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A Family of Generalized Jacobi Polynomials

By F. Locher

Dedicated to Professor Ginther Himmerlin on his siztieth birthday

Abstract. The family of orthogonal polynomials corresponding to a generalized Ja-
cobi weight function was considered by Wheeler and Gautschi who derived recurrence
relations, both for the related Chebyshev moments and for the associated orthogonal
polynomials. We obtain an explicit representation of these polynomials, from which the
recurrence relation can be derived.

1. Introduction. The family of normalized orthogonal polynomials P,(-;A)
corresponding to the weight function

|27+ (1 - 2?)(2® = A%)P, A< [2] <1,

WP (g )) 1= { : =kl
, elsewhere,

YER,a>-1,8> —1,0< A <1, has been considered by Barkov [1], Gautschi
(3] and in the special case vy = 0, @ = 8 = =3 by Wheeler [6]. This generalized
Chebyshev case is of some interest in theoretical chemistry. Wheeler showed that
the related Chebyshev moments of w(~1/2:=1/2.0)(.; X) as functions of A?> may be
computed recursively. We pointed out that this recursion follows from the fact
that these moments essentially are orthogonal polynomials up to a linear factor [4].
Wheeler and Gautschi were primarily interested in the recurrence relation of the
orthogonal polynomials P,(-;A). This recursion formula was derived in case v =0
and for general Jacobi parameters o, 3 > —1; special attention was given to the
Chebyshev case a = § = :I:% [3]. Our aim is to derive an explicit representation
of the orthogonal polynomials in the Jacobi case v = 0, @, > —1 and in some
other cases where + is an even integer. Finally, we obtain the coefficients of the
recurrence relation by using the known coefficients of the Jacobi recursion. These
coefficients were derived implicitly by Gautschi [3] who gave recursions for them.

2. Reduction to Jacobi-Like Form. In a first step we reduce some integrals
with weight function w(®#+) to a generalized Jacobi form. We set

v 2 x2_1+,\2
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Then we get by substitution

/1 f(z2)w(a,ﬂ,’1)(x; ) dz = 2/1 f(z2)x2‘7+1(1 _ 12)0(1:2 _ /\2)ﬂ dz
-1 A
(2.1) = Kothtytl / 1 f(K@+p)(w+p)"(1-v)*(1+v)’ dv

-1

1
= Koo / . F(K (v + p))ul®P7) (v; p) dv,

where u(®#+7) denotes the weight function
1-v)*(1+v)P(p+v)Y, |v| <1,
(2.2) u(a’ﬁ"’)(v; p) = { ( )*( )P (p+v) [v]
0, elsewhere,

YER,a> -1, > —1,p > 1. The case p < —1 may be solved by replacing v by
—v and interchanging o and 3. We see that the integrals (2.1) are of Jacobi type if
~ = 0. They reduce to another special case if v = s € Z. Then the weight function
4 is the product of the Jacobi weight with a polynomial resp. a rational function
with s-fold zero resp. pole at v = —p, p > 1. We will show that in these cases the
orthogonal polynomials may be represented in terms of Jacobi polynomials.

As the weight w(®#7)(z; )) is an even function of z, the associated orthogonal
polynomials P,(.a’ﬁ el (z;A) of even and odd degree n are even and odd functions,
respectively. So we have

Péz’ﬂ'q)(.’t; A) = S05:2:.13,'1)(9:2; /\), Pé:flﬁ)(x; /\) — zlps‘a,ﬂﬁ)(aﬁ; /\),

with polynomials ¢, and ¥y, of exact degree n. (In the sequel we omit the param-
eters o, 3,7, A if possible.)
In the even degree case, the orthonormality relation becomes, in view of (2.1),

1
bnm =/ Pz,.(z)Pgm(a:)w“"ﬁ"')(m;A)dz
-1

1
(2.3) - / n(22)pm(2?)w @B (z; X) dz
1

1
= KotPta+l / on(K(v+ P))Som (K(v + p))l‘(a'ﬁﬁ) (v; p) dv.
-1

In the odd degree case we get similarly
1
Onm = / Pons1(2) Pama1 ()P (2; ) dz
-1
1
(2.4) = / ¥n(22) ¥ (27) 2?0 (@A) (z; ) dz
-1

1
= Kothto+? / Un(K @+ ) (K (v + p))u(®P1+ ) (v; p) dv.

Let in the usual notation of Jacobi polynomials (5]

2048+1  Pn+a+1)I(n+B+1)

hsla.ﬂ) —

T m+a+p+1 nlT(nt+a+pB+1)
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Then the orthonormality relations (2.3) and (2.4) are fulfilled in case v = 0 if

(2.5) On(K (v + p)) = [K*HBH1p(@:8))=1/2 p(aB) (4))
and in case v = —1 if
(26) Un(K (v + p)) = [K*HPT1p(P)]=1/2 pleb) (y),

If we replace K (v + p) by z2, there follows

PROPOSITION 2.1. In case v = 0, the even-degree orthonormal polynomials
have the form

P50 (2 )

2.7 2\ a+8+1 -1/2 2
(2.7) (=2 ped)|  pes (2,2 1EA

2 " " 1-2)2 1-22)°
and in case ¥ = —1, the odd-degree orthonormal polynomials have the form

PRV (@)

2.8 2\ ath+1 -1/ 2
( ) _ 1-2) h(a,ﬁ) xP(a,ﬁ) 2 22 _ 1+A

2 n " 1- 2 1-x2)°

3. The Case + = 3,8 € N. If the parameter ~ is a natural number, the weight
function p(®#) has the special form

u(®P3) (v; p) = (1 = v)* (1 +v)P(p + v)°,

where p > 1, s €N, a,8 > —1. Next to the Jacobi case vy = s = 0 we now consider
the case s = 1; then other values of s € N can be treated by induction.

According to an idea of Christoffel (cf. Szego [5, p. 29 ff.]) we define the sequence
of monic polynomials

61) p@mD ) w — L PTP@PED0) - PP @PO )
. n ’ . Py(;a’ﬂ) (U)k&i’f) v—0 3
where o := —p, and in the usual notation
1 /(2n+a+ 3
(asB) .—
(3.2) kyXoP) o ( n )

By direct inspection—numerator and denominator are both zero at v = o—or via
the Christoffel-Darboux identity it is easy to see that p(a’ﬁ 'Y is a monic polynomial
of degree n. For every polynomial ¢,_; of degree less than n we get

1
/ PP (4 p)gn—1 (0)u(* P (v; p) dv

(a.ﬂ) n+1 (‘7) Pl
3.3 - ——5—0Ph v
(3.3) ks:i,;la) ~ { n+1 P(a,ﬂ)( ) (v)

X gn-1(v)(1 = v)*(1 +v)P dv
=0

because of the orthogonality of the Jacobi polynomials. Thus, p, (o )(v; p) is a
constant multiple of the orthonormal polynomial relative to the welght pleh1)
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The normalization can be done with the help of the Christoffel-Darboux identity
(Szegd [5, p. 42 ff.]), from which it follows that

h(ayﬂ) n

(3.4) p&P) (v; p) = Z[h(a"”]'l P8 () P{P) ().

k(a’ﬂ)P(a ﬂ)(

By writing one factor pi@PY in the fractional form (3.1) and the other in the

Christoffel-Darboux sum form (3.4), we get

1
[ B0 P50 ) o

B Z":[ (2,6)]1 p(af)
= h(@B))=1 p(eb) (5)
KD PP o) (2 ’

1
(3.5) X / 1P,S""ﬁ)(v)[P,‘,"’ﬂ)(o)P,(fj_’f)(v) — PP (0) PP (v)]

x (1-v)*(14v)Pdv
I S s ) D Rl 7 ()
kD kP PO (—p) kD KD PP (p)

We thus have
PROPOSITION 3.1. The polynomials

(280 (5 gy e L PPV ORI W) + PED ()P )
n

ip) ,
/hsta,ﬂ,l) p+v

RO = R ORED KD PP () P (0)

are orthonormal with respect to (1—v)*(1+v)?(p+v). An alternative representation
18

(a,B8)
gl P (v; p) = (=1)"hs" (a /3) SR Z[h(a,ﬁ)] 1p(eB) (- p) PL>P) ().

/i@ =

From (2.4) it follows that the polynomials 1, for the odd-degree orthogonal
polynomials have the representation

(3.6) w(a B, 0) [Ka+ﬁ+2] 1/2q(a .8, l)(K‘lv - p; p)'
Thus we get

PROPOSITION 3.2. In case v =0 the odd-degree orthonormal polynomials have
the form

—(a+B+2
pEB0 gy = (LX) s (2 14N 14X
w1 BAV=A T Fn -2’ T 1-x1-az)

4. The Recurrence Relation. In case ¥ = 0 we now derive the recursion
formula for the even and odd degree polynomials, respectively. We start with a
known result from the theory of orthogonal polynomials (Chihara [2, p. 25]).




A FAMILY OF GENERALIZED JACOBI POLYNOMIALS 307

LEMMA 4.1. If the system {P,}32, of monic polynomials can be generated by
the recurrence relation

P(z)=1,  Pi(z) = (z - fo)Fo(2),

Ppi1(z) = (2 — Bp)Pn(z) — Yo Pn-1(z), n=12,...,

then for a,b € R, a # 0, the system {Qn}32, of monic polynomials
Qn(z) :=a "Py(az +b)

(4.1)

can be generated by

Q) =1, Q=)= (z - Bp)Qo(z),

(4.2) , )
Qn+1($) = (:t - :Bn)Qn(z) - ’YnQn—l(z)’ n=12,...,
where
g o=t n=0,12,...,
(4.3) y a
! . n -
’7,".—32-, n—1,2,....

From (2.5) there follows the representation of the monic even-degree polynomials
= (a yﬂ'o)
Pn :

- _ v
(44) BP0 (v) = KM K| P (£ - p).
We are interested in the coefficients by, , con, of the recursion formula
(4.5) PO ) = (v = ban) BP0 (0) = 2T ().

Now we use the recursion of the monic Jacobi polynomials (Chihara (2, p. 220])
PD(2) = (- B PP (2) - o@D B2 (a),

flad) - g2 - o?
(4.6) T (2n+a+pB)(2n+a+B+2)
(a,ﬁ) nn+a)(n+B)(n+a+p)

T @2nt+a+pB-1)(2n+a+P)22n+a+p+1)
and take a = 1/K, b= —p, b/a = —(1 + A?)/2 in Lemma 4.1 to obtain
1+ )2

bn = —5— + KB>P
(4.7) 1 f/\
=— if la| =8|, n=0,1,2,...,
1- A2
con = (_2__) A (8)
(4.8)

—A2\?
=(1 4’\> fa=pf=+, n=12,....

To get the recursion formula for the monic odd-degree polynomials in case v = 0 we
start from Proposition 3.1 and use Lemma 4.1. (Alternatively, we could start with
Proposition 3.2, but the following computation in two steps is easier.) We know
that the monic polynomials

PP (=p) PSP (v) - BSD (=p) P v)

(4.9) G (v) =

kD PP (~p) (v + p)
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are orthogonal with respect to (1 — v)*(1 + v)#(v + p). The coefficients o, 7, in
the recursion formula

(4.10) G5V (0) = (v - 00)d*PV (0) - g (v)
result from
PP (-0 P32 (v) - PSR (-p) BT (v)

P3P (—p)

PO (p) P (0) = B (-p) PO (0)
PiP)(—p)

B2D (=) Bi*P) (v) — PP (—p) L) (v)
B2 (=)

if we first multiply by p + v. Applying to the terms involving the factor v the

recurrence formula (4.6) (with z = v) results in a vanishing linear combination of
Jacobi polynomials. Equating the coefficients to zero then gives

(4.12) on = glas) PP D) PP ()
' n ~ ~ y
PGP (—p) PP (—p)

(4.13) .= PP (—p) PSP (-p) (c.8)
: "= . :
O

As the monic odd-degree polynomial Js.a’ﬁ ©) has the representation (cf. (3.6))

(4.11) = (v—o0y)

—in )

~ v
(4.19) PO () = Kng™o) (2 - p),
the coefficients bap+1, Con+1 in the formula
(415)  PET00) = (v = bans )PP () — canprBEO (v)
can be derived from (4.12) and (4.13) using Lemma 4.1. Thus we get
1+22 1-)2

(4.16) ban+1 = * + On,

2 2

1-22\?

(4.17) Cont1 = ( 5 ) Tn.
In the Chebyshev case o, § = :i:% these formulas can be simplified. We set
(4.18) si=—p—Vp -1
then the Chebyshev polynomial of the first kind can be represented in the form
(4.19) Ta(=p) = 3(s" +¢7")

and therefore
P 7P (=p) _1¢m24gn?
ﬁ'(‘:i/2,—1/2)(_p) 2§ﬂ+l +§—n—l

(4.20)

As in this case

_ _1
Brn+1 =0, Tnt+1 = 7,
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we get fora == -1
1+A2  1-)2 ¢Z—2+¢2
(421) b2n+1 = 2 + 4 ’ (S.n+1 + g—n—l)(gn + g—‘n)’
1-22\*[ -24¢72
(422) Con41 = (T) [1 - (S-n + S~—'n)2 ] :

We note that in the limit A — 0, i.e., ¢ — 1 or p — 1, these recursion coefficients
agree with those of the polynomial P,(,_l/ 2y 2)(2v — 1) up to a scaling. Analogous
formulas can be derived in the other Chebyshev cases.
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