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ON ESTIMATES FOR THE WEIGHTS IN GAUSSIAN

QUADRATURE IN THE ULTRASPHERICAL CASE

KLAUS-JÜRGEN FÖRSTER AND KNUT PETRAS

Abstract. In this paper the Christoffel numbers av n for ultraspherical weight

functions wk , wx(x) = (\ -x ) ~ ' , are investigated. Using only elementary

functions, we state new inequalities, monotonicity properties and asymptotic

approximations, which improve several known results. In particular, denoting

by dv „ the trigonometric representation of the Gaussian nodes, we obtain for

À e [0, 1] the inequalities

and similar results for X <£ (0, 1). Furthermore, assuming that a\ ' remains

in a fixed closed interval, lying in the interior of (0, n) as n —► oo , we show

that, for every fixed A > -1/2 ,

awe       *sin2x0w¡l A(l-A)
n + * 2{n + a)  sin  8:,'

u ,n

A(l -A)[3(A+l)(A-2) + 4sin2e^J

8(« + /.)4sin4Ö
v , n

0(n  7)

1. Introduction

For fixed real X > -1 /2 let wx be the ultraspherical weight function

(1.1) wk(x):=(l-x2Y~xl2,       xe(-l,l),

and let P{n be the corresponding orthogonal polynomial of degree n normal-

ized by P{nX)(l) = ("+2„/l-1 ). Furthermore, let x\X)n < x(2]n < < x^n be the

zeros of P{nX) in increasing order and let 0 < 0^ < d(2]n < < dfn < n be

their trigonometric representation x[ n = -cosdv n .
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In this paper we consider quadrature formulae Qn of (algebraic) degree

deg(Qn) = m > 0 which are linear functional of the type

n

(1.2)    Qn[ñ-Ya»Jix»J>     -l<x, „<x2„<...<x„„<l,
f=l

f   f(x)w,(x)dx = Qn[f] + Rn[f],

(1 3)
f=0    for 77 = 0,...,777,

"U?"Jl^0     for p = 777+1,

where the n nodes xv n and the weights av n are real numbers, p denotes

the monomial p (x) = xM , and R„ is the so-called 'error functional' of Q„.

Of all quadrature rules that have received attention, Gaussian quadrature is the

most investigated (cf. Gautschi [19] and the bibliography cited therein). The

Gaussian quadrature formula Qn

(1-4) eri/i^tíWí),
i/=l

(a \C
is determined uniquely by its having maximal degree deg(<2,,    ) = 2« - 1 . The

respective nodes xv are the zeros of Pf , and the respective weights av n ,

the so-called 'Christoffel numbers', are given by

[T(X)} Y(n+l)

(cf.    Szegö [36, §15.3]).    By the symmetry of the weight function  wx   the
r- c i       siWG    ■ « (/.)G (X)G .       (X)G
Gaussian formula Qn      is symmetric, i.e., xyn  = -x¡¡+x_i/ n  and ap n  =

a„+i-v n iv = 1» ••• ' n) ■ Therefore, it suffices to consider v = 1,2,...,

[(n + l)/2]. In particular, we have that

,. ,, (X)G „ (X)G n    T (j + 2)Y (<i+ X)

(1-6)    *(¿1)/2.„ = o,   V.)/2, = ir(} + i)r(}+¿4

If A ^ {0, 1}, for the other nodes ^ * and weights <a£ 'n , elementary rep-

resentations as in (1.6) are not known, but the knowledge of their asymptotic

behavior and of explicit upper and lower bounds may be important for various

theoretical and practical investigations in quadrature; see, e.g., the monographs

on quadrature of Braß [5] and Davis and Rabinowitz [10] as well as the remarks

in §5.

For the nodes x[)\ several authors have obtained inequalities or asymptotic

approximations; see, e.g., Szegö [36, pp. 116 ff], Tricomi [37], Ahmed, Mul-

doon, and Spigler [2] and, in particular, Gatteschi [17]. For Gaussian weights
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al\ it is well known (cf. Szegö [36, §15.3] and Davis and Rabinowitz [10])

that

,.   -, (X)G n        .   2X a'X)   ,.    ,    M)G. ,.       S(X)G       „
i[J) al'n=7r-7TxSm   01+0'       ¿Í5,V«     °-

provided that the nodes x remain in a fixed closed interval lying in the

interior of [-1, 1] and that X is fixed. Whitney [38] improved (1.7) by showing

the asymptotic estimate (cf. also Ossicini [28])

(1-8) '^'^Jtfsin'e'1^"'-'-   a«-1' l>0-

valid under the same conditions on v and X as above. Recently, Gatteschi [ 18]

obtained the following important asymptotic approximation, which is uniform

with respect to the parameter v =  1,2,..., [qn]  for fixed q G (0, 1)  as

n —> oo,

""•■'' 77+A; J2        (i }

i  m JX-\/2,vJX+l/2\JX-l/2,i/>

l-|ü+|(sm-2C-(Cr2)+^»0(„-')   ,
2(/i + X)

where j   k  is the k th positive zero of the Bessel function Ja .  Shohat and

Winston [31] proved

i2
JX)G ^ _ „;„2/+l a(X)

T
2(U0)    Oirnrr"' j A + 2

« + 2X + 2
j 1

while Winston [39], resp. Laden [26], have shown the monotonicity properties

(X)G (l)G
/i   i in av ,n   < av+l,n '

'      ' (¿)G   •    -42 AX) (X)G       ■   -4/ „(/I) r       i       a /-.

and the validity of the reversed inequalities for X < 0. Note that all the above

inequalities in (1.10) and (1.11) are asymptotically not sharp in the sense of

(1.7). Inequalities for the first weight ax n have been obtained by Bernstein

[4] and Gatteschi and Vinardi [15]. Further explicit upper or lower bounds

for all Gaussian weights a , with the exception of crude bounds (see, e.g.,

Monegato [27]), do not seem to be known.

The main purpose of this paper is to prove various simple but very accurate

inequalities for the Gaussian weights cvv n involving only elementary functions.

The upper and lower bounds obtained are asymptotically sharp, provided that

v increases as n increases and limsup^^ u/n < 1. Note that it follows

from (1.9) that for fixed v and increasing n , asymptotically sharp results are

impossible without asymptotically sharp approximations of the zeros and values

of Bessel functions. Furthermore, for nodes xu      remaining in a fixed closed
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interval in the interior of [-1, 1], we derive inequalities and asymptotic values

which are much sharper than those mentioned above.

2. Statement of the results

Our first result improves the monotonicity properties (1.11) and makes them

asymptotically correct in the sense of (1.7).

Theorem 1. Let u < n/2; then, for the Gaussian weights a^   , if X e [0, 1],

,« .. (X)G   .   -2X a(X)      .    (X)G       ■   -2X a(X)

where equality holds if and only if X e {0, 1}. If X £ (0, I), then the above

result is valid if the inequality sign in (2.1) is reversed.

Remark 1. Complementing inequality (2.1), we state that, for X e [0, 1] and

v < n/2,

,„, (X)G   ■   -2X a(X)    .       (X)G       .   -2X a(X)        ,. (X)   ,1/2
(2.2) <;„sin      0v.„>a),lUnsm     0^(1 - p\[n)     ,

where

x(i-x) cos2 e™n- cos2 e™Un

(2'3)        Pv'n     (n+X)2sin2e^n+X(l-X) sin20w
v+\ ,n

If X ^ (0, 1 ), then this result is valid if the inequality sign is reversed, where

for X < -4/11 the inequality (2.2) for v = 1 only holds if (n + X)2 sin2 8{*¡n >

X (X - 1 ). Using (2.3), we see that the monotonicity property (2.1 ) is improvable

only by a factor of the order (l+v~ 0(1)) for n —> oo and v < qn , q e (0, 1)

fixed.

Remark 2. Note that it may be more helpful to consider the expression

v~ 0(1), where the O-estimate holds, as n —► oo, uniformly for v = 1,

2, ... , [qn], with q fixed, q G (0, 1), instead of 0(n~ ) as n —> oo. If the

nodes xv n remain in a fixed closed interval lying in the interior of [-1, 1],

then we have 0(n~ ) = v~ 0(1), but under the only assumption that v in-

creases, the term v~ 0( 1 ) additionally gives useful asymptotic results. Through-

out this paper note that [(n+X)sindifn]~x =u~xO(l) for every fixed A > —1/2

and v < qn, q e (0, 1) fixed, as n —> oo, which follows from the known

asymptotic approximation of Bv     (see also (2.23)).

For odd n, X G [0, 1] and all v , one obtains from (2.1) the inequal-

ity a[ )'n < û(„+i)/2 n sm" &l n as we" as tne reversed inequality for X £

(0, 1). Replacing a'¡Án)+\),2 n by its representation (1.6), we obtain a simple

upper bound, which, as a special case, is contained in the next theorem. Using
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the notations

a,._ 77  r(| + i)r(§ + i)
(2.4)

" '   2r(f + i)r(f + x + \)'
„(X) _ JX)Gti\r      ( cl   = û;„. ,w, „ for odd n,12 5) C _I (n + l)/2,n '

I c{nMx\l-X/((n + X)2 + X(l-X)))   for even«,

we have the following inequalities, which are asymptotically sharp in the sense

of (1.8).

Theorem 2. For the Gaussian weights av \  we have, if X e [0, 1],

/-i ¿\ (X)G        {X)G   .   2X a(X)    ,.        (X)  .
(2-6) <;„ =cy sin eyn(i + eyn),

where

¿(1-A) cos2 of, U)
(2-7) -\—r^-^-<C„<0-

(«+A)2sin20^ + A(l-A)       "•"

Equality in (2.7) /zo/ife if and only if X e {0, 1} or x^J = 0. For X $ (0, 1),
77ze above results are also valid if the inequality signs in (2.7) are reversed, and

where for X < -4/11 the upper bound in (2.7) for v = 1 or v = n only holds

if (n + X)2 sin2 6(x]n >A(A-1).

Remark 3. For X > 1 the results of Theorem 2 can be improved as follows.

Using

(2.8) cf)C

cf   for odd n,

c(A+i)(Y _A_ (2A-1)(A-1
rw + l)(7i + 2A-l)     {n + i)2{n + 2X-l)2

for even n,

instead of c(n '    in (2.6), we have that

(A-l)2cos20<A)„

(n+X)¿sin¿dlÁ,n-(X-l)(X-2)

<EiX)G< (X-l)cos26lÁ)n

"'"      [(„ + A)2-(A-l)(A-2)]sin20^n

for X G [ 1, 2] and that the reversed inequalities hold for X > 2. In particular,

for X = 2, the upper and lower bound in (2.9) are equal, which gives the

following simple representation for the weights a   n   of the Gaussian formula

Qmc.

(2.10)       ^?--i,-.4«£°.il+ ' 1
(»+l)(ii + 3)sin!0™„
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For the nodes x(2\ , note that tan[(n + 2)d(2)n] = (n + 2) tan 6{2)n .

The following inequalities yield an asymptotic approximation which is sharp-

er than that given in (1.8). In particular, we have that for A e [0, 1], resp.

A £ (0, 1), the geometric mean of the bounds (2.6) and (2.7) again is a lower,

resp. upper, bound for the Gaussian weights.

Theorem 3. For the Gaussian weights av n  we have, if X e [0, 1],

,   . ^(l_-A)cos2ö^

"•''       " "■" I        tv, _i_ n2c;„2fl(/i)

(2.11]

where

n+ X)1 sin' 8™H + X (1 -A)

-i
x      A(l-A)[l+ (-!)"]      g<A)

4[(/z + A)2+A(l-A)]2      "•"

(2 12) 0 < ^   < A(1-A)C0S^[4-C0S^]
{      ] -£-"-2[(/7 + A)2 + A(l-A)]2sin40^-

For X £ (0, I), the representation (2.11) is valid with

X(X - l)cos2 0<*>„[4 - cos2 0W„] / j + ¡A(A - i;

(2.13)      2[(7t + A)2 sin2 0^„ - A(A - 1 )]2 {       (n + A)2 sin2 8™n - X(X - 1) J

<tk)  <0,
—    u ,n —     '

where for X < -4/11 7/7e /owcr bound in (2.13) for v = 1 or v = n only holds

if (n + A)2 sin2 0^ > A(A - 1). Equality in (2.12) or (2.13) w va/«/ //anrf otj/j/

//Ae{0,l} orx^„G = 0.

As a consequence of the above inequalities we have for fixed A and for

n —► oo

WG 7T •   22 „(2)     I. A(l-A) -4^/lx|

,2,4)    "- = ;ms'" 8-{'-2(n+tfs.n^»'      0(l)/-

v <qn,  q G (0, 1) fixed.

For nodes x£ that remain in a fixed closed interval lying in the interior of

[-1, 1] as 7i —► oo, note that the asymptotic approximation (2.14) cannot be

derived from (1.9).

In the above theorems we have used the quantity cn in order to obtain

equality of our lower and upper bounds when n is odd and v = (n + l)/2.

The following lemma shows that further simplifications are possible.
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Lemma 1. For fixed X > -1/2 we have

AX) _     n     f       X(X- I)

n+X\   +      2
(«+A)2-(A-1)2

1
(2.15) + _(A-2)(A-3) ö(«-6)},

« —» oo.

Furthermore, for every n G N, //zere ex/sis a ¿^   e [0, |] smc/i that

(2-16)c«A) = /7+^{1 + ^2^[(" + A)2-(A-1)2 + ^)(A-2)(A-3)r'}-

7/z particular, we have, for all n e N,

(2.17) i)>^Jl +-^^-}    /orAe(0,l),
"       n + X\       2[(/7 + A)2 + A(l-A) + A/4]J

and the reversed inequality (2.17) if X £ [0, 1].

As a first consequence we obtain the following simple inequalities, which, in

particular, show that for A e (0, 1) the asymptotic approximations (1.7), resp.

(2.14), are indeed upper, resp. lower, bounds.

Corollary 1. //Ae[0, 1], then

(2.18) «   rin^ji - „    X[\-X\A < « < r^sin2^
n+X »•"]        2(» + ;i2Sin20^      -   "■"-«+A2(« + A)zsinz0^ " ,i

For A £ (0, I]

n     . 2X a(X)
/7TÄsin  ö-

(2-19)    <^<^sin-0,rii+       w-1;
""■"-77+A ".»\       2(« + A)2sin20^-2A(A-l)j '

where for X < -4/11 //ze w/ji/er bound in (2.19) for v = 1 or v = n only holds

7/ (77 + A) sin 0, w > A(A - 1). Equality in (2.18) a/zd (2.19) holds if and only

i/A€{0,l}.

Using Theorems 1 and 2 and Lemma 1, various other simple inequalities

can be obtained immediately. As an example, we state the following upper and

lower bounds, which are both asymptotically sharp in the sense of (2.14).

Corollary 2. If X G [0,1], Í77<?7i

r i1/2
,- -A, (2)0        n     . 2X a(X)     , A(l -A) _(2) .
(2.20) v.-m"   '-■|'-(.+^^.W.)     (1+e"-h

where

(2.21) 0<eW   <       U{}~X)m.
-   »■"- (n + A)4 sin4 0W„
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If X > 1, the representation (2.20) holds with

X(X- 1)(A+1)3

4[(/z+A)2sin20^-A(A-l)]2

<TW  <3 A2(A-1)2
—    v ,n —

2[(/z + A)2sin20W„-A(A-l)]2

Remark 4. For the trigonometric representation Qv '    of the node xv '    the

following asymptotic approximation is valid for every fixed A > - \ and v <

qn , q G (0, 1 ) fixed, as n —> oo :

W       AX)       X(l-X) j       6 + A(l-A)[9-2cos2^J

(2.23)      "•"    *"■"     2(n + X)2\ 12(/z + A)2sin2<»J

+ z,-40(l)}cot^)„,

where

(X)   i _ 2v - 1 +A 77
(2.24) f, n « + A     2

(see Tricomi [37], Gatteschi [16], and Lemma 4 in §3). In particular, for A e

[0,1] the following inequalities hold (Gatteschi [17]) for v < (n + l)/2 :

(2.25) /»   <0W  <0W  +A(1~/l),cot¿W.
v ' "v,n—    v ,n — Tv.n       ~, ,,.2 tV,h

Furthermore, if A e [0, 1] and 1 < z> < (/z + l)/2 then, omitting the term

7>-40(l) in (2.23), the right-hand side of (2.23) also is a lower bound for 0[ \

[14]. Therefore, similar results as above, not requiring the explicit knowledge

of the nodes x(v ]n , resp. 6V n , follow immediately. For the standard weight

function w = 1 , i.e., A = \ , for example, we obtain that

(2.26) flWax^    2«^     {l-i-rld+e     )>
> v,n        2/7 + 1      ^.»1        2(2/z+l)2/1        "•"''

where

2 A.
COS   0

<£..„<
h4rm'tA "•"      "tit,     ^4r;«4(2.27) 12(/z + irsin>,y „       "•"     2(n + \Ysm

<\v - 1
^,« = 4^2^

Finally, we state asymptotic approximations for the Gaussian weights which

are sharper than (2.14).
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Theorem 4. Let X > -5 ; then, for n -* 00 and v < qn, q G (0, 1) fixed,

,1/2
(X)G        n     . 2X ax)     . A(l - A)

a. _ =-r sin   0   _ < 1 -1/, n n + X "•" (« + ;)2sin20w

(2.28)

(/z + A)zsinz0^+A(l-A)

,  , A(l-A)(l+2cos20W)       _6
1 +-z—4  m       +^   0(1)

4(/z + A)4sin40<^

n      . 2X ax)  \.      A(l-A) 2 ,(A) ,
--sin   (/) ' < 1-VH - 2A-l)cot </>/„]
" + A ^-"l       2(/z + A)2 "•"

(2-29) ¿o-^w(Q , -6„n
+ —-..4 . 4 ,m  +^   0(1* AD24(n + Xy sin* cb^

AW(6):=9X(l -A) + 6+12(l-A)(l+A-3A2)cos20

+ 4A2(1 -A)(3A+ l)cos40,
(2.30)

where <p(v ]n is defined in (2.24). Furthermore,

,. ,.>     (X)G     1/(2) (2)     .     ,  (X) , /   n n   \ -Sn/tw
(2.31) <,„ = 2(^+^»"^-^")^(x^«)(/7+7CSC7TTlj(1+,/   0(1))-

Note that (2.31) improves upon the trapezoidal theorem for Gaussian for-

mulae of Davis and Rabinowitz [9, §3, equations (16) and (18)].

Remark 5. Consider the Lobatto quadrature formula Qn      ,

(2.32) Q{:)L°[f] = a^°f(- l) + Y «Z°fixZ°) + aTn°fi ! > •
v=2

defined uniquely by its having degree 2/7-3 (see, e.g., Braß [5, p. 92]). Using

the equations (cf. Krylov [24, pp. 160 ff])

(2.33)

(2)7.0 _     (2+l)G

"Vn    ~xv-l,n-2>

(X)Lo (2+1)0

K„ =<_i «-2
1

,       ,    (2+1)0     .21 ~i-(x;_,;„_2)     ,     v = 2,. ..,77-1,

results similar to those above can be obtained immediately for the Lobatto

formulae Q„ . The values of a\ n° , resp. a„ „°, as well as the value of

atn+\)/2 n ^or °^ n are known explicitly (see, e.g., Ghizzetti and Ossicini [20,

§4.8]). Note in Theorems 2 and 3 that ¿¡^ = «¡¡ÏÎj/2,«+i for odd " ■

3. Proof of the results

First, we state some preliminary lemmas on the zeros xv \ of P(n , which

will be helpful for investigations near the boundary of the interval [-1, 1]. For

A e (-5 , 0) we require simple bounds for x\ \ following directly from results

of Elbert [11].
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Lemma 2. Let X G (-5 , 0] and n > 2 ;  then

(3.1)       4[l + i(A+I)](A + i)<(/z + A)2sin20(/»l<5(l + lA)(A + I).

Proof. By results of Szegö [35] and Buell [7] it is well known that

Jx-1/2,1 < 9(X)  <_-^-1/2,1_

(32) n + X ''"     {(»+A)2+A(1-A)[1-(2M)2]}1/2

forA£[0, 1],

where as above, jx_x,2 , denotes the smallest positive zero of the Bessel func-

tion Jx_x,2, and that the reversed inequalities hold if A e (0, 1). Furthermore,

Elbert [11] has proved that

(33) 2(A + I)(A+I + 2) >(7,_1/2>1)2

> (A+¿) (A + i + 4)    forAe(-i,0].

2 2
Substituting (3.3) in (3.2) and using the standard inequalities 0 < x -sin x <

x4/3, (3.1) follows for n > 5. For n = 3, 4, 5 a calculation of 1 - (x]f
f, n1

using the explicit representation of the symmetric polynomials Pf , proves

(3.1).   D

For large A we need the following bound.

i
2Lemma 3. Let X > -A ; then

2 2flU)    >. It   ,    1\2(3.4) ^,+A)<_ij^ew>(A+i)  .

Note that for large A and small n (in the sense of n = o(A) as A —> 00),

Lemma 3 gives sharper estimates than those using the first zero of the Bessel

function as in (3.2); in particular,

(3.5) lim x     = 0   for  lim n/X = 0 and u = 1,2, ... , n.
2—>oo       ' X—»00

Since j\_{/2 1 = (A- 3XI + 0(X~    )) as A —* 00 (cf. Abramowitz and Stegun

[1, equation 9.5.14]), the limit (3.5) cannot be derived from (3.2).

Proof of Lemma 3. We first note that the function y(f] defined by

(3.6) ^)(0):=(sin0r1/2JP^)(cos0),        0e(O,7i),

is a solution of the differential equation

(3.7) v" + (cot0)/ + |(/z +A)2-i - (A~^   U = 0,        0e(O,7i).
{ 4       sin 0   J

This can be shown by explicit calculation, substituting yf] into (3.7) and

using well-known identities for P . Let a denote the first positive extremal

point of v|,A> in (0, 71);  then, for A > j ,

(3.8) yl%)>0,      yf(a) = 0,      yf'(a)<0.
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Therefore, (3.7) yields the inequality

sin2 a vw

X-1/2JX),Now, let ß denote the smallest positive extremal point of (sin0) yn (9).

For A > 5 we have a < ß . By - cos ß = xj ~+1 = - cos d\ ~ , (cf. Abramowitz

and Stegun [1, 22.13.2]) and (3.9) we obtain [(n + X)2- ¿]sin2 df~1^ > (A-Aj2

for A > 5 , which proves the lemma.   D

Lemma 4. Let X > — A_ . Then, for n —> oo and v < qn , q G (0, 1) fixed,

ax)  ._ax)       A(l-A) f       6 + A(l-A)[9-2cos2^)J
"i/,n       ^i/./i   '    ~,      ,    ,,2| ,-,,      ,   ,\2    •

(3 10) 2(/7 +A)   I 12(tj+A) sin

+ u 40(l)}cattf]H,

where

,,nl .(*)   .    2v-l+Xn

(3.11) »,,,.■=     ff + A     2-

For nodes x|, M remaining in a fixed closed interval in the interior of [-1, 1 ],

the above asymptotic approximation follows immediately from results of Tri-

comi [37] and Gatteschi [16].

Proof of Lemma 4. We first prove for every fixed A > -A_ the much weaker ap-

proximation d[k)n = <pfn + X ( 1 - A) [2(/z + A)2]" '[ 1 + 0(n~' sin"' 0WJ cot $]H

by use of Sturm's comparison theorem applied to

. ,,//
„,„ C+Ä" = o.   ¿"W = (» + A)2 + ̂ ,
(3.12) sin 0

t7¡IA)(0) = sinA0^A)(cos0)

(cf. Szegö [36, equation (4.7.11 )]) and using symmetry of P{n ). Then a repeated

application of the asymptotic approximation

r(A)r(77 + A+l)sin^0   w
2Y(n + 2X) "  (        '

p i
(3-13) = £-H+¿cos[(/z + A + z,)0-(A + ^

„ sin'y e
i/=0

+ Mb„
2J p+1sinp+,0

,./lx     2P 1       T-r  (ii -A)(p+X-  1)       . -
W\ <   .   ,    ,     on = 1,     ¿>„ = -—77      —-^-    for z/ > 0,
1    ' - sinA7t ° "     v\2v LL        n+X + p

ß=i

proved by Szegö [34] for p > A-1 and nonintegral A, yields (3.10). For integral

A one can use the representation given in Szegö [36, equation (8.4.13)]. The

calculations are lengthy but straightforward.   D
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Lemma 5. Let X > -A . Then, for n —► oo ú¡/7í/ 2 < v < qn , q G (0, 1) ./irca1,2

2/rU)       _   M Z7t   n     (rW )2i'/2
Vl,n      ■%-!,« _ „ +A v,n>  J

(3.14)

w/zere

(3.15)

5(V" )     Cw(xw ) ,

2(/z +A)2      24(/z+A)4

,(2), 77        A(l -A)
¿rAV) :=

1-x2

(3.16)   ö\x):=\ + (2n2-l2)X-^4 + 9{l + XW-
-> 1 -x (1-x

2,2

Proof. Using Taylor's expansion in (3.10), we obtain

A(l - A) Ti cos e(i\

ñ(X) AX)

1 +
n + X)       2(n + A)3 sin3 0<A)„

X(l-X)H(nX)(8if)n) + v-50(l]

(3.17) n A(l-A)7icos0,^, „ ,»    M _5
M- -4-,    tX'   -X(l-X)H(nl)(d[X)+Xn) + v 5o(i;

« + A I        2(/7 + A)3 sin3 0<Ji ,/i

1 +
A(l-A)

»+*Y     (n + X)2sin28ll]n

(i+^"50(i)),

2ttW

1 +
(7r¿-6)(l+2cos¿0;;w

12(/z+A)2sin20^

■1/2

where

(3.18)

H{nk)(6) :=
2(« + A)2 sin2 0

(4tt2-6)(1 + 2cos20)-9A(1 -A)

24(/z + A)4sin40

C:=(C + ̂ , J/2.
The assertion follows by noting xv n = - cos 0J, n and again applying Taylor's

expansion.   □

Proof of Lemma 1. For fixed £ and A we consider the sequence

(3.19) ^»í:=ci^{i + li^Nn + 2A)+ír1

Using known asymptotic approximations for the gamma function (cf., e.g.,

Erdélyi and Tricomi [12]), we have (2.15) and the much weaker relation

(3.20)
(/.)

lim dn ,
n—>oo    "■"»

1.
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A somewhat lengthy but straightforward calculation using the recurrence for-

mula of the gamma function shows that

(3.21)

holds if and only if

d(X)     d(X)un,i - "n+2,{

(3.22)
X(X- l){(4£-A2-3A-2)[/z2 + 2(A+l)«]

+ 2tf + ¿t(X2 + IX + 8) - 4A(A + 1)(A + 2)} > 0.

If 4¿¡ := (A + 2)(A + 1), then the last inequality is equivalent to

(3.23) (A + 2)(X + l)X(X -l)(X- 2)(X - 3) > 0.

If t\ = 2X - 1 , then (3.22) is equivalent to

(3.24) X(X - l)(X - 2)(X - l)[n  + 2(A+ l)(n + 1) - 1] < 0.

Substituting these two special values for Ç in (3.19) and using (3.20) and (3.21),

the assertion (2.16) follows.  Using the same method for £, = \X, we obtain

(2.17).    D

Proof of Theorems 1-4. We consider the following representation of the Gauss-

ian weights av n  which follows from (1.5):

(3.25) ^C = o^Gsin-0^{77^(0^)}-'

A(l-A)cos20f„

(3.26)
,2 MX)n + XYsinzd[f'n+X(l-X)

{^„(Or1
SX)Gwith cn      defined in (2.5) and

(X) IQ. (X)   .   2X avi,nie) = yn sin e
{[

,(/.)
sin0P„ '(cos0) 2Acos0/J^'(cos0)/'f) (cos0)

(3.27) + ((n + X)2 + X ( 1 - A) + A cot2 0) [ff'(cos 0)

06(0, ä),

(3.28)

where

(3.29)

OhOm1
A ( 1 - A) cosz 0

(/z+A)2sin20 + A(l-A)

0e (0,7r-0),

a) _ mg [T(X)]¿Y(n + 1
'n Cn 22~n7ir(n + 2X)

. 2ÏÏ Jn A(A-i;sin 0 := max < 0,-^
1      (n+X)2

0e o.
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Using Lemmas 2 and 3, it follows that

9(x]n > 0     for n > 2 and A > (29 - v/885)/2 = -0.37447

while

dfn < 0   for « >2andA< (>/l441 -41)/8 = -0.37993... .

For /z = 2, we have by explicit calculation of x[A)2 that 0(1/)2 > 0 if and only

if A > (\/T3 - 7)/9 = -0.37716... . Note that from the inequalities obtained

by Buell [7, p. 311] one has d2\ > 0 for all A > -\. Furthermore, standard

identities for lf] (cf. Szegö [36, §4.7] ) yield

ti ->r\\ aWi       U+l)   \ 2A .   2 „(2+1)    „(2+1)', AX+l)   ,
(3.30) Pn   (C0S,.n-l) = -n(n + 2/i)Sln   Bv,n-lPn-l    (C0SÖ,,«-l)

and hence, for A > — \ ,

(2+1)0       AX+DG   .   2X+2 AX+l ¿C0S   Ö„,+„-l
uv,n-\ ~ Ln-l      M uv,n-\  » l

[(n + XY + X(l-X)]sm¿d^;.

(3.31) '(v?M!n-i))~l

,2        2fl(A+l)
= ^+.,0^22+2^+1)     I 1+ A   COS   0l/j„_1

"«-l     " "i/,«-l 1 /„ .  n2c;„2flU+1/z+Arsinz0^,+A(l-A)

(3-32) ■ («&*£-.>>"'

with c^",1' defined in (2.8). An explicit calculation gives

«ft®-*®
(3-33) = yW sin^ 0 |[(„ + A)2 + A ( ! _ A)][/f (0)]2 + [/f' (0)]2}

= 1.

Therefore, to prove Theorem 2 as well as Remark 3, it suffices to show that

U)       Í >v\X)n(n/2)    forAe[0, 1],
(3-34) v\X)n(0)\ '" 0e(O,7r)

'        i < 77^(77/2)   for A £[0,1],

m       i<«?«(Ä/2)   for A e [0,1],
(3.35) 72A)n(0) ,; 0e (0,77-0),

•        I >0/2)    for A £[0,1],

and that equality in (3.34) and (3.35) holds if and only if A e {0, 1} or 0 =

7T/2. To verify this, we apply standard methods introduced by Szegö [36, §7.3]

and Bernstein [4]. First note that an explicit calculation yields, in the notation

of (3.12),

(3.36) vfn(d) = y(f] {^,(0)[Z7^,(0)]2 + [uf(6)f
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It follows that

(3.37)
W'ra\ {X)r   (2)/m,2    (X) . a.

vi,nie) = yn K (ö)i S„ (Ö).
(A)

The function ^    is monotonie in (0, 7z/2), resp.   (a/2, n), and therefore

(3.34) holds. Similarly, we have

(3.38) t;2 n(0) =-Tj—-vx n(0),        0e (0,7t-0),

C(ö)
and (cf. Szegö[36, §7.31])

(3.39)
00) = -}-¡,A)[(n+A)2 + A(l-A)] «fe ¿>),

0e (0,7r-0).

This gives (3.35).

By (3.37) and (3.39) the functions v[ n and v2 \ are monotonie in (0, n/2).

Therefore, Theorem 1 is a direct consequence of the representations (3.25), resp.

(3.26).
To prove Theorem 3, we consider the following representation of the weights

(3.40)
,2)0      mosin2^   Í (n + X)2 + X(l-X)
"■n «       -,(2)  ¡MX)   x   1 „WmW

1/2

«       v 2)  (ÖU)   )3,«v   v ,n> °n    K■   v,n>

AX)
where the function v\ n is defined by

W ,a\ ('
O0) = 7«

m í(/z + A)2 + A(l-A)l1/2

(3.4i;
U)_ ^'"(g) 3[gf (0)]2\       q, ,

+ X-Un    i°)l   + -   (X),^Un   i°)Un    i°)
2g{nl)(8)

for 0 e (0, 77-0). Using (3.12), we obtain

(3.42)

<>)=-7^[(«+A)2+A(l-A)]l/2[í^

¿X) ie)[g„X)iO)f3/2

= -yf[(n + X)2+X(l-X)f'2^g^l

(3.43)

4[^A'(Ö)]

M>
riX)(fí]]2      9Ç  (g)Ç(g)    U) 15[Ç(0)]

?r (ö) *? (ö)
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Furthermore, we have

,*/2

^!„(0) = v^u(n/2)- Í     vf'n(t)dt
J 6

, U)
(3.44) = 1-1*--[u(X)(nl2)]2g[X)" (nl2) - tX)

4[(/z + A)2 + A(l-A)]    "     '        "    l  '  '      "•"

= x _   A(l-A)[l + (-l)"]   _ ^)

4[(/z + A)2 + A(l-A)]2      "'"'

where

//
(3'45) vUI f»/2 7     »'«'((I

= _2i-[(„+tf+2(i-A)]"^  [u»(rf. -A_n_| ,,.

First let A e (0, 1). The term is curly brackets in (3.43) is positive if

(3.46) gf (0) > 9*?]"WsfW - 9A(l-A)l+2cos20
2      ¿?^'"(Ö) 4   sin20    2 + cos20 '

and therefore if

(3.47) (n+X)2>5-X^l.

For 0 = 0, ' , this inequality follows from Lemma 3, so that the lower bound

in (2.12) is proved. Since the integrand of the last integral in (3.45) is negative,

we estimate [uf(t)f by (y(X)[(n + A)2 + A(l - A)])-1 (cf. (3.35), (3.36), and
(3.38)). Now, an explicit calculation of the resulting integral yields

„48,   ,il<1(M(i+2™ie-30(,-o"i-!i,«e
(3.48) eu_„<

[{n + X)2+^(\- i

A(l-A)cos20^

[(n+Xy+X(l-X)]¿sm«e(f>n

(3.49) /z
v, n

(n + XYsinAe{f]n+X(l-X)

A further estimation proves the upper bound in (2.12). For A <£ [0,1] and

d(X\ g (0, 77/2], the upper bound in (2.13) follows from the positivity of each

summand in the curly brackets in (3.43). To prove the lower bound in (2.13),

we notice that [u(X)(t)]2  can be estimated from above by [y(X) g(X)(t)]~X   (cf.
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(X)(3.34) and (3.36)). Therefore, we have for A £ [0, 1] and d{f'n e (0, n - 0)

ax)       _ [(n + X)A + X(l-X)]
bv,n-   ' 4

1/2

(3.50) I.
n/2     AX) .W'ft\A*>" W'/*m3C (0    9gz>(t)gx> (t) i i5[g¡;>(t)]

,Wmi5/2
+

,«/,M9/2ItfW 2[^'(7)]'^ 4[g^>(t)]
dt

[(n + Xf + X(l-X)] 1/2

[3.51)
32 16       2 + cos 7

L35A (A-1)^)^1/2     105sin2^)(i)]3/2

+
33   gf(t)       15 [gf jt)]2 T/2

^[g{X)(t)f2     14[^(i)]7/2

By explicit calculation we now obtain a lower bound for ej, '   which is larger

than the left-hand side of (2.13).

For the proof of Theorem 4 we use the auxiliary function

gn'i0) = <>) +8[(„ + A)2+A(l-A)]'/2l[¿W/21  <;"(Ö)

(3.52)
yf[(" + A)2 + A(l-A)]1/2 /   gf (0)    \     w       w-

K
(X) a)/flM3/2IC'(Ö)]

C(0)<" (0)

U)',

+
yn>[(n + xY + X(i-x)Xl£       i        g^' (0)

16 JX) W/OM3/2C'(0) \[^'(Ö)]
t^V)]2.

Its derivative is

f4W>)     ^)[(" + A)2 + A(1~A)]1/:

16
¿¿)'(g)
W/AM3/24(ö) wsr(0)]

(3.53)
7^[(/7 + A)2+A(l-A)]1/2  ^»'(0)    /   ¿A)'(0)

[^'(ö)]2 l[^(0)]3/2

["!>)]2

["f(ö)]2

= 0(«  6sin 70).

Therefore, the function v4 n(d) differs from v4 „(ff/2) only by a term of order
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0(n  6sin 60), so that

(X)G=  wo sin2'0^'„  f(n+X)2 + X(l-X)\]/2
a"'"     C"    „     mW \ I ADfaW

(3.54)
%.M!n)   i CWin) J

A ( 1 - A) ( 1 + cos2 0fn)      3A2( 1 - A)2 cos2 0^

„WG

4[^,(^)]2s.n40^      4[gW(0«]3sin60«

sin2^„  i(/z+A)2 + A(l-A)V/2

(3.55)
"   ^,^m\     gf\e^n)

X(l-X)(l+cos26[X)n)       _6

4[rf)(0^)]2sin40^ U

Ad — X)cos2 0'*'
= cLA;" sin" 6^'  { 1 -

1/2

(3.56) "'"{       (7z + A)2sin^0^+A(l-A)

A ( 1 - A) ( 1 +2cos20,(;)„+ (-!)" sin4 0<A)„)

4(/z + A)4sin40^
1 + - —-.,4     ■    4flW - +I/        0(^

Applying (2.15) to this equation, we obtain (2.28). For the proof of (2.29) and

(2.30) we only have to substitute the estimates (3.10) for 6{X)n into (2.28). The

last relation (2.31) in Theorem 4 follows from (2.28) using Lemma 5.    D

The corollaries can be shown by substituting the estimates of Lemma 1 for

cW into the respective estimates of Theorems 2 and 3. The bounds (2.26) in

Remark 4 are obtained using, in addition, the bounds for the zeros of Pf] in

(2.25). The calculations are lengthy but elementary. By (3.42 ff) the function

i/i' is monotonie in (0, 77/2). Therefore, Remark 1 follows directly from the

representation (3.40).

4. Numerical examples

Using Lemmas 2 and 3, all estimates stated in the above theorems and corol-

laries remain bounded for all ¡/,/ieN and fixed A > —^ . By results of Buell

[7] it follows that this is also valid for A < - ^ if v ^ 1 and v ± n . For the

standard weight function ti; = 1 , i.e., A = \ , Table 1 indicates the precision

of the bounds obtained, even for small v and n . A further estimation using

inequalities for the first nodes given by Szegö [35] and Gatteschi and Vinardi

[15] shows that for this weight function the absolute value of the relative error

of the lower bounds stated in Corollary 1 is smaller than 0.5% for all n and v

and at most 0.05% and 0.005% for 1 < v < n and 2 < v < n - 1, respectively,

while for the value s{X/2) in Corollary 2 we have by (2.21) that tx'2] < ¿j,

for 1 <u<(n+ l)/2.'
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5. Applications

For brevity, we restrict consideration to the standard weight function w =

1 , i.e., A = A . Most of the proofs of the results below require additional

investigations. Much more precise results, also for other values of A, as well as

the respective proofs will be given elsewhere.

1. Applying the above results, and modifying methods used in [13], it can be

shown that the weights av of every positive quadrature formula Qn of the

type (1.2) (i.e., av n > 0 for all v) having degree deg(Qw) > 2m - 1 satisfy

the inequality

(5.1) ^,„<^{[i-^,J1/2 + ^K,nl}-

This improves asymptotic results previously obtained for special positive inter-

polatory quadrature formulae (see Kiitz [25]).

2. In order to investigate the numerical stability of quadrature formulae, one

possible measure is the sum of the squares of the weights of Qn, the so-called

'variance' of Qn (see, e.g., Chebyshev [8], Ostrowski [29], Allasia [3], and Katz

[23]). Applying Corollary 2, it can be shown that
2       i « 2  .

ic ~>\ 77 1 v-^/   G    .2        77    1
(5-2) --—-x<Y(av<n)  <y-,        n > 1.

u=i

This improves an asymptotic result of Kahaner [22]. Note that for every quadra-

ture formula Qn the above sum has at least the value 4/n if dcg(Qn) > 0. The

inequalities (5.2) show that the variance of the Gaussian formulae differs from

the variance of such 'Chebyshev-type formulae' at most by a factor 1.24.

3. To estimate the error Rn of the Gaussian formula Qn for integrands

with low continuity, Stroud [32] proposed to investigate the so-called 'error co-

efficients' of low order of the Gaussian formulae (see also Davis and Rabinowitz

[10, p. 292]). Numerical examples given in Stroud and Secrest [33] for small

n indicate that these are not much greater than those of the respective optimal

formulae. This is confirmed by applying Theorem 2 to Peano kernels of small

order. We obtain, e.g.,

(«)    rômis^var/,    mîwis^jp-ywi.

where Var/ is the variation of /. These error coefficients cannot be improved

asymptotically as n —> oo (see [30]). Note that for the respective optimal

formulae using n nodes we have the error coefficient 1//7 instead of 7i/(2« + 1 )

for the first class {/]Var/< 1} of functions, and also l//z instead of 77 /(8/z)

for the second class {f\f e C [-1, 1], maxve[_, ,, \f(x)\ < 1} of functions

considered in (5.3); see, e.g., Braß [5].

4. In Hämmerlin [21, Problem 2], Professor H. Braß conjectured that Rn[f]

= 0(n~2) for every bounded convex function f as n —> oo. Applying Theorem

4, we can prove the validity of this conjecture and thus show that the Gaussian
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rule has asymptotically the best possible (see Braß [6]) order of convergence,

even in this wide class of functions.
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