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THE CFL CONDITION FOR SPECTRAL APPROXIMATIONS
TO HYPERBOLIC INITIAL-BOUNDARY VALUE PROBLEMS

DAVID GOTTLIEB AND EITAN TADMOR

Abstract. We study the stability of spectral approximations to scalar hyper-

bolic initial-boundary value problems with variable coefficients. Time is dis-
cretized by explicit multi-level or Runge-Kutta methods of order < 3 (for-

ward Euler time-differencing is included), and we study spatial discretizations

by spectral and pseudospectral approximations associated with the general fam-

ily of Jacobi polynomials. We prove that these fully explicit spectral approxi-

mations are stable provided their time step, At, is restricted by the CFL-like

condition Ai < Const • N , where N equals the spatial number of degrees

of freedom. We give two independent proofs of this result, depending on two

different choices of appropriate L -weighted norms. In both approaches, the

proofs hinge on a certain inverse inequality interesting for its own sake. Our re-

sult confirms the commonly held belief that the above CFL stability restriction,
which is extensively used in practical implementations, guarantees the stabil-

ity (and hence the convergence) of fully-explicit spectral approximations in the

nonperiodic case.

1. INTRODUCTION

We are concerned here with fully discrete spectral and pseudospectral ap-

proximations to scalar hyperbolic equations. In this context, the spectral (and,

respectively, the pseudospectral) approximations consist of truncation (and, re-

spectively, collocation) of TV-term spatial expansions, which are expressed in

terms of general Jacobi polynomials; Chebyshev and Legendre expansions are

the ones most frequently found in practice. In this paper we prove that such

TV-term approximations are stable, provided their time step, At, fulfills the

CFL-like condition Ai < Const -TV .To clarify the origin of such a CFL-like
condition in our case, we recall that the Jacobi polynomials are in fact the eigen-

functions of second-order singular Sturm-Liouville problems. Our arguments

show that the main reason for the above CFL limitation is the 0(N ) growth

of the TYth eigenvalue associated with these Sturm-Liouville problems.
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The paper is organized as follows. Section 2 includes a brief summary on the

properties of Jacobi polynomials (and their quadrature rules), which are used

throughout the paper. In §3 we state our main stability theorems for forward

Euler time-differencing and (pseudo) spectral spatial differencing, for constant-

coefficient equations with homogeneous boundary conditions. Section 4 extends

our stability results to the inhomogeneous case. In §5 we discuss multi-level and

Runge-Kutta time-differencing. Finally, in §6 we show how to extend our results

in the presence of (positive) variable coefficients.

2. Very short guide to Jacobi polynomials

Jacobi polynomials, Pk , are the eigenfunctions of the singular Sturm-

Liouville problem

(2.1a)    ((X-x2)w(x)P{k'ß)'(x))' + Akw(x)P¡caJ)(x) = 0,        -X<x<X,

with corresponding eigenvalues Xk ,

(2.1b) Xk = Xk(a,ß) = k(k + a + ß + X).

Different families of Jacobi polynomials are associated with different weight

functions w(x),

(2.1c) w(x) = w(x; a,ß) = (X-x)a(X+x)ß,        a,ß>-X.

In the sequel we shall frequently use several properties of the Jacobi polynomi-

als. A brief summary of these properties is given below (consult, e.g., [13]). We

start with the well-known

Property 1 (Orthogonality). We have

(2.2) (Pia'ß\Pia'\{x) = 0,        Jïk.

The derivatives of Jacobi polynomials are also Jacobi polynomials. This is

evident from the following property, which shows that {p(ka'ß) }k>Q are orthog-

onal with respect to the weight (1 - x )w(x) = w(x ; a + X, ß + X) :

(2.3) Pla+f = Const, aJP{ka+x'ß+x),        ConstkaJ = ^2(k + a + ß + 2).

Property 2 (Orthogonality of derivatives). We have

(2-4) (P¡aJ)'>PÍaJ)'\^Mx) = 0,        j*k,

n s\ iip(q'^'ii2    ,       - ; np(a'^ii2
v^-V \\rk ll(l-x2)«)(x) - AkWrk        Ww(x)-

Indeed, equalities (2.4) and (2.5) follow from integration by parts of (2.1)

against PJa'P)(x).
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Let nN denote the space of algebraic polynomials with degree < TV. A useful

consequence of the last two properties is provided by

Lemma 2.1. (Inverse inequality). For all p G nN we have

(2-6) \\p'\\(i-x'mx) ̂  V^I|P|I»W '        P e Un ■

Here, co(x) stands for an arbitrary w(x; a, ß)-weight, and XN = XN(a, ß) is

the corresponding Nth eigenvalue.

Remarks. X. Inequality (2.6) can be viewed as the algebraic analogue of the

trigonometric inverse inequality,

(2.7a)     ^P'^L\-n,^N\\P\\L\-n,nr

p = any trigonometric polynomial of order TV.

This should be contrasted with a similar L -inverse inequality for algebraic

polynomials, where there is a loss of an TV -factor for each derivative [3],

(2 7b)   l|/,,|li2[-i, U - Const * ̂l^t-i, U '

p = any algebraic polynomial of degree TV,

and this estimate, (2.7b), is sharp in view of, e.g., the rc^-polynomial pN(x) =

T>k=o pk~[/2'~l/2)(x)- Thus»the use of the differently weighted L2-norms in the

algebraic case, (2.6), is essential in order to retain a loss of only a >/X^ ~ TV-

factor for each derivative.

2. The inverse inequality (2.6) can be viewed as an L -weighted version of

Bernstein's inequality

||(1 -xY'VMHl«!-!,i] < N\\p{x)\\LX[_lt,,,        PGnN.

Standard interpolation arguments between this L°°-type estimate and the L2-

type estimate (2.6) yield for q > 2

(2.7c)
l-X   )       P(X)\\L, r_!   n

<\ßAä7ß)-\\p(x)\\L, r-1,1]' PZ*N-
V w(x ; q , ß)L J

Similar weighted Z^-type estimates apply to higher derivatives.

Proof of Lemma 2.1. Given p(x) in nN, we will use its Jacobi expansion,

P(x) = Ek=oakPk{a'ß)(x) and P'W = 2ZLoakPk'ß)\x).  Starting with the
left-hand side of (2.6) and using (2.4), (2.5), and (2.2) in this order, we obtain

(LHS)2 = ¿aälif 'ß)'\\l^Mx) = th4\\Pla'ß)\\l(x) < (RHS)2.   □
*:=0 k=0
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We note in passing that Lemma 2.1 can be generalized to higher derivatives:

successive application of (2.6) with co(x) = w(x; a, ß) yields

fc-i

(2.8)     II/'Wll'.-^M * Il V« +J>ß+J)- \\P(x)\Ílx),        penN.
/=o

This leads us to a "natural" definition of nonperiodic Sobolev spaces equipped

with finite H\x]-norm, where

(2-9) \\P\\1    -¿||PW||^.W.
k=0

With this in mind, we now recover a sharp inverse inequality familiar from the

trigonometric setup,

(2.10) \\p\\KM<Consts-Ns\\p\\w{x},        Const- X+s/N, PGitN.

In the above discussion we can replace integrals by discrete summations, in

view of the well-known

Property 3 (Gauss quadrature rule). Let {qN(x)}N>0 be a family of nN-poly-

nomials orthogonal with respect to the co(x)-weighted L inner product. Let

-X < xx < x2 < ■■■ < xN < X be the TV zeros of qN(x). Then there exist

positive weights, {cOj},_,, such that for all p G n2N_x we have

(2.11) /   co(x)p(x) dx = Y, C0jp(xj),       p G n2N_x.
J-1 ;=1

Remark. To compute the Gauss weights, we set p(x) = qN(x)/(x - xk) in

(2.11). Since p(x}) = 0, ; ¿k, (2.11) yields

(2.12) a,  =_L_/   œ(x)ÎM^Ldx,        X<k<N.
k     q'N(xk)J-i       'x-xk

Examples. 1. Gauss-Jacobi quadrature rule. By Property 1, (2.11) applies to

{pnJ)¡n>i with œ(x) = w(x;a, ß). Hence, there exist {Wj = wf(a, ß)}f=i

such that
-1 N

(2.13) /   w(x)p(x)dx = ^2vjjp(Xj)   for aXl p G n2N_x.
J~i j=i

Remark. The Gauss-Jacobi quadrature rule (2.13) can be used as a highly accu-

rate quadrature rule for general smooth, not necessarily polynomial functions.

The error incurred is governed by [4, p. 75]

ri n
/   w(x)f(x)-J2^jf(Xj)-Const'f{2N\e),

(2.14) J~i U
Const >0,  |0| < 1.

2.   Gauss-Lobatto-Jacobi quadrature rule.  By Property 2, (2.11) applies to

{■Ptf+'f' )n>o w*tn  œ(x) = ^ - x2)w(x; a, ß), and therefore, there exist
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{Wj = wf(a + X, ß + X)}J=X such that

N

(2.15) /   (X - x )w(x)r(x)dx = ^2wjr(Xj)   for all r G n2N_x.
J~x j=i

This is in fact a special case of the Gauss-Lobatto-Jacobi quadrature rule which

is exact for all p G n2N+l. Indeed, for all such p's we have p(x) =

(l-x2)r(x)+l(x) with r(x) in n2N_x and a linear l(x) = p(-X)^+p(X)^-.

By (2.15),

/l N ç\w(x)p(x)dx = ^ibjriXj) + /   w(x)l(x)
-i jml J-i

= E T-^lP(xj) + /   w(x)I(x) - £ —^l(Xj)
ftl-Xj J-i jTil-Xj

= 1 + 11 + 111.

Thus, we have

1.1) 1

I = J»(X;)>      wj = ~~_h = ——^(a+Uß + l),
j=l l   xj    l   xj

and the two expressions, II + III, amount to a linear combination of p(-l)

and p(l),

II + III = w{¡p(x0) + w^+xp(xN+x),       x0 = -l<xx<---<xN<X= xN+x.

Hence, there exist {tu = w^(a, ß)}^ such that

/■l N+l

(2.16) /   w(x)p(x)dx = 'Y^WjP(xj)   for all p G n2N+x.   D
•'-' j=0

Finally, we shall need some information on the behavior of the collocation

points which appear on the right of (2.13) and (2.16). To this end, we quote

[13, Theorem 8.1.2] as

Property 4 (Distribution of zeros). If x¡ = cos 0 is the jth zero of P^'ß\x),

then for fixed j, NO: is asymptotically equal to the jth zero of the Bessel

function of order a, and hence

X - x,, = sin f?, ~ Const, TV-
(2.17a) J J J°

forj GJ = {X<j<j0,N-j0<j<N}.

Thus, the zeros of Pj^'ß'(x) accumulate within 0(N~ )-neighborhoods of

{-1, +1} . For example, more concrete estimates, e.g., [13, Theorem 6.21.2],

yield the upper bound

(2.17b) -±-<UN+V\   , X<j<N,a,ßG 1    1

2' 2
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3. Forward Euler with homogeneous boundary conditions

We start with the scalar constant-coefficient hyperbolic equation,

(3.1) ut = aux,        (x,t)G[-X,X]x[0,oc), a>0,

which is augmented with homogeneous conditions at the inflow boundary,

(3.2) «(1,0 = 0,        i>0.

To approximate (3.1), we use forward Euler time-differencing on the left, and

either spectral or pseudospectral differencing on the right. Thus, we seek a

temporal sequence of spatial ^-polynomials, vm = vN(x, tm = m At), such

that

(3.3a)       vN(x, tm + At) = vN(x, tm) + At ■ av'N(x, tm) + At ■ x(tm)qN(x).

Here, qN(x) is a rc^-polynomial which characterizes the specific (pseudo)spec-

tral method we employ, and t = r(tm) is a free scalar multiplier to be deter-

mined by the boundary constraint

(3.3b) vN(x=X,tm) = 0.

We shall study the spectral tau methods [8, 2] associated with Jacobi polyno-

mials Pj?'ß)(x), a,ßG(-X, X),

vN(x, tm + At) = vN(x, tm) + At ■ av'N(x, tm) + At ■ r(tm)qN(x),

qN(x) = P(°>ß)(x),

and the pseudospectral Jacobi methods [5,2], which are collocated at the interior

extrema of P(°;ß), aje(-l,0), i.e.,

vN(x, tm + At) = vN(x, tm) + At • av'N(x, tm) + At • r(tm)qN(x),

qN(x) = P{;;xß]'(x).

Remark. These two families of spectral and pseudospectral Jacobi methods are

closely related since P^f^ (x) is a scalar multiple of P^+X'ß+X)(x) (consult

(2.3)). We will not discuss here a different alternative to (3.5), where one collo-

cates at the interior extrema of P^'ß'(x) together with the downstream outflow

boundary, so that

(3.6) qN(x) = (X+x)P(;J)'(x).

Let -1 < xx < x2 < ■ ■ ■ < xN < X be the TV distinct zeros of the forcing

polynomial qN(x). The spectral approximation (3.3a) restricted to these points

reads

(3.7a)        vN(Xj,tm+) = vN(Xj,tm) + At-av'N(Xj,tm),        X<j<N,

and is augmented with the homogeneous boundary conditions

(3.7b) vN(X,tm) = 0.

Equations (3.7a), (3.7b) furnish a complete equivalent formulation of the spec-

tral approximation (3.3a), (3.3b). An essential ingredient in a stability theory
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2
of such approximations lies in the choice of appropriate L -weighted norms

N

(3.8)        H/WÉ = (f(x), f(x)),        (f(x), g(x)) = £ ojjAxjMxj).
;=i

We make

Definition 3.1 (Stability). The approximation (3.7a), (3.7b) is stable if there

exist discrete weights, {eu. > 0}j=x, and a constant n0 independent of TV,

such that

(3.9) ||V-,0L< Const-^°H(-.0)L.

The approximation (3.7a), (3.7b) is strongly stable if (3.9) holds with Const = 1

and r¡0 < 0, i.e., if

(3.10) IIV-»OIL<IIM->o)L-

We recall that in the Jacobi-type spectral approximations (3.4) and (3.5), the

nodes {xA •_, are the zeros of Jacobi polynomials associated with the Gauss

and Gauss-Lobatto quadrature rules. We use

(3.11) Axmin = min(X+xx,X-xN)

to measure the minimal grid size associated with these Gauss nodes. Our choice

of discrete weights {û),},=, for the stability of the spectral and pseudospectral

Jacobi methods (3.4), (3.5) will be specified later on; these weights are related

(but not equal) to the corresponding Gauss weights {«;} =1 indicated earlier.

With this in mind, we have

Theorem 3.1 (Stability of the spectral and pseudospectral Jacobi methods). Con-

sider the spectral approximations (3.7a), (3.7b), associated with the Jacobi tau

method (3.4), or the pseudospectral Jacobi method (3.5). There exists a positive

constant r¡0 = r¡0(a, ß) > 0 independent of TV such that if the following CFL

condition holds:

(3.12) At.aUN_i+*\<r,0,
\ min /

then the approximation (3.7a), (3.7b) is strongly stable, and the following esti-

mate is fulfilled:

(3.13) K(-5í)L<^"0UíIIV-'°)L-

Notes. X. The choice of L -weighted norms. Theorem 3.1 deals with the stability

of both the spectral tau methods associated with Jacobi polynomials PJ^'ß\x),

a, ß G (-X, X), and the closely related pseudospectral methods associated with

pn+\ (x), a, ß G (- X, 0). In each case we give two different stability proofs,

which are based on two different choices of discrete L -weighted norms; these
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discrete weights {to } , , are given by

l+Xj N
(3.14a) (Oj =-J-Wj, {Wj}j=l = Gauss-Jacobi weights in (2.13),

1 -Xj

N
(3.14b) œj = (1 +Xj)Wj,       {Wj}j=x = (interior) Gauss-Lobatto-Jacobi

weights in (2.16).

_2
2. The CFL condition. The CFL condition (3.12) places an 0(N ) stability

restriction on the time step At, and this stability restriction involves two factors.

First, since we expand our solution in terms of the eigenfunctions of the Sturm-

Liouville problem (2.1), the CFL condition involves the corresponding (TV- l)st

eigenvalue

(3.15a) XN_x=XN_x(a,ß)<(N+l)2,        a, ß €(-1,1).

Second, the spectral Jacobi approximation (3.7a) is collocated at Gauss nodes,

which accumulate within 0(N~2) neighborhoods near the boundaries, i.e., by

(2.17a),

(3.15b) —!—< Const-TV2.
A^min

Thus, in view of (3.15a), (3.15b), the CFL condition (3.12) boils down to

(3.16) At ■ aN2 < Consta ß .

In particular, for the practical range of parameters, a, ß G [-j, j], (2.17b)

implies that Consta ß ~ \%(a, ß).

3. The choice of a stability norm. The stability statement asserted in Theorem

3.1 is formulated in terms of discrete seminorms, || • \\u, which are u>-weighted

by either (3.14a) or (3.14b). We note that || • H^ are in fact well defined norms

on the space of ^^-polynomials satisfying the vanishing boundary condition

(3.7b), i.e., corresponding to (3.14a) or (3.14b) we have in view of (2.14),

(3.17a) \\vN(-,t)\\0)>l_w(x)\±^v2N(x,t)dx,       vN(X,t) = 0,

and in view of (2.16),

(3.17b)        |IV-'')IL = /  w(x)(l+x)v2N(x,t)dx,       vN(X,t) = 0.

Moreover, in view of (3.15b), one may convert the stability statement (3.13)

into the usual L2-type stability estimate at the expense of possible algebraic

growth, which reads

IM-, 0ILw < Const-N2e-"°at\\vN(-,0)\\w{x),

(3.18) 2 ,i 2
IIV-' 0ILw = J   w(x)vN(x ,t)dx.
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4. Exponential time decay. Let us integrate by parts the differential equation

(3.1) against (1 + x)u. Thanks to the homogeneous boundary condition (3.2)

we find

J        /» 1 /* 1

(3.19) j-i   (X+x)u(x,t)dx<-^      (X+x)u(x,t)dx,

and therefore,

(3.20) ll"(-,i)ll1+x<^u'/4||"(-,0)||1+;c.

This estimate corresponds to the special case of the stability statement (3.13)

for the spectral Legendre tau method (a = ß = 0) weighted by (3.14b). The

exponential time decay indicated in (3.20), and more generally in (3.13), is

due to the special choice of coweighted stability norms. The weights {ttf} =1

in (3.14a), (3.14b) involve the essential factors 1 + x¡ or (1 + Xj)/(l - xh

which amplify the inflow boundary values in comparison to the outflow ones.

Since in the current homogeneous case, vanishing inflow data is propagating

into the domain, this results in the exponential time decay indicated in (3.20)

and likewise in the stability statement (3.13).

5. The inflow problem. A stability statement similar to Theorem 3.1 is

valid in the inflow case where a < 0. Assume that the CFL condition (3.12)

holds with f70 = n0(ß, a). Then (3.13) follows with discrete weights <y =

(1 - Xj)Wj/(X + xj) or toj = (X - Xj)Wj .

The rest of this section is devoted to the proof of Theorem 3.1 according to

the various cases outlined in the four lemmas below. We start with

Lemma 3.2 (Stability of the spectral tau method). Consider the spectral Jacobi

tau method (3.4). Then Theorem 3.1 holds with

X + x. G N
(3.21a)       C0j = JWj,        {Wj = Wj (a, ß)}J=i = Gauss-Jacobi weights,

1      Xj

( \(X+ß),    a + ß <0,
(3.21b) t,0 = tlo(a,ß) = \2)      H>' ;-   ' a,£€(-1,1).

{ j(X -a),     a + ß > 0,

Proof. Squaring of (3.7a) yields

IIV-. tm+l)t = IIV-. tm)t + 2Ai • a(vN(., tm), v'N(., tm))

(3-22) +(Aí.*)2||í,;v(.,0|¿

= \\vN(-,tm)\t + 2At-a\ + (At-a)2\\,

and we turn to estimate the two expressions, I and II, on the right of (3.22).

First, let us note that since the Ti^-polynomial vN(x, tm) vanishes at the

inflow boundary, (3.3b), we have

(3.23) vN(x, tm) = (X -x)p(x)   forsomep(x)=pN_x(x)G7iN_x.
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Also, a straightforward computation shows that

(3 24) {W{X)T=Í) (l-x)2 = [(ß-(* + 2)-(ß + a)x]w{x)

>4tj0w(x),        \x\<X,

where r¡Q = n0(a, ß) is given in (3.21b).

Now, since ((1 +x)/(l -x))vN(x, tm)v'N(x, tm) G n2N_x, the Gauss quadra-

ture rule (2.13) implies

N       X +x
T       V"* i       i *m\   ' i jrt\
l=z2wj-rrvvN(Xj,t )vN(Xj,t )

7=1 XJ

w(x)j—£VN(x,t )vN(x,t )dx.

We integrate by parts the right-hand side of I, substitute vN(x, tm) = (X-x)p(x)

from (3.23), and in view of (3.24) we obtain

\w(x)
(3.25) i = -l-j^(w(x)l-±^j (X-x)2p2(x)dx<-2%\\

Next, let us consider the second expression, II, on the right of (3.22). As before,

we substitute vN(x, tm) = (X - x)p(x) from (3.23) and obtain

N 1 +X,
II = \\v'N(., tm)\\2w = 5>,—it(1 - xj)p'(xj)-p(xj)]2

j=i XJ

<2j>/l -x2)(p'(Xj))2 + 2j2^jlT^xlP2(xj) = llx+ll2.

j=i
\-x.

2 i 2
Since (1 - x )(p (x))   G n2N_2, the Gauss quadrature rule (2.13), followed by

the inverse inequality (2.6), implies

II, = 2J>,(1 -x2)(p'(Xj))2 = 2\\p'\\2x_x2)w{x) < 2XN_x\\p\\2w{x)
i=i

This, together with the obvious upper bound

n2^2¿>,}^y(*;)< ■llPll
min

gives US

(3.26) -( 2A- + ÄT \\p\\w{x)

Equipped with (3.25) and (3.26), we return to (3.22) to find

ii       /      ..'m+1\ii2IIV->'    )L
(3.27)

<\\vN(-,tm)\t-2At.a 2r]Q-At-a [XN_X +
A*

p GTl N-l ■

\\p\L(x(x)
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The CFL condition (3.12) and ( 3.21b) imply that the expression in square brack-

ets on the right is positive,

(3.28) 2n0-At-a[XN_x + ——
"Amin

>>?0>0'

and hence strong stability holds.

In fact, one more application of Gauss quadrature yields

N N .,2/ tm,
ii    i|2 V^ 2,     -,       V^       vN^Xj' l   I

\\pUx) = 22wjP (xj) = Ewj n',2
(3.29) j=l j=i       [       j)

N 1   4. Y

^22wjT—rv^xj't ) = KrM )IL-
7=1 j

Inequalities (3.29), (3.28) together with (3.27) imply

(3.30) \\vN(-,tm+x)\\20<(X-2%At.a)\\vN(.,tm)\\l),

and the result (3.13) follows.   D

Next, we take advantage of the rather general setup we employed in Lemma

3.2. Specifically, since P{°;ß)' is proportional to ^a+1^+1) (consult (2.3)), we

may use Lemma 3.2 with r¡0(a, ß) replaced by rj0(a + X, ß + X) to conclude:

Lemma 3.3 (Stability of the pseudospectral method). Consider the pseudospec-

tral Jacobi method (3.5). Then Theorem 3.1 holds with

X +x¡

(3.31a) XJ

{Wj = uij (a + X, ß + 1)}, , = Gauss-Jacobi weights,

(3.31b) n0 = rlo(a,ß) = -a/2>0,        a, ßG (-1,0).

As mentioned before, alternative proofs of Theorem 3.1 are possible. For

example, following [6, Theorem 5.1], one may employ a stable norm weighted

by cOj = (X + Xj)Wj instead of the weights coj = (X + Xj)Wj/(X - x.) used in

(3.21a), (3.31a). We begin with

Lemma 3.4 (Stability of the spectral tau method revisited). Consider the spectral

Jacobi tau method (3.4). Then Theorem 3.1 holds with

(3.32a)       COj = (X+Xj)Wj ,        {Wj = Wj (a, /?)},=1 = Gauss-Jacobi weights,

(-a/2, a + /i+l>0,
(3.32b)   »-*..«-{' a + ;+1£0_       ..#«(-1.9).
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Proof. We square (3.7a), this time using the inner product weighted by (3.32a),

IM-. 'W+1)C = H V- - tm)\t + 2Ai • a(vN(-, tm), v'N(-, tm))

(3-33) +(At.a)2\\v'N(.,tm)t

= \\vN(-,tm)\t + 2At-al + (At-a)2ll,

and as before we have to estimate the two expressions on the right of (3.33).

The first expression, I, involves discrete summation of

f(x) = (X +x)vN(x, tm)v'N(x, tm),

and since f(x) is a 7t2Ar-polynomial, its TV-node Gaussian sum is not an exact

integral. The essential observation here is that f^2tr> = Const > 0 in this case,

and the error estimate (2.14) tells us that the Gauss quadrature rule is upper

bounded by

N

I = ^2wj(l+jXj)vN(Xj, tm)v'N(Xj,tm)

(3.34) J=l

<  /   w(x)(X+x)vN(x,tm)v'N(x,tm)dx.
'-1

Let us recall that the homogeneous inflow boundary condition (3.7b) implies

(3.35) vN(x, tm) = (X -x)p(x)   îorsomep(x)=pN_x(x)GnN_x.

Also, a straightforward computation shows

(w(x)(X + x))'(X -X) = [(ß-a+X)-(a + ß + X)x]w(x)

>4n0w(x),        \x\<X,

where n0 = n0(a, ß) is given in (3.32b).

We integrate by parts the right-hand side of I, substitute (3.35), and in view

of (3.36) we obtain

(3.37) l = ~jjw(x)(l+x))'(l -x)2p2(x)dx < -2r,0\\p\\2x_x)w{x).

Next, let us consider the second expression, II, on the right of (3.33). As before,

we substitute vN(x, tm) = (X-x)p(x) from (3.35), and Gauss quadrature yields

N

11= ^Wjil+XjM-XjtfiXj) -p(Xj)]2

;=i

[X 2 / 2
(3.38) =/   w(x)(X -x )(X -x)(p (x))

/' fxw(x)(X-x )p(x)p'(x)dx + I   w(x)(X +x)p (x)dx

= n.+n2 + ii3.
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The inverse inequality (2.6) with weight œ(x) = (1 - x)w(x) implies

II, = \\P'\\(1-X1){1-X)W{X) < ¿N-l\\P\\(l-x)w(x) > XN-1 =^-l(a+ l> ß)>

and integration by parts of II2 gives

H2 + II3=  Í [(w(x)(X-x2))'+ w(x)(X+x)]p2(x)dx

2
< 2\\P\\

Consequently, we have

(3.39) II :

N i _x

MX) = 2EwJj-TjP2^j^AXmi
j=\ J nun

\\p\\n-{l-X)w{x)

-' + Ax„ir
\\P\\(l-X)w{X) ■

Equipped with (3.37) and (3.39), we return to (3.33) to find

m       /     .m+'\ii2    ,ii      /     Jt\i\2
\\vN(-,t     )\\w<\\vN{-,t )\\a

(3.40)

2Ai

2nñ - At "N-l +
Ax„ >{\-X)w(X) '

and the result follows along the lines of Lemma 3.2 (consult (3.27)).   D

Lemma 3.4 does not cover the pseudospectral Jacobi methods, since by (2.3)

the corresponding Jacobi parameters a + X, ß + X $ (-1,0). However, the

proof of Lemma 3.4 can be carried out in the pseudospectral case if we replace

the Gauss quadrature rule by the Gauss-Lobatto one. We omit the almost iden-

tical details (which are outlined for the variable-coefficient case in Theorem 6.2

below) and state

Lemma 3.5 (Stability of the pseudospectral method revisited). Consider the

pseudospectral Jacobi method (3.5). Then Theorem 3.1 holds with

(3.41a)
CO. = (l+Xj)Wj,

{Wj = Wj (a, ß)}j=l = Gauss-Lobatto-Jacobi weights,

(3.41b)    t,0 = n0(a,ß)={
-a/2,

L2(l+ß):

a + ß+X >0,

a + ß + X <0,
a,ßG(-l,0).

Remark. The stability asserted in Lemma 3.5 is stated in terms of the discrete

seminorm  \\vN(-, t)\\2w = X^L, w,(l + Xj)vn(Xj, t) weighted by the interior

Gauss-Lobatto weights {w,}^, . However, taking into account the homoge-

neous boundary condition (3.7b) and the exactness of Gauss-Lobatto quadra-

ture for n-,<.2Ar+1 -polynomials, this amounts to

jV+1 ,1

\vn('> 0I¿ = Em/1+j:A,í' = /   w(x)(X + x)v2N(x, t)dx.
;=0 -7-1
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4. Forward Euler with inhomogeneous initial-boundary conditions

We consider the inhomogeneous scalar hyperbolic equation

(4.1) ut = aux + F(x,t),        (x, t) G [-1, 1] x [0, oo), a > 0,

which is augmented with inhomogeneous data prescribed at the inflow boundary

(4.2) u(X,t) = g(t),        f>0.

Using forward Euler time-differencing, the spectral approximation of (4.1)

reads, at the TV zeros of qN(x),

(4 3a) vN(Xj,t     ) = vN(Xj,t ) + At-avN(Xj,t ) + AtF(Xj,t ),

qN(Xj) = 0,

and is augmented with the boundary condition

(4.3b) vN(l,tm) = g(tm).

In this section, we study the stability of (4.3a), (4.3b) in the two cases of

(4.4a)    spectral Jacobi tau method:   qN(x) = P£    (x),    a, ß G (-1, 1),

and the closely related

(A 4M pseudospectral Jacobi method :    qN(x) = PN¿{   (x),

a,ßG(-X,0).

To deal with the inhomogeneity of the boundary condition (4.3b), we employ

a device introduced in [6, §5]. Namely, we consider the rc^-polynomial

(4.5) vN(x,t) = vN(x,t)-^^g(t).

If we set

(4.6) F(x,t) = F(x,t) + aQ-^g(t),

then VN(x, t) satisfies the inhomogeneous equation

(4.7a) VN(Xj, tm+x) = VN(Xj, tm) + At ■ aV'N(x], tm) + AtF(Xj, tm),

which is now augmented by the homogeneous boundary condition

(4.7b) VN(X,tm) = 0.

Theorem 3.1 together with Duhamel's principle provide us with an a priori

estimate of \\VN(-, t)\\m in terms of the initial and the inhomogeneous data,

\\VN(-, 0)\\w and ||F(-, OIL ■ Namely, if the CFL condition (3.12) holds, then
we have

(4.8)      \\VN(-,t)\\w<e-^'\\VN(.,0)\\(o+  ¿2 to-e-n°a(,-'m)\\F(.,tm)\\w.
0<tm<t
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Since the discrete norm || • |L is supported at the zeros of qN(x), where

VN(X:, t) = vN(Xj, t), we conclude

Theorem 4.1 (Stability of the spectral tau and pseudospectral Jacobi meth-

ods). Consider the spectral approximation (4.3a), (4.3b) associated with the Ja-

cobi tau method (4.4a) or the pseudospectral Jacobi method (4.4b). There exists a

positive constant n0 = n0(a, ß) > 0 independent of TV, such that if the following

CFL condition holds (consult (3.12)):

(4-9) At-a UN_X+ -£?-)<„,,
\ min '

then the approximation (4.3a), (4.3b) satisfies the stability estimate

\\vN(-,t)\\w<e-^a'\\vN(.,mw

+  £ Ar
(4.10) o<r<r

e-%a(t-tm)

\\F{-,tm)\\w + a^^\g(tm)\

Theorem 4.1 provides us with an a priori stability estimate in terms of

the initial data, vN(-, 0), the inhomogeneous data, F(-, t), and the bound-

ary data, g(t). The dependence on the boundary data involves the factor of

ll?Ár(')IL/l?tf(l)l ' which grows linearly with TV, as shown by

Lemma 4.2. Let {w,},=i be the discrete weights given by either (3.32a) or

(3.41a). Then there exists a constant independent of TV such that

(4.11) IIM-)L < const-TV.
IM1)!   "

Remark. The stability estimate (4.10) together with (4.11) imply

K(-,OIL<^"°aiIIV->o)IL

(4.12) +  £ At-e-"°ö('-r).[||F(., OIL + Const.N\g(tm)\].
0<tm<t

An inequality similar to (4.12) is encountered in the stability study of finite dif-

ference approximations to mixed initial-boundary hyperbolic systems [9]. We

note in passing that the stability estimate (4.12) together with the usual consis-

tency requirement guarantee the spectrally accurate convergence of the spectral

approximation (consult [7] for the semidiscrete case).

Proof of Lemma 4.2. We consider, for example, the spectral tau method associ-

ated with qN(x) = P^'ß'(x) and with discrete weights <y = (X+xAwJ(a, ß).

Using the Gauss and Gauss-Lobatto quadrature rules (2.13) and (2.16) in this

order, we obtain

ll^(0É = /1i^W(l+^)(4a'^W)2^-2<+1(a,)3)|Fia'/î)'(l)|2,
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and (4.11) follows in view of

2wLN+x(a,ß)
Pfr'ß)\l) 2
Pi?'ß)(V

< Const • TV2.

Similar arguments (which are omitted) apply to the pseudospectral approxi-

mation associated witl

(X+Xj)w^(a,ß).   D

mation associated with qN(x) = P^x   (x) and with discrete weights w   =

5. MULTI-LEVEL AND RUNGE-KUTTA TIME-DIFFERENCING

In the previous sections we proved the stability of spectral approximations

which are combined with first-order accurate forward Euler time-differencing.

In this section we extend our stability result for certain second- and third-order

accurate multi-level and Runge-Kutta time-differencing, which were studied in

[10,11].
To this end, we view our ^-approximate solution at time level t, v(-, t), as

an (TV + 1 )-dimensional column vector which is uniquely realized at the Gauss

collocation nodes (v(xx, t), ... , v(xN, t), v(X, t)).

The forward Euler time-differencing (3.7a) with homogeneous boundary con-

ditions (3.7b), reads

(5.1a) v(tm + At) = [l + At-aL]v(tm),        a>0,

where L is an (TV+ 1) x (TV+ 1) matrix which accounts for the spatial spectral

differencing together with the homogeneous boundary conditions,

(5.1b) Lv(tm) = (v'(xx, tm),..., v'(xN, tm), 0).

Remark. The construction of a spectral differentiation matrix L can be accom-

plished in one of two ways. One possibility is carried out in the physical space,

by exact differentiation of the unique ^^-interpolant which assumes the grid

values v(xx, t), ... , v(xN, t), v(X, t) at the corresponding Gauss nodes. This

leads to full (TV + 1) x (TV + 1) differentiation matrices L, which are recorded

for example in [2]. Spectral differencing in the physical space is then carried out

by a matrix-vector multiplication at the expense of 0(N ) operations. Alter-

natively, spectral differentiation can be accomplished in the transformed space.

In the particular case of the Chebyshev (pseudo)spectral method, this leads

to a factorization of the corresponding differentiation matrix L, whose matrix-

vector multiplication can be carried out efficiently by FFT requiring O(NXogN)

operations (consult [8, 2]).

Theorem 3.1 tells us that if the CFL condition (3.12) holds, i.e., if

(5.2) to.aUN_l + -l—\<riQ,
\ min '

then I + At • aL is bounded in the w-weighted induced operator norm,

(5.3) III + Af-tfLIL^-"^'.
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Let us consider an (s + 2)-level time differencing method of the form

s
jn—k.

581

v(tm+At) = Y,QkV + ckAt-aL\v(tm k),

(5.4)
k=0

<*>o, ek>o, ¿flfc = i.
k=0

In this case, v(tm + At) is given by a convex combination of stable forward

Euler differencing, and we conclude

Corollary 5.1 (Multi-level time-differencing). Assume that the following CFL

condition holds,

(5.5)      Ar.fl(Vi + Ä7-)<
%{a,ß)

ck>0, k = 0,X,

Then the spectral approximation (5.4) is strongly stable, and the following esti-

mate holds:

(5.6) || V, OIL £ e~n'M\\M' > °)IL -       % » nun f > 0.

In [10], second- and third-order accurate multi-level time-differencing meth-

ods of the positive type (5.4) were constructed. They take the particularly simple

form

(5.7) v(tm + At) = d[l + c0At ■ aL]v(tm) + (X - 6)[l + csAt ■ aL)v(tm~s),

with positive coefficients given in Table 1.

Table 1

Multi-level methods

Second-order time-differencing 9

4-level method (s = 2)

5-level method (s = 3)

0

0

Third-order time-differencing

5-level method (5 = 3)

6-level method (s = 4)

7-level method (5 = 5)

16
27

25
32

108
125

3

2

12
h

12
7

12
17
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Similar arguments apply for Runge-Kutta time-differencing methods. In this

case the resulting positive-type Runge-Kutta methods take the form

(5.8a)

(5.8b)

(5.8c)

We state

(l)/.m+K       rT  ,   . ,       rn   ij)
vK \t      ) = [l + At-aL]v(t

(k),.m+l (k-l), m+l^
vw(f"1) = ekv(f) + (1 - 6k)[l + AtaL] ■ v'" *'(/"*"),

K = L, ... , 5 ,

ijn+l. (s),,m+ls
V(t       ) =v" '(t       ).

Corollary 5.2 (Runge-Kutta time-differencing). Assume that the CFL condition

(3.12) holds. Then the spectral approximation (5.8a-c) with 0 < 6k < X is

strongly stable, and the stability estimate (3.13) holds.

In Table 2 we quote the preferred second- and third-order choices of [11].

Table 2

Runge-Kutta methods

Second-order time-differencing

Two-step modified Euler (5 = 2)

Third-order time-differencing

Three-step method (s = 3)

Remarks. 1. The above results can be extended to include nonhomogeneous

data as well. We omit the details.

2. In [10, 11], higher-order accurate (> 3) multi-level and Runge-Kutta time-

differencing were constructed. In the present context (of constant-coefficient

spectral approximations), they amount to convex combinations of the stable

forward Euler differencing 1 + At • aL and its adjoint I - At • aL. The above

argument does not cover these cases, however, since in our case the stability of

\±At-aL is measured by different weighted norms.

6. Scalar equations with variable coefficients

We begin with

Epilogue. When dealing with finite difference approximations which are locally

supported, i.e., finite difference schemes whose stencils occupy a finite number

of neighboring grid cells, each of which is of size Ax, one then encounters the

hyperbolic CFL stability restriction

(6.1) -— \a\ < Const
Ax
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With this in mind, it is tempting to provide a heuristic justification for the

stability of spectral methods, by arguing that a CFL stability restriction similar

to (6.1) should hold. Namely, when Ax is replaced by the minimal grid size,

Axmin = min,. |x+1 - x,| = 0(N~2), then (6.1) leads to

(6.2) A/-|a|TV2<Const.

Although the final conclusion is correct (consult (3.16)), it is important to real-

ize that this "handwaving" argument is not well founded in the case of spectral

methods. Indeed, since the spectral stencils occupy the whole interval (-1, 1),

spectral methods do not lend themselves to the stability analysis of locally sup-

ported finite difference approximations. Of course, by the same token, this ex-

plains the existence of unconditionally stable fully implicit (and hence globally

supported) finite difference approximations.

As noted earlier, our stability proof (in Theorem 3.1) shows that the CFL

condition (6.2) is related to the following two points:

#1. The size of the corresponding Sturm-Liouville eigenvalues,  XN_X =

0(N2).

#2. The minimal grid size, 1/Axmin = 0(N ).

The second point seems to support the fact that Axmin plays an essential role in

the CFL stability restriction for the global spectral methods, as predicted by the

local heuristic argument outlined above. To clarify this issue, we study in this

section the stability of spectral approximations to scalar hyperbolic equations

with variable coefficients. The principal raison d'être, which motivates our

present study, is to show that our stability analysis in the constant-coefficient

case is versatile enough to deal with certain variable-coefficient problems.

We begin with the particular example introduced in [8],

(6.3) ut = -xux,        (x, t) G [-1, 1] x [0, oc).

We shall show that the CFL stability restriction in this case is related to the

0(N )-size of the Sturm-Liouville eigenvalues (point #1 above), but otherwise

it is independent of the minimal grid size mentioned in point #2 above.

Observe that (6.3) requires no augmenting boundary conditions, since both

boundaries, x = ± 1, are outflow ones. Consequently, the various rc^-spectral

approximations of (6.3) with forward Euler time-differencing read

(6.4) vN(x, tm + At) = vN(x, tm) - At ■ xv'N(x, tm).

We have

Theorem 6.1 (Stability). Assume that the following CFL condition holds:

(6.5) At-XN<X,        XN = N(N+X).

Then the spectral approximation (6.4) is stable, and the following estimate is

fulfilled:

(6.6) \\vN(-,t)\\x_x2<e'\\vN(-,0)\\x_x2.
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Proof. Squaring (6.4) yields

\\vN(-,tm+l)t_xi = || V> Olta - 2MV> tm),xv'N(., tm))x_x2

(6-7) + (At)2\\xv'N(-,tm)\\2_xi

= \\vN(-,tm)\\2_x2 + 2At.l + (At)2-ll.

Integration by parts shows that the first expression, I, equals

1=2      (x(X-x2))'v2N(x,tm)dx

= 5IIV-' Olli-*2 - /   x2v2N(x, tm)dx.
(6.8)

Next, we write xv'N = (xvN)' - vN, and by the inverse inequality (2.6) the

second expression, II, can be bounded as

(6.9)

II = \\(xvN(x, tm))'\\2_x2 -2      x2v2N(x, tm)dx

<(XN-2)      x2v2N(x,tm)dx.
i

Inserting (6.8) and (6.9) into (6.7), we end up with

\\vN(-,tm+X)\\2x_x2<(X+At)-\\vN(-,tm)\\2x_x>

(6.10) /-i
+ At-[(XN-2)At-2]- f  x2v2N(x,t)dx.

The CFL condition (6.5) tells us that the contribution of the second term is

negative, and the stability estimate (6.6) now follows.   D

We now turn to discuss scalar hyperbolic equations with positive variable

coefficients,

(6.11) ut = a(x)ux,        0<a(x) < ax, (x, t) G [-1, 1] x [0, oo),

which are augmented with homogeneous conditions at the inflow boundary

(6.12) «(1,0 = 0.

We consider the pseudospectral Jacobi method collocated at the TV zeros of
p(a,ß)
rN+l

reads

^aT+i   (x) . Using forward Euler time-differencing, the resulting approximation

(6.13a) vN(Xj, tm+X) = vN(xj,tm)+At-a(xj)v'N(xj,tm),       P^'(Xj) = 0,

together with the boundary condition

(6.13b) vN(X,tm) = 0.
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Arguing along the lines of Theorem 3.1, we have

Theorem 6.2 (Stability of the pseudospectral Jacobi method with variable co-

efficients). Consider the pseudospectral Jacobi approximation (6.13a), (6.13b).

There exists a constant r¡0 = n0(a, ß),

f -a/2, a + ß+ X >0,

,6.14a)   *-*<■.«-{ j(1'+flj   Q + ; + ,;0.        «■'«("'■«I.

such that if the following CFL condition holds:

(6.14b) At ia0OXff_x+2maxNT-jr) < r,0,

then the approximation (6.13a), (6.13b) is strongly stable, i.e., there exist discrete

weights

w.

°)J = {l+XJ)aTxL-)'
(6.15a) a[XJ>

L N
{Wj = Wj (a, ß)};=l = Gauss-Lobatto weights,

such that

(6.15b) \K(-,t)\\m<\\vN(',0)\\m.

Proof We divide (6.13a) by Ja(Xj),

i-vN(Xj,t     )=    -vN(Xj,t ) + At-Ja(xj)-vN(xj,t ),
y/a(Xj) yJa(Xj) v

and, proceeding as before, we square both sides to obtain

IIV-. <m+l)\\l - IM-. tm)\t + 2Ar<V> tm),v'N(-,tm))

(6.16) +(Ar)2||a(.)t;;(.,/m)||2ü

-ll^(-^"!)É + 2A?.I + (Aí)2-H.

The first expression, I, involves discrete summation of the n2N-polynomial

f(x) = ( 1 + x)vN(x, tm)v'N(x ,tm), and since f(± X ) = 0 (in view of (6.13b)),

the TV-node Gauss-Lobatto quadrature rule yields

N+l

I = J2 wj(l + Xj)vN(Xj, tm)v'N(Xj, tm)

y=o

=  /   w(x)(X+x)vN(x,tm)v'N(x,tm)dx.
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We integrate by parts the right-hand side of I, substitute vN(x, tm) = (X-x)p(x)

from (3.35), and in view of (3.36) we obtain as before (compare (3.37)),

(6.17) l<-2rj0\\p\\2i-X)Mx)-

The second expression, II, gives us

N

11= ^WjaiXjKl+XjM-XjtfiXj) -p(Xj)]2
7 = 1

A'

(6.18)
<2aoo^wJ(X-x2)(X-xJ)(p'(xJ))2

j=i

N

+ 2Y,Wja(Xj)(X+Xj)p (Xj)

;'=i

= 2aooII1+2.II2.

The inverse inequality (2.6) with weight œ(x) = (1 - x)w(x) implies

n, = \\P'\\{1-Xi){i-X)w{x) <*N-l\\P\\(l-X)w{X)> XN-l =*-N-M+ l> ß)>

and the expression II2 can be bounded as

IL <   max
1<J<N

X    +X;
a^T^.

iV+l

< 2 • max
a(Xj)

i<r<N x - Xj

^2wj(X-Xj)p {Xj)
j=0

,2
l(l-*)w(*)'

Consequently, we have

(6-19) « < 2 (floA-i + 2 • xfjfN ̂ZtJ \\P\\2i-x)w{x)

Equipped with (6.17) and (6.19) we return to (6.16) to find

m+K,,2
'TV'

(6.20)

-, t

<\\vN(-,tm)\t-2At 2% - Ai   aX
oo"-N-l

, -, a^Xj)
+2 max -

l<j<N X - x. bill-,(l-x)w(x)'

and (6.15b) follows in view of the CFL condition (6.14b).   D

Notes. X. The case a(x•) = a = Const > 0 corresponds to the stability state-

ment of Lemma 3.5. Similar stability statements with the appropriate weights

which correspond to Lemmas 3.2, 3.3, and 3.4, namely,

ojj = (( 1 + Xj)/(X - Xj))wJ/a(Xj)   and   tu. = ( 1 + xj)wj1/a(xj),

hold. These statements cover the stability of the corresponding spectral and

pseudospectral Jacobi approximations with variable coefficients.
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2. We should highlight the fact that the stability assertion stated in Theorem

6.2 depends solely on the uniform bound of a(Xj), but otherwise is independent

of the smoothness of a(x).

3. The proof of Theorem 6.2 applies mutatis mutandis to the case of variable

coefficients with a = a(x, t). If a(x , /) are C -functions in the time variable,

then (6.20) is replaced by

L

vN(-,t
"i+l\n ^ /i   .  /-. a.\m    /      .«mi m W;am+1 < (1 +Const.Af)H., OIL*,,        oTj = (X +Xj)       J

ayXj , i  j

and stability follows.

4. We conclude by noting that the CFL condition (6.14b) depends on the

quantity max1<<A, a(x•)/( 1 - x ), rather than the minimal grid size, 1/Axmin,

as in the constant-coefficient case (compare (3.12)). This amplifies our intro-
_2

ductory remarks at the beginning of this section, which claim that the 0(N   )

stability restriction is essentially due to the size of the Sturm-Liouville eigenval-

ues, XN_X = 0(N2). Indeed, the other portion of the CFL condition, requiring

a(x.)
(6.21) Aí'2 max -——<hn,

l<j<N X-Xj -    u

guarantees the resolution of waves entering through the inflow boundary x = 1.

In the constant-coefficient case this resolution requires time steps Ai of size

1/Axmin. However, when the inflow boundary is almost characteristic, i.e.,

when a(X) ~ 0, then the CFL condition is essentially independent of Axmin,

for (6.21) boils down to Ar • 2a'(l) < r¡0 . In purely outflow cases such as (6.3),

the time step is independent of any resolution requirement at the boundaries,

and we are left with the CFL condition (6.5) stated in Theorem 6.1.
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