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A QUADRATURE FORMULA
WITH ZEROS OF BESSEL FUNCTIONS AS NODES

GEORGI R. GROZEV AND QAZI I. RAHMAN

ABSTRACT. A quadrature formula for entire functions of exponential type where-
in the nodes are the zeros of the Bessel function of the first kind was recently
obtained by C. Frappier and P. Olivier. Here the condition imposed on the
function is relaxed. Some applications of the formula are also given.

1. INTRODUCTION AND STATEMENT OF RESULTS

If f isan entire function of exponential type 27>0 belongingto L!(—oo, co)
then ([3])

m [Lreax =% ¥ r(B52E)

where the series is absolutely convergent.

If f belongsto L!(—oo, co), then so do the functions (f(x)+ f(—x))/2 and
(f(x)= f(=x))/2. Since (f(x)— f(—x))/2 is odd, ff‘; f(x)dx is nothing but
I (f(x) + f(—x))dx . Hence (1) may be written as

() [T (s ——Z(( ) (-E))

Applying (1) to the function f(z) + f(—z), we see that in this form, the for-
mula is valid even if f(x)+ f(—x) belongs to L![0, co) without f being in
L'(-00, 00).

Let J,(z) be the Bessel function of the first kind of order o. We shall
denote by Ji(a), ja(a), ..., jk(a@), ... the zeros of __(_2 in the right half-plane
arranged in ascending order of magnitude.

Recently, Frappier and Olivier [4] have proved the following result which we
find very interesting.
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Theorem A. If Rea > —1, then the quadrature formula

Aéxh“UUﬂ+ﬂ—nwh
? - > (R ( () (k)

holds for every entire function f of exponential type 2t such that f(x) =
O(|x|7%), x — +oo with § >2Rea +2.

Formula (2) reduces to (1') when a = —1 since

J_i(12) 2
3 = /2
()1 = V5 cos(1z).

However, in the case a = —1, formula (2) holds for every entire function f
of exponential type 27 such that x2**!(f(x) + f(—x)) belongs to L'[0, c0).
It is therefore natural to wonder if the same can be said for other values of a
too. We shall show that this is indeed the case if o is real and > —1. To be
precise, we have

Theorem 1. If o > —1, then (2) holds for every entire function f of exponential
type 2t such that x*+1(f(x)+ f(—x)) belongs to L'[0, oo). Besides, the series
on the right-hand side of (2) is absolutely convergent.

It may be mentioned that the zeros ji(a), j2(a), ..., jr(a), ... are all real
when «a isreal and > —1.
If f is integrable on [1, X] forall X > 1 and

X
lim f(x) dx
X—o0 Ji

exists, then we denote the limit by |, l—'°° f(x) dx and say that f is integrable in
the sense of Cauchy on [1, co). If f is integrable on [£, 1] forall £ € (0, 1)
and

1
%géﬂﬂh

exists, then we denote the limit by flo f(x)dx and say that f is integrable in
the sense of Cauchy on (0, 1]. If f is integrable in the sense of Cauchy on
[1, oo) as well as on (0, 1], then we say that f is integrable (in the sense of
Cauchy) on (0, oo) and denote the integral by

—00

f(x) dx

-0
The question arises if in Theorem 1 it would be enough to assume the func-
tion x2e+1(f(x) + f(=x)) to be integrable in the sense of Cauchy on (0, cc).
The answer is no. Indeed, the function

Jo(t2)Joy1 (T2
fi(z) = 22l en02)
which was considered in [4, §5.2] serves as a counterexample. This function is
of exponential type 2t and is integrable in the sense of Cauchy on (0, o) ; the
value of the integral is % [8, p.406] whereas the right-hand side of (2) is 0.
However, we shall prove the following
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Theorem 2. Let a > —1 and f be an entire function of exponential type d < 2t
such that x**+1(f(x) + f(—x)) is integrable in the sense of Cauchy on (0, o).
Then

/W X (f(x) + f(~x)) d

-0

? ﬂmz(,fk;,;z o (1 (5) + 7 ().

if the series on the right is convergent.

The following result was also proved in [4] to which we refer the reader for
the definition of the nodal function .

Theorem B. Let o > —1. Among all quadrature formulae of the form

/0 20+l(f(x)+f( -x))dx = Z A S (Xk)

k=—o00

having w as nodal function, only one is valid for all entire functions of exponen-
tial type 21 satisfying f(x) = O(|x|~%) , x — +oo , & > 2a+2. This formula
is (2) and the associated nodal function is

Um(@)® _ Jalex)
JolUm(@)) x2(1x = jm(a))
Moreover, w. minimizes the integral

/ " X (2 (x) + wH(—x)) dx
0

over all nodal functions w .

We(x) =

The proof of Theorem B as given in [4] allows us, in view of Theorem 1, to
state the following

Theorem 3. Theorem B holds if instead of “ f(x) = O(|x|™®) , x = o0 , 6 >
20+ 2 ” we assume that x2+1(f(x)+ f(-x)) belongs to L'[0, o).

As an application of Theorem 1 we prove
Theorem 4. If f is an entire function of exponential type T such that
4) x|*Hf(x) € L*(R)
for some a > -1, then

2at+1 2 2 |k ()%
) / ET I dx = oo Z T e(@D)?

Je(@)\[?
(=)
k;eo
where j_i(a) = —ji(a) forall k #0.

In the case a = —7 (5) reduces to the following well-known formula of
Plancherel and Pélya ([7, p.116, formula (52)])

[ s ax = %ki]f(L;”ﬁ) 2

Here is an obvious corollary of Theorem 4.
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Corollary 1. If f is an entire function of exponential type n such that (4) holds
for some a > —1 and f vanishes at all the points
Jk(a)

=—— , k= +1,+£2,+3,...,
n

then f is identically zero.

This result is to be compared with a classical theorem of F. Carlson according
to which, if f is an entire function of exponential type < =m and vanishes at
the points n =0, 1, +£2, ..., then it is identically zero. We refer the reader
to [2, Chapter 9] for various extentions of Carlson’s theorem. It may be noted
that in the above corollary the function is allowed to be of order 1 type @ as
long as (4) holds.

Remark 1. The example 2222 shows that the conclusion of the above corollary

nz)e

may not hold if (4) is not satisfied.

Remark 2. 1f a function is of exponential type 7 satisfying (4), then it may not
be identically zero unless it vanishes at all/ the points ’—’*},51 , k=%1,£2,....
This is shown by the example

(6) f(2):=

where n € {£1,+2,+3,...}.
As a special case of Theorem 4 we have

Jo(n2)
(nz)*(nz = jn(a))

Corollary 2. If f satisfies the conditions of Theorem 4, then
j,,(a)) < T | T (n(@))l (/°° a4l 2 4 )‘/2 1
’f( T = 2 n@) - X% f ()" dx (n=1,2,...).

The inequality is sharp; indeed, it becomes an equality for the function de-
fined in (6).

2. AUXILIARY RESULTS

Let ¢(¢) be a nonnegative, nondecreasing, and convex (nonconcave) function
of logt, with ¢(0+) = 0 but #(¢) not identically zero. Further, let ¢(e™) =
O(t™'?) as t — +oo. It was proved by Boas [1, Theorem 2] that if f is
regular and of exponential type ¢ in the closed right half-plane such that for
some u>0, A>2,

/0 TSI dx < oo,

then for an arbitrary increasing sequence of positive numbers g, 4, 42, ...
with A, — 4 > 26 > 0 we have

S {semfap) < o

k=0

if ¢’ > ¢ . Going through the proof of this result, the reader will notice an ob-
vious misprint in [1, Lemma 4] concerning the assumption “ ¢(e~*) = O(t~!/?)
as t — +oo ”. The conditions imposed on ¢ are clearly satisfied by ¢(¢) =1¢.
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Given a sequence A, 42, 43,... suchthat 4, > 0,4, -4 > 26 > 0,
and a function f regular and of exponential type in the open right half-plane
we may apply the above result of Boas to the function f(z + %/1,) taking
$(t)=t, p=4%, A=3 toobtain

Lemma 1. Let {A;} be an increasing sequence of positive numbers with Ay, —
A > 20 > 0. If f is regular and of exponential type in the open right
half-plane such that

/0°°|f<x)| dx < oo,

then -
Y 1)l < .
k=1

Hereafter, let
(2) = sinhz >

Pn = hz

where A >0 .

Lemma 2. We have

@) / lpp(x)| dx < 2m.

Besides, for a > —1 and all y >0

> 1on(iks1(@)) = oa(ik(@)] < 7.

Proof. Since ¢, is an entire function of exponential type 24 belonging to
L'(-00, 00), we have [2, Theorem 11.3.1]

/ lph(x)] dx < 2h/ loa(x)| dx = 27.

Further, using the fundamental theorem of integral calculus, we have

Jk+1 (a)
/ py(rx) d
J

jx(a)

Y10 iks1(@) = oa(ii(@))] = yz
k=1

52/ x)ldx < m. O

Lemma 3 [5, §2.2). Let f be regular and of exponential type in the open right
half-plane. If f is integrable in the sense of Cauchy on [1, ), then f(x)— 0
as x — oo, and so f(x) is bounded for x > 1 .

Lemma 4 [5 Lemma 1). If f is integrable in the sense of Cauchy on [1, ),
then [~ ¢4(x)f(x) dx exists for all h >0 and

—00

tmy [ T a0 f(x) dx = [ ) dn

provided f is bounded on [1, ) .
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Lemma 4'. If f is integrable in the sense of Cauchy on (0, 1], then
1
. on(x)f(x) dx

exists for all h >0 and

1 1
(®) tim [ py0fGdx = [ fx)dx.
Proof. For every ¢ > 0, there exists X, > 0 such that
T e
/ f(x)dx| < ¢ forO0<x; <x < X, .
X1

Hence, if F(x):= f;"‘ f(t)dt (0<x < X;), then
9) |F(x)] < ¢ forO<x<X;.

Let 0 < x; < x; < X, . Integration by parts gives
X2 X2
/ Pr(x)f(x) dx = —@p(x2)F(x2) + @p(x1)F(x1) + / Ph(x)F(x) dx,
X1 X1
which by virtue of (7) and (9) implies

(10) / " on(0)f(x) dx( < 21+,

ie., f_io or(x)f(x) dx exists forall > 0.
Note that (10) holds for all # and so, using (9), we obtain

X, X,
/ oS dx = [ f(x)dx| < 3+ 2me.
-0 -0

Since

< ¢

1 1
/ oa(x)f(x) dx — / f(x) dx
X, X.

for all sufficiently small 4, we conclude that (8) holds. O

Remark 3. The above proof differs only in some details from that of Lemma 4
as presented in [5].

Lemma 5. If f satisfies the conditions of Theorem 1, then the series on the
right-hand side of (2) is absolutely convergent.

Proof. Let
1.
Ak:=;]k(a) (k=1,2,...).
Since ji(a), j2(a), ..., jk(a), ..., are all simple, positive and (see [8, p. 506])
1 1 402 — 1
i = (k+za--\g—- —— —°
Ji(e@) ( + 5 4)7t Snk+Ta=])

(11) _ (4a® - 1)(282% -31)

b

384n3(k + fa — §)3
there exists a positive number J such that A, -4, > 24.
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According to hypothesis we have

/0 P () + f(—x)] dx < oo

(22 r(-42)

and so by Lemma 1

3 (%jua))zw

(12) k=1~ .
= Y 1Al (Ae) + (=)l < o0
k=1
Now we recall the formula ( [9, p. 368], [6, p. 198 (Lemma 14)])
2\!? an @ 1
7} _ _ |~ : _ar & _ N
J.(2) = (nz) sm(z > 4)+0(|z|3/2) ,Z€ER, z—o00.
It follows from (11) that for all large k
.. an @ 1
sin (i) - T - 3)| > 7

So, if k is sufficiently large (say k > K ), then

LG 2 (ﬁ)l/z‘o(@%)m)

(13) 1
g V2/nji(a)
and
(jk () Ji(a) k(@)
rad ( : )+f ( T )‘

< 2a(jr(@)*!

r() <o)

Besides, J/(jx(a)) # 0 for all k since the positive zeros of J, are all simple.
Hence, in view of (12), the lemma holds. O

3. PROOFS OF THE THEOREMS
Proof of Theorem 1. Without loss of generality we may assume 7 =7n . Then

Ve(z) = 0e(2) - (f(2) + f(-2))  (¢>0)

is an even entire function of exponential type 2(m +¢) .

The function z2e+!(f(z) + f(-z)) is regular and of exponential type in
Re z > 0 . Besides, according to our assumption, it belongs to L![0, co) and
so by Lemma 3

X2+ f(x) + f(=x)] = O as x — oo.
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Hence,
fx)+f(=x)] = O(l==+D) a5 x - oo,
which implies that
lwe(x)| = O(IXI"Q"”)) as x — oo.

Thus the function y,(z) satisfies the conditions of Theorem A with 2(z + &)
instead of 27. We therefore have
(@) (jk(a)) _

* a+ — 2 - .
19 [ nowne) dx = Gpm S i e (e

Next we show that for each 0 > 0 there exists K such that

(Jk(@))* (fk( ))

AUk(@))? "\ +e

if ¢ € [0, %] . In view of (1 l) we can choose an integer K, such that for
e€l0,1],

(16) ——(en(@) — k() > 5 fork2K;.

Let F(x):= x2+!(f(x)+ f(-x)) and & (1 < k < o) be the smallest number
in [k -4, k+ 1] such that

|F (&)l = . ;?fé‘m y |F(x)] .

(15) <é

The points & whichliein [k—, k) form a subsequence {¢;} and those which
lie in [k k + 7] form another subsequence {£/} . Obviously &, —¢& > 4

and ¢/, — &/ >4 and so by Lemma 1
ZIF(¢;)| < oo, Z|F(¢ )| < oo,
n=1 n=1
As such, N
Y IFE)] < oo .
k=1

Therefore there exists Ky > max{K;, K>} such that

8 > IF&) <.
k=[$Ko]
By (13),

U(@)™ (i)
(@ + ey ,Z:K TiGiele))? " ¥ (n+s)

< i 2 [ | (49) o ()
- 3 [r(49)
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Because of (16), intervals of the form [k — %, k + %] can contain at most two
points of the sequence {M}k>l< . Hence,
ZA72

n+e
4n S |F (Jk(a))

m+e 7 m+e
i.e., (15) holds.

It is clear that as ¢ — 0 the function

m%(z) tends to 752—1+2-(f(z)+f(-z))

4x2 Z F&)l <8,
k=[§Ko]

uniformly on all compact subsets of C . Hence, forany § >0 and any K € N
there exists a positive gy depending on § and K such that

(17) I,,MZ ”‘(a)) 5 (7 (252) + 1 (-297))

(J4(k(a
a)) Ji(@)
- (75+82°‘+ZZ( (Jk(a)))2%<ﬂ+8)| <9

if ¢ € [0, &].
Now let

1) = /0 " x2H (f(x) + f(=x)) dx

and

0 1= ey 3 (A (i (B) 1y (LAL))
Then

() = Cr(N)| = [I(f) + I(we) — I(¥e) — (S
() = I(we)l + 1Qx(f) = I(ve)]
[I(f) = I(We)l + 1Qn(f) — Qrse(¥e)| »

where in the last step we have used (14). By Lemmas 3, 4 and 4, for each
J > 0 there exists &; > 0 such that

()= I(we)| < & forO<e<e .
Further, by (15), (17) and Lemma 5 we conclude that

|Qﬂ(f) = Qrre(We)| < 36

for all ¢ € (0, min{eo, }) . Hence, for & € (0, min{eo, 5, &}) we have

[I(f) - @a(/)| < 46.

Since ¢ is an arbitrary positive number, we must have I(f) = Q,(f). This
completes the proof of Theorem 1, since the absolute convergence of the series
on the right-hand side of (2) has already been proved in Lemma 5. O

VAN

Proof of Theorem 2. The function
Ve(2) == 0e(2)(f(2) + f(-2))
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satisfies the conditions of Theorem 1 forall ¢ € (0, 7—§) and therefore I(y.) =
Q:(v.). From Lemmas 3, 4 and 4’ it follows that

/ x¥tly (x)dx — / x2H(f(x)+ f(=x))dx  ase—0.

—0 —0

Let & be an arbitrary positive number and choose the smallest N; such that
n . 2a . .

> ({k@)) i (f (Jkia)) b f (_Jkia)))

S (@)

for all n > Nj . Setting

5= 3 (J(JC(ZZ;»Z (r(22) + 7 (-22)).

k=N;

<0

we see that for n > Ns we have
2 e (%)
- |G () () + 1 (4)
[ () - B () - ()
(P« & (2) - (2]

k=Ns
< (1 + mo

A

by Lemma 2. Therefore,

— (k(a)) Jk(a@)
Z(J'uk(a»)“’"( )

k=Nj

< (1 +mod.

The remainder of the proof is analogous to that of Theorem 1. O

Proof of Theorem 4. If f satisfies the conditions of Theorem 4, then applying
Theorem 1 to the function f(z)f(-2z), we get

/0 " x2erie(£(x) F(=)) dx
_ (jk ()™ Ji(@) _Jk(a)
- 12a+ZZ(J'(1k @)))? (f( T )f< T )) ’

(18)

where the series on the right-hand side of (18) is absolutely convergent.
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Again, formula (2) applied to the function (f(z) + f(~2z))(f(2) + f(-2))
gives

[ X2 ) 1 f(—x) dox
0

(jk(a))*™ Ji(a) k(@)

12""22(]’ Uk(@)))? ( T ) * f( T )

Now writing |f(x) + f(=x)I* as |f(x)]* +|f(=x)|* + 2Re(f(x) f(-x)) and

(52) (42
(2 () o1 (42) )

and using (18), we obtain

/0°° w2+l (If(x)|2+|f(—x)|2) dx
- Sy (P b (-42)

which is equivalent to (5). O

2

as

BIBLIOGRAPHY

1. R. P. Boas, Jr., Inequalities between series and integrals involving entire functions, J. Indian
Math. Soc. 16 (1952), 127-135.

2. ____, Entire functions, Academic Press, New York, 1954.
, Summation formulas and band-limited signals, Tohoku Math. J. 24 (1972), 121-125.

4. C. Frappier and P. Olivier, A quadrature formula involving zeros of Bessel functions, Math.
Comp. 60 (1993), 303-316.

5. C. Frappier and Q. I. Rahman, Une formule de quadrature pour les fonctions entieres de
type exponentiel, Ann. Sci. Math. Québec 10 (1986), 17-26.

6. A. R. Harvey, The mean of a function of exponential type, Amer. J. Math. 70 (1948),
181-202.

7. M. Plancherel and G. Pélya, Fonctions entieres et intégrales de Fourier multiples, Comment.
Math. Helv. 9 (1937), 224-248; 10 (1938), 110-163.

8. G. N. Watson, A treatise on the theory of Bessel functions, 2nd ed., Cambridge Univ. Press,
Cambridge, 1945.

9. E. T. Whittaker and G. N. Watson, A4 course of modern analysis, 4th ed., Cambridge Univ.
Press, Cambridge, 1940.

DEPARTEMENT DE MATHEMATIQUES ET DE STATISTIQUE UNIVERSITE DE MONTREAL, MON-
TREAL, QUEBEC, CANADA H3C 3J7

E-mail address, G. Grozev: grozevgQere.umontreal.ca

E-mail address, Q. Rahman: rahmanqiQere.umontreal.ca




