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Error Estimates
for Semidiscrete Finite Element Methods
for Parabolic Integro-Differential Equations

By Vidar Thomée and Nai-Ying Zhang

Abstract. The purpose of this paper is to attempt to carry over known results for spa-
tially discrete finite element methods for linear parabolic equations to integro-differential
equations of parabolic type with an integral kernel consisting of a partial differential op-
erator of order 8 < 2. It is shown first that this is possible without restrictions when the
exact solution is smooth. In the case of a homogeneous equation with nonsmooth initial
data v, v € Lo, optimal O(h") convergence for positive time is possible in general only
if » < 4 — B. This depends on the fact that the exact solution is then only in H4~58.

1. Introduction. The aim of this paper is to analyze spatially discrete finite
element methods for solving initial-boundary value problems of the form

t
ut+Au=/ B(t,s)u(s)ds+ f=Bu+f inQxJ,
0

(1.1) u=0 ondQxJ,
u(-,0)=v inf

Here, u = u(z,t) is a function in {1 x J, where (1 is a bounded domain in R¢
with a smooth boundary 9Q, J = (0,f] with > 0, and u; = g—'t‘. Further, A is a
second-order elliptic partial differential operator,

N )
A=-— Z B_ZJ (aij(z)a—%) +ao(I)I,
1,7=1
where (a;;) is a time-independent matrix, which is symmetric and uniformly positive
definite in Q, ag(z) > 0 in Q, and B = B(t,s) is a general second-order partial
differential operator of order § < 2,

d d
0 0 0
B(t, 8) = - Z % <b,‘j(x; t, 8)8_1,) + Z b]'(it; t, S)aT + bo(x; t, S)I,
ij=1""7 j=1 J

and Bu = f?u(t) stands for the integral term in (1.1). Finally, f and v are prescribed
real-valued functions. Throughout this paper, we shall assume that f and the
coefficients of A and B are smooth.

Parabolic integro-differential equations (PIDE) of the above type, and nonlinear
variants thereof, arise in many applications, such as, for instance, in non-Fourier
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models for heat conduction in materials with memory and in the theory of nuclear
reactors; see, e.g., the introduction in Greenwell Yanik and Fairweather [3], where
also references to studies of existence, uniqueness and regularity are given.

For the purpose of numerical solution we assume that we are given a family {Sy}
of finite-dimensional subspaces of H} = H}(f2) such that, with r a given integer
22,

(1.2) 1én£ {Jlw = x|l + hlju = x|l1} < Ch®||lul|s for 1< s<r ifue H®NH;.
X€ESh

Here and below we work in the standard Sobolev spaces H® = H®(Q2), the norms

in which are denoted || - ||s, with s omitted when zero so that | - || is the norm in

L, = L2(2). No inverse assumption is used for {S,}.

The semidiscrete Galerkin finite element method that we shall study is then to
find up: J — Sp, such that

(unesX) + Alun, X) = /0 B(t, 5;un(s), x) ds + (f, %)

= B(un,x) + (f,X) VX € Sh, t€J,

(1.3)

Up (0) = Up.

Here, vy, is an appropriate approximation of v in Sy, (-,-) is the standard inner
product in Lo, A(:,-) and B(t,s;-,-) are the bilinear forms associated with the
operators A and B(t,s), i.e

d
Ou Ow
A(u,w) —/ﬂ Z aij(x)a—zi%j + apuw | dz

1,5=1
and
B(t, s;u, w)

/ waztsﬁaw Zb (:cts) w+b0(a:ts)uw dz,

1,5=1

and B(-,-) = B(t;-,-) is defined by (1.3).

Our purpose here is to discuss to what extent known error estimates for the case
of a parabolic differential equation (cf., e.g., Thomée [7]) carry over to the present
situation.

We shall consider first, in Section 2 below, the case of a smooth solution, i.e.,
when the smoothness of the exact solution is sufficient not to cause any compli-
cations in the analysis. We shall then be able to show that the result for B = 0
remains valid, i.e., that

t
[lun(t) — u(®)]| < Cllvn — v|| + Ch" {Hvllr +/0 IIut||,ds} fort e J.

We shall then turn to the homogeneous equation (f = 0) with nonsmooth initial
data. For the differential equation case, it is known that if vy, is chosen as P,v, the
Lo-projection of v onto Sy, then

(1.4) llun(t) — u(@)|| < ChTt™/2||v|| for t € J,
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thus showing optimal-order convergence for positive ¢, even with v only in L,.
This is related to the fact that the solution of a homogeneous parabolic equation
is smooth for positive ¢, even when the initial data are not. In quantitative form,
this may be expressed by the inequality

(1.5) lu()lle < Ct2|lv|| forte J,

which is valid for any o > 0.

Therefore, the first point on the agenda is to investigate the smoothness of the
solution in the case f = 0 of (1.1), when v is nonsmooth. It turns out that in the
PIDE case the inequality (1.5) remains valid, but in general only for o < 4 — 3,
where (3 is the order of B(t, s). This is shown in Section 3 below.

It is natural that this smoothness property will be significant also in the study
of the error in the semidiscrete solution. Our result is now that the error estimate
(1.4) remains valid if r < 4 — j, or, more precisely, with r in (1.4) replaced by
~ = min(4 — §,7). This will be shown in Section 4.

Earlier related results have been presented by Greenwell Yanik and Fairweather
[3], who derived optimal-order error estimates in the case of a (nonlinear) problem
with smooth solution, and with 3 < 1. An alternative proof of our smooth data
result with 8 = 2 has been given recently by Cannon and Lin [2]. Both smooth
and nonsmooth data estimates have been demonstrated in Le Roux and Thomée
[4] for a semilinear problem with 8 = 0. For time stepping with special emphasis
on economical quadrature, see Sloan and Thomée [5] (and also [4]).

We shall end this introduction by fixing our notation and collecting some material
concerning the differential equation case of (1.1), i.e., the case B = 0. In addition to
H", we shall use the space H® = H*(Q2), s > 0, defined by the norm |v|, = ||4%/2v).
We recall that for s an integer, H* = {v € H% A%v = 0 on 99 for j < s/2}, and
that the norms || - ||s and | - |, are equivalent on H* (cf. [7]).

Let thus E(t) denote the semigroup on L, generated by the elliptic operator
A, under homogeneous Dirichlet boundary conditions. The solution of the homo-
geneous parabolic equation with initial data v is then u(t) = E(t)v and has the

property

(%)j E(t)v q

Let further E}j(t) denote the finite element analogue of E(t), thus defined by the
semidiscrete equation (1.3) with f = 0, B = 0. This operator on Sj, may be defined
alternatively as the semigroup generated by the discrete analogue Ap: S, — Sp of
A, where

1.6 <Ct=@ P2y, forve HP, teJ, 0<p<gq, j>0.
4

(AMP,X) = A(/wa X) V¢7 X € Sh'

The error in the semidiscrete solution is thus up(t) — u(t) = Ex(t)vy, — E(t)v.
In the particular case that v, = P,v, the La-projection of v onto Sy, we shall use
the error operator Fy(t) = Ex(t)P, — E(t). For this operator it is known that (cf.
Theorem 3.1 of [1])

(1.7) IFa(t)o]] < CROt= =Py, 0<p<s<r




124 VIDAR THOMEE AND NAI-YING ZHANG

Here and below, when ¢ > 0, we write ||v||_4 and |v|_4 for the dual norms to ||v]|,
and |v|, with respect to the L, inner product.

Related to the definition of the discrete elliptic operator Ay is that of the solution
operator Tp: Lo — S, of the discrete elliptic problem, namely

A(Thf’ X) = (fa X) VX € Sh;
it approximates the exact solution operator T = A~1: L, — H? in the sense that
(1.8) |IThf =T fll-g < CHP*9*2||f||, for f€ H?, 0<p<r—2, -1<q<r-2.

The operator T is selfadjoint and positive definite on Ly, and T} is selfadjoint,
positive semidefinite on L, and positive definite on S,. We also recall the elliptic
regularity property T: H? — H9%2 0 H} and the associated inequality

(1.9) ITfllg+2 < Cliflly for f€ H? g20.
We finally recall the Ritz projection Ry : H} — Sj defined by
(1.10) A(Rpu,x) = A(u,x) VX € Sh.

In the appropriate domain we have Rnv = T, Av, and, by (1.9), the inequality (1.8)
may also be expressed as

(1.11) ||Rpu —ul|—g < ChP*9u|l, forue HPNHy, -1<qg<r-2,2<p<r

Throughout this paper, C will denote, as above, a positive constant independent
of h and the functions involved, not necessarily the same at different occurrences.

2. Error Estimates in the Case of a Smooth Solution. This section
is concerned with the following error estimates for the semidiscrete finite element
method (1.3) in the case that the continuous problem (1.1) has a smooth solution.

THEOREM 2.1. Let u and up, be the solutions of (1.1) and (1.3), respectively.
Then we have

¢
l[un(t) = u(@)l| < Cllon — || + ChT {llvllr +/ lJose dS} forteJ.
0
Proof. Following Wheeler (8], we write the error, with R, defined by (1.10), as
e=up—u=(up — Rpu) + (Rpu—u) =0+ p.

Here we have at once from (1.11)

t
21 le®l < ChJlu(®)ll, < CR {Ilvllr +/0 ”ut"rds} forteJ.

We continue to estimate 8 = up — Rpu € S,. We find easily by (1.1), (1.3) and
(1.10) that

(2.2) (6:,x) + A8, x) = —(pe, x) + B(e,x) VX € Sh, tE€J.

We now write § = 6! + 6%, where ' and 2: J — S}, are determined by

(08, x) + A(0",x) = —(pt,x) VX E Sh, tEJ,
6'(0) = 6(0),
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and

(67,x) + A(6%,x) = B(e,x) VX € Sh, t€J,

6%2(0) = 0.

Here the standard argument for the differential equation shows (cf. [7, Chapter 1])

t
(2.4) 161 ()|l < Cllvn — v|| + Ch" {||v||, +/ (el ds} forte J,
0

(2.3)

and we are left with estimating 62.
Setting x = Tx6? in (2.3), we find

t
(T62,02) + 3 IO = [ Bt siels), T (0) ds
0

(2.5) - % /0 " Bt, 5:¢(s). Tub? (1)) ds — Bt t:e(t), Tn* (1))

-/ " Bu(t,s;e(s), Tho? (1)) ds,
0

where B; corresponds to the operator (of order 3) obtained by differentiating the
coefficients of B with respect to t. Hence, by integration with respect to ¢, we
obtain

le*@®)* < / t{IB(t, s;€(s), Tab%(t))| + | B(s, 5; €(s), Ta6(s))|} ds
(2.6) °

+ C/t /s |Bi(s,7;€(r), Th0?(s))|drds = Q(t) forteJ.
We shall prove that the qt?ant()ity Q(t) thus defined satisfies

1) Q0 <0 {Jon—oll+ 4 (il + [ o ds) + [ teldosup (et
Assuming this for a moment, we find easily from (2.6) that

t t
2l < ¢ {nvh ol 4 (nvur +f uuturds) n /0 uends} -
Combining this with (2.1) and (2.4), we derive

le@®)l < Nl + 18 )1 + 183
t t
< Cllvn - v|| + CH' {uvn, + /0 luells ds} +C /0 lell ds.

An application of Gronwall’s lemma now completes the proof.
It remains to prove (2.7). For this purpose we need the following

(2.8)

LEMMA 2.1. Let B(t,s;,-) be a bilinear form associated with a partial differ-
ential operator B(t,s) of order 3 < 2. Then

|B(t,s; £,Tug)l < C(RISN + I fIDlgll for0O<s<tel, feHy, g€ L.

Proof. By (1.8) and (1.9) we have, with B* the adjoint of B,
|B(¢,s; f,Thg)| < |B(t,s; f,(Th — T)g)| + |B(¢,s; £, Tg)|
S CIAN(TR = Tgll + 1/ IHIB(2, s)* Tyl
<CRISA+17DNgll. B
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We now return to the proof of (2.7). By Lemma 2.1 we obtain easily

t
(2.9) Q) <C /0 (hllells + lell) ds sup 6% ()1,

and the proof of (2.7) can hence be completed by showing that

t t
(2.10) /0 llell1 ds < Cllvn — v|| + Ch™? <||v||,- +/0 luellr ds) .

Inserting x = 6 = 4(t) into the error identity (2.2), we obtain
1d

t
5101+ 40.0) = ~(20.0) + [ Bt sie(s),0(0) ds

t
< lloell 61 +C /0 lell dsllol

t 2
1
<lnll+C ([ lehsds) +340,0).

Therefore, we have after integration in time,
9 t t t s 2
1o (e)|? + /0 16112 ds < ClI8(O)]* + C /0 loell 1611 ds + C /0 ( /0 ||e||1dr) ds

t 2
1
<CloO)2+C ( [ 1o ds) + Loup o)
0 2 5<t

t s 2
+C / (/ ||e||1d1') ds.
0 0

Since the above inequality is valid for all t € J, we obtain

t t 2
sup [0(3)” + | ||0n%ds50||a(0)u2+c( / ||pt||ds)

s<t
(2.11) o )
+C / (f ||e||1d1') ds.
0 0

Now, recalling that the interval J is bounded, we find

t 2 t t 2
(/0 uenlds) <c /0 uou%dsw(/o ||p||1ds)

t t 2
<C / ||0||§ds+c(h'-1 / |[u[|,-d3> ,
0 0

and hence, using (2.11) for the first term on the right and the standard estimate
for p, yields

t 2 t
(/ ||e||1ds) < Cllun — v|]? + Ch2r=D (uvu3+ / uutu,ds)
0 0

t s 2
+c/ (/ ||e||1d1') ds,
0 0

2

whence (2.10) follows by using Gronwall’s lemma. O
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Remark 2.1. The difficult case in the proof is 8 = 2. When 8 < 1, we have

(2.12) |B(t, s;e,x)| < Cllell lIxls,
and hence easily from (2.3), with x = 62(¢),

9 t
10%(0) < © /0 le(s)ll ds,

which implies (2.8) more directly. Also, when 8 = 2, the proof of (2.7) from (2.9)
follows in a straightforward way directly in the presence of the inverse assumption
lIxllx < Ch=HIx|| for x € Sh.

Remark 2.2. The part of the standard approximability assumption (1.2) which
concerns the gradient of u is somewhat difficult to satisfy in practice when r > 2.
However, Theorem 2.1 remains valid if (1.2) is replaced by

(2.13) inf {Jlu—xll +hllu - xll1.0.} < Ch|lull, for 1 <s<r, if u€ H*NHg,
XE€Sh

where (2, C () is a mesh domain with sup,¢q\q, dist(z,0Q) < ch” such that the
elements of S, vanish in 2\, and where || ||1,q, is the norm in H*(Q). This as-
sumption holds for (carefully constructed) isoparametric finite element spaces. The
modification of the proof consists in using the error estimates for R), corresponding
to (2.13), together with the inequality

Iollio\a, < CH™2|l0]l2

to show that (2.9) may now be replaced by

t
Q) < C/O (hllells.an + flel + ~llull2) ds sup 6% ()1,

and in substituting || - ||1,, for || - ||; in the subsequent arguments. Using (2.12)
for B <1, it is seen that the change in the proof is only needed when 3 = 2.

3. The Homogeneous Equation with Nonsmooth Data. In this section
we shall discuss the regularity of the solution of (1.1) in the case that the PIDE is
homogeneous (i.e., when f = 0) and v is only in L,.

By Duhamel’s principle, we may formally write (1.1) with f = 0 in the form

(3.1) u(t) = E(t)v+ /t E(t — s)Bu(s)ds forteJ.
0

For our present purpose we shall consider u to be a solution of (1.1) with f =0
if u € C(J; H?) N C(J; Lg) and satisfies (3.1). Here and below, C(J; H) denotes
the continuous functions in J with values in the Hilbert space H, and similarly for
C(J;H). We note, in particular, that when v € C(J; H), the H-norm of u(t) is
bounded on J, whereas this is not necessarily the case if u € C(J; H).

We shall prove the following result.

THEOREM 3.1. For v € Ly, the equation (3.1) admits a unique solution u,
which belongs to C(J; H4=P) for B = 0 and 2, and to C(J; H® N H?) for B = 1.
Furthermore,

lu(t)lla < Ct™*2|l0|| forte, 0<a<4-p.
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We reiterate that this result shows the same smoothness property as for the
purely parabolic equation when a < 4 — 3. As we shall demonstrate by counterex-
amples at the end of this section, this limit for « is sharp.

Denoting the integral in (3.1) by w(t), we find, since u(t) = E(t)v + w(t),

w(t) = /O t E(t — s)Bu(s) ds

(32) _ / “E(t - 5)BEv(s)ds + / "B(t - 5)Bu(s) ds
0 0

=V(t) + Kw(t),

where BEv is defined by (1.1) with u(s) replaced by E(s)v. We shall prove that
for v € L this Volterra-type integral equation in w has a unique solution w(t) €
C(J; H*P) for # =0 and 2, and w(t) € C(J; H® N H?) for § =1, and that

lw(t)la—p < Cllv|| forteT.

In view of the well-known estimate (1.6) for E(t)v, this will show Theorem 3.1.
Note in particular that the term w(t) does not have the singular behavior of E(t)v
at t =0.

For the purpose of the proof we shall analyze the two terms on the right in (3.2).
We begin with the following lemma, where we note the alternative uses of the norms
in H® and H®. This is motivated by subsequent applications to functions satisfying
and not satisfying boundary conditions, respectively, the latter case occurring for
functions of the form Bu when 8 = 1.

LEMMA 3.1. Let o > 0. Under the appropriate regularity assumptions for g,
we have

(3.3) / E(t — s)g(s)ds < Csup(|g(s)la + slg'(s)]|e) forte d,
0 a+2 s<t
and
o) |[ Ee-9aeas| < Csuplotolons
0 a+3 s<t

+Ct™1/? sg;t)(|g(s)|a +3|¢'(8)]a) forteJ.
s<

Proof. Using integration by parts in the second term on the right, we find, since
+TE(s) = —E(s),

t/o E(t - s)g(s)ds = /0 (t—9)E(t —s)g(s)ds +/0 sE(t — s)g(s)ds
(3.5)

=tTyg(t) + /t{((t - 8)I —T)E(t — s)g(s) — sTE(t — s)g'(s)} ds
0
= tTg(t) + tG(t).

For the G(t) thus defined, we obtain by the boundedness of T: Ho+4 — Ha+2+6
and by (1.6) that

t
IG(H)las2es < Ct! /0 (t = 5)75/2(g(s)la + sl (5)]a) ds

< Ct™ %% sup(|g(8)|a + 8|¢'(8)|a) forte J, 6§ =0,1.
s<t
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The desired inequalities now follow, since T: H* — Ho+2 and T: Ho+! — Ho+3
are bounded. O
In order to derive the required estimate for the term V(t) in (3.2) we now show:

LEMMA 3.2. Let B(t, ) be a partial differential operator of order 3 < 2. Then
v E L.g implies that BEv € C(J; H?>~#). If in particular, B = 0, then BEv €
C(J; H?). Furthermore,

IBEv(t)ll2-s < Cllvll fort €T,

and ;
|BEv(t)|| < Ct*=A/2||v|| forte .

Proof. We obtain by integration by parts
t
BEw(t) = / B(t,)E(s)vds = —B(t, ) TE(t)v + B(t,0)Tv + B.TEu(t),
0
where B, is defined in terms of B, = (9/8s)B. Hence, by the boundedness of
T: Ly — H?, we find
IBEv(t)||2-p < Csup[TE(s)vll> < Cllo]l
s<

When f=0and =1,
t t
1BEOI < C [ 1EGlads <C [ 572 dslol) < O8]l
0 0

For 8 =0, B(t, s) is a multiplication by a scalar function and hence BEv(t) € H?
forteJ. O
We are now ready to derive our estimate for the term V' (t) in (3.2).

LEMMA 3.3. Assumingv € L, we have V € C(J; H4=5) for =0 and 2, and
V € C(J; H3 N H?) for B = 1. Further,

IV(®)lla-p < Cllvl| forted, B<2.
Proof. Considering first 8 = 0 and 2, we have by (3.3)
V()ls-p<C Sgl:(lBEv(S)lz—ﬂ + 5|(BEv) (3)l2-p)-
s—-
The first term on the right is estimated directly by Lemma 3.2, and for the second

we have, since (BEv)'(s) = B(s,s)E(s)v + B;Ev(s) and applying now also (1.6)
and Lemma 3.2 to Bg, that

s|(BEv) (s)|2-p < C(s|E(s)vl2 + 8| BtEv(s)[2-p) < C|lv]l.
Here we have used the fact that for § = 0 the operators B and B, consist of

multiplication by a scalar function and are thus bounded in H2.
In the case § = 1 we obtain similarly, using instead (3.4) and Lemma, 3.2,

IV®)lls < Csup IBEw(s)|l: + Ct~*/2 sgg(llBEv(S)Il +3ll(BEv) (s)ll) < Cllo.

The fact that V € C(J; H?) follows from (3.3) of Lemma 3.1 with a = 0. The
proof is now complete. [

The following lemma is concerned with the properties of the operator K defined
in (3.2).
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LEMMA 3.4. The operator K is bounded in C(J; H?) and
t

(36) Kok <C [ lo(o)ads forteT.

0
Furthermore, for g € C(J; H?), we have Kg(t) € C(J; H*) for 8 =0 and Kg(t) €
C(J;H3 N H?) for 3=1, and
3.7) 1Kg(t)lla—p < CSliI:ly(S)lz fortel, B<2.

s<

Proof. Replacing g by By in (3.5), we obtain

- t t
|Kg(t)|2 < Csup||Bg(s)|| + C / (Bg)'(s)llds < C / lg(s)l2 ds,
s<t 0 0

which shows (3.6) and the case 8 =2 of (3.7). For 8 = 0, we have by (3.3)
IKg(t)la < Csup(1Bg(s)l2 + sI(Bg) (s)la) < Csuplg(s)la
s< EhS

and for # =1, by (3.4),
IKg(t)lls < Csup 1Bg(s)ll1 + Ct~*/2 SgI:(IIBg(S)ll +s/|(Bg)'(s)|I)
s< S

< Csup|g(s)2.
s<t

This completes the proof. O

Proof of Theorem 3.1. Consider the Volterra type equation w = V + Kw for w.
Since by Lemma 3.4, K is a bounded operator in C(J; H2) which satisfies (3.6),
and since V € C(J; H 2) by Lemma 3.3, we conclude by the standard argument for
Volterra equations that this equation has a unique solution w € C(J; H?), and

[w(®)lz < CsuplV(B)a < Clll.
8>

The regularity statements for w now follow by Lemmas 3.3 and 3.4, since
(3.8)  MNw(®)lla—p < IV (D)lla-p + IKw(t)lls-p < Cllv]| + Csup[w(s)]2 < Cll]l
In view of our above discussion this completes the proof of Theorem 3.1. O
The following result will be used in Section 4.
LEMMA 3.5. Let u(t) be the solution of (3.1) with v € Ly. Then
IBsu(®)ll2-p + | Bu(®)lla-p < Clvll  fort €T

and
I Beu(t)l| + | Bu(t)|| < Ct'=P/2||v]| forte J.

Proof. Since Bu = BEv + Bw, the bounds for Bu follow easily from Lemma
3.2 and (3.8). Since the arguments apply equally well to B,, the lemma is estab-
lished. O

We shall now demonstrate that the result of Theorem 3.1 is sharp in the sense
that, for general B of order 3, higher-order regularity than H4~% cannot be attained
for v only in Ls. We shall do this by exhibiting one PIDE for each of the cases of
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B =0,1, and 2, with the property that if u(t) € H* for some o > 4 — § and some
t € J, then v must belong to a space H® with s positive.

We consider first the equation (3.1) with B = I and prove that then u(t) —T?v €
HS for t € J. From this we may conclude that, if u(t) € H* with 4 < o < 5 and
t € J, then T?v € H* N H*, so that v € H*~*, which shows our claim for 8 = 0.

Using our above notation, we have by (1.6) and (3.8), noting that w € H* for
t € J, that

t s
IKw(t)]s < C / (t = 5)~1/2 / lw(r)|adrds < Cllo|| forted,
0 0
and hence that Kw(t) € H® for t € J. Further,
t s
V() = / E(t - 3)/ E(t)vdrds = T?v — T2E(t)v — tTE(t)v,
0 0

and since the last two terms are smooth for any positive ¢, this shows that w(t) —
T2y =V (t) — T?v + Kw(t) € H®. Since u(t) — w(t) = E(t)v € HS for any positive
t, this implies u(t) — T?v € HS for t € J and thus completes the proof.

We next consider § = 1 and choose B = Dy = 0/0z;. We shall now show
u(t)—TD,;Tv € H*NH? for t € J and any a < 4, from which we shall conclude as
before that no higher regularity than u(t) € H?3 holds for all v € Lo, thus confirming
the sharpness in this case. In fact, if u(t) € H* with 3 < o < 4, then we would
have D;Tv € H*~2 which is not true for all v € Lo, since D, is not in H*~2 for
all y € H2 when o — 2 > 1.

Here we know that w € C(J; H3 N H?) and hence TDyw € C(J; H* N H?), so
that E(t — )T Dyw € Ly((0,t); H*), uniformly in t, for any a < 4, where L, (J; H)
denotes the set of functions J — H with H-norm integrable over J. Thus,

t
Kuw(t) = / (I - E(t —7))TDyw(r)dr € H*NH? forteJ.
0

This time,

t 8
V(t) =/ E(t - s)/ D,E(t)vdrds
0 0
t
= TD\Tv - TD\TE(t)v - / TE(t — 5)DyE(s)v ds,
0
where the last two terms are both in H* NH? for t € J. This shows u(t)—TD,Tv =
E(t)v+w(t) — TD1Tv € H*N H? for t € J and completes the proof.

We finally consider p = 2 and now choose B = A. This time we shall show
u(t) — e!Tv € H® for t € J, from which we infer that u(t) € H? is the highest
regularity valid for all v € L.

We now have w € C(J; H?) and

Kw(t) = /Ot w(s)ds — /ot E(t — s)w(s)ds,

where the second integral is in C(J; H3), because E(t — -)w € Ly((0,t); H3), uni-
formly in ¢. Further, V(t) = Tv — TE(t)v — tE(t)v, so that w is of the form

t
w(t) = Tv+ g(t) + / w(s)ds, with g€ Ly(J; H)NC(J; H?).
0
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Hence,
t
w(t) =Tv+g(t) + / e™°(Tv + g(s)) ds = €!Tv + h(t),
0
where h(t) € H3 for t € J. By the regularity of u(t) —w(t) = E(t)v, this completes
the proof.

4. Error Estimates for the Homogeneous Equation with Nonsmooth
Data. In this section we shall prove the following nonsmooth data error estimate
for the spatially discrete finite element method for our homogeneous PIDE.

THEOREM 4.1. Let u be the solution of (1.1) with f = 0 and v € Lo, where
B(t,s) s a partial differential operator of order B3, f < 2. Let further up be the
solution of the corresponding semidiscrete problem (1.3) with f =0 and vy, = Ppv.
Then we have

llun(t) — u(t)|| < CRt™"2||v|| fort € J, where v =min(4 — B,r).

Clearly, in view of Theorem 3.1, the power of kA occurring in this estimate is best
possible.

In the proof we may, and shall, assume that 4 — § < r,sothat y=4—- 4. In
fact, if r =2 or 3 and B < 4 — r, then we may interpret B to be of order 4 — r, and
the results in this case will lead to the correct conclusion.

Defining the discrete analogue By, = By(t,8): S, — Sy, of B = B(t, s) by

(Ba(t,s)%,x) = B(t,5;%,x) Vi, x €Sh, 0<s<tE,
we write the semidiscrete problem (1.3) with f =0 in the form
t
Upe + Apup = / By (t,8)up(s) ds = Brup(t) fort e J,
0
up(0) = Pyu.
By Duhamel’s principle we then have for the semidiscrete solution
t
up(t) = Eh(t)th +/ Eh(t — s)Bhuh(s) ds.
0

Together with (3.1), this shows for the error e = up — u that
t

e(t) = (En(t)Pn — E(t))v + /0 En(t — s)Buun(s) ds

- / "Bt - 5)Bu(s) ds
0

(4.1) = Fp(t)v+ /t Fy(t — s)Bu(s) ds
0

+ /t En(t — s)(Bhun(s) — PaBu(s))ds
0

=eg(t) + e1(t) + e2(t) = eo(t) + €(2).

We shall prove below, by estimating e; (¢) and e2(t) separately, that
(42) @)l < Ch*=P ).
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Together with the known estimate (1.7) for eg(t) = Fj(t)v, the error for the finite
element solution of the associated differential equation problem, this will complete
the proof. We remark that, analogously to the integral term in (3.1), the contribu-
tion of € to the error thus does not exhibit any singularity at ¢t = 0.
The proof will be based on a sequence of lemmas. In the first one we study the
selfadjoint operator Hy(t): Ly — H} defined by
Hh(t) = Eh(t)Th - E(t)T.

This operator is a time integral of —Fj(t) and is introduced to avoid the singular
behavior of Fj(t) at t = 0.

LEMMA 4.1. We have
(4.3)  |Hi(t)v|-q S CRPE=P=D2|y|| forteJ, 1<q+2<p<r,
and
(4.4) |Hn(t)v]| < Ch*wly forted, r > 4.
Proof. We may write
Hp(t) = ThFu(t) + (Th - T)E(2).

Since by (1.6) and (1.8), the last term above may be bounded as desired, we need
only consider the first term on the right. We shall now appeal to the analysis used
in [7, Chapter 6], and estimate ep(t) = Fj(t)v in the appropriate discrete seminorm
defined by |v|—s, = (Tgv,v)'/? (for v € Sy, also for s = —1). We start by proving
(4.3). Using Lemma 3 of [7, Chapter 6] we obtain

|Theol-q < C|CO|—(q+2),h + Ch%eo|-2,n

4.5

(43) < Cleo|-(q+2) + Chieo|—2 + Ch9*?|leg|| for0<g<r -2,
and, for ¢ = —1,

(4.6) |Theol1 = leol-1,n < C(leol-1 + hlleoll)-

For any o € H* we have by (1.7) that
|(e0, ©)| = |(v, Fa(t)p)| < ChIt=U=92|jy|||p|; for0<i<j<r,

whence
leo(t)|—i < CRIt=U=D2||y]| for0<i<j<r

Together with (4.5), (4.6) and (1.7), this shows
|ThFn(t)v]—q < ChPEI=P=9/2||y|| for1<q+2<p<r,

which completes the proof of (4.3).
For the proof of the corresponding part of (4.4) we note that

Theo + €0 = po = —(Rp — I)E(t)v,

and hence, by Lemma 4 of [7, Chapter 3|, Lemma 3 of [7, Chapter 6], (1.8) and
(1.6), that for r > 4

ITheoll = leol-2,n < CSgI:(SIP&(S)I-z,h + |po(8)|-2,n) < Ch4Jv];. O
8
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In our next lemma we shall use the notation
Frg(t) = /ot Fu(t—s)g(s)ds forte J, ge C(J;Ly).
LEMMA 4.2. Under the appropriate regularity assumptions for g, we have
(47) I1Fag@]l < C*** sup(lg(s)lp + slg'(5)lp)

forteJ, p=0and?2, r>p+2,

(48) WFsg®) < O {sup o)l + ¢ sup(le)] + sl o)) }
s< 8
forted, r>3
and

(4.9) [ Frg(®)lls < Ch ililit’(”g(s)" +sllg'(s)ll) forteld, r>2.
Proof. In the same way as in (3.6) we obtain
t t
tFng(t) = / (t = 5)Fn(t — 5)g(s) ds + / sFa(t — 5)g(s) ds
0 0
= tH0)g) + [ {((t= Pt~ 5) ~ Halt — )o(o

—sHp(t — s)g'(s)} ds.

The estimate (4.7) now follows by straightforward application of the estimates (4.3),
(4.4), (1.7) and (1.8) for Hx(t) and Fy(t) (note that H(0) =T, — T).
Similarly, we have for r > 3

g < 08 {supllaells + e~ [ (6= 2l + sl o) s
< om {sup la(s)ls + ¢~/ sup(lg(a)l + sl (o)1) | .
s<t s<t
proving (4.8), and (4.9) follows in the same way if we also utilize the fact
(4.10) |Fn(t)v|l; < Cht™Y||lv|| forv € Ly, r>2.
To prove this last estimate, we note that 6y(t) = Ex(t)Prv — Ry E(t)v satisfies
(€0, x) +(VO,Vx) =0 for x € Sp,

and hence by known estimates,

IV6o(8)11* < lleo.s () 16o(8)]] < C(t™ lvl)(CR2t ™ |lull) < Ch?¢~2|v]?.

Since Vpy may also be bounded by the right-hand side of (4.10), this establishes
the desired result. O
We are now ready for the estimate needed for the term e; in (4.1).
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LEMMA 4.3. Under the assumption of Theorem 4.1 we have for ei(t) =

Fy(Bu)(t)
lex()l| < CR* o]l forteT, p<2,
and
lex(®)lls < Ch|lv|| forted, B=2.
Proof. When =0 and = 2, we have by Theorem 3.1 and Lemma 3.5
|Bu(s)l2-p + s|(Bw)'(s)|2-p < Cllvll + 5|B(s, 5)u(s)|2—p + 8| Bru(s) 2-p
< Cllvll + Cslu(s)l2 + s|Beu(s)|2—p < Clv]|.

The result therefore follows in these cases by (4.7) with p =2 — 3. For 8 =1 the
estimate follows similarly by (4.8), Theorem 3.1 and Lemma 3.5.

The last inequality of the lemma is a consequence of (4.9), Theorem 3.1 and
Lemma 3.5. O

We now turn to the term e, defined in (4.1). Since e; € Sy, we shall only need
to bound (e, x) for x € Sr,. We note that by our definitions

(En(t — 5)(Bnun(s) — PuBu(s)), x) = (Bnun(s) — PyBu(s), Ex(t — 5)x)
- /O B(s, rie(r), En(t — 5)x) dr,
and hence, since e(t) = Fj,(t)v + é(¢),

= /t /s B(s,7; Fp()v, Ex(t — s)x) dr ds
o Jo

(4.11) + /t /8 B(s,7;é(r), En(t — s)x) dr ds
0o Jo

= €21 (t' X) + 622(t‘ X)

For the purpose of estimating es; (¢; x) we define the functional

tf, / / (8,75 f(r),9(t — s))drds

and show the following lemma, where f(t) denotes fo f(s) ds, and similarly for g(t).

LEMMA 4.4. Under the appropriate regularity assumptions for f and g, we
have

(412) |B(t: f,9)| < Csslélt)(lf(s)[ﬂ—n + 51/ (s)lp-x) igl:(lé(S)ln + 5{g(s)l«)

forteJ, 0<k<2 B=0and?2,
and
(413)  |B(t:f,9) < Csup(s'/*|f(s )l sup( (s'%lg(s)l) forte T, B=1.

Proof. By integration by parts we get
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Multiplying by ¢ and using integration by parts once more, we obtain for the first
term

tBi(t; f.9) = /0 $B(s,5 f(s), gt — 5)) ds
+ /0 (t - 5)B(s,5: (5). g(t — 5)) ds
- / B(s, s: f(s),d(t - 5)) ds
(4.15) ° .,
+ / 5B, (s, 5; f(5), d(t — 5)) ds
0
/tsB(s s; f(8),g(t — s))ds
0

/ (t = 5)B(s,5: f(s), (t ~ 5)) ds,

where B, is obtained by differentiating with respect to the first two arguments. In
the second term in (4.14) we interchange the order of integration and integrate by
parts again to obtain

32 (t f,9) / / B, (s,7; f(7),9(t — s)) dsdr
(4.16) /B 7,13 f(r),§(t — 7)) dr

_ / / Ber(s,7 (1), §(t — s)) ds dr.
0 Jr

Together, (4.15) and (4.16) thus show
z t - t .
tB(t; f) g) = / B(37 S5 f(S), é(t - 3)) ds +/ SBS(S’ $; f(S), g(t - ‘9)) ds
0 0
+/ sB(s, s; f(s),a(t — 8))ds
0
(4.17) + [ 6= 5)B(s,5: (o) ot - 9)ds
0
—t [ Bulorsi it - o) ds
t ot
- t/o /T B, (s,; f(r),f}(t — 8))dsdr.

By considering various possibilities for 3 = 0 and 2, 0 < ¥ < 2, we find
(4.18) |B(,5f,9)| £C|flg-xlglc for B=0and 2, 0< k<2,

and similarly for B, and Bs,. Using this in (4.17) yields at once the first result of
Lemma 4.4.
The second result of the lemma follows directly from (4.14), since

IB(,+: f,9)l < Clifll gl for B =1,
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and similarly for B,. The reason why we are treating § = 1 separately is that
for 8 = 1, k = 2 the factor |f|-; in (4.18) would have to be replaced by || f||-1,
since Vg does not generally vanish on 9{) and this last norm is undesirable in our
application below. O

We are now ready to estimate the term ep; (¢;x) in (4.11).

LEMMA 4.5. We have
le21(t; )| < CR*Ploll x|l fort €T, x € Sh, B<2,
and
le21(t; x)| < Chl|v|l [x|-1,n fort€J, X € S, B=2.
Proof. We first discuss # = 0 and 2. We have
e21(t; x) = B(t; Fuv, Enx) = B(t; Fov, Fax) + B(t; Fav, Ex)
= ea11(t; x) + e212(t; x)-
We shall estimate the two terms in the right-hand side individually.
With ~ as usual denoting integrals.over J, we find, since (Fj,v)™(t) = —Hp(t)v+
Hp(0)v, that by (4.12), (1.7), (4.3) and (4.10), with k = min(83, 1),
le211(t; x)|
(4.20) < CSliIt’(th(S)UM—x + 8| Fn(s)vlp-x) Slilt)(th(s)Xln + s|Fn(s)x|«)
s< S

(4.19)

< CRE =SR2 o]l [IxIl < CR*=2lo] [Ix.
Since (Ev)~(t) = —TE(t)v + Tv, we obtain similarly

le212(t; X))
(4.21) < CSliIt’UHh(S)vlﬂ—z + 8|Fn(s)vlg-2) S\iI:(ITE(S)xlz + s|E(s)x|2)
< ChA=#|w]l lIxlI-

Together, (4.19), (4.20) and (4.21) imply the first result of the lemma.
When (8 = 2, we also have, since (Epv)~(t) = —ThEn(t)v + Tho,

le21(¢; x)| < ngr;(th(S)vll + sIFh(s)vh)sgrt)(lThEh(s)xh + s|En(s)xl1)
s< S

< Chlfv]l [x] -1,k

where in the last step we have used the following inequality (cf. [6, Lemma 3]) for
the case p=¢q=1:

(4.22) |En(t)xlgn < Ct= P~ 2|xlpp forteld p<q.
When § = 1, we have by Lemma 4.1, (4.13) and (4.22)
le21 (2 X)| < ngg(sl/ﬂlﬂh(S)vll)Slgt)(smlEh(S)xll) < CR3|oll lxI-
s< s

The proof is now complete. [

Proof of Theorem 4.1. We shall now complete the proof of Theorem 4.1 by
showing the estimate (4.2) for é = e; + ez and consider first the case § < 1.
Recalling the notation of (4.11), we have now by (4.22),

t K] t
leas(ti )| < C /0 /0 ()| | En(t - s)xllg drds < C /0 el drlix]).
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Hence, using also Lemmas 4.3 and 4.5, we find

t
eIl < llex(®)]l + lle2 ()] < CR=PJo]] +C/0 lléll ds,

from which the desired result follows by Gronwall’s lemma.
We turn to 8 = 2. Now

e22(t;x) / / B(s,T;é(1), Fp(t — 8)x) dr ds

// é(r), B(s,7)"E(t — s)x) dr ds

= ea21(t; X) + e222(¢; x)-
Interchanging the order of integration and integrating by parts, we have

t ot
e221(t;x) = /0 / B(s,7;€(7), Fr(t — s)x) dsdr
t t
= / B(t»ﬂé(T)’Hh(O)X)dT_/ B(r, 7;€(), H(t — 7)x) dr
0 0
t ot
—/ / By(s,7;€(r), Hn(t — 8)x) ds dr.
0 Jr

Estimating these three terms individually gives, using (4.3) with p=1, ¢ = —1,
t t
(61 < C [ lelh dssup | Ha(s)xls < Ch [ el asil
s<

Similarly, we get

t t
leana(t )| < C [ felldssupITEG)xle < © [ felaslxl.
s<
Thus,
t t
eaa(t )1 < On [ el sl +C [ e aslxd,
which together with Lemma 4.5 yields
t t
lea(e) < CRloll + Ch [ fellsds+C [ felds.
0 0
We shall prove presently that, when 8 = 2, we have
(4.23) llé(s)ll1 < Chljv|| for s e J.
Assuming this for a moment, and using also Lemma 4.3, we obtain that
t
i+ llea(0) < O ol +.C [ el as,

which concludes the proof of (4.2) as above.
It now remains only to prove (4.23). This time we write

ea(t; x) = / / (s,7;é(r), En(t — 8)x)dsdr

=/ B(t,r;é(r), ThER(0)x dsdr—/ B(r,7;é(1), ThER(t — 7)x) dr
0

t ot
- / / By(s,7;é(1), ThER(t — 8)x) ds dr,
0 Jr
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whence by (4.22)

t t
201 <€ [ el dosup ITuBu(elxcls < [ el dsli-v
s<

Applying the second estimate of Lemma 4.5, we have

t
l(ea(t), )| < C {hnvn t /0 el ds} -

and hence, by duality,

t
lea(®)lls < C {huvn + [ hels ds}.

Together with the second estimate of Lemma 4.3, this shows

t
le@)lls < llex(®)llx + lle2(t)llx < Chllo]| +C/0 l1éll1 ds.

By Gronwall’s lemma, the proof of (4.23), and hence of the theorem, is now
complete. [

Remark 4.1. Theorem 4.1 remains valid when the approximation (1.2) is weak-
ened to (2.13). In fact, for 3 < 1, only the L, norm error estimate for R} is needed
in the proof, and for B = 2 it suffices to consider = 2, in which case (2.13) implies
(1.2).
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