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ON THE STABILITY AND CONVERGENCE OF HIGHER-ORDER
MIXED FINITE ELEMENT METHODS FOR

SECOND-ORDER ELLIPTIC PROBLEMS

MANIL SURI

Abstract. We investigate the use of higher-order mixed methods for second-

order elliptic problems by establishing refined stability and convergence esti-

mates which take into account both the mesh size h and polynomial degree p .

Our estimates yield asymptotic convergence rates for the p- and h - p-versions

of the finite element method. They also describe more accurately than pre-

viously proved estimates the increased rate of convergence expected when the

/¡-version is used with higher-order polynomials. For our analysis, we choose the

Raviart-Thomas and the Brezzi-Douglas-Marini elements and establish optimal

rates of convergence in both h and p (up to arbitrary e > 0 ).

1. Introduction

There have been several variational mixed formulations proposed for the so-

lution of second-order elliptic problems like the Poisson equation. One such

formulation involves writing the equation as a first-order system with both the

displacement and velocity as unknowns. The Raviart-Thomas (RT) elements

introduced in [14] provide a finite element discretization for this mixed varia-

tional principle and have been defined for arbitrary polynomial degree p . These

elements, which are particularly useful when the velocity is the main physical

quantity of interest, have received much attention in the literature (see, e.g.,

[12] and the references contained therein). All analysis carried out so far in

connection with these elements concentrates on the A-version of the finite ele-

ment method, where a fixed low degree p of elements is used (usually p = 1

or 2) and accuracy is achieved by decreasing the mesh size h. Another class

of elements for the same problem, the Brezzi-Douglas-Marini (BDM) elements

(employing fewer degrees of freedom), was introduced in [9]. Like the RT el-

ements, these, too, have been analyzed in the context of keeping p fixed and
decreasing h . The error estimates that follow from such analysis usually yield

a rate of convergence for the relative error bounded by a term of the form Chy,

where C is a constant independent of h but not p, and y depends upon p

and the smoothness of the solution.
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In recent times, there has been a large amount of interest shown in the use

of the /2-version with higher-order elements (p > 3) because of the possible

advantages of such elements over lower-order elements. For example, in [4],

several methods have been tested for the rhombic (Kirchhoff) plate problem, and

one of the conclusions reached is that higher-order elements are more efficient

and more robust than lower-order elements. In [15], it was shown that in the

elasticity problem the locking effect (for v k, 0.5 ) is completely eliminated

when p > 4. Other advantages of higher-order elements have been discussed

in [2].

Usual estimates of the form Chy do not fully reflect the increase in order of

convergence that may be expected when higher-order elements are used. This is

because when p is increased, in addition to the exponent of h being increased,

the constant C, which depends on p, also decreases. Consequently, more

carefully derived estimates are needed, with the exact dependence of C on p

being investigated.

The use of higher-order elements and the dependence of C on p are also im-

portant in the context of the p- and h-p versions of the finite element method.

In the p-version, a fixed mesh with constant h is used and accuracy is in-

creased solely by increasing p . In the h-p version, both h and p are changed.
Basic approximation results for these methods first appeared in 1981 (in [8]

and [3], respectively). Since then, they have become quite popular, owing to

much higher rates of convergence than that possible with the /j-version. These

methods have been implemented for two-dimensional problems in the industrial

code PROBE (Noetic Technologies, St. Louis). A survey of their theoretical and

computational properties may be found in [1].

From the above discussion, it is clear that several finite element methods that

have been analyzed in the context of the /z-version (with estimates of the form

Chy ) would profit from further analysis, determining exactly how this behavior

changes when p is increased. In this paper, we are interested in carrying out

this analysis for some mixed methods, for which convergence depends upon two

factors—the stability of the subspaces used and their approximation properties.

Our goal is to investigate the rectangular RT and BDM elements and specifically

answer the following two questions.

First, we determine how the stability constants for these spaces behave when

p is increased. This is necessary to find out whether the p- and the h-p versions

would be stable if these methods are used.

Second, we establish rates of convergence for these methods which are uni-

form in both h and p (with the constant C being independent of both h and

p ). This gives a more complete picture for the convergence of the A-version

with high p and also establishes rates of convergence for the p- and h-p ver-

sions.

We mention another reference [11] where the p-version of a mixed method

(for Stokes' flow) has been analyzed. The problem considered there is Stokes'
flow, whereas here we consider the Poisson equation. In that paper, it was found
that the methods proposed had stability constants which, in general, behaved

like p~a as p increased (with 1 < a < \ for a family of elements analyzed

in detail).  Consequently, the error estimates that follow for the pressure are
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nonoptimal in p. In contrast, we show that for the RT elements, the stability

constant is independent of p (as well as h ), while for BDM, the dependence

is not worse than p~e, e arbitrarily small. In §4 we show how this leads to

optimal error estimates in both h and p (up to arbitrary e > 0 for p) for both

the velocity and the displacement.

2. Preliminary results

Let fi be a bounded convex polygonal domain, fi C K , with boundary F.

We consider the model elliptic second-order problem,

(2.1) -Aw = /   infi,        « = 0   onT.

To formulate our mixed method, we introduce the gradient of « as a new

variable a to obtain

(2.2) -diver = /,        a = grad«   infi,        w = 0   on Y.

An equivalent variational formulation of (2.2) is then obtained by defining the

spaces

V = L2(ß),        5" = //(div, fi) = {t € {L2{Q))2 ; div t e L2(fi)}

and finding (u, a) e V x S satisfying

(2.3) (CT,T)n + (M,divT)n = 0   VreS,

(2.4) (diV(7,V)Q-r-(./»n = 0    VveV,

where (•, -)n denotes the usual (L2(fi))" (n = 1, 2) inner products. The

boundary condition is built into equation (2.3). We will use || -1| ̂  and ||-||s to

denote the L2(Q) and //(div, Q) norms, respectively. Moreover, | • \r n and

|| • ||r n will be used to denote the seminorm and norm on (Hr(Q))n , « = 1,2

for any region fi.

(2.3)-(2.4) may be discretized by choosing a pair of finite-dimensional sub-

spaces VN c V, SN c S and finding (uN, aN) e VN x SN such that

(2.5) {aN,rN)a + (uN,divrN)n = 0   VtngSn,

(2.6) (divcjN,vN)a + (f,vN)Q = 0   WNeVN.

(2.5)-(2.6) will only have a solution when certain compatibility conditions, de-

scribed later, between VN and SN are satisfied.

We assume that there is a family {VN x SN} of such spaces, with JV being a

parameter related to the dimensions of VN , SN . The finite element spaces to be

considered consist of piecewise polynomial spaces defined on grids on fi with

mesh size h . N will depend on both h and the polynomial degree p used, so

that N = N(hN, pN). In order to increase accuracy, one employs an extension

procedure, by which pairs of spaces (VN,SN) with increasing dimension /V are

selected. In the usual extension procedure, the degree of polynomials is kept

fixed while hN is decreased. We will be interested in analyzing the combined

effect of changing both hN and pN, either together or separately. We will

require the following theorem (see [14]).
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Theorem 2.1. Let {Vn, SN} be a family of spaces such that:

{I) For any zNeSN,

(2.7) {vN, div t^ = 0   VvA, G VN => div xN = 0 .

(2) There exists a = a(N) > 0 such that for any vN G VN,

(2-8) sup  ("%f 7")n > a(J\T)||t;X •

77z?« i/ie problem (2.5)-(2.6) «us a unique solution, and there exists a constant

C > 0 independent of N such that

C
(2-9) K||s + UwX < ^ñj{\\o\\s + My),

- oN\\s + II" - uN\\y <   ^ { mf ||a -
a(N) I res/'"     ~"s ' «¡V*

Let us now define the RT spaces (denoted by {VN , SN} ) and the BDM spaces

{{VN, SN}). Like in [11], our analysis will be restricted to the case of parallel-

ogram elements. Let Q denote the standard square, [-1, 1] x [-1, 1]. For

fi C M or I , Pkfà) will denote the set of all polynomials on fi of total

degree < k . When fi = Q, we will use Pk to denote Pk{Q) ■ By P¡ m , we will

denote the set of polynomials on Q with degree < / in £ and degree < m in
n. Then we define

(2-11) ^(ß) = />,,,

(2-12) Slk(Q) = Pk+ukxPkk+l,

(2.13) Vk\Q) = Pk_l,

(2.14) S2k(Q) = (/>, x Pk)®span{(Çk+1,-ikn)T, (Çnk,-r,k+i)}T.

Note that Pkx Pk c Slk(Q), ¿=1,2.
Now let {7^,} be a quasi-uniform family of meshes on fi consisting of

parallelograms K. hK, pK will denote the diameters of K and of the largest

circle that can be inscribed in K, respectively.  Let hN = max^.^ hK. We

assume there exist constants C,, C2 independent of hN such that for all K g
TN , for all N,

hL<r h
(2.15) ?<C,,        ^<C2.

Further, we assume that each pair K{, K2e TN has either an entire side or a

vertex in common, or has empty intersection.

For K &TN , let F^ be the affine invertible mapping such that K — FK(Q),

(2.16) (x,y) = FK((¿z,r1)) = BK(¿í,t1)T + bk,
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where Bk is a 2x2 matrix. With any scalar function v defined on Q (or

dQ ) we associate the function v defined on K (or dK ) by

(2.17) t> = i>oF~'       (v = voFK).

For vector-valued functions, the correspondence between f defined on Q and

t defined on K is given by

(2.18) T=}V>F,'        {T = JKB-'roFK),

where JK = del(BK). The one-to-one correspondences v <-+ v and f <-> t will

be understood in the sequel.

The following lemmas follow from Lemmas 2 and 3, respectively, of [14].

Lemma 2.1. For any function ï G (//'((?)) ,

(2.19) (diví,¿)Q = (divT,<^   tyeL2(Q),

(2.20) /   r-ù<pds=[   T-ucßds   Vc¡>eL2(dQ).
JoQ JÜK

Lemma 2.2. For any integer / > 0,

(2.21) \^\,,Q<ChlK\x\¡K,

(2.22) \x\lK <Ch~'\r\¡Q,

where the constant C depends on I but is independent of i,hK.

(We have used condition (2.15) in (2.21)-(2.22).)
With K, we now associate the spaces (/' = 1,2)

(2.23) S'k(K) = {z: K^R2,ie S'k(Q)},

(2.24) Vk\K) = {v : K -+ I1, v e VK(Q)} .

Then, we set, for / = 1, 2 ,

(2.25) S'N = {xeS,  t\kzSÍ,n{K)VK€Tn}cS,

(2.26) V^iveV, v\kg V'n(K) VieycK.

Note that the inclusion S'N c S is equivalent to the condition that the normal

component of t along any dK must be continuous.

Since the spaces V'N consist of piecewise polynomials on regular quasi-uni-

form meshes, the following inverse inequality will be true:

Lemma 2.3. There exists an e0 > 0 such that for vN G V'N and 0 < e < e0,

Me,C:<C/z~Vi£Kllo,ii>

where C is a constant independent of hN , pN and vN .

Proof. The proof follows easily from the separate inverse inequalities in terms

of hN (see [10]) and in terms of pN (see [8]).   □
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It is easy to see that the above spaces satisfy

(2.27) divíS^c^',

so that condition (2.7) of Theorem 2.1 is automatically satisfied. Moreover, it
has been shown in [14, 9] that (2.8) is satisfied with a(N) > 0 independent of

hN (but depending possibly on pN). In order to get our desired convergence

rate, we must now estimate a(N) in terms of both hN and pN and also estimate

the approximation properties of our spaces, to be used in (2.9)—(2.10). Our

analysis will be facilitated by families of projections

Ii; : S - S'N   and   P'N : V -> V'N

defined for / = 1 in [14] and i = 2 in [9] such that the following commutative

property holds:

(2.28) div o U¡N = P¡N o div.

We now describe the above projections, which are constructed locally on each

K gTn . P'N will simply be the L2 projection satisfying

(2.29) (v - />> , wN)K = 0   VwNe V'Pn{K) , KeTN.

The following theorem follows from the approximation theory of the h-p ver-

sion.

Theorem 2.2. Let P'N : V —► V'N be defined piecewise over each K e TN by

(2.29). Then for any v G //'(fi), r > 0,

(2.30) ||v - P'Nv\\v < Ch%p~r\\v\\r<Q,

where fi{ = min^ + 1, r) and fi2 = min^, r) and where C is a constant

independent of hN, pN and v .

Proof. Since P'N is the L2 projection, we known that over each K,

(2.31) \\v - P'Nv\\Q K < C    inf    \\v-w\\0 K<Ch%p~r\\v\\r K

by Lemma 4.5 of [5]. (2.30) follows by squaring and summing (2.31) over all

KeTN.   D

Remark 2.1. The powers fil, ß2 are different in view of the fact that the poly-

nomials used to define V  (Q) are of one degree less than those for V  (Q).

Now let t be a function in S. The projections LT^t are defined locally over

each K in terms of a projection LT^ f on the standard square Q (where f

satisfies (2.18)). Let for k > 1,

(2.32) *¡ =**-,.* x/>*.*_,,        M2k=Pk_2xPk_2,

where M.  is understood to be empty. Then n' x is defined by the conditions
1 Pn

(2.33) ((if t - f), w)0 = 0   for all w G m[  ,

(2.34) f(T]!  T-x)-vvds = (i   for all v e Pn (/),
Ji    Pn pV
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where (2.34) holds for any side / of Q and v is the outer normal to dQ. The

unisolvence of (2.33), (2.34) has been established in [14, 9]. Note that (2.11),

(2.13), (2.32) imply that grad(K¿'((2)) C M'k and also that v G V¿(Q) implies

ti\, € Pk(l). Hence, for any v G V¿ (Q), we obtain by (2.33), (2.34) that

(2.35) (div(n^f-t),í)Q= í  (rípNT-T)-uvds-(rípNT-í,f>radv)Q = 0.

We now define XÏNx on fi such that

(2.36) (Y^r)\K = WpNr.

Then the following holds.

Theorem 2.3. For x G S, let Y\'Nx be defined by (2.33), (2.34), (2.36). Then

U'nt eS'N and is uniquely defined. Moreover,

(2.37) n^T = T   forallxeS'N,

(2.38) (div(riNx-x),v)Q = 0  forallveV^.

Proof. Using (2.35) together with (2.19), and summing over K g Tn , gives

(2.38). Moreover, by (2.20) and (2.34), Y\'Nx-v is continuous for any / in the

triangulation, so that n^T g S'n . Finally, (2.37) follows from the unisolvence
of (2.33)-(2.34).   D

Note that (2.38) implies (2.28). In the next section, we derive error estimates

for ||n^T - t||5 that are uniform in both hN and pN .

3. Error estimates for the projections n^

Let / = [-1, +1]. Then {L.(<*)} ,7 = 0,1,_, will denote the Legendre

polynomials on / which are orthogonal in the following sense:

(3.1) J+ Lk(i)Lj(i)di = jj^-[   if j = k,        =0 otherwise.

For any x G L2(Q), where Q is the standard square / x /, we may expand

x as

OO        CO

(3.2) T = £ EVWïfr) ■
j=0  1=0

Then we have, using the orthogonality properties of {£,(£)} and their deriva-

tives (see [7]),

(3.3) ll<e = //V«*, = EE(2i
«4

..+ 1)(2; + 1)'7=0   ;=0  v A   J '
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l<fl >     E    [i^-àS(l-ri2)'(^)2dÇdn

(3.4)
°°   °° ah\ + i2+j2Y

0(2i+l)(2j+l)

3.1.   The Raviart-Thomas elements. Let f = (t, , x2) G //(div, Q). Then, for

the RT elements, the projection IL  defined in (2.33)-(2.34) may be written as

n[x = (xk , xk) e Sl(Q), where

(3.5) Jj(Tkl-Tl)<KZK(ri)dZdri = 0,       0 g/>,_,(/), Ç g/>,(/),

(3.6) jj {xk2-x2)mmdtdn = 0,        <l>€Pk(I), fePM(7),

(3.7) |* (t{ - r,)(±l, ^)C(f?)dn = 0,        Ce />,(/),

(3.8) £ {Tk2-T2)(t,±lWZ)dt = 0,       4>&Pk(l).

We are interested in estimating ||f - nÄf ||0 Q . Since t, g L2(Q), we may

assume it has the expansion (3.2). Moreover, the polynomial r, G Pk+l k may

be expanded as

(3.9) t{ = ¿ ¿V^fo) .
7=0   (=0

Let us calculate the coefficients b¡¡. We first use the fact that the Legendre

polynomials form an orthogonal basis for P¡ m with respect to the L2{Q) inner

product. Taking 0(c¡) = L((<¡;), Ç(n) = Lj{n) in (3.5) yields

(3.10) btj =a¡j,       0<i<k-l,0<j<k.

To calculate bkj and bk+x ,, we use the boundary conditions (3.7). First,

on the side £ = -1, taking Ci'/) = £/(>?), 0 < / < k , gives

-i / fc   fc+i

f  EEW-"L/4L'(,')<''

/ + 1    / OO     OO \

■' v=o<=° /

Since £,,.(-!) = (-1)', this yields (using (3.1) and (3.10)),

\,-A+l,/ = X>,/(-l) , 0</<rC.
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Similarly, the condition at £ = +1 gives
OO

**/ + **+!./ = Efl«7> 0</<rC,
i=k

so that
OO OO

(3.11) hi = H"ak+i,i>        bk+xj = Y,'ak+ij>
1=0 i=0

where £ " stands for summation over even integers and J2 ' over odd.

We will now use (3.9)—(3.11) to estimate Ht, - t, ||0 q . By (3.3) we have

_  *|,2     _y>y    4(al7-6f.)2       (where è,, = 0

'    T| °'e    èièo(2,+ 1)W+1)     forj>kori>k+l)

(  k oo    \    /fc-1      fe+1 oo   \ /        _¿   x2

-* E+E   [E+E+Ei-
(3.12)

. (2/+l)(27 + l)
j=0     j=k+\)    \/=0      l=*      i=A:+2/   V >\  J   <     )

00  fc+1      ifl   - h  )2

i(2/+D(2J+l)

oo      ft—1 A:        oo oo oo    \ „2

EE+EE + E E'-, (2/ + l)(27'+ 1) [ '
j=k+\   (=0       ;=0 í=Jt+2      y=fc-f-l i=*+2/

Now for r > 0,

4oo oo «-

4£   £<2T
(2/+l)(2; + l)

j=k+\ i=k+2 V A   J ;

oo oo n¿ i,    ,    .2   ,    .2-,r

~     ¿-*>    ¿—  (2i+l)(2i +l)(\ +k2 + k2Y(3.13) /-*+l i=*+2 l A y      ^(i+zc   +/c )

C   ~   ~ flf,(l + /2 + /)r

- k2r f-i ¿-i (2/ +fc2,^¿_,(2/+1)(2;+1)

^   C n     i,2

using (3.4). Similarly,

a2, X  ^ 4_(l + /2 + /)f
4y^ y^-¡i-<4y y _

¿-Ï.  ^ (2/+l)(2/ + l) -   f-f  4-  (2/ ;2Nr(3.14)  ftÄ2<2/+1>«>+1>" SSA2Í2/+1)W+1)  (i+n

The term

^  C m    n2

oo      Ä: — 1 J-

4SE72T
n (2/+l)(2; + l)
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is similarly bounded. We now bound the first term. Let i = k. Then, using

(3.11), we have

\2 rx->      /v-vOO    //_ \2

Now for r, > 1/2,

ÍEVijI * E4(1+i2+/2)" Eo + ̂ +A

0(2rc+l)(2; + l)-   ^(2fc + l)(2/ + l)

oo \ oo oo
2 ,,    .    -2   .    .2.r,

,/=2 / i=k+2 i=k+2

oo
(2r,-l)   v^     2 ,,   .   ..2   .    ,2xr,<a-^-|)S4(i + /2+/ i

i=k+2

■2  L   -2^ + 1/2
<CÄ.-(2r,-l)   £   ■

/=A;+2

)  Y-  fl0-(l+t   +J

(2/+1)

so that

A< 4 f(^2V,,;)2
-(2*+l)£-       (2; + l)

(3.15) 2    ~   ~ a2/(l + /2+/)r' + l/2

^Aí     (2/+l)(2; + l)i=0 >=o     v yv J       '

-2^,^1,2 _r. -2(r-l/2)..      ,.2
'lllr, + l/2,ö ~~ ll'lllr.ö'

provided r = r. + A > 1 . (3.13)—(3.15) show that for r > 1 ,

It    _t*II < CJt-(r_1/2)llT   II
lTl       Tlllo,ß - C/C llTlllr,!2 •

A similar argument may be used to bound \\x2 - x2\\0 Q. We have therefore

proven

Lemma 3.1. Let x G (Hr(Q))2, r > 1. Let LT¿f = {x\ , t2) g S¿(Q) ¿>e <fejî/i«/

fty (3.5)-(3.8). rA«i

(3.16) ||f-n;f||OÖ<c/c-(r-1/2)||f||r>e,

vv/zere C « a constant independent of k and x but depending on r.

In order to prove a corresponding estimate for n^ (in both hN and pN ),

we need the following lemma.

Lemma 3.2. Let x G (Hr{Q))2 and x G {Hr(K))2, r > 0, be related by (2.18).

Then
i-,  i -i\ ■   r      il-        -n ^ s^i min(A' + l ,r)M    ,,
(3.17) inf    \\x-o)\\r n<ChK \\x I   K,

ÙjePkxPk " "r'ö K "r,K

where C depends on r but is independent of hK, k and x.
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Proof. The above lemma is simply a vector form of Lemma 4.4 proved in [5].

The proof follows identically, using the scaling result (2.21) and Theorem 3.1.2

of [10].   D

We now prove our main estimates for n^ .

Theorem 3.1. Let x G (//'(fi))2, r > 1. Let Yl^ : S -* SlN be as defined in §2.

Then

c\ irï Ht   n1 tH     < rhmin{p»+l'r)n~{r~l/2]\\T\\

where C is a constant independent of hN , pN and x but depends upon r.

Moreover, if div x G //r(fi), then

(3.19) ||t - n^r||5 < C/r>/'(||T||rQ + || divT||r >n),

where //, = min^ + 1, r) and /?, = r — \.

Proof. Let K c TN . Then we have by (2.37), for any œ G Pk x Pk ,

f3 20) H* - np/Ho,e = IK* - &) - K^ - ö)llo,ß
<- r„-('-1/2)/J'"'"(^+l,'-)||T||
- ¡"VN HK ll'llr,A-'

where we have used Lemmas 3.1 and 3.2. Using (3.20) with (2.22) then gives

(3.21) \\r-nUo,K^Cp-/-l/2)hfa{PN+l'%l,K-

Squaring (3.21), summing over all K G TN and noting that hK < hN yields

(3.18).
To obtain (3.19), we note that by (2.28),

(3.22) || divt - div(n^T)||0£î = || divt - FÍ(divT)||0ÍJ .

Using Theorem 2.2 gives

(3.23) || divt - div(nÍT)||0>Q < C/z>7|| divr||r Q .

Combining (3.23) with (3.18) gives (3.19).   □

3.2. The Brezzi-Douglas-Marini elements. Let x = (t, , t2) G //(div, Q) be

given by
oo     oo

(3-24) T. = EEfl;LWi).        « = 1,2.
;=0  (=0

2 k       k 2
Then IL^i = (t, , r2) G Sk(Q) (defined by (2.14)) may be written in the form

(3-25) t\ = YlEbhLWLjW + bL,oLk+i(Z)W
0<i+j<k

-ckbl,k+iLi(OLk(ri),

(3.26) x\ = EE*iL/«)L/')-c**i+i.aL*«)Lii')
0<i+j<k

+ bl,k + \L0^Lk+lM'
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where
leading coefficient of Lk+i     2k + 1

k       leading coefficient of Lk        k + 1

satisfies 1 <ck < 2. Using (2.33)-(2.34), we see that (t, , t2) satisfies

(3.27) IJ\xki-xi)^,n)d^dr1 = Q,        <f>ePk_2(Q),

together with conditions (3.7)—(3.8). By the orthogonality of Legendre polyno-

mials, we obtain from (3.27)

(3.28) b"j = a"j,       0<i + j<k-2, n=l,2.

Next, taking Ç{n) = L,(r¡), the conditions (3.7) on the sides £ = ±1 give

k—l oo

(3.29) ^¿,¿L/(±1) = E4L,(±1)   for/=l,2,...,fc-l,
(=0 i=0

k oo

(3.30) E^oA^1) + bL,oLk+l(±l) = E^U,^1)  for / = o,
1=0 /=o

oo

(3.31) bl0kL0(±l) - ckb\MXLt{±\) = ¿«¿£,(±1)   for / = k .
i=0

Using (3.28) with n = 1, and the fact that 1,(1) = 1, L,(-l) = (-1)',
(3.29)—(3.31) give respectively

oo oo

(3.32) *i-/_i./= E "**-/-i+i,/'        eL/,/ = E"aí-/+¡,/'
1=0 i=0

/=1,2,...,*-1,
OO

(3.33) ¿fc-,,0 + ¿í+i,o = E"fl¡-i+/.o>        e¿o = E '
// i

fc+J,0'
(=0 (=0

oo ,     oo
1 v^>"    1 ,2 1   \—>' J

(3.34) Í = E"4.        <*+. = -fE%-
1=0 * 1=1

Similarly, the conditions on the sides n = ± 1 give

oo oo
>//   2 i 2 v—*"   2

(3.35) &/,*_/_, =EX*-/-i+;'        bi,k-i = E"a/ ,*-/+;>
7=0 7=0

/= 1, 2,..., fc- 1,
oo oo

(3.36) bl,k-i+bl,k+\ = E"flo,*-.+;'        fto* = E"flo,it+>'
7=0 7=0

oo .     oo

(3.37) *20 = E"%>     bUo = -j-E'4j'
7=0 * 7=1
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The only unknowns not explicitly solved in the above equations are bk_{ 0 and

bQ fc_, . These are given by

oo .     oo
,1 ^//   1 I   v-w   2

bk-l,0= Is ak-u,,o + yl^akj>

(3.38)^ ' oo .     oo
,2 v-*"   2 1   V~>'   l
V*-i = Is ao,k-i+j + yls a>k ■

7=0 k  ;=1

We now use (3.28), (3.32)-(3.38) to estimate the error ||t, - t, ||0 q .  Let

b\. — 0 for those not explicitly specified above. Then we have

A = \\h-h\\l,Q = EE(2/+'W+.) (whereb\k = -cX*+i)

(339)    =yy     ^     +   ry     <-W
{3-*->) ¿^¿^ni + urn + l)     .   ^^    (2/+1fI(2/+l)(2y+l)    k_éíá-jk+i(2i+l)(2>+l)

^cjEE(2/+i)(27- + i) + , EE (2/+1

Now for r > 0,

vv     (<)2     ^r^y     K)2     q + i-2+;2)r
(3.40)  ,íÉeí<2,+1><2'+1>~ é>èi<2,+1>«'"+1>   *2r

.Ç_      „2      ._Ç_II*II2
-  /<2rllTlllr,f2 -  7<2rllTllr,ß-

Also, we know from (3.32)—(3.38) that for i + j > k - I,
oo oo

(3.41) i^i<Eia¿i+coEKi.
/=/ l=\

where
Cu = 1    for (/,;) = (k - 1, 0) or (k + 1, 0),

= 0   otherwise.

Now for r, > 1/2 (since i + j > k - I),

/ oo \ 2 oo oo

(3.42)

Similarly,

EK-i  <E(a¿)2(i+/2+/)r,D1+/2+/rr'
W=í / /=/ /=/

C     «(alu)2(l+I2+j2y>+1'2

-k2r-l% (2/+1)

n2,«>   S^j ^¿^'¿y"
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Hence, we see that by (3.41)-(3.43),

¿- ^ (2/

(3.44)

_1(2i + D(2/+l)

^(2/c-2;-l)(2; + l)-¿    (2;+l)

C   f ~ ~ (fl//)2(i+/2+/)r|+1/2

^-X\UU   (*+i)«/+i>

- (4)2(i + /,2 + /Y-+1/2

+ ¿¿       (2/+l)(2fc+l)

where r = r, + \ > 1 .
The term

irysr+.(2í+1)w+1)
may be bounded similarly to (3.44). Hence, by (3.39), (3.40), (3.44) we obtain
for r > 1,

The term ||t2 - t2||0 q can be treated the same way, leading to the following

lemma.

Lemma 3.3. Let x e (Hr{Q))2, r > 1. Let U2kx = (xk , xk) e S2k(Q) be defined

by (3.27), (3.7)-(3.8). Then

(3-46) ||f-n2f||oe<C/:-(r-|)||f||f Q,

where C is a constant independent of k, f.

Lemma 3.3 then yields the following theorem, which can be proved the same

way as Theorem 3.1.

Theorem 3.2. Let x G (//r(fi))2, r > 1. Let LT^ : 5 -» S2  be as defined in §2.

Then

(3.47) Hr-nXa ^cC^'- V"Vll,.Q.
w/ierÉ" C « a constant independent of hN, pN and x but depends upon r.

Moreover, if div x G Hr(Q), then

(3.48) ||t - n^T[|s < CA^p-^dlrll,^ + || divT||r n),

where p2 = min^, r) and ß2 = r - 1.
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4. Stability and convergence results

In this section, we examine the dependence of the stability constant a(N) =

a(hN, pN) in (2.8) on hN and pN , when the RT and the BDM spaces are used.
We also use Theorems 2.1, 3.1 and 3.2 to derive error estimates for the mixed

method defined by (2.5)-(2.6).
We first examine the question of stability.

Theorem 4.1. The spaces {V'N, S'N), i = 1,2, satisfy condition (2.8) of Theo-
rem 2.1 with the stability constant a;(Ar) = a^/t^, pN) being given by

(4.1 ) a, (N) > C,,    for RT spaces,

C
(4.2) a2(/Y) > -—-r^—T   for BDM spaces,

1 + C2hNpN

where C¡, i = 1,2,3, are constants independent of hN, pN, and e > 0 may

be chosen to be arbitrarily small.

Proof. Let vNtVlN. In order to establish (2.8), it is sufficient to find t^ g S'n

such that

(4-4) IM5<-7AñKllK

(4.3) divT^t^,

J_
a,(yV)'

We first solve the following elliptic problem on fi :

Au = vN   infi,        u = 0   on <9fi.

Let x — grad u. Then we have

(4.5) divt = vN .

Moreover, since fi is convex, there exists a 0 < e0 < ¿ such that the following
shift theorem holds:

(4.6) IMIi„,o<C||tg|f>n   forallO<e<£().

(Note that vNeV^c //'(fi) for any 0 < s < A_.) We now take

(4.7) xN = n'^T.

Then, since divt G V'N, (4.3) follows by (2.38). Moreover,

llT/vllo,n^llTllo,n + llT-nivTllo.n

<Mi,n + ChN Pn HTHi+£,n>

where y{- j, y2 = 1 and 0 < e < e0 , by (3.18), (3.47). This gives, by (4.6),

II II ^   II     II .     y-I   l+£      ~(l+£-)',)ll II

(48) IMo.n^HTlli,n + CAAr Pn        ' Klle,n

<C(\ + C2hN pN{      T,'hNpN)\\vN\\0Q,
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where we have used Lemma 2.3 (with e small enough). Since Hdivr^Hg n

\\vN\\Q fj, (4.8) shows that (4.4) holds with

-       „  ,       -(1/2-ek   . ~-l

a, (TV)

1

<c(i + c2Viv      )^ci    forRT'

< C{1 + C2hNpeN)    for BDM.
a2(N)

The assertions (4.1)—(4.2) follow immediately.   D

We see, therefore, that the RT spaces are stable. For the BDM spaces, (4.2)

guarantees stability up to an arbitrarily small power p^e. (Obviously, if hNpEN

remains bounded, then in (4.2) we obtain a2(N) > C.) We may now apply

Theorem 2.1 and obtain the following rates of convergence, using the approxi-

mation estimates in Theorems 2.2, 3.1 and 3.2.

Corollary 4.1. Let u be the solution of'(2.1), with a = gradw, so that (u, a) G

VxS satisfy (2.3)-(2.4). Let (ulN, a[N) g V^xS^ be the finite element solutions
corresponding to the RT spaces. Then there exists a constant C independent of

hN , pN, u such that for r>\,

(4.9) ||<v||5 + \\uN\\v < C{||«||0 + |M|0 + || diva||0},

(4.10) \\o-a'N\\s + \W-uN\\v < Ch™m(p»+l' Vf"1/2,{IMIr + IMIr + l|div<rU.
7 ~) 11

Corollary 4.2. Let (u, a) be as in Corollary 4.1 and (uN, aN) G VN x SN be the

finite element solutions corresponding to the BDM spaces. Then there exists a

constant C independent of hN, pN and u such that for any e>0,for r> 1,

(4.11) \\a2N\\s + \\u2N\\v < CpeN{\\u\\0 + |M|0 + || diva||0},

II(T-(t2Js + IIw-m2vIIk'

<ChN ^   >pN{        ;{||«||r + ||ff||f + ||diva||r}.
(4.12)

The above estimates are optimal in hN but not in pN . We now show how

they can be improved in terms of pN to give optimal estimates (up to an arbi-

trary e > 0 ). The argument used was first introduced in [8].

We first require the following interpolation result.

Lemma 4.1. For any r > 0, let Xr = Z/r(fi) x Yr, where Yr denotes the
,oc

0completion of (C(?°(fi))   functions under the following norm:

i    il2 n    i|2   ,   n j-       „2Mly = IMI,. + ll<liv<T||r

Let for q = rx + 9{r2-rl), r2 > r, > 0, 0 < 6 < 1, Xq denote the interpolation

space [Xr', Xr2]0 using the K-method of interpolation (see [13]). Then

(4.13) Xq = Xq.



HIGHER-ORDER MIXED METHODS FOR SECOND-ORDER ELLIPTIC PROBLEMS 17

Proof. We first show that

(4.14) Yq = Y\

where Y" = [Yr', Yr% . We note that for i =1,2, Yr- may be defined as

{(7|c7G(//r'(fi))2,    0(7 G //''(fi)},

where d = div g ^((//r(fi))2, //r_1(fi)) for any r > 0. Moreover, as shown
r_i - t

below, there exists an operator & which belongs to S?(H (fi), (// (fi)) )

for all r > 0 such that

(4.15) d&x = X   V^G//r_'(fi).

Hence, Theorem 14.3 of [13] allows us to interpolate between spaces Yr' and

obtain (4.14). Then (4.13) follows easily by a standard result on the interpola-

tion of products of spaces (equation (6.42), Chapter 2 of [13]).

To define the operator 2?, we first let x denote an extension of x £ Hr~ (fi)

(r > 0) to R2 such that

(4.16) ll*U//'-'(R>) < C\\x\\Hr-^a) -

(The details of this extension may be found, for example, in [16].) Next, let w

satisfy Aw = x on E   such that the shift theorem holds. Taking

^ = gradu>|n,

we see that (4.15) holds, and

||gradti)||(//,(Ri))2 < C||*||,r-(R2) ^ C\\xh'-\a)

by (4.16) and

\\&X\\marf = llgrad^lnll(//'(£î))2 ^ llgradtö|l(ff^))'

for any r > 0 , so that 5? G ̂ ((//r(fi))2, Hr~ ' (fi)) as required.    D

We now prove the following theorem.

Theorem 4.2. Let u be the solution of (2A) with a = gradw, so that (u, a) G

VxS satisfy (2.3)-{2 A). Let (ulN, a[N) G V^xS^ be the finite element solutions
corresponding to the RT spaces. Then, given any e > 0, k > 0, there exists a

constant C independent of hN , pN, u but depending upon e and k such that

(4.17) \\a-aX + \\u-ulN\\y < C/i7^+1'%(/i-£){||W||, + ||a||, + ||div(7||,} .

Proof. We first use (4.9) to obtain the estimate

(4.18) \\a - aXN\\s + \\u - ulJv < Ch™n(p»+l'0)p°N\\(u, a)\\xo,

where Xr is as defined in Lemma 4.1. Next, given e > 0, k > 0, choose r in

Corollary 4.1 such that r > k/2e . Then (4.10) states that

/ a  i r> \ ii l m m l  i a        , ,-,, minip^ + l ,r)    -(r-l/2)M, ,,,
(4.19) \\<j-oN\\s + \\u-uN\\y<ChN    N      pNK        ||(M,ff)||^.
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We now interpolate between (4.18) and (4.19) with 6 = k/r so that 0 < 6/2 <
e. This gives

n ' n     .   ii ! n     ^ /^i min(pv+l ,6V)   — (dr—812),,, NM
\\°-°N\\s + Wu-uN\\v^chN Pn IK">ff)ll?"

. ,-,, mm(pN + l ,k)   -(/i-e),,, ...
<ChN pN       \\{u,a)\\xk,

where we have used Lemma 4.1. This proves the theorem.   □

Remark 4.1. Although the constant C in (4.17) depends on e, Theorem 4.2

asserts that if one chooses any positive e , no matter how small, and fixes it, then

one can find a constant C such that (4.17) holds. Hence the rate of convergence

in pN is optimal up to any arbitrarily small s > 0.

We can obtain a theorem similar to this for the BDM spaces. The proof is

essentially the same, except that r must now satisfy r > k/e .

11 11
Theorem 4.3. Let (u, a) be as in Theorem 4.2. Let {uN, aN) eVNxSN be the

finite element solutions corresponding to the BDM spaces. Then given any e > 0,

k > 0, there exists a constant C independent of hN, pN, u but depending upon

e and k such that
/i 1ru   m 2||      .n 2||      ^/-.i rnin(p,u ,k)   —(k—e)tn    ,, ,,    , M   , •        ,,   -,

(4.20) \\a- aN\\s + \\u-uN\\v <ChN ""   >pN[     '{\\u\\k + \\<j\\k + \\divo\\k} .

Remark 4.2. Theorems 4.2 and 4.3 can now be used to give an estimate for the

asymptotic rate of convergence when h and p are changed either separately
or together. It may be observed, for example, that using the ¿-version with

pN > 1 changes not only the exponent of hN but can also lead to a substantial

decrease in the "constant" which decays asymptotically like Cp^ ~£).
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