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A SPECTRAL METHOD FOR THE VORTICITY EQUATION
ON THE SURFACE

GUO BEN-YU

ABSTRACT. A spectral scheme is proposed for the vorticity equation defined on
the spherical surface. Generalized stability and convergence are proved. The
approximation results in this paper are also useful for other nonlinear problems.

1. INTRODUCTION

Since the spectral method has convergence rate of “infinite” order, it has be-
come one of the most powerful tools for the numerical solution of nonlinear
partial differential equations arising in fluid dynamics, e.g., see [2, 4, 5, 7, 8, 12,
13, 16, 17]. Many authors provide various spectral schemes and analyze the er-
rors. Usually, only nonlinear problems in Descartes coordinates are considered.
But in meteorological science and some other fields (see [9-11, 19]) one also has
to deal with problems defined on the spherical surface. As pointed out in [2],
so far, no rigorous approximation theory is available for spectral methods in
spherical polar coordinates. Thus, it is desirable to develop the spectral method
for spherical surfaces theoretically. In this paper, we take the vorticity equation
as an example to show how to deal with such problems. In §2, we construct the
scheme by using spherical harmonic functions. In §3, we list a series of lemmas
which play a fundamental role in the theoretical analysis. Finally, we prove
generalized stability and convergence of the scheme.

2. THE SPECTRAL SCHEME
Let S be the unit spherical surface,

S={(l,0):0§/1<2n,—%§0<%},

where A and 60 are the longitude and latitude. Let &(4, 6, ¢), w(4, 0, t) and
v > 0 be the vorticity, the stream function and the kinetic viscosity coefficient,
respectively. The gradient, the Jacobi operator and the Laplace operator are as
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follows:

Vé=< 1 9& 6{>*,

cosf i’ 90
__1 (9foy 9dcoy
J(é’”’)‘cose(azae 3601 )°
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AL = cos0 86 (005055) t CosTg oAz

The vorticity equation is of the form
L yJE, ) -vV%=fi, (2,0)€S,1€(0,T],

(2‘1) _Aw=é+.f2’ (l,O)GS,IE[O, T]a
§(4,0,0)=24(4, 0), (4,0) €S,

where fi, f» and & are given functions. It is natural to assume that all func-

tions have period 27 for the variable 4, and are regular at 6 = =% . For fixing
v , we require in addition that

(2.2) w(w () = //S w(h, 0, 0)dS = 0.

We shall consider the weak representation of (2.1). Let D(S) be the set of
all infinitely differentiable functions which are regular at 6 = +7 and have the
period 27 in the variable A. The duality of D(S) is denoted by D'(S). We
define generalized functions u € D'(S) and their derivatives in the usual way
as in [15]. Furthermore, we can define the generalized gradient, the generalized
Jacobi operator and the generalized Laplace operator. For instance, if

//uAva’S=//viIdS, Yv € D(S),
s s

then the mapping A such that # = Au is called the generalized Laplace opera-
tor. For simplicity, we denote A by A, etc.
Now, let
L*(S) = {u € D'(S): ||u|| < oc}

with the inner product and the norm being as follows:
(u,v)=// uvdsS, Null = (u, u)'/2.
s

Furthermore, let

1 ou OJu
1 _ . 2
H(S) = {u. u, cos0 91’ 36 eL (S)}

with the following seminorm and norm:

N 1/2
luh = ( ) , llally = (lull® + [ul})/2.

For positive integer r, we can define the space H'(S) with the norm | - ||,
similarly. In particular, the norm of HZ?(S) is equivalent to (see [15])

1 dul)?

cosf 94

du
a6

(1l + Aul®)'72.
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For real r > 0, the space H’(S) is defined by complex interpolation between
the space HI'I(S) and HUVI+!(S), [r] being the integral part of r. Clearly,
HT|(S) = L2(S) and ||ullo = ||u||. Besides, let ||ul; 00 = llullcrsy and [|ulloo =
"u 0,00 ¢
It can be verified that
—(Au, v) = (Vu, Vo).

Thus, the weak version of (2.1) is to find (&, w) € H'(S) x H'(S) such that
for all v € H'(S),

(2.3)
(&), v) + (JE(O), w(1), v) +v(VEQD), VV) = (H(1),v), te(0,T],
(VW(t)’ V’U) = (é(t) + 2(t)> v), - tel0, T},
¢(0) = &o.

The existence and uniqueness of the solution of (2.3) was discussed in [19].
Indeed, we can follow a technique similar to the proof of Theorem 6.10 in [14] to
show that if f; € L>°(0, T; L>(S)), f» € L*(0, T; L*(S)) and & € L>(S),
then (2.3) possesses a unique solution ¢ € L2(0, T; H'(S)) with 8¢/t €
L*(0, T; H-'(S)), H~'(S) being the duality of H!(S).

We now turn to constructing the spectral scheme for (2.3). First, let L,(z)
be the Legendre polynomial of degree n,

|
= Fndz
The normalized associated Legendre function is defined as

Ln(z2) -nn

_Jensnm=—my, ., dm
Lm,n(z)—\/ 2(n+m)| (l z ) dZan(z), mZOanZImly
Lm,n(z)=L—m,n(Z)a m<0,n>|m|.

Furthermore, the spherical harmonic Y, ,(4, 0) is

Y. n(A, 0) = ——€"™L,, ,(sin@), n>|m|.

1
V2n
It can be verified that (see [3])

(2.49) =AYy n(A, 8) =n(n+ 1)Y,, (4, 6)

and
. rn/2 1 fm=m,n=n'
Yo n(A, )Y (A, 0)cos0dOdA = . ’
/o /—n/Z mon(As O) Y (4, 0) cos {0 otherwise.

We set

2n  pm/2
ﬂm‘,,z/ / u(d, 0)Y, (A, 0)cosfdbda.
0o J-onp2
Let N

Vu =span{Yy, ,: Im| < M,|m| <n< N(m)},

where N(m) determines the construction of spectral approximation. Usually
we take N(m) =M or N(m) = M +|m|. For simplicity, suppose N(m)=M .

Let V) be the subset of V), containing all real-valued functions.
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Let Pj; be the orthogonal projection from L2(S) onto Vjs such that for any
u € L*(S)
(Pyu—u,v)=0, VYveVy,
or equivalently, ’
Pyu = Z Z am,nYm,n('{, 6)-
|m|{<M n>|m|
Let 7 be the mesh size in the variable ¢, and
Ro= {t=k1: l<k< [g]} . Re=R.U{0}.

Define 1
ou(A,0,1t) = ?(u(l, 0,t+1)—u(4,0,1).

Let (n, ¢) € Vi x V) be the approximation to (¢, ) and b and o pa-
rameters with 0 < b, g < 1. The spectral scheme for (2.3) is as follows:
(6en(2), v) + (J(n(2) + b1o:u(t), ¢(1)), v)
~v(A(n(t) + 0toen(1)), v) = (fi(t),v), VveEVy,t€R:,

(2.5) —(Ap(t), v) = (n(2) + fo(1) , v), Vv e Vi, tERy,
ulp(t)) =0, Vt € R,,
1n(0) = Pp&o.

Clearly, if b =6 =0, then (2.5) is an explicit scheme. If b =0 and 7 # 0,
we still can obtain the value of 7(z) explicitly by the orthogonality of spherical
harmonic functions. Indeed, this is one of the advantages of spectral methods.
Otherwise, the scheme is implicit, and so an iteration is needed for evaluating
n(t) ateach t € R,.

We now consider the existence and uniqueness of the solution of (2.5) with

b #0. We have
(2.6) (n(t), v) + br(J(n(2), ¢(t — 1)), v) —vat(An(z), v)
' = (F(t),v), Yv€Vn,teR,,

where

F(y=n(t-1)—1(1=b)J(n(t — 1), p(t — 7))

+vt(l —o)An(t — 1)+ 1f1(t — 7).
Clearly, this is a linear algebraic system for the unknown coefficients of the
spherical harmonic expansion of #(¢). Thus, we only have to show that the
equation
(Z,v)+b1(J(Z,9),v)—vat(AZ,v)=0
has only the trivial solution. By taking v = z, we obtain from Lemma 6 (see
§3 of this paper) that
1Z|* +vot[Z]} =0

and thus Z = 0. Therefore, 7(¢) is determined uniquely at each time ¢ € R, .

3. SOME LEMMAS

For analyzing the errors, we need some basic estimates. In this section,
we prove several lemmas. Throughout this paper, we denote by ¢ a positive
constant independent of M, t and any function, which may be different in
different occurrences. The notation “ G ” means the embedding of spaces.
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Lemma 1. We have H?(S) G H'(S) for 0 < r < B and H'tE(S) c C(S) for
B>0.

Proof. The first assertion follows directly from the definition. We now prove
the second one. Let B be the unit ball in the three-dimensional Euclidean
space, and w a function defined on B. We denote by y(w) the restriction of
w on S. We can take H'*4(S) to be the trace space of H3?*#(B) equipped
with the norm

lellzens) = I;}}zf,,( 5 Wl g32483)-

y(w)=u
By embedding theory, H3?**#(B) G C(B), and so for any w € H>**8(B),
”w”C(B) < C||w||H3/2+ﬂ(B).

On the other hand, for any u € H'*#(S), there exists W € H>?**#(B) such
that y(w) =u and

l,__
”u”H“ﬂ(S) > illw”l-ll/uﬂ(g).
Therefore,

lullc(sy = sup |u(x)| = sup [w(x)|
X€ES xX€S

< SUI; [w(x)| < cl|Wl| gses gy < 2¢ldll pengsy s
X€
which implies the second assertion. O

Lemma 2. There exists a positive constant ¢ such that |u| < clu|, for all u €
HY(S) with u(u) =0.
Proof. By the Poincaré inequality, we have
llull> < e (u(u) + |ul}),
and so the claim follows. 0O
Lemma 3. If uc L*(S), v e H'*A(S) and B >0, then

luv]l < cllulllvlli+p-
Proof. By Lemma 1,

luv|l < cllull®|lvlid, < cllull?llvli},z. O
Lemmad. If ueVy and 0<r < B, then

lullg < cMP"|ul,.
Proof. Let

M M
u= >N dmnYmnk,0).

m=—M n=|m|

By (2.4), Y, (4, 8) is the eigenfunction of the operator —A on S, corre-
sponding to the eigenvalue n(n+1). Thus, for the space H'(s), the norm |v||,
is equivalent to (see [15]) )

1/2
(3.1) (Z > n’(n+l)’|1‘1m_,,|2) .

m==00 n>|m|
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Then

M M
lulf <c D> D nP(n+ VP lam,ql

m=—M n=|m|

M M
<eM#r NN n'(n+ 1) [, o

m=—M n=|m|
< eMP-7 |2, o
Lemma 5. If uc H?(S) and r < B, then
llu = Pagully < cM" P |lullg,
1 Paruellr < cllul]r-

Proof. By (3.1),

llu — Pagull? < c Z S Wt WlimaPbc 350 w00+ 1Yl o

m=—M n=M+1 |m|>M n=|m|
<c Z Z ‘(4 1) | P+ Y Z 1) |itm, n|?
m=—M n=M+1 |m|>M n=M+1

o0 e o]
SeM¥ 2 N N nB(n+ 1)Plim, )

m=—00 n=M+1
<My

The second inequality follows from the first with f# = r by using the triangle
inequality. O

Lemma 3 and Lemma 4 are the approximation and inverse inequalities for
spherical harmonics. In [1], Bramble and Pasciak gave similar results with
different proofs.

Lemma 6. If u,v € H*A(S), w € H'(S) and B >0, then

(u, J(v,w)+ (v, J(u, w)) =
Proof. We have

(u, J(v, w)) = /ozn/;//zzu(g_z%%_g%%%> doda
ol (Qudw  Qud
—~/0 /—n/ZU(a_ZB%_-a—Z—_a%)—)dedl
2n 9
‘/0 “(’1’%)"’(’1 2) 31,11)( )‘”L
[Tu -5 D0 a

We know from the regularity of w that w approaches the limits independently
of A,as § — +n/2 (see p. 314 of [3]). This means that Jw/81 = 0 at
0 = +m/2, and so the conclusion follows. O
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Lemma 7 (see [6]). For any u e C(0, T; L%(S))
2(8.u(2) , u(t)) = &ellu(®)|)? - Tl deu(t)ll.
Lemma 8 (see [6]). Assume that
(i) E(t) is a nonnegative function defined on R.,

(i1) p, by, by, dy and d, are nonnegative constants,
(iii) for t € R,

t—1
E()<p+1) _(dE(l)+dMEM (1),
t'=0

(iv) E(0) < p and pe(d1+dz)tl < M-b/b
Then for all t € R, and t <t

E(t) S pe(d|+d2)t'
If in addition d, =0, then forall p and t<T
E(t) < pe?.

4. GENERALIZED STABILITY OF THE SCHEME

As is known, nonlinear schemes are usually not stable in the sense of Lax,
but might be so in the sense of generalized stability [6, 18]. We now analyze
the generalized stability of scheme (2.5). Suppose that 7(0), fi and f, have
errors fj, fi and f>, respectively. They induce errors of n and ¢, denoted
by 7 and ¢ . Then

( (0:4i(), v) + (J(#i(t) + b1o:Ai(2), 9(t) + 6(2)), v)
+(J(n(t) + btoen(2), (1)), v) — V(A(#() + 0T3:7(2)) , V)
1) ) = (A1), v), ) Yv € Vi, t € Ry,
—(Ag(1), v) = (A(t) + fo(1), v), Vv € Vy,t€Ry,
u(@(t)) =0, teR,,
L 71(0) = o.

By taking v = 24} in the first formula of (4.1), we have from Lemmas 6 and

7 that
(42) SNOF = ASAWI + 2010 + vatsliO] - var6n O + Fi(o)
= 2bt(J(#i(), (1) + $(1)), 8 (1)) = 2(/i (1), #(D)),

where

Fi(8) = 2(J (n(t) + btdn(2), ¢(2)), 7(2)).
Next, let d be an undetermined constant. By taking v = d74,7 in the same
formula, we get

A () ~ Svdesao)f +vd? (a - %) B0 + Falt)
+dt(J(7i(1), o(t) + §(2)), &Ai(1)) = d(fi(t), 0:71(2)),

(4.3)

where

Fy(t) = dt(J(n(1) + bton(1), $(1)), 0:A(2)).




1074 GUO BEN-YU

Putting (4.2) and (4.3) together, we obtain

Sl +(d —ln&mnW+2wmmrun(a+d)&mam
(4.4) , . ~
+e (do =0 ) 800 + Y B0 = (o), 20(0) + dedeic),

j=1

where
F3(t) = t(d = 2b)(J (7i(1), 9(2)), 6:1i(2)),
(1) = t(d = 2b)(J (7i(2), 9(2)), 0.7 (2)).

Furthermore, we put v = ¢ in the second formula of (4.1) and obtain

1 5 5
6(0)]F < L PWOI? + claI® + I1LON).
Thus, Lemma 2 leads to
(4.5) 6O < RO + 1 AON).
Moreover, by Lemma 2 and (4.5),
1813 < cl@)* + 1AgDIP) < AW + 1 201).
We now estimate the |F;(¢)|. Let ¢ >0 and

il = max Nu(Ollr,— [ll0 = max (o)l oo, ete.

By Lemma 1, Lemma 6 and (4.5), we know that for any >0,
IFV(O] = 120 (7i(1), §(2)), n(t) + btden(1))]
< ev|i(Of + —linllZle0f
<ev|i(n)li + —|||'7I|I|+,g(||f7(t)||2 + 1501

Similarly,

N cd? . -
|F(1)] < evt?|6: (1) + s—yIII'IIIIﬂ,;(IIrI(t)II2 +ILAOF).
Furthermore, Lemma 3 leads to

ct(d — 2b)?

IE0)] < exlsenol + SE= g2l

Since
o3 < el + lap)I?) < cllnI* + I1LO1P)
we have from Lemma 4 that

ctMB(d - 2b)?
£

|F3(0)] < exllden(e)l| + (I + MANHAOR.
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Also, by Lemma 3, Lemma 4 and the second formula of (4.1), we obtain

d-2b)? . N
@B 50013, 410

—(d—sgé—(lln( 0N + IIAOIDIF@R

ctM#(d - 2b)?
€

[Fa()] < etlld(0)]1* +
< et A()|1* +

< etl|0eA (1)1 + A + 1LOIPA@R.

Finally,
(G0, 700 + B0 < el + il +¢ 1+ i) 1A
By substituting the above estimates into (4.4), we obtain
SAAON + 7(d = 1 = 30)BA(0IF + Va0 + v (7 + ) 8000
+ AgT8 AR < AW + AR + As(0),

(4.6)

where

A0=ut(da—a—%—s> ,

e+ i)

A(t)=-v+e+ (d = 26) (Il + ILAIE + 1A@IE + 1A@1)

2 o N
A =c (1+ i) GO+ S0+ A,

Let pp > 0 and ¢ be suitably small. We choose the value of d in three
different cases as follows:
(i) o >1/2. We take

ctMP

d > d, =max(l+3£+p0, M).
20 — 1
Then
(4.7) t(d — 1 = 3&)||A (D)1 + Aot A (D > potl (1)

(i) 0 = % According to Lemma 4, there exists a positive constant g such
that |u|? < gM?||u||?> for any u € Vi . We take

1
d2d2=1+33+p0+uqrM2(§+g>,

and so (4.7) holds again.

(iii) 0 <3 and T™? < 35 . Then we take

2
d>ds= 14+ 3¢+ po+quviM (a+e).

I +qutM¥(o - 1)
It can be verified that (4.7) is still fulfilled.
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Now, let

E(t) = 1A + © D_(@Ii(2)I} + potl:Ai(2)]1%) »
z=0

p(0) = RO +v7 (o+ 5 ) 1O + 1Y 42(2)
z=0

By summing up (4.6) for ¢ € R, , we obtain

-1

(4.8) E(0) < p(t) + 1) (41 E(2) + A2(2)E*(2)).
z=0

Finally, by applying Lemma 8 to (4.8), we get the following result.

Theorem 1. Assume that
(i) tMP# is suitably small, B being an arbitrarily small positive constant,
(i) 0>3 or tM? < iy,
(iii) |20 < b1 and p(1) < by for t <1y,
where t; < T, b, and b, are suitably small constants depending only on
inllli+g> L2l and v. Then for all t <t

(4.9) E(1) < p(r)e®.
We now consider a special case, i.e.,
2b>d, foro > %
(4.10) 2b>d, foro=1,
2b>dy foro<i.
Then we can take d = 2b and so A, = —v . Thus, the following conclusion

follows.

Theorem 2. Let ¢ > 1 or tM? < Eu(—lszT)' If in addition (4.10) is fulfilled,
then (4.9) holds for all f5(t), p(t) and t < T.

5. CONVERGENCE
In this section, we deal with convergence. By (2.4),

—PyAu(i, 0) = Z z D, nYm,n(4, 6)
|m|<M n>|m|
== > > tim,nAYm,n(4, 0) = —APyu(Z, 6).
|m|<M n>|m|

Let &M = Py¢ and y™) = Pyy . Then from (2.3) we obtain that for all
v EVy
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((8:LM(1), v) + (JEM(1) + b16:LM (1), ¥ M (1)), v)
+v(VEM(1) + 016:LM (1)), Vv)

s 1T (S G0 + £i(0), v) + (VGa(0), Vv), teR.,
(VyM(1), Vv) = €M) + A (1), v), tER,,
wy*(0) =0, teR.,

L EM(0) = Paréo,
where

Gi(1) = 8:£00(0) - 2-£00(),

Ga(t) = brJ (640 (r), yM(1)),

G3(1) = JEM@) , ¥¥(0) - JEW, W),
Ga(t) = 018:LM(n).

Next, let n=¢™ + & and ¢ = y™ + 7. Then we have from (2.5) and (5.1)
that for all v € V),

((8:L(t), v) + (JE(t) + b1o.L(2), y™M (1) + ¥ (1)), v)
+HJIEM() + bt8.LM (1), y(1)), v) + v(AE() + 016:E(1)) , v)

) == (25216, v) = (VGatr), ), teR,,
@Ay(1), v) = &), v), t€R.,
u(w (1) =0, t€R;,

| €(0) =

Clearly,~we can get the same estimate as in (4.9). But n and # are replaced by
¢ and &, respectively, and p(t) is replaced by

t—1

A1) =) _(IG(DI? + IG1(2I? + 1G3(2)II* + |Ga(2)})-
z=0

According to

t—1 2
520 - 50 =1 [ rr-ngid,

T

we have
-1

4 Z IG1(2)I* < CTZ||€”§{Z(0,;;L2(S))~
z=0

By Lemma 3 and Lemma 3,
2

1G2(O1 < e[y ™12+ (®) < et |l|wllz+

' ¢(M>

Hl

(IEN1G + 111A115)
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Furthermore, for r > 0,

I1G3 (1> < cllw™ (@)ll24gIEM(8) = E@IIF + lEM DI N M (0) = w(B) 13,5
< M (wlZpNIENE L, + NENRITWIE )
< eMTHNENG + MANDCHE., + (NENE, + 1RGN

Finally,
2

o¢

atll|,”

Therefore, p(t) = O(12 + M~%), and so we obtain the following results.

IGa()f} < e

Theorem 3. Let r > 0 and B be arbitrarily small positive constants. Assume
that -

(1) (4.10) or condition (i) of Theorem 1 holds,

(ii) condition (ii) of Theorem 1 is satisfied,

(iii) €€ C(0, T; H*"(S))nC'Y(0, T; HY(S))n H?(0, T; L*(S)) and f, €
C(0, T; HE+'(S)). Then, forall t< T,

IE@I* < b7 (22 + M),

where b* is a positive constant depending only on the norms of & and f, in the
spaces mentioned above.
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