥T) suffices. We approximate u by its interpolation & in
S,(A). Thus, if we define

wi= pu, W= pil,
then w is the piecewise linear interpolant of w with nodes in A,. Note that w is
continuous on I' and vanishes at the corners. Now for the error estimate it suffices
to consider a neighborhood of the corner points, because outside such a neighbor-
hood, u is smooth and therefore one has an approximation of order 43/? in the
H'%norm.

We consider a one-sided neighborhood of one corner point and assume that it is
parametrized by the unit interval. We further assume that

p(x) = x,
and u is given on [0, 1] with the properties (i) and (ii) above. We define &, w and W
as above and write a:= a, € (3,1). We assume that the grid Ay has the form

(4.2) x,=(jn)f,  j=0,.. N=1/h
with some 8 > 1. We have to estimate the two norms on [0, 1],
lu—@lln~ and ||w — W|m-.
LEMMA 4.4. There is a constant C such that
Ch**  forB > 5;—2—_—

4
2 +1 (e>0).

lu = @l 2 +w =Wl <
Ch*f=¢ for1 < B <

Proof. From the estimates (ii) above we find for x € [x, x,]:

i 2 . Bl o L B
[(w—w)(x)| <lx;sy = x,|° sup  [w”(&)| < Ch°P(j + 1) poe

ge[-‘/v"/+l]

and

[(w=#)(x)] <lx;0y = x| sup  [w(§)]
ge[-‘}w“[+l]

< Che=DB(j + 1)(“71)’}71.
Furthermore, for j = 0, i.e., x € [0, x,] we have

(v = 9)(x)

W(xl)

< < C(xa~1 + h(a—l)B)‘

wx) |,

X1
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We then estimate the following four integrals:

le = /XJH |(W _ W)(X)Izdx < Ch(2a+1),8(j + 1)(2a+1)B—5’

Xj

X

2. j+1
=
X

J

’ 2 g
(w=w) (x)| dx < Cha=VB(j + 1)<2 DB-3

b

- 2
p= 2w = w)(x)| dx < CHEaDB(j 4 1)Po VRS,
X; X
Ji= / 1w =) (x)|ax < cnos(j + 1),
XI X
This gives

N-1 N
”W _ w”iz — Z le < Ch(2a+1)8 Zj(2a+l)ﬂ—5.

Jj=0 Jj=1

Now the sum on the right-hand side is bounded for (2a + 1) -5 < —1 and
bounded by CN@a*DB=4 = Cp~CQe+DB+4 for 24 + 1) — 5 > —1. Thus we get

o Ch? >\_4
Iw =l < {Ch(a+1/2)ﬁ} forﬁ{ <}2a+ 1°

Analogously, we find, using J?,
’ 2 h > 2
”(w—w) ILZSC{h(a—l/Z)B} forB<<}2a_1.

With Jj3, we get

1 5 _ - h2 > 4
H';(W - w)“Lz =llu - @l < C{h(a—l/Z)B} forB{ < } 20— 1°

With Jj“, we get

1 8 il h? >\2
Low-m)] =hu-al. <c{haﬁ} for 8 %} 2.
Now we use interpolation to get the desired norms:

. 12 12 h3/2 >12/(2a - 1),
Iw = #lhe < = o1 P = wll < {0} rorp(Z) 007

Note that for a € (3,1):

1

<4 2 2 4
2a + 1 a 2a-1 2 —1°
From the Sobolev embedding theorem H!/2*¢C L® we obtain by duality L' C
H1?7¢ je.,
lu— @t||g-12-« < Cllu — |l for any e > 0.

Hence we find for any ¢ > 0

1_
= @l < Cllu = i — i
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This gives
h2 B>4/a—-1),
lu — i)y < C{ p2-¢ for{2/a < B <4/(2a - 1),
hoB-e 1<B<2/a.

The rate 3/2 is obtained here for 8 > 3a/2 which is less than 2/(2a — 1). Of
course, one could also write down from this the rates for 4/Qa + 1)< 8 <
2/Qa — 1).

Note finally that for the slightly larger norms || - || 3-12 and | - || ;12 the same
estimates hold, because they have the same interpolation properties [20]. O

Combining Lemma 4.4 and Theorem 3.5, we obtain our final result, Theorem 4.5
below. We assume that the grid A, locally in a fixed one-sided neighborhood of
each corner point has the form (4.2) in a suitable coordinate representation.

THEOREM 4.5. There exists Ny € N and C > 0 such that for all f smooth enough and
N > N,, the solutions u € H™'/*(T) of Eq.(0.2) and uy € S}(Ay) of (3.6) satisfy

h3/? ifB>2/(2ay—1),

u—uyllmrm<C
| vl heoB=e if 1< B<4/(Qa,+ 1); (anye > 0).

Thus, we find also here the same optimal order of h3/? that is valid for the
H'%porm in the case of a smooth curve, if only the mesh refinement is strong
enough at the corners.
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