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FINITE DIFFERENCE METHOD FOR GENERALIZED
ZAKHAROV EQUATIONS

QIANSHUN CHANG, BOLING GUO, AND HONG JIANG

Abstract. A conservative difference scheme is presented for the initial-

boundary value problem for generalized Zakharov equations. The scheme can

be implicit or semiexplicit depending on the choice of a parameter. On the

basis of a priori estimates and an inequality about norms, convergence of the

difference solution is proved in order 0(h2 + t2) , which is better than previous

results.

Introduction

The Zakharov equations [20]

(1.1) iEt + Exx-NE = 0,

(1.2) ^Ntt-{N+\E\2)xx = 0

describe the propagation of Langmuir waves in plasmas. Here the complex

unknown function E is the slowly varying envelope of the highly oscillatory

electric field, and the unknown real function N denotes the fluctuation of the

ion density about its equilibrium value.

The global existence of a weak solution for the Zakharov equations in one

dimension is proved in [19], and existence and uniqueness of a smooth solution

for the equations are obtained provided smooth initial data are prescribed.

Numerical methods for the Zakharov equations are studied only in [5, 9, 10,
and 15]. A spectral method is used to compute solitary waves and the collision

of two solitary waves in [15]. In [9, 10], Glassey considered an energy-preserving

implicit difference scheme for the equations and proved its convergence in or-

der 0(h + t) . In [5], we propose a new conservative difference scheme which

involves a parameter 6, 0 < 6 < j ; when 6 = j , the new scheme is identical

to Glassey's scheme. For 0 = 0, the new scheme is semiexplicit, explicit in TV,

but implicit in E. Numerical experiments demonstrate that the new scheme

with 6 = 0 is more accurate and efficient compared to 6 = \ . Convergence of

these schemes is proved in order 0(h + t) in [5, 9, and 10], while the order of

the truncation errors is 0(h2 + x2).
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For suitable initial data, the solution of the initial value problem for (1.1)-

(1.2) converges as X -> oo to a solution of the cubic nonlinear Schrödinger

equation

(1.3) Œ, + Exx + \E\2E = 0

(see [1, 17]).
The generalized nonlinear Schrödinger equation

(1.4) iEt + Exx + f(\E\2)-E = 0

has been considered in physics (see, for example, [2, 3, and 11]). Here, f(s) =

sP(p > 0), f(s) = 1 - e~s, f(s) = f-Sj or f(s) = ln(l + s). Existence and

uniqueness of the generalized solution for the equation ( 1.4) have been obtained

and numerical methods for (1.4) have been studied (see [4, 6, and 18]).
The generalized Zakharov equations are also considered in [21]. In the

present paper, we consider the following initial-boundary value problem of gen-

eralized Zakharov equations in one dimension:

(1.5) iEt + Exx = Nf(\E\2)E,       xL<x<xR,T>t>0,

(1-6) Ntt-NXX = ^(F(\E\2)),

where

(1.7) f£C°°(R+),    F(s)= fSf(r)dr;
Jo

(1.8) E(x, 0) = E°(x),     N(x,0) = N°(x),     Nt(x, 0) = Nx(x),

(1.9) E\x=XL = E\x=XR = 0,     N\x=XL = N\x=XR = 0,     u\x=XL = u\x=XR = 0,

and the potential function u is given by

(1.10) uxx = Nt.

Moreover, we supplement (1.5)—(1.10) by imposing the compatibility condition

(1.11) [RNx{x)dx = 0.
JxL

We propose a conservative difference scheme with parameter 6 of the gener-

alized Zakharov equations. The difference scheme conserves two conservation

laws that the differential equations possess. For 9 = 0, the scheme is semiex-
plicit. We will prove the convergence of the difference solution for all 6 £ [0, \]

in order 0(h2 + t2) , which is consistent with the order of the truncation error

of the difference scheme. This improves the results of order 0(h + t) which

were given in [5, 9].

In §2, we describe the difference scheme and its basic properties. Some a

priori estimates and the proof of convergence of the difference scheme are given
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in §3. Long and highly technical proofs of two lemmas in §3 are placed in the

Supplement section at the end of this issue.

2. Finite difference scheme

We consider a finite difference method for the problem (1.5)—(1.11).   As

usual, the following notations are used:

xj = xl + jh,    t" = n • x,    0 < j < J
Xr —Xl

n = 0,1,2,
h

E(j, n) = E(Xj ,t"),    N(j, n) = N(xj, tn),

EJ~E(j,n),    N?~N(j,n),

{Wj")x = !(»£, - Wf),     (Wf)-X = l(Wj" - JVjLi)..

'—rn+l_u/n\ tu/n\_LtU      _ Wn~X{Wf)t = -(Wf+x-Wf),     (W¡)-t = -(W¡
]

\\Wn\\22 = hY,\W?\2>     WttU =  sup |^|.
% X<J<J

T o T
r=h'   ß = T2'

and in this paper C denotes a general constant, which may have different values

in different occurrences. Thus, our scheme is written as

(2.1)

i(E';+x)1+^(EJ+x)xx + (E])xx)

i F(\E"+X\2) - F(\F"\2\
- -(N"+x + N")(E"+X -(- E") • J j !<;'</
- 4UV;       +I\j)(Hj      +Zj) \Ef+l\2-\Ef\2 '       lSJ-J'

(Nf)tl - (1 - 29)(N])XX - 6((N^X)XX + (N»-X)xx)
(2.2) i

= (F(\E?\2))XX,    0<6<-.

The initial data and boundary conditions are approximated as

(2.3) Ej = E°(Xj),    N° = N°(Xj),

Nj = Nf + xN'(xj)   or

(2.4) Nj =Nf + xNx(Xj) + j[(Nf)xx + (F(\E^\2))xx),

(2.5) En0=Enj = 0,    NS = N] = 0,    ^=«^=0,

where the difference scheme (2.2) is used to approximate Nfi in (2.4). We also

define {w"+*} , as R. T. Glassey did in [9], by

(2.6) (up)xx = (N])t,    ; = 1,2,...,7-1.

We note that the equations (2.1) are implicit, and a tridiagonal system of

equations is involved.  For 6 = \, the equations (2.2) are also implicit, and
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another tridiagonal system of equations needs to be solved. However, when

6 = 0, then the scheme (2.2) for N is explicit, and no tridiagonal system needs
to be solved.

Theorem 1. The difference problem (2.1)-(2.6) possesses the following invariants:

\\En g = Const

and

H^ = \\Erxê + \\Fx\\22 + \\u?ï\\22 + (l-2d)hJ2Kj+iN"
7=1

+ d(\\N"+x ||2 + || JV7II2) + \h J2[F((\E]+X\2) + F(\E]\2))(N»+X + NJ)]
;=i

= Const.

Proof. Computing the inner product of (2.1) with (EJ+X + EJ) implies

(2-7)

i((£;+I)7, E]+x+E])+l-((EJ+x)xx + (EJ)xx, E]+X+EJ)

I (/Mn+l   .   Mny,f,n+l   .   myl^TlÎL_^EïÎl
= -A [{Nr+wEr+ej)   lEn+ip_|^,2   » Er+Ej).

where

((E»+X)j,  E»+x+E»)

= -(£■;+' -E], E]+x +EJ)

= k\\E"+x\\2-\\E»\\22) + hY,E]+X'E»-hJ£E'>-E]+x,
7=1 7=1

-((EJ+X)XX + (EJ)XX, EJ+X+E»)

= ((EJ+x)x + (Ej')x,  (EJ+x)x + (Ej-)x)

j J

= \\E»X+X\\\ + \\E"X\\22 + h ^(E^x)x • (EJ)X + h Yi(Ej)x • (E]+X)x ,
7=1 7 = 1

' F(\En+x\2) - F(\En\2) \
(N»+x + N?)(E»+X + E»)      ,¿^1^2       ' Erl+E?)

J n(\j?n+l\2\ _ p(\t?n\2y

= h Y(N"+X + N")F^E"j J !    F{lEJl ] • \E»+X + E"\2.
Z—tK   J J ' |F"+1|2      \rrn\2 '    7 J'
j=l 1^7      I lß7'l

Thus, we take the imaginary part of (2.7) and use the formulae derived above

to get

l(\\E"+x\\2- \\E"\\22) = 0,

i.e.,

(2.8) \\En\\\ = ||£°||i = Const.
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Computing the inner product of (2.1) with x(E"+x)-t and taking the real part,

we have

(2.9)     -\{\\E?X\\22 - \\E*\W) = \h ¿(/V;+1 + N»)[F(\E]+X\2) - F(\E]\2)\.
7=1

Next, we compute the inner product of (2.2) with (un*   + u"~*), and by

using (2.6) we obtain

((7v;)í7,m;+í + m;-í)-(i-2o)(/y;,(/y;)í + (7v;-1)()

-d(NJ+x + Nj~x,(N?)t + (NJ-X)t)

= (F(\E»\2),(N»)t + (N>¡-x)t),

which is equivalent to

(2.10)
j j

\\ux^\\2 + \\ux^\\22 + (l-2e)h1£NJ+x-NJ-(l-2d)hJ2^-Nj-x
7 = 1 7=1

+ e(\\Nn+x\\22 - \\Nn-x\\22) + hY,E(\EJ\2)(NJ+x - /V;-1) = 0,

7=1

where (2.6) is used to reduce the first term.

It follows from (2.9) that

-\\E«+l\\l + \\E"x-l\\22 = U ¿(F(|£;+1|2) - F(\EJ\2))(N»+X + NJ)
7=1

(2.11) -Ía¿(f(|^|2) + f(|£;-1|2))(7v; + /v;-1)

7=1

J

h^(E(\E?\2))(N?+x - NJ-X).
7=1

Combining (2.10) and (2.11) yields

rf+i = /#-* = Const.   D

Theorem 2. Assume E(x, t) £ C5, N(x, t) £ C5 for the solution of problem

(1.5)-(1.11) and f(s) £ C2(R+). Then the difference scheme (2.1)-(2.2) pos-
sesses truncation errors of order 0(h2 + x2).

Proof. By Taylor's expansion, we have

E(j,n + 1) + E(j,n) =

(E(j,n+l))j

2E + —Ett + 0(t3)

Et + 24^,« + 0(t3)

x=x¡,t=t"+)i

=Xj,t=r\ '
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(N(j, n))xx = Nxx + ^Nxxxx + 0(h3)

and

F(\E(j,n+l)\2)-F(\E(j,n)\2)

\E(j,n+l)\2-\E(j,n)\2

= {[F(\E(j,n + \)\2) + F'(\E(j,n + \)\2)(\E(j,n+l)\2-\E(j,n+x2)\2)

+ \F"(\E(j, n + \)\2)(\E(j, n + 1)\2 - \E(j, n + \)\2)2

+ ¡¡Fm(\EU, n + lj)\2)(\E(j, n + 1)\2 - \E(j, n + i)|2)3 + • • • ]

- [F(\E(j, n + i)|2) + F'(\E(j, n + \)\2)(\E(j, «)|2 - \E(j, n + i)|2)

+ \F"{\E{j, n + i-)\2)(\E(j ,n)\2- \E(j, n + i)|2)2

+ j[Fm(\EU,n + i)|2)(|£(;, n)\2 - \E(j, n + I)|2)3 + •••]}/

[\E(j,n+l)\2-\E(j,n)\2]

= F'(\E(j,n+x1)\2) + {F"(\E(j,n + \)\2)

• (\E(j, n + 1)\2 + \E(j, n)\2 - 2\E(j, n + i)|2) + \Fm{\E(J, n + \)\2)

.[(\E(j,n + l)\2-\E(j,n+x1)\2)2

+ (\E(j, n + 1)\2 - \E(j, n + I)|2) • (\E(j, n)\2 - \E(j, n + \)\2)

+ {\E{j,n)\2-\E(j,n + \)\2)2] + 0(x')

= F'(\E(j, n + i)|2) + \F"(\E(j, n + \)\2) • t2 . (\E(j, n + i)|2)„

+ \F'"(\E(j,n + \)\2)

• (\E(j, n + 1)|4 + |£ij, «)l4 + 3|£ij, » + -2)\4

+ \E(j, n + 1)\2 - \E(j, n)\2 - 3\E(j, n + l)\2\E(j, n + i)|2

-3\E(j,n)\2-\E(j,n + ±)\2) + 0(x3)

= f(\E(j, n + \)\2) + jf'(\E(j, n + i)|2) • (\E(J, n + I)|2)„

+ xzf"(\E(j, n + i)|2) - j[(\E(j, n + i)|2),]2 + 0(t3).

Using equalities derived above, we obtain from the difference schemes (2.1)

and (2.2)

(2.12)
iEt + Exx = Nf(\E\2).E

+ JjLe        T E h\
jA^ttt        a^xxlt        .ji-'xxxx

+ jEf(\E\2)Ntt + jNf(\E\2)Elt + jNEf'(\E\2)(\E\2)lt

+ ?-NEf"(\E\2)((\E\2)l)2

+ 0(h3 + T3)
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and

N„ - Nxx = (F(\E\2))XX

(2.13) +   -^Nmt + 6-x2Nxxtt + ^Nxxxx + ^(F(\E\2))xxxx

+ 0(h3 + x3).

Thus, the truncation errors are 0(h2 + x2).

In [5], we have used the conservative scheme to compute solitary waves and

the interaction of two colliding solitary waves for the Zakharov equations (1.1)

and (1.2). Numerical experiments demonstrate that the semiexplicit scheme

with 8 = 0 is more efficient and accurate than the implicit scheme with 6 = \ .
For example, if we require that computational errors be less than 0.1 during the
entire time period of the solitary wave, then the step sizes h = x = 0.25 can be

taken for the scheme with 0 = 0, but the step sizes h = x = 0.1 are needed

for the scheme with 6 = \. To achieve the same accuracy, the scheme with

8 = j takes a longer CPU time than the scheme with 0 = 0, and the ratio of

the CPU times used by the two schemes is

534 94

3. Convergence of the difference scheme

In this section, we consider the convergence of the difference scheme (2.1)-

(2.6).
We define the errors by

(3.1) enJ=E(j,n)-E)   and   rfj = N(j, n) - NJ.

Let

(3.2) (t/;+*)^ = (07,     Uo+h = Unj^=0.

Then the error equations are obtained as follows:

(3.3)

i(e]+xh+^[(ej+x)xx + (ej)xx]

-R*+llN(i   n) + N(i   n I  n/(l^a, " + 1)12)-^(I^C/', ")l2)
-R   +-[N(j,n) + Nlj,n + l)]      ]E{j, n + l}\2 _\E{j, n)\2

.[E(j,n + l) + E(j,n)]

1 , F(\E"+X\2)-F(\E"\2)
i«+l|2_|£V.|4Vyj+lyj      > |£«+l|2_|£7i|2 [CJ       +£-J>'

(3.4)
(nj)tl - (1 - 2d)(n1)xx - 6[{tj-X)xx + (i^"1^]

= RN + [F(\E(j,n)\)2-F(\EJ\2)]xx,
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ix2 X2 „ h2
~!ÂEttt~~ïExxU~Ï2E-

(3.5)
+ jEf(\E\2)Ntl + jNf(\E\2)Ett + jNEf'(\E\2)(\E\2)tt

+  T-NEf"{\E\2){{\E\2)t?

+ 0(/z3 + T3)

T2

(3.6)
RN = -Ntttt + 8 • t27V^„ + ^Nxxxx + ^(F(\E\2))XXXX

xJ,í=f"+¿

X=Xj , t=t"

+ 0(h3 + x3),

in view of the formulae (2.12) and (2.13).

Lemma 1 (Sobolev estimate [8]). Suppose W £ Lq(Rn), DmW £ Lr(Rn), 1 <

q, r < oo. Then for 0 < j <m, ^ < a < 1, we have

\\D>w\\Lp<c\\Dmw\\ir llalli;«,

where I = i + a(i-f) + (l-a)i.

Lemma 2. Let r = \ < J j^g , 0 < 8 < \ . If we define Cx = ^j1,!2,^ > then

the following inequality holds:

Rr<CxQT,

where

R, = \\ux+*\\22 + 2-0 - 28)(\\N"+X\\2 + \\N"\\2),
j

Qr = \\uTh22 + ̂ -28)hYJN]+x -NJ.
7=1

Proof of Lemma 2. Let (Wf), = u"+i and (Wf)xx = Nf ; then W0n = Wy = 0
and TVj" = (Wjn)xx . Thus, we have

j j

Qz = hYi{(rVJ")xt]2 + (l-28)hJ2(WJ'+X)xx.(rVJ")xx,
7=1

J

7=1

Rr = h £[(f*7%]2 + i(i - 28)h £[(/v;+1)2 + (tv;)2]

7=1 7=1

We use the following notation:

DWJ" = (WJ")X,     D2Wf = (Wf)xx,

-x-2D2, T-2Z)2 + i(l-20)D4

-t-2D2
Qd =

and

Rd =

_x-2D2   +\(1-28)D\

-x~2D2   +\(1-28)D\
lD2

x~2D2, -x-2D2 + Ul-28)D*
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It is easily verified that

j
q, = hY,(w;+x, w¡)

7=1

-x~2D2,    x-2D2 + \{l-28)D4

x~2D2 +\(1-28)D\        -x~2D2

J / H/n+l \

/ H/«+l

and
JL í wn+x

Rr = h^i^r1 , W?) ' RD ■ (    h
7=1 V       ]

Assume that (Yx, Y2) is an eigenfunction associated with an eigenvalue X
of Qd ; then

-t-2D27, + t-2D2F2 + 5(1 - 28)DAY2 = XYX,

x~2D2Yx + i(l - 28)D4YX - x~2D2Y2 = XY2.

By adding and subtracting these equations, we obtain

(3.7) {(i-28)D\Yx + Y2) = k(Yx + Y2),

(3.8) -2t-2D2(F! - Y2) - 1(1 - 28)D\YX - Y2) = X(YX - Y2).

If we look for an eigenfunction with Yx = Y2 = Y, then (3.8) always holds

and (3.7) implies that Y is an eigenfunction of the operator ^(1-20)D4 with

eigenvalue 5(1 - 28)p4, where p4 is the eigenvalue of Z)4. This provides

J eigenvalues of Qd . On the other hand, if we seek an eigenfunction with

Yx = -Y2 = Y, then (3.7) holds and (3.8) implies that the eigenvalue X is of
the form -2x2p2 - j(l - 28)p4 with p2 an eigenvalue of D2 .

For an eigenvalue of Rd , we have

-x~2D2Yx + \{\- 28)D*YX + x~2D2Y2 = XYX,

X-2D2YX - x~2D2Y2 +x2(i- 28)DAY2 = XY2.

A similar argument yields that the eigenvalues and eigenfunctions of Rd are

{i(l - 20)/^, (Y, Y)}, {-2x~2p2 + 1(1 - 28)p4, (Y, -Y)}.

Since Rd and Qd have a common set of eigenfunctions, the inequality Rt <
CQX is equivalent to

(3.9) X(RD) < CX(Qd)

for the corresponding eigenvalues.

It follows from Fourier analysis that the eigenvalues of the operators D2 and
DA are

p2 = 2h 2 ( cos
2njh

Xr - xl
1 1    and   p4 ßh 7 = 1,2,...,/.
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Thus, we have

Xf = -2x-2 • 2h-2 feos-^- _ i] + (i _ 28)2h-< feosJ5¿L - 1\   ,
1 V      xR-xL       )     K \      Xr-Xl       J

Xf = -2x~2 • 2h~2 feos

Substituting these eigenvalues into (3.9) yields

2njh

Xr — Xl
l\+(l-28)2h-*(cos

2njh

xr-xl
')'

! -„»JOUL.) +2(1 -20)/T4 fl -cos^-Y
Xr — Xl) \ Xr- Xl)

<C 4x-2h~2 (l - cos -^L.) - 2(1 - 20)/r4 f 1 - cos J*¿h-\
V Xr-Xl) V Xr-Xl)

i.e.,

(3.10)

2 + (l-20)r2   1-cos0 2njh

Xr-Xl
< 2-(l-28)r2[ 1-cos

2njh

Xr — Xl

The inequality (3.10) holds with Cx = ^[{JfelU > provided r < J-r^g . This

completes the proof.   D

Lemma 3. Assume E°(x) £ H0X, N°(x) £ L2, Nx{x) £ L2; \F(s)\ < Cxsa +

C2, 0<a<l,fors>0, and r = \ < J jz^g , 0 < 8 < \ . Then we have the

estimates

\\En\\2<C,    ||£il|2 <C,    ||£B||oo <c,

\\Nn\\2<C,    ||w"+i||2<C,    ||m"+^||oc<C,    0<«<-.
X

Proof. It follows from Theorem 1 that

I|£"ll2<c,

and

\\E^% + \\E^\\22 + \\uThl + ̂ -2e)hY(Nf+l-NJ
7=1

1        J
+ 8(\\N"+X\\2 + \\N"\\22) + -h Y,[E(\E»+X\2) + F(\E»\2)](N?+X + N?)

7=1

= Const.

Using Lemma 2, we have

WE.«+i||? . iiir«i|2 . i_u„"+ill? j. il1'29
x     112+ ||£r"||  +^||w

C, *x     112

(3.11)

+       X
2    C,

n\l2y
+ d)(\\N»+l\\j-\\N»\\j)

+ ^hY,[E(\EJ+x\2) + F(\EJ\2)](N^x+Nf) < C.
7=1
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The last term Sf on the left of the inequality (3.11) is estimated by

1     J
1.2*1 < -h ^2 IfFd^+'l2) • Nf+X + F(|£;|2) • NJ+X

7=1

+ f(|£;+1|2)ív; + f(|tí:;i2)7v;]|

(3'12) <ejhJ2[(N»+x)2 + (N»)2]

7=1

J

2ex
^hYi[(F(\E]+x\2))2 + (F(\EJ\2))2]

7 = 1

for any e- > 0. By Lemma 1 and the Interpolation Lemma [14], we get

hJ2[(F(\E]+x\2))2 + (F(\E»\2))2]
7=1

J
< Ch£(|£;+1|4a| + |£;i4Q + |£"+1|2q + |£"|2a) + C

7=1

J

= C + Ch £(|£;+1|6-2<5 + \EJ\6-2S + \E]+x\3-â + \E]\3-S)

7=1

<< f _i_ ̂ —' r 11 I7«+11|2—<5    m 17/1+11|4—S _i_ m j7n\\2—S    \\i?n\\4—ö
<L+L[\\hx    ||2    • \\h     ||      +||¿x||2    '\\E ||2

+ PT'lir1 • P"+1II2H + Pill*"« • \\E"\\t$],

where a = \ - §, 3 > <5 > 0.
Using the inequality

1 1  / 1   \p'       11
a • b < -(e2a)p + - I -bj    ,    - + - = 1, a, b,p, p', e2 > 0,

we have

hf2[(F(\E]+x\2))2 + (F(\EJ\2))2]
(3.13) 7=i

<c + e2(\\E»x+x\\22 + llalli) +~-
e2

Substituting (3.12) and (3.13) into (3.11) and choosing ex =e2 = ^f- +
get the following inequality:

\\\ETXt2 + \\\Enx\\22 + ^\\unx+hl

+ \(}^ + e){\\Nn+% + \\Nn\\\)<c,

from which the following estimates are obtained:

\\Enx\\l <C,    llalli <C,    \\unx+k\\22<C.
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It follows from the discrete Sobolev inequality in one dimension that

||£loc<C,       ||Mn+i||oo<C.     D

The proofs of the following two lemmas are given in the Supplement section.

Lemma 4. Assume that the function F(s) is analytic in R+, E°(x) £ H0X, N°(x)

£ L2,  Nx(x) £ L2;   f(s) £ C°°(R+),  \F(s)\ < Cxsa + C2,  0 < a < \, for

s > 0, and r = \ < Jjr^ > 0 < 8 < j. Suppose that the solution of problem

(1.5)—(1.11) satisfies E(x, t) £ C5, N(x, t) £ C5. Then we have the following
estimates:

\pn+\ _ pn+h
\rl rn      I

< Cx(h2 + x2)2 + Cx(\\e"+X\\2 + \\e"\\2 + \\enx+x\\2 + \\e"x\\2 + \\r,»+x\\2 + \\n"\\2),

where

P"^-Re((N(i  n) + N(i  n I n^(I^C/» " + Dl2) - ^(1^0'» ")l2)
Px     -Key(N(j,n) + N(j,n + l))      ¡E{j ; n +l}\2 _\E{j ^ n)]2

•(E(j,n+1) + E(j,n))

, F(|^"+1|2)-F(|£f|2)        , ,        \<Nn  i   A7"+h J J      (Fn+X  I  F"1   en+x - p" I(J\j + i\j    ) +1    _ (£.j     +£j), ej ej j,

P2     = h Y,[F{\E{j, n + 1)|2) - F(\E(j, n)\2)
7=1

-F(|£;+1|2) + F(|£(;,/z)|2)](^+1 + ^).

Lemma 5. Assume E°(x) e Hx , N°(x) e L2, Nl(x) e L2;   f(s) e C°°(R+),

\F(s)\ < Cxsa + C2, 0 < a < \, for s > 0, and r = \ < yj-r^jg,  0 < 8 <

j. Suppose that the solution of problem ( 1.5)—( 1.11) satisfies E(x, t) £ C5,

A^(x, t) £ C5. Then we have the following estimates:

\(RE, e]+x - ej)\ < Cx(h2 + x2)2

+ CT(||e"+1||2 + ||e"||i + lkr1ll^ + IKII^ + ll-7',+1|lkll'/nll2)-

Theorem 3. Assume that the function F(s) is analytic in R+, E°(x) £ H0X,

N°(x)£L2, Nx(x)£L2;   f(s) £ C0C(R+), \F(s)\ < Cxsa + C2, 0 < a < \ ,

for s > 0, and r = \ < J jz^ • 0 < Ö < ^.   Suppose that the solution of

problem ( 1.5)—( 1.11) satisfies E(x, t) £ C5, N(x, t) £ C5. Then the solution
of the difference problem (2.1)-(2.6) converges to the solution of problem (1.5)-

(1.11) with order 0(h2 + x2) in the L«, norm for E, and in the L2 norm for

N.

Proof. First, we derive an estimate of e" . Computing the inner product of

(3.3) with (e"+x + e") and taking the imaginary part, we have

(3.14) i(||é>"+1 \\\ - ||el2) = lm(RE, e]+x +e]) + Pi,
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where

= ImfV(;   n) + N(j  n + l))E(\E(j,n + l)\2)-F(\EU,n)\2)
4(7VU ,n) + JM(j,n + i))      mL n + 1)|2 _ IEUtn)x2

■(E(j,n + l) + E(j,n))

1 , F(\E1+X\2)-F(\E"\2)        , ,        N(Nn  I   Nn+X) J J    ' tpn+l   i   pn\   pn+l,pn
Aiyj+iVj    )       ,F„+X,2     ,F„,2      K^j     +£'j)>ej     +ej

K„n   ,   „n+\yF(\EJ+ I  ^ ~ F^EJ^ f^n+l   ,   rvn    „n+l=im ̂ ;+o  ¿,+i,L.^|2  ^r+^)»gr+g;

+ Imi^(/V(;,«) + /V(;,/j+l))

/F(|£Q, « + 1)|2) - F(|£(;, n)|2)     F(|g;+112) - F(|E;|2)\

^      \E(j,n + l)\2-\E(j,n)\2 \E»+X\2-\EJ\2      j

. (EJ+X + EJ), e]+x + eA.

Using the inequalities (4.2), (4.3) in the Supplement, and Lemma 3, we obtain

(3.15) |P3| < C\\nn+X\\2 + \\r,»\\2 + \\en+x\\\ + \\en\\22).

It is easy to obtain the estimate

\lm(RE, ej+x + ej)\ = \lm(0(h2 + x2), e]+x + ej)\

<C((A2 + T2)2 + ||e8+1|| + |klf).

Thus, it follows from (3.14), (3.15), and (3.16) that

,- ,« Ik"+1ll2 - \\en\\22 < CT(H^+,Hi + \\n»\\2 + \\e"+x\\2 + \\e"\\2)

[      } +Cx(h2 + x2)2.

Computing the inner product of (3.4) with C/"+* + [/?"' and using (3.2), we

have

(3.18)

((u;+±)xxl, u;+i +1/;-*) - <i - 20x1,;, (up + u;-^)

-8(n^x + ^-x,(u;^ + u;-^)xx)

= (RN, i/;+i + U]-t) + (F(\E(j, n)\2)-F(\E]\2), (Uj+{ + U^)xJ),

where

-((u;+{)xxl, uj+* + i/;-*) = \((u^ - uj-^x, (u^ + uj-^x)

= i¿(\\up\\22-\\(up)x\\2),
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<1j, (Uj+i + u;-î)xx) = T(r,jt,(ti]+l)1+{ri])1)

=hytw+lrij-rijnrlî>
7=1

r(r¡]+x + tlp , (í/;+i + Ujpxx) = \\n"p2 - \\n"-x\\j,

\2\ - F(\Fn\2\    (Tln+% rlt-

x(F(\E(j, n)\2)-F(\EJ\2), (Up + Up)xx)

j

= hYí[E(\E(j, n)\2)-F(\E]\2)](np - np)
7=1

= h £[F(\E(j, n + 1)|2) - F(\Ep \2)](np + rf¡)
7=1

J

- h Y,[F(\EU > n)\2) - F(\E»\2)](n» + np)
7=1

-hY,[F(\E(j,n + l)\2)-F(\E(j,n)\2)
7=1

-F(\Ep\2) + F(\Ep](np + n^),

\x(RN , Up + Uj-')\ < Cx(h2 + x2)2 + Cx(\\Up\22 + \\Unp\\).

Thus,

(3.19)

\\Up\\22-\\Up\\22 + (l-28)hj^npn«-(l-28)h^np
7=1 7=1

J

+ e(\\n"+x ||2 - \\t~x1|2) + h Y,[F(\E(j, n + 1)\2) - F(\Ep \2)](r,p + tfi)
7=1

- h Í2[F(\E(f, n)\2) - F(\EJ\2)](r,1 + np)
7=1

< Pp + Cx(h2 + x2)2 + Cx(\\Up\2 + \\Up\\22).

We now compute the inner product of (3.3) with x(ep)-t and take the real

part. There results the equality

-\{\\ep\\22-\\enx\\2) = Re{RE,ep -e]) + \Pp.

Using Lemma 5, we have

2(||er1lli - llalli) < - Pxn+h + Cx(h2 + x2)2

(3.20) + Cx(\\ep\\\ + \\e"x\\22 + \\en+% + \\e"\\22

+ \\rin+i\\l + \\nn+l II2).
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Multiplying (3.17) by a positive constant Ce and adding the result to the sum

of (3.19) and (3.20), we obtain

(3.21) L"+* < L"-i + Cx{h2 + x2)2 + CxGn+i - (P"+^ - Pp),

where

L»+± = CE\\en+x\\2 + 2\\ep\\22 + \\Up\\22

+ (l-2d)hJ2npnJ + d(\\n"+x\\2 + \\n»\\2)
7=1

+ hJ2[F(\E(j,n + l)\2)-F(\Ep\2)](r1p + r1»),
7=1

ö"+*»ll«+1lll + llalli -lk"+1ll2 + l|e"||2
-I- Il J-Z^+è ||2 _.   ||r/"-||[2   ,   m   n+li|2   ,   \\„n\\2+ \\ux      \\2 + \\ux      112 + 11"       112 + 11'/  N2-

It follows from Lemma 4 that

L„+i  < L„-l + Ct(A2 + t2)2 + CxGn+\

<L-± + C(h2 + x2)2 + CxYGl+i

(3.22) ft

<C(/z2 + t2)2 + Ct¿G/+*.

/=0

Lemma 2 yields

i»+i>cíik»+iii22+2iiírtii2+¿-ii^+iii2

(3.23) +(^ + ö) (H^lli+ ||^||i)

+ hYj[F(\E(j,n+l)\2)-F(\Ep\2)](np + n'¡),
7=1

while

(3.24)

hJ2[F(\E(j,n+l)\2)-F(\Ep\2)](Vp + r,J)
7=1

1 J
< ̂ (ll'T'll2, + llalli) + j-h Y, \F<\EU, n + 1)|2) - F(|£;+1|2)|2

63   j=i

1     J
< «3(ll»í"+1|l5 + llalli) + f *£ l/(Í3)l2(l^a, " + 1)1 + \Ep\)2\ep\2

63     7=1

<e3(lk"+1||^ + ||-7"||^) + ^lkn+1HÍ
e3
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Substituting (3.24) into (3.23) and choosing e3 = \{^ + 8) and C£ = ^,

we have

E^^j^^WePli + nepWJ + ̂ \\Up\\22
2C,

(3'25) + l(^ + »)<ll-r'lll + ll>,l?>

> reiip"+1n2 -i- iii>"+1n2 -t- \\nn+h\2 4- \\nn+x\\2 -t- Hm"ii2i¿■^{\\e     \\2 + \\ex    Il2 + llu*     II2 + II"     II2 + II" \w-

Thus, combining (3.25) and (3.22) yields

lkB+1llHlkxB+1ll2 + ll'/"+1lll+llalli + ll^+ill2

<C(/i2 + t2)2 + Cí¿G,+í,

/=0

which is equivalent to

n

Gn+± < 2C(h2 + x2)2 + 2CxYJGl+Ll »

/=o

i.e.,
n-l

Gn+±< C(h2 + x2)2 + Cx E Gl+l

1=0

Using the discrete Gronwall inequality [12], we obtain

Gn+± <C(h2 + x2)2,    0<n<-,
x

where Ct is a constant depending on T.

It follows from the definition of G"+i that

||e"||oc<C(|k"|l2 + IKIl2)<C(A2 + T2)

and

II.7I2 <C(Ä2 + T2).

This completes the proof.   □

Finally, it is easy to verify that all lemmas and theorems in this paper hold

for the periodic initial-value problem for the generalized Zakharov equations.
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Supplement to

FINITE DIFFERENCE METHOD FOR
GENERALIZED ZAKHAROV EQUATIONS

QIANSHUN CHANG, BOLING GUO, AND HONG JIANG

In this section, long and highly technical proofs of two Lemmas in Section 3

are given.

Proof of Lemma 4. Direct computation implies that

p: 3"+ï

=Re ik¿

J=i

(N(j,n) + N(j,n+ l))(F(\E(j,n + l)|2) + F(\E(j,n)\2))

-(^(j,n) + iV(j,n+l))      |i;t;> + 1)|a_|£;(j.n)|2      (E(j,n +1) + E(j,n))

rn+uF(\Ep\*)-F(\E»\>)iM
. (£n+i _ E?) - (n? + /v;

\En+112 _ |£"|2 -(Ep +E?)

■(E(j,n+l)-EU,n)) + (N? + Np)(F(\Ep\') - F(\E?\2))

- hJ2\F{\E{j,n+ 1)|2) - F(\E(j,n)\2) - F(\Ep\>) + F(\E?)\>)}
J=i

■ [N(j,n + 1) + N(j,n) - Np - N?}

=Re | /i¿((/V;n+1 + N?)(E(j,n+l)-E(j,n)) - (N(j,n) + N(j,n + 1))

y=i

(£n+l - Ef)\
F(\E(J,n + l)\2-F(\E(j,n)\>)

\E{j,n + l)\>-\EU,n)\>      IEU,"+1) + E(j,n))

F{\Ep\*)-F(\Et\*)
\ßn + l\2 _ |£»n|2 ^1 ^ *} I

=Re | ^¿[(Ar(i,n) + N(j,n + l))(ep - e») - (E(j,n + 1) - E(j,n)

>=1

(vp+n?)}
F(\Ep\>) - F(\E»\>)

IRV.+ 1I2 _ |Fn|2 ^3        + ej'J|£n+l|2_|£J

S7
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