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Some Inequalities for Continued Fractions*

By R. M. Dudley

Abstract. For some continued fractions Q = 60 + al/(bx + • ■ ■ ) with mth convergent Qm, it

is shown that relative errors are monotone in some arguments. If all the entries a and ft; in Q

are positive, then the relative error \Q„,/Q - 1| is bounded by \Q„,/Qm+\ - 1|, which is

nonincreasing in the partial denominator />; for each j > 0, as is \Qm/Q - 1| for j ^ m + 1.

If />y > 1 for all j > 1, b0 > 0, and a}= ( -1)/ + 'c; where cy > 0 and for y even, c, < 1, then

\Qm/Q ~ *l 's bounded by \Qm/Qm + i - 1|, and both are nonincreasing in fy for even

j ¡Í m + 2. These facts apply to continued fractions of Euler, Gauss and Laplace used in

computing Poisson, binomial and normal probabilities, respectively, giving monotonicity of

relative errors as functions of the variables in suitable ranges.

For computation of various functions in suitable regions, continued fractions

provide the current method of choice because of their speed of convergence for a

given accuracy. Another advantage is that in certain cases error bounds are rather

easily available at each stage, since one or two successive convergents are alternately

above and below the final result. Thus, even in regions where continued fractions are

less efficient than other methods, they may provide checks on the accuracy of those

methods, which may lack such easy error bounds of their own. Then, monotonicity

properties of the errors in some of the arguments are useful in reducing the amount

of checking to be done. This note treats such monotonicity properties, specifically

for Laplace and Gauss continued fractions useful in computing hypergeometric

functions and thus probabilities of the gamma and beta families such as Poisson and

binomial probabilities. For a different monotonicity property of continued fractions,

see [9].

1. Continued Fractions. A continued fraction is given by two sequences of numbers

( K} „ > o and {an}n>x, and will be written as

(1.1) 0 = ^0 + 7^1
bx+   b2 +

In this paper all the a- and bj will be real numbers. Let Tn(z):= an/(bn + z) for

any z (the symbol " := " means "equals by definition"). Then the with convergent of

the continued fraction is given by

Qm = bo+Tx(T2(---(Tm(0))---))
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586 R. M. DUDLEY

if this is defined, where 0/0 is undefined but a/0 = oo for a =£ 0 and b/(c + oo) = 0

for any finite b, c. Qm is usually written as

/ o,       a-, am

(1.2) Qm = K^^-fm,        m>0.

The continued fraction will be called convergent to a finite value Q if for m large

enough, Qm is defined and finite and limm_00(2m = Q- A convergent continued

fraction will be said to terminate at the m th term for the least value of m such that

am = 0.

Associated with a continued fraction is the Wallis-Euler recurrence formula [15, p.

5]

(1.3) Xm = bmXm_i + amXm_2,       m = 1,2,....

For m = 0,1,..., Qm = Am/Bm, where each of the sequences {Am} and {Bm}

satisfies (1.3) with A_x = l, B x = 0, A0 = b0, and B0 = 1 [18, p. 15]. It is often

convenient to combine two successive applications of (1.3), giving

/,    .x ^m+1  =  (^m+l^m + am+lMm-l  + ^+lam^m-2'

ßm + l  =  (bn,+ \bm + flm+l)5m-l  + bm+lamBm-2-

Then we have four-tuples defined for k = 0,1,2,... by recursion,

(1.5) (A2k-X,A2k,B2k_x,B2k).

Am and Bm are polynomials with integer coefficients in the 2 m + 1 variables

b0, ax, bx,..., am, bm. (Bm does not depend on b0, ax.) For j < m we have

ôm= 6m(*b,fl1,61,...,flm,0" ßy(6o.fli»-".Vi'a;»*y+ ßy.«)

(1.6) where

Qj.m := Qm-A0- fly+i. bj+x,...,am,bm).

If for a given _/' = 0,1,2,..., the vectors (Aj_x,Aj) and (Bj x,Bj) are linearly

independent (as is true for j' = 0 by the definitions), then the two-dimensional space

of all sequences {Xj}i>J_1 satisfying (1.3) for i>j + 1 has a basis given by

M/}/> y-i an(l {-®i}i>y-i- ^ne linear independence is equivalent to non vanishing of

the determinant Z)- := A^_XB- — AjBj_x, where

(1.7) A)=l    and    Df = (-l)'axa2 ■ ■ ■ aj,        ;> 1    [18, p. 16].

The following fact is known; for example, it follows from a special case of [13, Eq.

(8)], and follows rather directly from [16, Eq. (6.1)]. It has been applied to study the

propagation of errors; here it will be used in proving monotonicity properties.

1.8. Theorem. Suppose {Xi}i>_x satisfy (1.3), i > 1, Y_x = X_x, and {Yl}j>_x

satisfy the same relations except that either

(a) for some j ^ 1, Y, = bJYj_l + aJYJ_2 + u,YQ = X0 and D, * 0, or

(b) y' = 0 and Y0 = X0 + u.

For any k > j — 1 let

T   -

Then Yk - Xk = uTjk.
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Proof (based on [13]). Iterating (1.3) gives, for any { A',} satisfying the hypotheses,

Xk = UXj_x + VXj for some U and V. For {X¡} = {A¡} and {A-,} = {B,} we get,

by hypothesis, two linearly independent equations for U and V which can be solved

by Cramer's rule, giving V = Tjk. Then replacing X. by Y, = X/ + u gives the result.

D

Note that for k = j - I, Tjk = 0. To clarify that Tjk is a polynomial in

[a¡, &,},+1</<fc, consider the An and #„ as functions of the sequences {a¡}i>x and

{bj}j>0. So, for example,

Bi({ai}i>i,{bi)i>0) = bx    and    ^({a,^} f>1, {b,+x}i>0) = 62.

1.9. Proposition. //£>. =£ 0, y > 0, WA: >y - 1, //ten

^^-yviW^-iW^o)-

Proof. The proof of Theorem 1.8 shows that if {S¡}¡>¡_1 and {7]}¿>J_i both

satisfy (1.3) for all m >y + 1, and are linearly independent, then

7}* = (Sj-iTk - ^A)/(shlry- 7}.^),     k>j-l.

Specifically, take S¡_x = I, T}_x = 0, Sj = b¡, and Tj = 1. Then, without loss of

generality, j and k can be shifted by j, so it is enough to prove

T0r=Br{{a,)l>x,{bl)l>J = Br,        r= -1,0,1,...

(r = k — j), and this is clear from the definitions.   D

The next fact follows directly from Theorem 1.8.

1.10. Corollary. If j > I, D^O and k>j-l, then ^Akßbt = At_xTjk,

d-Bk/dbj = B}_xTjk, d-Ak/daj = Aj.2TJk, and dBk/da¿ = Bj_2Tjk, while Mk/db0 =

Bk and aBk/db0 = 0. Also, for j > 1,

36*       (**4-i - A*Bj-i)Tjk _ (b*Aj-i - ¿kBj-i)2

dhj B2 B2Dj

= %izÄi, and ^ = 1.
(Qj-i - Qj)Bj 9èo

1.11. Theorem. If D, ¥= 0, and the continued fraction Q converges for b¡ in some

open interval, then on that interval, for j > 1,

3ß (gy-i-g)2gy-i .     dQ       .
TT = —i-\—   and   tt~ = 1 ■
*bj {Qj-Qj-i)Bj 3è0

Proof. For j > 1, this is the last form in (1.10) with 3/36, interchanged with the

limit Qk -* Q. To justify the interchange, first note that if the continued fraction has

terminated by i = j, then simply Q = Qk, k >y. Otherwise, the Qj¡k defined in (1.6)

are the convergents of a continued fraction converging to some Qjao, and we have

(b,+ ÔyooMy-l  +M/-2

(oy+ßy.Jjy-i + ̂ -2
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In this form, where the dependence on b¡ is explicit, it is clear that replacing A: by oo

in the corresponding expression for Qk, and thus replacing Qk by Q, can be

interchanged with d/dbj.   D

Next, the derivatives of (signed) relative errors are found.

1.12. Corollary. If k>j — 1, m >y' - 1, Dj * 0, and Qk and Qm are defined

and finite, then for j > 1,

3/e„,   ,\   g,-i(e.-o.)(o;-i-Q.e.)       e. - e„  ...  „
üAo-rV     BlQm-Ql_t)—• ' -er '/J = 0-

If the continued fraction Q converges for b} in an open interval, then Qm can be

replaced by Q on that interval.

Proof. One need only apply 1.10 and 1.11 and a little algebra.   D

2. Inequalities for Fractions with Positive Terms. The following fact is rather easily

proved. It was stated, or very nearly so, by Euler [3, pp. 103-105] = [6, Vol. 14, pp.

191-192], cf. [11, Theorem 2].

2.1. Theorem. If am > 0 and bm > 0 for all m > 1, and if Q converges, then

Öo < 0.2 < 64 < ■ ■ • < Q < ■ • ■ < ôs < fîs < &•

If Q does not converge, the inequalities remain true if" < Q < " is deleted.

If (2.1) applies, and Q converges, one can stop calculating Q when Qm-X/Qm is

as close to 1 as desired. In this case it may be better to use (1.3) individually rather

than " two terms at a time" as in (1.4). Next, here is a first monotonicity result.

2.2. Theorem. In a continued fraction as in (2.1) with a/ > 0 for all), b} > 0 for all

j > 1, b0 > 0, and either b0 > 0 or ax > 0, the magnitude of the relative error, given

by

k,,i(Ô)l:= \QjQm+i-i\,
is nonincreasing in bj for each j > 0 (for any fixed a¡ and the other bk). Also, if

j < m + 1 and Q is convergent for an open interval of values ofbj, then in that interval,

\Qm/Q ~~ 1| 's a^S0 nonincreasing in bj.

Proof. If ax = 0, then Qm = b0 > 0 for all m, and the result holds trivially; so

assume ax > 0. We have B- > 0 for all j > 0 by (1.3). First consider the statement

about rm x. We can assume that y < m + 1 and Dj + 0, since otherwise Qm/Qm+X

does not depend on £>■ (using (1.7)). By Corollary 1.12 we have, if j ^ 1, or j = 0,

HQUQm+i)    bj-i(Q>* - gm+i)(g]-i - QmQm+l)    or   Qm+X - Qm

db, BjQ2m+i{Qj-Qj_i) Q2m+1     '

respectively. Now by Theorem 2.1, (2, - 0.,-x has the sign of (-l)i+1. Also, since

j' - 1 < m, Q2 i - Qm+iQm has the sign (-l)J. So, the displayed expressions have

sign opposite to that of Qm - Qm+X (or are 0), which implies the first result.

For the case of Qm/Q, with j < m + 1, the proof is essentially the same, using

Theorem 1.11.   D

3. Alternating Continued Fractions. As will be seen in Section 5, some useful

continued fractions have the following property.
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Definition. A continued fraction (1.1) will be called alternating if for all j < J, the

least i with a, = 0,

(a) a¡ = ( — l)J+1Cj where cy > 0 and for j even, c; < 1, and

(b) b0 > 0 and ft > 1 for j > 1.

The following fact is known, at least in some cases [12, p. 108]; [14, p. 1452]. It

follows directly from (1.2).

3.1. Theorem. For any alternating continued fraction Q, if Q converges, we have

Qi < 04 < Qi < 08 < •   • < Q < • • • < Qi < 06 < 03 < 02-

If Q fads to converge, the inequalities are true with " < Q < " deleted.

For an alternating continued fraction, in view of (3.1), Q is between Qm and

Qm+2 f°r any w, so it is natural to consider the error after two more terms,

rm,2{Q) ■= (QJQm+2) - l.

To compute Q to a given relative error (neglecting rounding errors), we can iterate

(1.3) and (1.4), stopping when \rm 2(Q)\ is as small as desired.

3.2. Theorem. For any alternating continued fraction Q, any m > 1, and even

j < m + 2, the magnitude \rm2(Q)\ of the relative error is nonincreasing in bj, and if

Q is convergent for an open interval of values ofhj, then in that interval, \(Q„,/Q) — 1|

is nonincreasing in b¡.

Proof. Let J := min{/: c, = 0}, or + oo if there is no such i. If j ^ /, then

nothing depends on bj and the results are clear. Suppose 1 < y < J. Then (since y is

even) J > 3, Ax = bxb0 + cx > b0 > 0, and Bx = bx ̂  1 > 0, so Qx> 0. Thus

Qm > 0 for all m > 1 by (3.1). Then DJ * 0 and Qj_x * Qj by (1.7).
Inductively, it will be shown that Bk > 0 for all k > 0, as is true for k = 0,1,

and that for k odd, Bk^ Bk_x, as is true for k = 1. In fact, for k odd, Bk =

bkBk-i + ckBk_2^Bk_x>0 by the induction hypothesis. For k even, k > 2,

Bk = bkBk_x - ckBk_2 > 0 since Bk_x > Bk_2 > 0 and q < 1 < bk, proving the

claims. Thus also Am > 0 for all m ^ 1.

Now consider Qm/Qm + 2. By Corollary 1.12, if 1 <y < w + 1, or y = 0,

HQm/Qm+2) _ Bj-AQm - Qm+2){QU - QmQm+2)    qt   Qm+2 - Qm
dbj BjQl^iQj-Qj^) Ql+2

respectively. Now by (3.1), for j = 2 mod4, Qj > Qj_x, and since j - 1 < m, we

have (2>-i < ßmöm+2- F°r 0 ¥= j = 0 mod 4, both the last two inequalities are

reversed. Thus in any case, the above derivative and Qm/Qm+2 - 1 have opposite

signs or are 0, giving the desired result.

If j = m + 2, then by 1.10,

HQ„,/Qm+2) _      (gy-i - Qm+2)2Bj-iQm

dbj Ql+z(Qj-i - Qj)Bj

which has the sign of ß ■ - ß,_i- Recalling that y is even, this sign is +1 for y = 2

mod 4 and -1 for y' = 0 mod 4, which is opposite to the sign of Qm- Qm+2 =

Qj-2 ~ Qj-' completing the proof for the ßm/ßm+2 case.

Now for the Qm/Q case, the same proofs as above apply with Q in place of Qm + 2

for each case j < m + 1 or j = m + 2.   D
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4. Even Parts of Continued Fractions. Starting from an arbitrary continued

fraction Q given in (1.1), one can form another continued fraction V such that the

convergents of V equal the even convergents of Q, Vk = Qlk for k = 0,1,2,..., by

v =b  +        flA_-fl2fl3ft4_-a4as¿2¿>6

0     bxb2 + a2+   (b2b3 + a^)bA + b2aA+   (b4b5 + a5)b6 + bAab +

-a6a-,b4bn

(b6b7 + a1)b% + bbai+   ""

provided that for all k = 1,2,..., b2k + 0 and (for Q2k to be defined and finite)

B2k + 0 [15, pp. 200-201]. From this it is easily seen that:

4.1. Theorem. For an alternating continued fraction Q, with even part continued

fraction V = b0 + sx/(tx + s2/(t2 + ■••)), the entries í and t¡ are nonnegative, at

least until some s¡ = 0.

It is clear from (2.1) that for any continued fraction such that the entries in its

even part are nonnegative, with denominators strictly positive, we have

(4-2) 00 <  04 <  08 <    • • •    <  Ô10 <  06 <  Qf
This includes some of the inequalities in Theorem 3.1. The "alternating" property is

not necessary for the conclusion of Theorem 4.1, so that Theorem 3.1 can be

extended if desired.

5. Continued Fractions for Normal, Poisson and Binomial Probabilities. For the

standard normal probability density function

<b(x) := (2-n)~l/2exp{-x2/2)

and cumulative distribution function

<S>{x) := f    4>(t)dt,
•'-00

we have Laplace's continued fraction [18, formula (92.15)]

(5..) ,(-l)_4Wj-!r-L-_L--i-...},  x>0.

For x > 0, Theorem 2.2 implies that the number of terms needed to attain a given

relative error in (5.1) decreases as x increases. Thus (5.1) is more useful for larger x,

say x > 2 or 3. See, for example, [1] and [2]. Also, 3>(x) = 1 - $(—jc).

Individual Poisson probabilities are defined by

p(k,X) := e~xXk/k\,        A: = 0,1,..., for X > 0,

and cumulative probabilities by

P(k,X):=    E   p(j,X),       Q(k,X) :=     £   p(j,X).
0 <y < k k si / < oo

For ratios of cumulative to individual probabilities we have

P(k,X)/p(k,X) = I + k/X + k(k- l)/X2 + ■■■ +k\/Xk

(5-2) j_ k/X  l/X   (k - l)/X  2/X   (k - 2)/X"1-1+1-        1+        1-        1+

[15, p. 313]; [18, p. 350]

(5.3)
Jc_1_ k - 1     2     k - 2     3
X+   1 -    A+     1-    X+    1-
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Sometimes called Legendre's continued fraction [10, Chapter 17], this was given by

Euler [4, p. 232] and [5, pp. 40-41] = [6, Vol. 14, p. 612 and Vol. 16, Part 1, pp. 36,

41]. For alternate forms of (5.2), see [8, Section 4.3]. Next,

(5.4)     Q(k, X)/p{k, X) = 1 + X/(k + 1) + X2/((k + l)(k + 2))+ ■■■

(5.5)
1     X/(k + 1)  X/{(k + l)(k + 2))   (k + l)X/{{k + 2)(k + 3))

1 - 1 + 1 - 1 +

[15, p. 312,(18)]

1 A X        (k + l)X       2X       (k + 2)A       3A

"1-   A: + 1 +   k + 2-    k + 3 +    k + 4 -    k + 5 +    k + 6 -

[18, p. 348].

There is another continued fraction for Q(k,X)/p(k,X) [8, Section 5] but its

convergents are just the partial sums of the series (5.4) of positive terms. Thus, it

cannot have such properties as (2.1) or (3.1); for large k and A, for example

k = A + 3A1/2, (5.4) tends to converge more slowly than (5.5).

Individual binomial probabilities are defined by

b(k,n,p) :=    ,)pkq"~k,   where 0 < p < 1, q := 1 - p,

and k = 0,1,..., n, where 0° is replaced by 1 in this case. Cumulative probabilities

are defined by

B(k,n,p) :=     £   b(j,n,p),        E(k,n,p) :=     £   b(j,n,p).
o <y ss k k <y < n

For the ratios of cumulative to individual probabilities we again have continued

fractions. In terms of the hypergeometric function F we have

E(k, n,p)/b(k, n, p) = F(k - n, 1, k + 1, -p/q)        [18, p. 335, (89.1)]

t  |   (n-k)p  |   (n-k)(n-k-l)p2  |      _

(£ + 1)? (k+l){k + 2)q2

= J_  (n-k)p/((k + l)q)   (n + l)p/(q(k+l)(k + 2))
1 - 1 + 1 -

(k + l)(n - k - l)p/(q(k + 2)(k + 3))

1 +

2(n + 2)p/(q(k + 3)(k + 4))

1 -

(k + 2)(n - k - 2)p/(q(k + A)(k + 5))
1 +

3{n + 3)p/(q(k + 5)(k + 6))
1 -

[15, p. 312]; [18, p. 340]

= J_  (n - k)p/q  (n + l)p/q   (k + l)(n - k - l)p/q
1-      A: + l+ k + 2- k + 3 +

2(n + 2)p/q  (k + 2)(n - k - 2)p/q  3(n + 3)p/q

k + 4 - A: + 5+ £ + 6-

(5.6)
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The lower cumulative binomial B(k,n,p) need not be treated separately, since it

equals E(n — k, n, q) — 1 - E(k + 1, n, p).

Now the relative errors rm2(Q) := Qm/Qm+1 - 1 in some of the above continued

fractions will be treated as functions of A or p.

5.7. Theorem. For any fixed integers k and m > 0, the relative error \rm2(Q)\ in

(5.2) is decreasing in X for X > k and converges to 0 as X î + oo. Likewise in (5.5),

\rm2(Q)\ is increasing in X for X < k + 1 and converges to 0 as X |0. In (5.6), for

fixed k, n and m, \rm2(Q)\ is increasing in p for p < (k + l)q/(n - k) and

converges to 0 for p 10.

Proof. In all three of these continued fractions we have b0 = 0, ax = 1 and br = 1

for all r > 1. All are alternating, for the ranges of variables being considered, so that

(3.1) and (3.2) apply. We consider pairs of variables (a2j, a2J+x) for j = 1,2,... .In

(5.2), replacing A by ¡i > X multiplies both a2j and fl2y+i by À/u. Equivalently, one

can leave a2j and a2j + x fixed and replace b2j = 1 by b2j = u/A. By (3.2), this can

only decrease \rm2(Q)\. Doing this for j = 1,2,...,[(m + l)/2] gives the result for

m odd. For m even, we still have the j = m + 2 term, where increasing A is

equivalent to increasing bj, so again (3.2) applies, giving that \rm2(Q)\ is decreasing

in A for A > k in (5.2). The monotonicity of \rm 2(Q)\ is proved likewise for (5.4)

and (5.6). We have Qm -* 1 for all m, and so rm2(Q) -» 0, if A -» + oo in (5.2),

A 10 in (5.5), or/UO in (5.6).   □

The restrictions on A or p in (5.7) are needed to obtain the alternating property

and thus (3.1). The condition on p is equivalent to k > np - q. If it fails, the

continued fraction (5.6) still converges (if 0 < p < 1: [18, p. 339]), but it may first

hover around an incorrect value. For example if k = 150, n = 319, and p = .63,

then Q22, Q24,..., Q42 are all between -1.047804 and -1.047805, but Q =

limm^00 Qm is 4.362 • 108 to the given accuracy, as is Qm for m > 132. On such

"deceptive" convergence see also [7].

Waadeland [17] considers partial derivatives dQ/dak when bn = 1. His results do

not seem strongly related to those in (1.10) and (1.11) above.
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