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BEST L’-APPROXIMATION
OF CONVERGENT MOMENT SERIES

GERHARD BAUR AND BRUCE SHAWYER

ABSTRACT. The authors continue the investigation into the problem of finding
the best approximation to the sum of a convergent series, Z:io x"an , where
{a,} is a moment sequence.

The case considered is where x = 1. This requires a proper subset of the
set of all moment series. Instead of having

1 1
an=/ " dé(n) with/ ()| = 1,
0 0
we have
! n o . 1 2.
an=/ (L=t w()dt wnh/ lw()|"dt=1.
0 0

With this subset, the authors find the best sequence-to-sequence transforma-
tion and show that the error in this transformation of (n + 1) terms of the

series is
1 n+1 I'(29) 1

20728 1 ("B) T /251 B

asn— oo.

1. INTRODUCTION

In some recent papers [3-6], the second author, W. B. Jurkat, and H. Fiedler
have considered the problem of finding the best approximation to the sum of
a convergent series, ) .., x"a,, where {a,} is a moment sequence, that is,
where

n?

1 1
a, = / " dg(t) with / ldo(t)| = 1.
0 0
This has reduced to finding the best summability matrix to solve the approxi-
mation problems

1
1 —xt

() _ p.x) _ .
e, =€, —19f

Pa(xt) —

b

p

where y, =7, (1) = ZZ=0 Cp. ktk varies over the class of polynomials of degree
n, -1<x<1, pe{l,2, 00} and the norm is taken over 0 <t < 1. Known
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results are:

x=-1,  p=co with 6" = 41" (2= 3 - V/8) [4];
x=-1, p=2 with ¢”% ~ Ay7/24" [4];
x=-1, p=1 with e7*) ~ 44%2" [3];

~1<x<l1, pe{l,2,00} withel ™ ~c (x){a(x)}"

with A(x) = (2 —x —2v1—x)/|x| [5, 6]. For details, see the various papers.

There are interesting cases still to be investigated. For example, the case
x = 1 gives the class of convergent moment series. The above analysis fails,
since the singularity in the approximation problem is now at the end of the
interval of approximation. It is interesting to note that

lir{l Alx) = lil’}‘l 2-x-2vV1-x)/|x|=1
x—1— x—1-

and

lim ¢_(x)= lim X

il X T

In order to have E:io a, convergent, we must have a proper subset of the set
of all moment series. Therefore, we shall consider restrictions on the class of
moment series. These will be clarified later.

2. NOTATIONS

Let C = (c, ,) be a series-to-sequence triangular matrix, so that ¢, , = 0
whenever k > n. Define, for |x| <1,

n n

k k

o,(x)= E Cp kX and y, (1) = E Cp il -
k=0 k=0

Thus - |
— k =
o (x) = /0 gc"'k(Xt) dé(1) /0 y, (x1) d(1).

It is easy to show that

L do(r)

o0
k
s(x) = ax =
( ) kz=0 k 0 l—Xl
whenever this exists. Thus,

o, - s(x) = [ | (y,,(xt) - ) da(1).

When x = 1, we have a difficulty in that the singularity is at the end of the
interval. Therefore, we shall consider the following restriction on the type of
moment: we shall assume henceforth that a, has the representation

1
1 —xt

1 1
an=/ (1= 0 w()dt with/ Wl di=1.
0 0
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This gives

/ (0= 15) =0 v s
[ (

1-z y, (0) = (1—1)° )c//(t)dt

(/ | (1-0°y (t)—(1-0)°" " dt) /q(/olly/(t)r’dt)l/p,

where 1/p+1/q = 1. For this to be meaningful, it is necessary that (6 — 1)g >
—1,thatis, d > 1/p.

As in [3], let B = (b, ,) be the corresponding sequence-to-sequence matrix
and let g, () be its row polynomial, so that £, (¢) =7,(0) — (1 —1)7,(¢).

IN

3. SOLUTION TO THE PROBLEM, WHEN p = 2
We have

2) ! 20
= 1 -
g, (/0( no iy
1
— 2—26—1 1 - 20
( /_1( x)" |y

) 12
2 o)
X
2

In order to minimize ¢,  over all polynomials y,(f) of degree less than or
equal to n, we have to solve the following approximation problem:

: 26 2 12
(2) Find , p(n’mxgmial (/—1(1 -x)" |V(x) - T—% dx) ,
deg(V)<n

that is, find the best Li-polynomial approximation to f(x) = 2/(1 — x),
where L2 LZ[ 1, 1] denotes the class of all functions g(x) such that
f_ x)|g(x) | dx exists and is finite, with w(x) being a given nonnega-
tive welght functlon (in our case, w(x) =(1- )2‘5). Observe that f(x) =
2/(1- if and only if 6 > 2 . It is known (see e.g. [1]) that problem (2)
is solved by =3 iooCk P (x), where {¢,(x)},_q | , . is an orthonormal
system in L W1th respect to the inner product (f, g) f_ ( Ydx ,
and where ¢, are the Fourier coefficients, that is, ¢, = (2/(1 B (X)),
k=0,1,2,....
Given a, B € R, then the Jacobi polynomials P,f"’ﬂ )(x) are defined by

3 PP =S e (i) (1= %)™ (1 + x)"™*.

dx
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The following well-known properties of P,E"‘ﬂ )(x) can be found, for example,
in [2, pp. 168-173, formulae (1), (3), (4), (13), (17), (32)]:
(4) If a, B > —1, then the polynomials P,E“‘ﬂ )(x) form an orthog-

onal system in Lfv[—l , 1] with respect to the weight function

w(x) = (1-x)"(1+x)";

(a, B) AW
5) = (")
B, Py = [ (140 1P o dx
-1
(6) Py I'h+a+DI(n+B+1)
Rn+a+p+1)nT(n+a+p+1)°
(7) P P(—x) = (-1)"P " (x);
(7)) B
®) dxl“(n+m+a+ﬂ+1) B+m)
_ (a+m, B+m _ .
Tntatfsl) pP_, (x), m=0,1,...,n;
o) <n+%+§+1)(1—x)P,§“+"”’(x)

=(n+a+ PP (x) - (n+ )PP (x).

n+l
Lemma 1. Let 6 > % Then the solution of (2), that is, the best polynomial
approximation to f(x) = 2/(1 - x) in L3 [-1, 1] with w(x) = (1 —x)*, is
given by

2k +20+1 _(25.0
252 k+2¢5 — o H ( )

_ 2 B l n+1 (25—1,0)(x)
T 1-x 6(1-x) (n:Z(S) n+l :
Proof. From (4) and (6) we conclude that

V2n+20+1 2,0
¢, = W‘P,, (x),

n=0,1,2,...,

forms an orthonormal system in qu[—l , 1]. Thus, we have

V(x)= ch¢k(x)
k=0

where

ck=<12 ,¢k(x)> V2k+20+1 /2 261 25’0)(x)dx.

25+|/2
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Now, successive integration by parts yields

V2k +20 +1 / za

G = T keemiZ

_ V2k+26+1T(26)C k+l)2k+26
T gk+o-12 T(26+k+1)
s+12 1 V2k+20+1

: 1+x)kdx

AN
In order to obtain the second formula, we use (9) with a =26 -1, =0,
n =k, so that
1 1 k+20 _25-1,0) k+20+1_(25-1,0)
VxX) =55 7% Z (2 GRI ———P, (x)-2 WP"“ (x)] -
= +1

This sum being a telescoping sum, we conclude that

__2 1 n+1425 (26-1,0
V(x) T l-x 6(1 —X) (n-t;,l:lw) n+l (x)>

from which the result follows (observe Py(x)=1). O

Lemma2 Let V(x) be the best polynomial approximation to f(x) =2/(1-x)
in Lw[ 1, 1] as in Lemma 1. Then the minimal value in (2) is

! NP2 1 e
</—l w(x)|V(x) _'f(x)l dx) - _6—\/2(25 -1 (n+26) :

n
Proof. It is known that

1 1 n
/ WV (x) - fx)] dx = / w)If ) dx -3 e
—1 —1 k=0

Now,
226+1

[ weirordr= 5,

and

n 20—-1 n
Z|Ck|2=2 . ZZk:+§f+l
k=0 " o ()
2%t Z (k+25) _ (k+1+20)
] 2
5 (26 -1) o k+26 (k+kl++126)
2%t s (ntl+ 25)
52 26-1) n+l+25)

n+1

S

26+l 226 1 n+ )

26—1 52(25 ) (n+26)2,

which yields the lemma. O
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Now, our main result reads as follows:

Theorem 1. We have
e? = 1 n+1
" T2V -1 (B
and the optimal polynomial is given by

1 1 n+1 _2s-1,0)
V"(t) = 1—¢ - 25(1 —1) (n+26) Pn+1
n

2t 1).

This follows immediately from (1) and the preceding lemmas. (Observe that
T =V(2t-1).)
Remark. An application of Stirling’s formula shows that
) I'(26) 1
™ 20 — 1 p%0-!
Next, we determine the corresponding sequence-to-sequence summability
method B = (b, ;)0 . n.n-0.1.2.. - Recall that b, , is given by B, (¢) =

S _ob, 41", where tB,(t) = 7,(0) — (1 - 1)y, (0).

Theorem 2. The sequence-to-sequence method B = (b, ) is given by

as n — oo.

1 n+k n+20+k+1y\ (n+1
bnyk — ( 2)5 (n + l)( k-{(-'ll+26))(k+l)
Proof. Using (7) and (5), we first have
1 n+1 _25-1.0 (-D" n+1
J’n(O) =1- 25 (n+26) n+1 (-)=1+ 2% (n+26) :
Hence,
tB,(t) =v,(0) - (1-1),()
_ )" n+1 Ln+l (26-1,0) 1,
R <+,, ) 26( zy e 27D
by Theorem 1. Since ¢8,(¢) = 3, _, b, kt , we have
- (d/dt)"“(tﬂ,,(t))
n,k —
(k+ 1) =0
Cln+l b e (d N 10
=35 (" (k + l)gz (E) P (x) .,

1 n+1 1 T(n+20+k+2) 264k, k+1)

=W EE kD Tnr2s+n) kY

by using (8) with m=k+1, a=20-1, =0, and n replaced by n+1.
Applying (7) and (5) again, we finally get the result for b, , . O
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Remarks. (i) An application of Stirling’s formula shows that|b, ,|= 0(n2k+3_26)
(k fixed). Thus, the B-method is not regular. In this context, it is interesting
that Wimp [7] has noted that

“nonregular methods often work so well—i.e. accelerate conver-
gence so dramatically—on the sequences for which they do pre-
serve convergence, that one is willing to forego the convenience
of using a method which works for every convergent sequence”.

Compared with Wimp’s work, our approach has the advantage that we do not
need the row sum condition ZZ=0 bn, x = 1. In fact, for the “best” sequence-
to-sequence method B constructed above, this condition holds asymptotically,
since

- q (=)" n+1
X_:bn,k =ﬂn(l)=/n(0)=1+—23—zﬂ;i§—’l as n — o0o.

Moreover, our assumptions on the class of series Z,‘:":O a, are very “mild”,
whereas Wimp requires a representation of the form

a, =é+/0°°e_mf(t)dt

and makes assumptions on the differentiability of the function f.
(ii) In the case d = 1, we have

(="M 1\ (n+k+3 @ 1
by i = n+2 \k+1 k+1 and &, T n+2°

This case is of particular interest, since it corresponds to the series Z,‘f’zo a,,
where a, can be written as the difference of two moments.

4. SOME REMARKS ON THE CASE ¢ =1, p =0

We have
¢ = min / =0’y () —(1-0"|dt (6>0).
7, polynomial
deg 7,)<n

We proceed as Achieser suggests in [1, pp. 82-88]. Then we first have to deter-
mine polynomials Q, (f) = 1'[;' (t—c; ,) that satisfy

(10) 0<e¢ , <<, ,<1
and
1
(11) /0 (1-1signQ ()dt=0 fork=0,1,...,n—1.

Note that Achieser shows that there exists a unique polynomial Q,(¢) satisfying
(10) and (11).
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Define y, (t) = f(;(l - ‘t)'srk dt, k=0,1,2,.... Then (11) is equivalent
to

" - w T@+1)-k
ary PECVTNE Y e =

fork=0,1,...,n-1.
Now a short calculation shows that
_ k 1 S+1 k
Vi) = sV O - e T
whenever k > 1. Using this and y(¢) = —(1 - t)‘m/(é +1)+1/(6+1), we
can replace (11') by the following equivalent set of conditions:

(11//) Z j+1 )(5+lcl.( ={ 1/2 %fk:O,
R 0 ifke{l,...,n-1}

If we introduce new variables dj‘n =1 =€ n> j=1,..., n,then from (11")
we have the following equations:
(12) \;( 1yY*d k*"*'_% fork=0,...,n—1and

1>d ,>--->d, >0

Since f(t) = (1 — t) lelL [0, 1], and since ﬁ ) has no zero in (0,1), we
conclude that

(1

|
- / (1-1°"signQ,, (1) dt
0

8"
n+1 +l s 1
(13) Z( 1y’ 1) =3
n+l 1

j+|
Z( 1 j n+l 5

and the optimal polynomial yn(t) is given by the interpolation conditions

1 .
T =yn(cj‘n+l), j=1,2,...,n+1.
Jj.n+l

b

(14)

Remark. The equations (12) also make sense when J = 0. In this case it is

known that | (kn( D) f
—cos(kn/(n + ) T
Gen = 2 = s (2(n+1))
(in fact, 1 —d, , are the zeros of U, (2x — 1), where U,(x) denotes the

nth degree Chebyshev polynomial of the second kind). In gcneral the num-

bers d s, nal and sn (1) can be calculated by standard numerical

l,n+12 """
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techniques. For example, we have for ¢ = 1
(1

n €,
0 0414214 (=v2-1)
1 0.227774
(15) 2 0.144298
3 0.099662
4 0.072982
5 0.055759
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