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POINTWISE SIMULTANEOUS CONVERGENCE OF EXTENDED
LAGRANGE INTERPOLATION WITH ADDITIONAL KNOTS

GIULIANA CRISCUOLO, GIUSEPPE MASTROIANNI, AND PÉTER VÉRTESI

Abstract. In numerical analysis it is important to construct interpolating poly-

nomials approximating a given function and its derivatives simultaneously. The

authors define some new good interpolating matrices with "many" nodes close

to the endpoints of the interval and also give error estimates.

1. Introduction

In numerical analysis it is important to construct interpolating polynomials

approximating a given function and its derivatives simultaneously. For this

reason we try to define new interpolating matrices with nodes easily calculable

and "small" Lebesgue functions or constants.

Very recently, the weights W\ix) = (1 - x)wix), w2(x) = (1 +x)wix),

and w3ix) = (1 -x2)wix) with w £ GJ (cf. (2.8)), and the roots of the corre-

sponding orthonormal polynomials {pmiw)} and {PmiWj)} (/= 1, 2, 3) were

considered in [2]. As it turned out, all the zeros of q2m = pm(wi)pm(w2) are

simple; a similar result holds for q2m+x = pm+\(w)pm(w3). (See [2, Theorems

2.2 and 2.3].) These facts allow us to define two so-called extended interpolator

matrices X\ and X2 having as nodes the zeros of q2m and q2m+\, respectively,

and to consider uniform convergence of the corresponding Lagrange interpola-

tion. (See [2, Theorems 4.1 and 4.3].)
Extended interpolatory matrices were used for numerical quadrature (Kron-

rod formula) and for the numerical solution of singular integral equations by
several authors. The interested reader may consult the exhaustive survey papers

of Gautschi [5] and Monegato [6].
The main goal of the present paper is to achieve good simultaneous approx-

imation of a given function and its derivatives, using the above matrices X\

and X2 and some additional nodes near the endpoints ± 1.

2. Preliminaries

Lagrange interpolation.    Let {Qn} be a sequence of polynomials (Q„ £ P„)

with zeros i, „ , j = 1,2,...,«, satisfying

(2.1)_ -l<ti,n<t2,n<-"<tn,„<l

Received by the editor July 20, 1990.

1991 Mathematics Subject Classification. Primary 41A05.
This material is based upon work supported by the Italian Research Council (first and second

authors), by the Ministère della Ricerca Scientifica (second author), and by Hungarian National

Foundation for Scientific Research Grant No. 1801 (third author).

© 1992 American Mathematical Society

0025-5718/92 $1.00+ $.25 per page

515



516 GIULIANA CRISCUOLO, GIUSEPPE MASTROIANNI, AND PÉTER VÉRTESI

and

(2.2) l + ri,„~n_2~l-r«,„,        « £ N.x

Along with the matrix T = {tjt„ , j = 1, 2,... , n}~ j we consider additional

matrices Y = {yJt„, j = 1,2, ... , s}~, , Z = {zjt„, j = 1,2, ... , r}™=l ,
r, s > 0, where

-i <y\,n <yi,n < ■■■ <ys,n < h,„ <tn,n < Z.,„ < Z2,„ < ••• < Zr>„ < 1,

*i,n - vs,„ ~«~2 ~ zXt„-t„y„,        n£N.

Moreover, we define the polynomials

Ao(x) = \,       As(x) = Y[(x-yjt„),    s>0,
7=1

r

Bo(x)=l,        Br(x) = l[(x-zJ<n),     r>0.

7=1

For a given matrix  V and bounded function /, denote by Lk(V;f) the

corresponding Lagrange (Hermite) polynomial of degree k-1 . The polynomial

Ln+r+s(X ; /) of degree n + r + s - 1 based on X = TuY l)Z is

Ln+r+s(X ; / ) = ̂ 73,L„ I 7" ; -jL.)+ AsQnLr (Z ;

(2.3)

where

(2

AsBr AsQn

+ BrQ„Ls[Y;
f

•4)   L«(r;Ä-)=eß^
)^(f(,„)73r(í;,„)(x -*,,„)'

' ^e«' y   ^(*i.n)ß„(z,,B)

(2.5) + ^](x - ZX,n)iX - Z2y„) ■ ■ ■ iX - Z,_, ,„)

/

1=2

Z\ ,n > Z2tn , ■ ■ ■ , Zj  n ■
AsQn

LslY;
f

BrQn
;x   =

ñy\,n)

(2.6)

Br(y\.n)Qn(y\,n)

S

+ ¿~^(x-y\,n)iX-y2,n)---iX-yi-\,n)

f
1=2

y\,n,yi,n, ■■■,y¡,n\
BrQn

1  If A and B are two expressions depending on some variables, then we write

A~B    if and only if   \AB~[ | < const and \A~lB\ < const,

uniformly for the variables in question.
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Here, [ux,u2, ... , up; g] is the divided difference of the function g at the

points ux, u2, ... , up . If the function / is not differentiable, then we assume

that all the knots are different. When f £ C, q>\, then the multiplicity of
each additional knot may be at most q , so we may have Hermite interpolation.

In the case r = 0 we set Lr = 0, and similarly, if s = 0, then Ls = 0.

Obviously, when r = s = 0 the right side of (2.3) becomes Ln(T; f).

Special weights.   Let vy,s be the Jacobi weight function

(2.7, „MM.{<<-)'<>+*><    ¡JWS1. ,.,sl.
[0 if \x\ > 1,

We consider the generalized Jacobi weight w  (w £ GJ) defined as follows:

(2.8) w(x) = <p(x)va-ß(x),        a,ß>-\,

where the modulus of continuity  co(<p ;   )  of the function  q> > 0  satisfies

/0 to(tp ; t)t~x dt < oo .

Then, let {pm(w)} be the system of orthonormal polynomials corresponding

to the weight function w £ GJ, i.e.,

pm(w ; x) = am(w)xm + lower-degree terms,        am(w)>0,

and
• i

pm(w ; x)p„(w ; x)w(x) dx = 6„
-i

We denote by xim = x,,m(w), i = 1, 2, ... , m, the zeros of pm(w), with

— 1 < X11 m < X21 w < • ■ • < Xm _ m < 1 ,

and by X,^m(w) = Xmiw ; Xit„,iw)),  i = 1, 2, ... , m, the Christoffel con-
stants, where

"m-l

Aw(tyj;x)=   ^2pjiw;x)

i

1=0

is the wth Christoffel function.

Extended Lagrange interpolation.   Let iDgGJ be defined by (2.8). We consider

the weight functions

(2.9) wxix) = wix)i\-x),

(2.10) w2ix) = wix)il + x),

(2.11) w3ix) = wix)i\ -x2),

and the corresponding systems of orthonormal polynomials

{Pm(W\)},       {Pmiw2)},       {Pm(w3)}.

It is known [2] that the zeros x¡¡miw3) interlace with the zeros x,m+i(u;),

i.e.,

Xjim+x(w)<Xi,m(w3)<xi+x,m+x(w),        i=l,...,m, m£N.

In [2] it is also proved that the polynomials pm(w\)  and pm(w2)  have no

common zeros; further,

xi>m(wx) <x¡,m(w2),        i=l, ... ,m,  m£N.
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Therefore, the zeros of pm+xiw)pmiw3) and those of pm(wx)pmiw2) satisfy

conditions (2.1) and (2.2).
Moreover, we recall a more precise result on the distribution of the zeros of

pm+xiw)pmiw3) and pm(wx)pm(w2) :

y/\ - x2
(2.12) JC/,M(u>3)-*i,m+l(«>)-—-*i+l.m+l(ttf)-*i,m(W3)>

uniformly in \<i<m, m £ N, and x £[xi:m+x(w), xi+Xtm+x(w)],

vT X2

(2.13) xi>m(w2)-xltm(wx)-xi+l,m(wx)-xi¡m(w2),
m

uniformly in I < i < m- 1, m £ N, and x £ [x¡tm(wx), x¡+\<m(w\)]. (See

[2, Theorems 3.1, 3.2].)
Now, for a bounded function /, we define the "extended Lagrange interpo-

lating polynomial" L2m+x,rtS(w , w3 ; /) as the Lagrange (Hermite) polynomial

based on the zeros of pm+x(w)pm(w3) and on the knots of the matrix Y U Z .

Replacing Qn by pm+i(w)pm(w3) in (2.3), we get

L2m+i,r,s(w,w3;f;x)

= As(x)Br(x)pm+x(w ; x)pm(w3 ; x)

f(Xi,m+x(w))A-x(Xiím+x(w))B-x(Xi¡m+x(w))
2^ „'p'    X(W \ Xj,m+X(w))pm(w3; X¡,m+X(w))(X - Xj,m+X(w))

m
| y> fixitmjw3))As xiXitmjw3))Br xixi>mjw3))

¿f pm+1 iw ; x¡, m iw3))p'm iw3 ; x¡, m(w3))(x - x¡, m(w3))

+ As(x)Lr(Z;
Aspm+X(w)pm(w3) '

+ Br(x)Ls (y ;-/ ; x
V Brpm + X(w)pm(w3)

Recalling that

p'm+x(w ; x,¡m+x(w))pm(w3-, Xj,m+x(w))

= CmXjxm+x(w)(\-x2m+x(w))-x,        i=l,...,fii + l,  m£N,

and

pm+x(w ; Xi,m(w3))p'm(w3 ; xI>m(w3))

= -CmA^'m(ii;3),        i=l, ... ,m, m£N,

where Cm = aw(iü3)Q~íhl(u;) + a^+i^a"'^) < oo (see [2, Theorem 2.2]),

and introducing the notation

Hm(w ; / ; x) = ¿    \w(w)    /(x,^)),
A  — A,   m(lüj
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we can write

L2m+X,r,s(w, w3; f)

= Pm+l(w)pm(W3)

(2.14)

¡C-xAsBr  Hm+X(w;vx'x^)-Hm(w3-,

f_)
\Pm(Wi)J

f

f
AsBr

+ AsLr   Z ;
Aspm+X(w)pm(w3)t

+BrLsÍY; ■)}
Brpm+X(w)pm(w3),

Similarly, we define the "extended Lagrange interpolating polynomial"

L2mir,s(wx ,w2;f) on the zeros of pm(wx)pm(w2) and on the knots of the

matrix Y U Z by

L2m,r,s(wx,w2;f)

= Pm(WX)pm(W2)

(2.15)

*{*>; [AsBr Hm[w2;v
,oJ_

AsBr

+ AsLr   Z ;
/

Aspm(wx)pm(w2),

+b,l,(y\

Hm[wx;v°-X

f

J_
AsBrJ\

r)}-BrPm(wX)pmiw2),

with Dm = am(wx)/am(w2) + am(w2)/am(wx) < oo . (See [2, formula (2.17)].)

Finally, recalling that the zeros of the polynomial pm(w)pm+x(w) obviously

satisfy conditions (2.1) and (2.2), we can also consider the "extended Lagrange

interpolating polynomial" L2m+Xir<s(w ,w;f) on these zeros and on the knots

of the matrix Y U Z . Thus,

L2m+X,r,s(w, w;f)

= Pmiw)Pm+\iw)

(2.16)
I an,

,{w)
AsBr

m+\(w)

+ AsLr ( Z

Hm+X [w;
f

AsBr
-Hm[w;

f
AsBr

f
AsPmiw)pm+xiw)

+BrLs(Y;
f

RrPm(w)pm+\(U!)

Let us remark that the zeros of pm(w)pm+x(w) satisfy

)}•

(2.17) mm    \Xi,miw)-xk3„+liw)\~
k£{i,t+\] in

uniformly in 1 < / < m, m £ N, and x € [xi<m+xiw), x¡+x ¡m+x(w)]. Compar-

ing (2.17) with (2.12) and (2.13), we deduce that the distribution of the zeros of

Pm(w)pm+X(w) is different from those of pm+x(w)pm(w3) and pmiwx)pmiw2).
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This fact causes the different behavior of the corresponding processes (cf. The-

orems 3.1 and 3.2).

3. Convergence of the extended interpolation formulae

We define the space of functions C on the interval [-1,1] in the usual

way; thus, f £ Cq if and only if / is continuous with its derivatives /u>,

j < q, on [-1,1]. Furthermore, let IAoMX, 0 < X < 1, be the class of
Holder-continuous functions, i.e, / £ Lipw X if and only if / is continuous

and its modulus of continuity to(f ;  ) satisfies co(f ; S) < Môx , M £ R+ .

Theorem 3.1. Let w , wx, w2, w3 £ GJ be the weight functions defined by (2.8)-
(2.11). Let f£C , q>0, and let I £{0,1, ..., q}. Then,

\[f^(x)-Llí)m+l^s(w,w3;f;x)]\

\[f{h\x)-L^rs(wx,w2;f;x)]\

(3-1)                               (s/T^x2       l\'~h    (,,.-,    l\logm
< const   -+ —? o)[f{Q):

m m2 J \ m J mi~l '

|x| < 1,  « = 0, 1, ... ,/,

with some constant independent of f and m, whenever the integers r and s

fulfill

(3.2) - + a+l <r<-+a + 2,

(3.3) ^ + ß + l<s<l- + ß + 2.

Theorem 3.2. Let lueGJ be the weight function defined by (2.8). Let f £ Cq ,
q>0, and let I £ {0, 1, ... , q} . Then,

U(h)(x) - I«+1 >fi> , w; f ; x)] (7r^+ ¿)

(3.4) /vT^F,    1 \'~H     ( f{q)    l\logw
< const   --l-j        co   f(q> ■

m m2 j \       ' m ) mi-1 '

|x| < 1, « = 0,1,...,/,

with some constant independent of f and m, whenever the integers r and s

fulfill

(3.5) 2+Q-r<2+a+1'

(3.6) L + ß<s<!- + ß+l.

To complete the previous theorems, we notice that the polynomial

L2m+Xiw , w3; f) interpolating / only on the zeros of pm+\(w)pm(w3) gener-

ates an error given in [2]. Therefore, by the Gopengauz theorem and Markov's

inequality, there follows

!/<*>(*) - L2hl+{(w,w3;f ; x)| < constom&>(/<«> ; m'x)^r ,
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where om = max(m2+2a, m2+2P), |x| < 1, which is weaker than the first in-

equality of (3.1). An analogous argument can be developed for the Lagrange

polynomials corresponding to the zeros of pm(wx)pm(w2) and pm(w)pm+x(w).

Hence, adding knots near the endpoints ±1 seems necessary to obtain good

interpolation processes. We recall also that, if w is a Jacobi weight, so are

wx, w2, and w3 ; therefore, the interpolation knots are computable efficiently.

Finally, we remark that (3.4) (because of the factor \/l - x2 + m~x) is weaker

than (3.1). The reason probably is the distribution of the zeros (cf. (2.17)).

Inequalities (3.2) and (3.3) can be rewritten as

(3.7) r-l--2<a<r-l--l,

(3.8) s-l--2<ß<s-l--l,

and (3.5) and (3.6) as

(3.9) r-l--\<a<r-1-^,

(3.10) s-t-l<ß<s-L.

Obviously, since a, ß > -1, inequalities (3.7) and (3.8) imply r > 1/2 and

s > 1/2; similarly, (3.9) and (3.10) imply r > 1/2-1 and s > 1/2 - 1. In
any case, one can define infinitely many good matrices satisfying (3.7) and (3.8)

((3.9) and (3.10)) and the above condition for which (3.1) ((3.4)) holds true.
When the additional knots coincide with -1 and 1, as we have already

observed in §2, we obtain a Hermite interpolation process (r, s < q + 1).

Further, (3.1) and (3.4) can then be improved.

Theorem 3.3. Let f £ Cq, q > 0, and let I £ {0, 1, ... , q}. Assume that the
values /(,)(-l). i = 0,1,..., s-I, and /(í)(l), i = 0, 1, ... , r - 1, with
r, s < q + 1, are known, and let

(3.11) y,,m = -l,     i= 1,2, ... ,s,        z/,m=l,     i= 1,2, ... , r.

If r > 1/2, s > 1/2, and a and ß satisfy (3.7) and (3.8), then

\[f{h\x)-L^+lirJw,w3;f-,x)]\)

\[f{h)(x)-L2h¿rJwx,w2;f;x)]\   J

(3'12) (y/T=Z*\'~k    (f{g)   l\logm
< const   -        to [f(q); —   —^—T,

\      m      I \ m) m"-1

|x| < 1, « = 0,1,...,/,

with some constant independent of f and m .

Theorem 3.4. Let f £ Cq , q > 0, and let I £ {0, 1, ... ,q). Assume that the
values f(i)(-l), i = 0, 1, ... ,s- 1, and /(,)(1), i = 0, 1, ... , r- 1, with
r, s < q + 1, are known, and let (3.11) hold. If r > 1/2 - 1 , s > 1/2 - 1, and



522 GIULIANA CRISCUOLO, GIUSEPPE MASTROIANNI, AND PÉTER VÉRTESI

a and ß satisfy (3.9) and (3.10), then

|[/W(x) - L^+UrJw ,w;f; *)h/l-*2|

(3-13) < const f^HZV"" œ(f«t), I)**!!
y     m     J y       m) mq-'

|x| < 1, « = 0,1,...,/,

with some constant independent of f and m .

In both theorems we again define infinitely many "good" matrices. In the

estimates (3.1), (3.4), (3.12), and (3.13), the ordinary modulus of continu-

ity w(/(?); 1/m) appears. In general, we cannot replace the term 1/m in

the modulus of continuity by v^l - x2/m + m~2 in (3.1) and (3.4), and by

Vl - x2/m in (3.12) and (3.13). However, if the qth derivative of / is Holder
continuous, i.e., f^ £ LipM/l, then we can state the following theorems.

Theorem 3.5. Let w , wx, w2, w3 £ GJ be the weight functions defined by (2.8)-
(2.11). Let f £ Cq, q > 0, and /(«) € LipM/l, 0 < X < 1, and let I £
{0, 1, ... , q} . Then, for any exponents a, ß > -1, there exist positive integers

r, s defined by

(3.14) LL^ + a+i<r<Lt^+a + 2,

(3.15) l-4^ + ß + l<s<l-^ + ß + 2,

such that

\[f{h)(x)-L^+lrJw,w3;f;x)]\'

\[f{h)ix)-L^rs(wx,w2;f;x)]\

(3.16)
t   yfi^x1 ,    1

< const-1-z .
\      m m2 I mq-'

\x\< 1,  « = 0, 1,...,/,

with some constant independent of f and m .

Theorem 3.6. Let w £ GJ be the weight function defined by (2.8). Let f £ Cq ,
q > 0, and /<<?> 6 LipwX, 0 < X < 1, and let I £ {0, 1, ... , q}. Then, for
any exponents a, ß > -1, there exist positive integers r, s defined by

,,.., l + X ,     ^       l + X
(3.17) —=—+a<r < —=—+ a+1,

(3.18) ! + * + ß<S<l-±± + ß + l>

such that

|[/(*>(x) - L^+{rsiw ,w;f; x)]| (VT^ + ¿)

(3.19) (y/T=x*      1 \M~h\ogm
< const-1-j ——r ,

\      m m2 J mq-'

\x\ < 1,  « = 0,1,...,/,

with some constant independent of f and m .
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Theorem 3.7. Let f £ Cq, q > 0, and /<«' £ UoMX, 0 < X < 1, and let
I £ {0, 1, ... , q). Assume that the values f^\—\), i = 0, 1, ... , s - 1, and
/(,)(1), /' = 0, 1, ... , r - 1, with r, s < q+ 1, are known, and let (3.11) hold.

If r > il + X)/2, s > il + X)/2, and a and ß satisfy

(3.20) r_[+i_2<a<r-^ti-l,

(3.21) s-l + *-2<ß<s-l4±-l,

then

(3.22)

\[f(h)ix)-L2hl+Xrsiw,w3;f;x)]

\[f{h\x)-L^rsiwx,w2;f;x)]\

l+X-h
\/l -x2 \ log m

m      I mi~
<const(—— -^-j,        |x|< 1,  « = 0, 1,...,/,

with some constant independent of f and m .

Theorem 3.8. Let f £ Cq, q > 0, and /(«> £ UoMX, 0 < X < 1, and let
I £ {0, 1, ... , q). Assume that the values /(,)(-l), i = 0, 1,... , s - 1, and
/(,)(1), i = 0, 1,..., r— 1, with r, s < q+1, are known, and let (3.11) hold.
If r> (I + X)/2 -1, s> (I + X)/2 - 1, and a and ß satisfy

,1W l + X     .        ^       l + X
(3.23) r-l<a<r-— ,

/->i ,i\ t + X     ,     a l + X
(3.24) S--Z--1 <ß<S-^r-,

then

\[f(h)(x) - L^+Urs(w ,w;f; x)]y/l-x*\

(.-_s l+X-h

m     J mi-'

|x|< 1, « = 0, 1,...,/,

with some constant independent of f and m .

Again, we have infinitely many "good" matrices.

4. Proofs

Let

(4.1) p(x) = tp(x)vy'Six)£Gi,

and denote by x,,mip), i = 1, 2, ... , m , the zeros of the mth orthonormal

polynomial pmip) corresponding to the weight p.

For convenience, we collect some properties of the generalized Jacobi poly-

nomials Pmip) which will be applied in the sequel. Set x,,„,(//) = cosö, m for
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0 < i < m + 1, where x0,w(/i) = -1, xm+x,m(p) = 1, and 0 < 0i>m < n.

Then

(4.2) |0/,«-0i+i,ml~ro"1,

uniformly for 0 < /' < m , m £ N [7, Theorem 9.22, p. 166]. We have

(4.3) Xi>m(p) ~ m-\l - x,,m(^r'/2(l + x^m(p))â+x'2,

uniformly for 1 < i < m , m £ N [7, Theorem 6.3.28, p. 120]. There holds

(4.4) \pmip; x)\ < consti\/T^ + m-x)-y-x'2iy/T+~x + m-x)-ó~xl2,

uniformly for -1 < x < 1 and m £ N [1, Theorem 1.1, p. 226]. In particular,

(4.5) \PmiM;x)\~my+l'2~pmifi;l),        1 - m~2 < x < 1,

and

(4.6) \pmip;x)\~ms+xl2~\pmip.;-l)\,        -1 < x < -1 + m~2,

uniformly for m £ N (see also [8]). Furthermore,

\p2m_xip; xitmin))\ ~ (1 - xlJp))iJl - Xi,miiA) + m-x)~2y-x
(4.7) -L_

xi^l+Xi,mÍP) + m-x)-2á-x,

uniformly for -1 < x < 1 and m £ N [7, Theorem 9.30, p. 170].

Lemma 4.1 (Telyakovskii and Gopengauz). Let f e Cq . Then for n > 4q + 5

there exists a sequence of polynomials {Gn} such that for \x\ < 1  and for

j = 0, 1, ... , q

(4.8) |/U>(*) - GnJ\x)\ < const (^^]       a> (f™ ; ^j^\ ,

with some constant independent of f and « .

Denoting by r„ = f - Gn the remainder term, we can state the following

lemma.

Lemma 4.2. Let w, wx, w2, w3 £ GJ be the weight functions defined by (2.8)-
(2.11). Let Lr and Ls be the polynomials defined by (2.5) and (2.6) with Qn =
Pm+i(w)pm(w3) or Qn = pm(wx)pm(w2). Then, for every function f £ Cq ,

q > 0, and h £ {0, 1, ... , q), there exist positive integers r, s, defined by

h , h
- + Q+ 1 < r < - + CX + 2,

h h
^+ß+i<s<- + ß + 2,

such that

As(x)Qn(x)Lr[Z;j^-;x
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(4.10)

Br(x)Qn(x)Ls[Y;

< const

;x
BrQn

/r^x2    i
+ 01 fm,^E + ±2

m mz l      \ m m2

with some constants independent of f and m .

Proof. In order to prove (4.9), we observe that by (4.5)

pm+x(w; l)pm(w3; l)~pm(wx; l)pm(w2; l)~m2a+2,

and so

\Qn(x)\ ~ m2a+2,        zi,n<x<l.

Thus, by the Markov-Bernstein inequality,

\Q'n(x)\ < constm2\\Qn\\lz¡n,X] ~ m2Qn(l]

and
1

[Qn(x)\

Q'n(x)

Q2n(x)

mr

01.(1)'

Z\t„ < X < 1

Z\,n < X < 1.

In view of the last inequality, and taking into account that

1
(/)

Qn(x)\ Qn(x) ¿ U

1 1Ü1

Qn(x)
Qn'-j\x)

(see [7]), we deduce

(4-n) Law

Now, we recall that

1 (/)
< const

m2/

ß«(l)'

Z\ ,n ■> Z2yn > ■ ■ ■ > Z¡  n ,
1 1

AsQnl        (i-iy.

Z\,n < X < 1 .

1

As(x)Qn(x)

(l-l)

x=í,

zi,n < ii < z,;„ , where the identity holds also when arbitrarily many  zy>„

coincide. So, by Leibniz' formula,

r .   i
Z1, n > ^2, n > ••• > 2; ,n >

^ÖhJ

- (/-1)!-M   /
/=o

1

ß»(*)j^,

(/)
1

lMx)lx=(¡

(/-i-/)

Since the function 1/As(x) and its derivatives are bounded for x > 0, we get

by (4.11)

z\ ,n : z2,«j • • • j zi,n >
1

AsQnl

1        ̂ /Z-l\      ,/        ™2/-2

Recalling the  definition  of   Lr(Z ; rm/(AsQ„)),   taking  into  account  that

(x - z,,„)(x - z2j„)---(x - z,_i,n) < (\/l -x + m~x)2i'2 for |x| < 1, and

observing that by Lemma 4.1

Vm\x)\ < const m-2q+2kco(f{q);m-2),        zi>m<x<l, k = 0,l,...,q,

r<q+l,
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we deduce by Leibniz' formula that

(4.12)
[ 7      Tm

Z ' AsQn
;x < const

œjfM;m-*'
Qn(l)m2q

Y,[(l - x)m2 + 1]'\
1=0

where |x| < 1. On the other hand, if q = 0,

Lr(z;4^;x)=±fl    X~Z'

Since

AsQn

X Z¡ j ;

rm(Zk¡m)

k=\
1=1   Zk,m      zi,m As(Zk  m)(¿n(Zk  j

i¿k

TT       •*■       Ai ,m

._,   zk ,m — zi,m

¥k

< const(ra\/l - x + 1)2r-2 M < !>

we again deduce (4.12). We first assume \x\ < 1 - m 2 ; then by (4.12),

Lr(Z;
AsQn

;x
coifM;m-xVT^x2)/t       xr ,

u „ ,\s   ,_,■,,—-(1 - x)r~x.
Qn(l)m2q~2'+2

Recalling that Q„(l) ~ m2a+2 , we obtain

Lr[Z;
AsQn

\x < const
ftj(/<"'; m-'/T^x1)

m2(?-r+a+2)
[l-Jc)—1,

where |x| < 1 - m 2. The hypothesis r < A/2 + a + 2 assures that #/2 - r +

a + 2 > 0. Then, since m~2 < 1 - x2, we can write

\     'AsQn'
< const -*\ Jf».*

m

a+\,x (1 -x)a+1(l+x \-r+a+2

m

Ixl < 1 - m
-2

Since |4s(x)| < (\/l +x + m  ')2i, and observing that by (4.4)

\pm+x(w; x)pm(w3; x)\ < const(l - x)~"-x(l + x)-ß~x,        |x| < 1 m
-2

\pm(wx ; x)pm(w2; x)\ < const(l -x) "  '(1+x) ß  ',        |x| < 1 - «T

we have

Qn(x)Lr[Z;j^-;x I Vl    *   1   «(/<«>; ^/T^~X2

X (1 +x

m

>s-r+a-ß + \

m      l

Ixl < 1 - m~2

From this last inequality, (4.9) follows immediately for 0 < x < 1 - m~2.

On the other hand, if -1 + m~2 < x < 0, it is sufficient to observe that the

assumptions 5 > h/2+ß+l and r < h/2+a+2 assure that s-r+a-ß+1 > 0.

Finally, if |x| > 1 - m-2, then inequality (4.9) follows immediately by (4.12).

Similarly, one can prove inequality (4.10).   D

We omit the proof of the following lemma, since it is very similar to that of

Lemma 4.2.
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Lemma 4.3. Let «jgGJ be the weight function defined by (2.8). Let Lr and Ls
be the polynomials defined by (2.5) and (2.6) with Qn = pmiw)pm+xiw). Then,
for every function f £ Cq, q > 0, and h £ {0, 1, ... , q}, there exist positive

integers r, s, defined by

h       ^   ^ h 3
2+a<r<- + a+-,

h «      .     3
-2+ß<s<- + ß + -,

such that

(4.13)

«(*(Z;â;X)(^+i«)

< const
vT

(4.14)

Brix)Qnix)LAY;

m m

r,

4 4/ (i).^fï 1_
m2m

BrQn
Jl Xl +

m

< const
vT

+ ^y       <»    / (?). vT x¿
+

1

m mL \       v m mA J

with some constants independent of f and m .

Later we need the following result. For any weight function p £Gi and for

every x £ [-1, 1], we have

il-xkim(ji)y

(4.15)

£
k=\
k±c

m\x-xk¡m(p)\
< const(Vl -x + m~x)2p~x log m

.c     1 1

*--2<P<-r

y (l+xfe,m(//)r < 00^(^7^7 + ^-1)2.-1,

(4.16)
k=\
k¿c

m\x-xk^miß)\
m

if
1 1
., < o < „
2 -     - 2'

where c denotes the index corresponding to the closest knot(s) to x , and p, o

are real numbers. The proof of these inequalities can be found in [3].

Now we prove the theorems stated in the previous section.

Proof of Theorem 3.1. We start with the case « = 0 in (3.1). Let rm = f-Gm,

where Gm is the polynomial defined by Lemma 4.1. Then,

(4.17) |/(x)-L2m+1>r>í(u) ,w3;f;x)\< \rmix)\+\L2m+l¡rtSiw , w3; rm ; x)|.

Recalling (2.12), and applying Lemma 4.2 with « = /, we find

|-í-2m+i,r,j(t0, w3; rm;x)\

/vT^ ,   1 '

72
< const coif id)

/r^c2    i

\      m mL l       \ m

+ \Asix)Brix)pm+xiw; x)pm(w3; x)

+
in-

M™;äHI+M";,,,,:äHI]}-
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By

\As(x)Br(x)\ < (VYTx + m-x)2s(VY^x + m'x)2r,        |x|< 1,

and Lemma 4.1, we obtain

\L2m+i,r,siw, w3; rm ; x)|

0JÍf(9). m-\)
(4.18) < const mQ-!-\Asix)Brix)pm+xiw ; x)pmiw3; x)\

x {\Hmiw3 ; vq'2~r'q'2-s ; x)| + \Hm+xiw ; W2"'+1 ^2-i+1. x)\}

=: Ii + I2.

As above, let c be the index of the knots x¡jm(w3) corresponding to the closest

knot(s) to x . Then, inequalities (4.3), (4.4), and (4.7) allow us to write

(4.19) \pmiw3; x)pm+liw ; x)\,   Ac'm(W£ m ~ * •

Thus, applying again inequalities (4.3) and (4.4), we deduce

I, < const ^'^"^(vT^c + m-1)2^-')
mq

x(^A~+~x + m-x)2is-ß-X)

^ v<,/2-r+a+y2,q/2-s+ß+y2(Xim(w^

¿£ w|x-x;-,m(tt;3)|

(?) ■ m-i^«(/<«>; m< consta-L^J(Vr^ + ri)2M-i)
mq

xi/ÎTï+m-1)2^-"

vl/2-r+a+3/2,l/2-s+ß+3/2,x.m,w^
x

£ m\x-xi<m(w3)\

for every / e {0, 1, ... ,q}. Since 1/2 - r + a + 1 < 0 and l/2-s + ß+l <0,
we have

I, < const ^'"^"^(vT^ + m-1)2'^-"

xtvTT^+m-')2^-"

x ( (vT^c + w->)— V (l+*r^))'™2
[ ^       «i(x-x,,m(u;3))

^       m(x/,w(u;3)-x)       J

By (3.2) and (3.3) we have -± < l/2-s+ß+3/2 < 1/2 and -1/2 < l/2-r+a+
3/2 < 1 /2 ; whence (4.15) and (4.16) can be applied with p = 1/2 - r + a + 3/2
and a = 1/2- s + ß + 3/2 , respectively. We get

o)(f(q); m-x),  r- . .
Ii < const—-----(Vl -x2 + m~x)'logm.

YYfi
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Similarly,

I2 < const W{f " ;m    \^i-x2 + m-x)l\ogm.
mq

These relations, together with (4.18), give us

\L2m+x,r,s(w,w3; rm;x)\

(4.20)
< const

vT
m

+
1

-,/

m-

(q).    l\  l°Zm
co \f(q)\i-

ml mq~'

Then, by (4.17), and in view of Lemma 4.1, we deduce the first inequality in

(3.1) for « = 0. In order to prove (3.1) for 1 < h < I, we recall that if Rn is

an algebraic polynomial of degree « such that

\Rn(x)| < const
VT^x2 l

+ ^

where v is a real number, then for any integer j

\Rn\x)\ < const
'VY^x2     i

V-J

+ ^

1*1 < 1,

M < l,

for some constant independent of v and 7. (See [4].) So, by (4.20), we can

write

■(h) vT
+

1
l-h

co   f •(?). 1 \ log«?

' ml mq~l\L2m+l  r s(W ' w3 > T™ > X)l ^ COnSt¿m+i,r,s^ m

Therefore,

|/<*>(*) - L^+{rs(w ,w3;f;x)\< |¿A)(x)| + \I^t+l>rJw ,w3;rm; x)|.

Finally, estimating |r^}(jc)| by Lemma 4.1, we deduce the first inequality of

(3.1) also for 1 < « < /. The proof of the second inequality of (3.1) is simi-
lar.   D

Proof of Theorem 3.3. We first observe that by (3.11) we have AsBr = vr's.

Now, let rm = f — Gm, where Gm is the polynomial of Lemma 4.1; then

rin\± 1 ) = 0, k = 0, 1, ... , q . Therefore, recalling (2.14), since r, s < q + 1,
we find

\L2m+x,r,s('w, w3; rm;x)\

= constvr>six)\pm+xiw; x)pmiw3; x)\

(4'21) x{Kh;^^)llHI^+i(";!^;x)|}
=: const{5i + S2}.

If we assume xm,i(iu) < x < xm<miw), then we can proceed as in the proof of

Theorem 3.1. Indeed, in this case, Vl - x2 > m~x, and by (4.19) we have

(4.22)    L2m+1 >r>i(u> ,Wi\rm;x)< const

for xm,\(w) <x<xmtm(w).

vT
m

co[f -(?). 1 \ log m

' ml mq-' '
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On the other hand, if xm,m(w) < x < 1, then by Lemma 4.1, and in view

of the inequalities (4.3), (4.5), and (4.19),

K-*(x)
Sx < const <       v  ' co

\    mq
i=i

(f(a).   1 Y^^YV^-^^^^^XrnAw,))
\      'm) f-* m(x-xm,i(wx))

\      m      I       V m,

Vr'S(x)        (rla).    l\'^Vl/2-r+a+i/2'I/2-s+ß+y2(xmj(WX))*«-{;£&•(>: ¿)e m(x-xmJ(wx))

q

+ ñEZ) Jf^.L\      m      /       V m

< consti*ïWœ(fM;l.)
1 m?-2-2a      y mJ

/Xm.m-ÁW)                                              (\    ,    ,.\i/2-S+ß+\
(l_M)//2-r+a+lii±iO-du

.,                                                              X-U

Q
a/Ï  -X2 \     -. ( r(q).  1

+     JL1_^      tolfW;
\      m      I      V w

The last integral can be easily estimated. Indeed, since 1/2 - s + ß + 1 > -1,

/x„im-,{w) /i   ,   u\l/2-s+ß+\

.x X-U

( r°      fxm,m.l(w)\ /j +uy/2-s+ß+\

1 + ( 1 - x)//2-r+Q+1 / y--— dy

Further, since -l<//2-r + a+l<0 and y > 1 , we can write

-i(u>) (X   i   t,\l/2-s+ß+l
(1_M)//2-r+a+lü±iO-_duIx X-U

< const(l -x)//2-f+,>+1logm.

Therefore, (4.21) is still valid when xm,m(w) < x < 1 , and similarly for -1 <

x < xm,x(w). Then, by (4.17) and Lemma 4.1, we deduce the first inequality

of (3.12) for « = 0. Proceeding as in the last part of the proof of Theorem

3.1, we can obtain the first inequality of (3.12) also for 1 < « < /. The proof

of the second inequality of (3.12) is similar.   D

The proofs of Theorems 3.2 and 3.4 are analogous to those of Theorems 3.1

and 3.3, respectively. We omit the details.
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Proof of Theorems 3.5 and 3.7. Proceeding as in the proof of Theorem 3.1, we

find

const
\L2m+x<r,s(w,w3; rm;x)\ < -^I\As(x)Br(x)pm+x(w ; x)pm(w3 ; x)|

x{\Hm(w3 ; viP+W-r.iPWi-» ■ x)\

+ \Hm+X(w; vqß+^2-r+\,q/2+X/2-s+\ . x)|})

instead of (4.18). Then, by the same steps as in the proof of Theorem 3.1, we

obtain the first inequality of (3.16). The second one can be proved analogously.

Furthermore, if the additional knots satisfy the relation (3.11), then from
(4.21) and by Lemma 4.1,

const
\L2m+\,r,s(w ,w3;rm; x)\ < -—¡jVr's(x)\pm+x (w ; x)pm(w3 ; x)\

x{\Hm(w3;vkl2-r^2-s;x)\

+ \Hm+x(w;vxl2-r+x>V2-s+x;x)\},

and proceeding as in the proof of Theorem 3.3, we deduce the first (or second)
inequality of (3.22).   D

Theorems 3.6 and 3.8 can be proved similarly as Theorems 3.5 and 3.7,

respectively. We omit the details.
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