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MAXIMUM-ANGLE CONDITION AND TRIANGULAR
FINITE ELEMENTS OF HERMITE TYPE

ALEXANDER ZENISEK

ABSTRACT. Various triangular finite CO-elements of Hermite type satisfying
the maximum-angle condition are presented and corresponding finite element
interpolation theorems are proved. The paper contains also a proof that very
general hypotheses due to Jamet are not necessary for such finite elements.

1. INTRODUCTION

The problem of finite element interpolation theorems under the maximum-
angle condition was studied in several papers (see [1, 2, 3, 5, 6, 9], [11, pp. 209-
213]); however, all results concern only triangular finite elements of Lagrange
type. (The remark on finite elements of Hermite type in [2, p. 222] is not
sufficiently general—see Remark 5.3.)

This note is focused on triangular finite elements of Hermite type which
satisfy estimates under the maximum-angle condition and are useful in appli-
cations. Our results show that, contrary to finite elements of Lagrange type,
sets of parameters uniquely determining such finite elements are different from
sets of parameters uniquely determining triangular finite elements which satisfy
only the minimum-angle condition.

In §§2 and 3 the simplest polynomials of Hermite type, polynomials of third
degree, are studied. In both sections nine of ten parameters uniquely deter-
mining these polynomials are the same: function values and first derivatives
prescribed at the vertices of a triangle. In §2 the tenth parameter is chosen as
the normal derivative at the midpoint of the smallest side of a triangle. This
choice enables us to modify and generalize the proof of [14, Theorem 2] in such
a way that the estimates for function values do not depend on the geometry of
the triangle, and in the estimates for the first derivatives the sine of the mini-
mum angle of the triangle is substituted in the denominator by the sine of the
next larger angle of the triangle.

A first version of §2 was published in [13, Appendix 4]. However, the in-
terpolation result is not introduced there in an optimal form and its proof is
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unnecessarily complicated. Further, the assertion of [13, Remark A.4.13] is not
correct; its revision can be found in Propositions 3.4 and 3.5 of this note.

In §3 we first prove that the finite element from §2 does not satisfy Jamet’s
hypotheses [6]. However, by modifying slightly the definition of the tenth pa-
rameter, Jamet’s theory can be applied.

In the remaining two sections some other possibilities are briefly mentioned.

2. SOME ELEMENTARY ESTIMATES

The aim of this section is to prove Theorem 2.1 and its consequences for the
finite element interpolation theory (see Theorems 2.7 and 2.8).

2.1. Theorem. Let T be a closed triangle with the interior T and vertices
P, P, Py. Let

a=dist(P,, P;), b=dist(P, P;), c=dist(P, P),

and let o, B and y be the angles at P, P, and P;, respectively. Let the
vertices be denoted in such a way that

(2.1) a<b<c, a<p<y.
Let ¢ € CY(T), and let
(2.2) ID'9(P)| < My V|ij=4, VPEeT,
i . : op
(2.3) D'g(P))=0 Vlil<1(j=1,2,3), an (@1)=0

where Q, is the midpoint of the side P,P; and n, the unit normal to P,P;.
Then

(2.4) lo(P)| < 916 (1+4( )>M4c4 VPeT,

op 4 2 1 = .
(2.5) ’a—xj(P) <13 (l+5(c)>mM4C3 VPeT (j=1,2).

Theorem 2.1 is a generalization of [14, Theorem 2]. Its proof is based on the
following four lemmas.

2.2. Lemma. Let s,, s, be two noncollinear directions making an angle .
Let %(P) =k;j (j=1,2), P being a point of the (x,, x,)-plane. Then

d¢
0x;

99 p >]<<|k.|+|k2| flsinwl (i=1,2).

Further, let s, and s, be two directions orthogonal to one another. If |"5—§”7(P)| <
ki (i=1,2), then we have for an arbitrary direction s

Bt//
(’)s

2.3. Lemma. Let g(0)=1n,, g(l)=n, g'(0) =k, g'(l) =k and |g¥(s)|
< K4 in (0,1). Then for s € [0, 1]

< kil + kal.

K
(2.6) g( |<max|r7,|+ |k.|+|k2| 44,

24
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(2.7) 18’ (s)] < 2—(Im| + [nm2]) + max |k; |+
Further, if g(0)=g(l)=g'(0)=g'(l)=0, then
1
(2.8) 18" (s) < §K412-
2.4. Lemma. Let g(0) = m, g(I/2) = ny, g(I) = n3 and |g¥(s)| < K3 in
(0,1). Then for s €0, ]

5
(2.9) |g(s)] < 7 max ;| + \/—K:sl’,

, 8 1
(2.10) : |g'(s)] < 7 max|n;| + ZKzlz-

2.5. Lemma. Let g(0) = n;, g(l) = m, g'(l) = k; and |g®(s)| < K3 in
(0,1). Then for s €10, ]

(2.11) |&(s)] < max |n;| + - |k1| + 31 Ksl3
Lemmas 2.2-2.5 are taken from [14] with a modlﬁcatlon in (2.6) and im-
provements in (2.7) and (2.11).
Proof of Theorem 2.1. We restrict our considerations to the case
(2.12) |Dip(P)| < My V|ij=4, VPeT.

In the case (2.2) we can use the trick with an inscribed triangle T'C T inthe
same way as in [14].
We have by Lemma 2.3 (with g = ¢|p,p, ) and assumptions (2.3) and (2.12)

(2.13) |(¢|P2P3) < 16124 4 Mya® —9—6M4a

CAMIES

1 3
< ﬂ 4M4a —6M4a s
where 8/da denotes the derivative in the direction of P,P;. Similarly, Lemma
2.4 with g = 0¢/0n,|p,p, yields

d¢
215 ( )|=
( ) 6na |P2P3

Using estimates (2.14), (2.15) and Lemma 2.2, we find for an arbitrary direction
43

N
( |FP)
os P,y 63

Let Pe T, P+ P, and let B be the point of the segment P,P; which
lies on the straight line determined by P, and P. Setting / = dist(B, P;) and
considering the function g = ¢ | g We obtain by means of Lemma 2.3 and
(2.3), (2.12), (2.13), (2.16)

1

(2.14)

4\/'

M4a

(2.16)

M4a

4143

(217) M4a4 4+ —= = Mya’ + —— 4M414

!
lo(P)l < 5 27 6 16.24
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2] 3 a* 43
%(P)‘ S grggMaT + M+ g

Estimate (2.17) implies (2.4). Estimate (2.18) will be used in deriving (2.5).
Relation (2.8) from Lemma 2.3 with g = ¢|pp, and relation (2.10) from
Lemma 2.4 with g = 0¢/0n,|p,p, together with assumptions (2.3) yield

o%p : | 0%
il 4 < —_T
da? S 2Maa”, ’aaana (B)

Hence, according to the second part of Lemma 2.2 where we set ¥ = d¢/da,

(2.18) M4l3

(B) < Mya?.

(2.19) < 3Mya.

Using Lemma 2.5 with g = ¢ /0alp,p and taking into account relations (2.3),
(2.14), (2.19), we find

8

(2.20) 6—¢(P)’ 6M4a + §M4a21+ —M4l3

da 4
Inequalities (2.18) and (2.20) together with Lemma 2.2 imply (2.5). O

Now we develop some consequences of Theorem 2.1.

2.7. Theorem. A polynomial p(x,, x;) of degree not greater than three in two
variables is uniquely determined by its ten values

(2.21) D'p(Pj), i<l (j=1,2,3), g—,fa(Ql),

where the meaning of the symbols P;, Q\ and n, is the same as in Theorem
2.1.

Proof. 1t is sufficient to prove the uniqueness. Let us assume that the values
(2.21) are equal to zero. Setting ¢(x;, x2) = p(x;, x2) in Theorem 2.1, we
have M4 =0 and estimate (2.4) implies p(x;, x)=0. 0O

2.8. Theorem. Let u € C\(T), and let |D'u(P)| < My for all |i| = 4 and all
PeT. Let p(x,, x) be the polynomial of degree not greater than three which
satisfies the relations

(222) Dip(P)=Diu(P), <1 (=1,2,3), 72(@)=5(Q).
Then the function
(2.23) p(x1, X2) = u(xy, x2) = p(x1, X2)

satisfies relations (2.4) and (2.5).

Proof. 1t follows from the assumptions of Theorem 2.8 that the function (2.23)
satisfies all conditions of Theorem 2.1. O

It follows from Theorem 2.8 that triangular finite elements with polynomi-
als of third degree uniquely determined by the parameters (2.21) can be used
in triangulations satisfying the maximum-angle condition: Estimate (2.5) re-
quires the next-to-smallest angles of all triangles to be bounded away from zero.
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This requirement (we call it the second-angle condition) is equivalent with the
maximum-angle condition.

2.9. Remark. The method of the proof of Theorem 2.1 does not work success-
fully in the case of the classical Hermite triangular finite element of third degree,
where the last condition (2.3) is substituted by ¢(Py) = 0, Py being the center
of gravity of T, because we obtain only |(02¢/8adn,|p,p,)| < KMsl*/a (I =
dist (P,Q,)) and //a — oo with a — 0.

3. JAMET’S HYPOTHESES. ESTIMATES IN SOBOLEV NORMS

First we compare the finite element from §2 with Jamet’s theory [6]. Jamet’s
hypotheses read as follows:

Let Z(X, Y) denote the set of all linear bounded operators from a normed
space X into a normed space Y. Let k, [, m be three positive integers, and
let [1e L (WHp(T), Wm-P(T)), where p € [1, x], be an operator satisfying
the following two hypotheses:

(H.1) We have

Mu=u Yuekh,,

where P, , denotes the set of all polynomials in n variables of degree not
greater than k.
(H.2) There exists a unit vector ¢ such that

ou, . 8 (Tu)
ge(P)=0 YPeT = =5

(We restrict ourselves to this special type of (H.2) because we are interested
only in estimates of type (3.3).)
In the case

(3.1)

(P)=0 VPeT.

(3.2) k=1=3, m=1, n=2, peJl, x]
it follows from [6, Theorem 2.2]:

3.1. Lemma. Let T be the same triangle as in Theorem 2.1 and let us denote
hr =c, ar = a, fr = B, yr = y. Let sy and s; be the unit vectors
parallel to the sides P;P, and P;P,, respectively (j = 1,2,3; k #1). Let
1 € Z(W3P(T), WI-P(T)) be an operator satisfying hypotheses (H.1) and
(H.2) for & =sj and & =s;;. Then we have

Ch}
cos(max(9;/2, n/2 - 9;/2)

(33) lu—l'lull‘p,rs )|u|4,,,‘T Yu € W4’p(T),

where 8, = ar, 0, = Br, 83 = yr and C is a constant not depending on u
and T.

3.2. Remark. In the case j = 3 the denominator cos(max(yr/2, n/2—7yr/2))
can be replaced in (3.3) by cos(yr/2), yr being the maximum angle of T (see
Remark in [6, p.55]).

In the case j = 2 the form of the functions # from (3.1) is described in the
following lemma.
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3.3. Lemma. Let us use the notation x = x;, y = x3. If 0u/ds;3 =0, then
u(x, y) has the form

(3.4) u(x,y)=F(n)=Fn(x,y) = F(-Vnlx—-x2)+ X3y -»)]/R),
where F(n) is an arbitrary function differentiable on [0, 1] and where

(3-5) J2 = 732?12 - ?32712 s

(3'6) —x'jkzxj_xk, J_/Jk=yj—yk (J’k=la2939 J;ék)
If Ou/dsy, =0, then
(3.7)  ulx,y)=G) =G6(C(x, ) = G(Via(x — x2) = X2y = y2)1/ ),

where G(&) is an arbitrary function differentiable on [0, 1].

Proof. Let T, be the triangle lying in the Cartesian coordinate system (&, )
and having the vertices R,(0, 1), R,(0, 0), R;(1, 0). The transformation

(3.8) x=x¢E mM=x2+X0l+Xnn, y=y&, nN=y1+V¢+Vn

maps T, one-to-one onto 7 in such a way that R; » P; (j=1,2,3) (for
the proof see, for example, [13, Theorem 9.1]). The inverse mapping has the
form '

(3.9) E =[x = x2) = X120y =¥/ 2, 1 =[-V3(x = x2) + X32(y = y2)1/ 2.
Let us define the function

(3.10) u (&, ) =ux&,n,yE, ).
Relations (3.8), (3.10) imply

ou* ou _ ou _ ou
(3.11) g(é, = 5 (X, ¥)X32 + ;97(16, V)V3 = [326723(x’ y).
Similarly,

ou* ou

(3'12) (:)'7 (éa ”)—IIZE(X,J’),
where

(3.13) L= \X5+¥5 (i=1,3).

If Ou/dsy3 =0, then, according to (3.11),
ou*

T)é—(é , 1) =0.
Integrating this relation, we obtain
(3.14) u (&, n) = F(n).

As u(x,y)=u*(x,y),n(x,y)), relation (3.14) gives (3.4).
If Ou/ds;; = 0, then we derive (3.7) by means of (3.12) in a similar
way. O
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3.4. Proposition. The interpolation operator defined by relations (2.22) sat-
isfies Jamet’s hypothesis (H.2) for both & = sy and & = sy3 if and only if
B=m/2, B being the angle at P,.

Proof. Let the notation be the same as in Lemma 3.3 and its proof, and let
us choose the orientation of the unit normal n, to the side P,P; such that
na = (¥33, —X32)/l32. Let v3, = (x, A) be such a vector in the (£, n)-plane
that the point P, + n, corresponds one-to-one to the point R; + v3; in the
transformation (3.8). Then we have

(3.15) K= (X12X32+V12V3)/(22), A=-In/)
and
(3.16) k=0 ifandonlyif f= g

Let F(n) be an arbitrary differentiable function on [0, 1] and let ¢*(¢, ) €
P; , satisfy the conditions

(3.17) .

D'q*(Rj) = D'F(Rj), |i|<1(j=1,2,3), kg:(S1) +1q,;(S1) = AF(S1),

where the indices ¢ and 7 denote the derivatives with respect to ¢ and 7,
respectively, and where S; is the midpoint of R;R3. It is easy to see that
conditions (3.17) are satisfied uniquely by the polynomial

g (&, n) = F(O)(1 = 37> + 2n%) + F'(0)(n — 2n* + n°)
+ F()(3n% = 2n%) + F'(1)(—n* + n?).

Thus, 8¢*/0¢ = 0 independently of the value of x. Hence the polyno-
mial ¢(x,y) = ¢*(&(x, ), n(x, y)), where {(x, ), n(x,y) are the right-
hand sides of (3.9), satisfies conditions (2.22) with u(x,y) = F(n(x, y)) and
0q/0s:3=0.

Let now G(£) be an arbitrary differentiable function on [0, 1], and let
p*(&, n) € P, satisfy
(3.18)

D'p*(R;) = D'G(R;j), li|<1(j=1,2,3), kpi(S1)+Apy(S1) = kGe(Sy).

If ¥ =0, then conditions (3.18) are satisfied uniquely by the polynomial

p*(&, m) = G0)(1 -3 +28%) + G'(0)(¢ - 282 + &)
+G(1)(382 - 28%) + G'(1)(-¢* + &)
and we have dp*/dn = 0. Thus, the polynomial p(x, y) = p*(&(x, y), n(x, y)
satisfies conditions (2.22) with u(x, y) = G(&(x, y)) and dp/93sy; =0.

Let now k # 0 and let us choose G(&) = &. Then conditions (3.18) are
satisfied uniquely by

(3.19) PH(E, M) = ~287 + 38+ (& - &0 — &),

In this case, dp*/on #0.

The polynomial p(x, y) = p*(&(x, y), n(x, y)), where p*(¢, n) is given by
(3.19), satisfies conditions (2.22) with u(x, y) = (D12(x—x2)=X12(y =¥2)1/ ]2)°
and we have (0p/dsy)(x,y) # 0 at almost all points (x,y) € T. (Itis
interesting that in the case G(&) = &* we have p*(&, n) = —£2+2&3)
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The results obtained in this proof and Lemma 3.3 imply the assertion of
Proposition 3.4. O

In the case j = 3 we can prove in a similar way:

3.5. Proposition. The interpolation operator defined by relations (2.22) sat-
isfies Jamet’s hypothesis (H.2) for both & = s3; and & = s3; if and only if
y=mn/2, y being the angle at P;.

The proof follows similar lines as the proof of Proposition 3.4. Instead of
Lemma 3.3 we use the following lemma:

3.6. Lemma. If 0u/0s3; =0, then u(x,y) has the form

(3.20) u(x, y) = F([-Vy3(x — x3) + X23(y — ¥3)1/J3) »

where F(n) is an arbitrary function differentiable on [0, 1] and where
(3.21) J3 =X23Y 13— X139

If Ou/ds3 =0, then

(3.22) u(x, y) = G(y3(x - x3) = X13(y —¥3)1/%3),

where G(&) is an arbitrary function differentiable on [0, 1].

3.7. Remark. a) As |J,| = |J3, the set of all functions (3.4) is identical with
the set of all functions (3.20).

b) In the proof of Lemma 3.6 the triangle T, has the vertices R;(0, 1),
R,(1,0), R3(0, 0) and instead of (3.8) we have

x=x(&, n=x3+XnE+X3n, y=y&,n)=y3+y;E+y;3n. O

Comparing Propositions 3.4 and 3.5 with Theorem 2.8, we see that Jamet’s
hypothesis (H.2) is not necessary for obtaining pointwise estimates for the gra-
dient under the maximum-angle condition. However, the problem as to how to
obtain estimates in the Sobolev norms for p < oo in the case of the element
introduced in §2, when the sides PP, and P,P; (or PiP; and P,P;) are not
perpendicular to one another, remains open.

Now we show that modifying slightly the definition of the tenth parameter, we
obtain a triangular finite element of Hermite type which satisfies the hypotheses
of Jamet’s theory.

For every u € C'(T) we define Ilu € P; , by the relations

(3.23)

i i . . o (IMu ou

DITu)(P) = Du(Py), lil<1 (i=1,2,3), )= L.
052 052

It is easy to see that relations (3.23) define ITu uniquely. (If the right-hand sides
of (3.23) are equal to zero, then also (9(ITu)/0n,)(Qy) =0 and (ITu)(x, y) =
0, according to Theorem 2.7.) Thus the operator Il satisfies hypothesis (H.1)
with k =3, n =2. Now we verify that I satisfies also hypothesis (H.2) with
=15 and ¢ =5,3.

3.8. Lemma. Let the function u(x,y) be given by (3.4), and let g € P3| be
the polynomial in one variable s uniquely determined by the conditions

(3.24)  q(0)=F(0), q(1)=F(1), q'(0)=F'0), 4¢'(1)=F()
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Then the polynomial

(3.25) Mu)(x, y) = a(n) = q([-V3(x — x2) + X32(y — ¥2)1/ ]2)
satisfies relations (3.23), and we have
(3.26) 33(132':) (x,y) =0.

3.9. Lemma. Let the function u be given by (3.7), and let p € P3| be the
polynomial in one variable s uniquely determined by the conditions

(327)  p(0)=G(0), p(1)=G(1), p'(0)=G'(0), p'(1)=G'(1).
Then the polynomial

(3.28) Mu)(x, y) = p(&) = p(V12(x — x2) = X12(y —¥2)1/ 2)
satisfies relations (3.23) and we have

8 (Iu)
082

(3.29) (x,y)=0.

The proof of Lemmas 3.8 and 3.9 follows from the rule of differentiating a
composite function.

3.10. Lemma. We have I1 € £ (W3:P(T), W'-P(T)), where the operator Tl
is defined by (3.23) and where p € [1, o].

Proof. The linearity of II is obvious, the boundedness is an easy consequence
of the Sobolev imbedding lemma (or, in the case p = 1, of the fact that
w2 4(T)c C(T) (see [10, p. 300])). O

Lemmas 3.1, 3.3, 3.8 - 3.10 imply:

3.11. Theorem. Let u € W*?(T), where p € [1, o], and let the operator T1
be defined by (3.23). Then estimate (3.3) holds, i.e.,

Ch3
cos(max(Br/2, nj2 = Br/2)) M T

The following theorem can be obtained similarly:

(3.30) lu—Tuly p 7 <

3.12. Theorem. If we substitute sy in (3.23) by s3, then we have for u €
W4.p(T) with p €1, o0]

h3
(3.31) =Tty .7 < o T/ jlulap.r-

3.13. Remarks. (a) Besides (3.30) and (3.31) we have, according to [6, Theo-
rem 2.2],

(3.32) lu—Mullo,p.7 < Chluls p. 7.

In the case p = 2, estimate (3.32) can be obtained by standard devices (see,
e.g., [4]).

(b) The parameters (9 (ITu)/9s;,)(Q1) (i =2, 3) are parameters of the sec-
ond kind (for terminology, see [13, p.157]), i.e., they have no influence on the
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global smoothness of a global finite element function defined in a given trian-
gulation. If two such parameters meet at the midpoint of the common side of
two adjacent triangles, then they have a common value only by chance.

(c) The parameter (0p/dn,)(Q;) from §2 is also a parameter of the second
kind. Contrary to the parameters (9(Ilu)/0s;1)(Q)), it has the advantage that
these two parameters have a common value at the midpoint of the common
side of two adjacent triangles (when n, is defined for both triangles in the
same way); from the point of view of a triangulation they are defined by one
parameter. On this common side the global finite element function is not only
continuous but it has also continuous first derivatives.

(d) If we substitute the value (0¢/0n,)(Q1) by (8¢/90sj1)(Q1) in Theorem
2.1, then we can derive estimates of the same type (2.4), (2.5). The numerical
constants will be only a little different.

3.14. Remark. Let Q> and Q; be the midpoints of the sides P\P; and P P;,
respectively. If we substitute Q; and s,; in (3.23) by Qs and s;3, respec-
tively, then estimate (3.30) holds. If we substitute Q; and s;; in (3.23) by
Q, and s3; (or sp3), respectively, then estimate (3.31) holds. In the remain-
ing two cases Q,, s;2 and O3, S§13, we obtain estimates for gradients with
cos(max(ar/2, /2 — ar/2)) in the denominator. These two cases are incon-
venient in applications when the maximum-angle condition is required for tri-
angulations only.

4. SOME HIGHER-DEGREE POLYNOMIALS

In §§2 and 3 we modified the classical third-degree Hermite triangular finite
element in two different ways and obtained two finite elements permitting esti-
mates under the maximum-angle condition. In this section we generalize these
constructions. We shall modify the family introduced by Koukal in [7] and [8].

4.1. Theorem. Let u € CK(T) (k > 1). A polynomial p € Py, » is uniquely
determined by the conditions
(4.1) D'p(Pj) =D'u(P)), l|i|l<k (j=1,2,3),

a'p iy O0'U
6n{,(Qf )= on’,
where the symbol 8 /0n, has the same meaning as in Theorem 2.1 and Qg'), e
o (1 < r < k) are the points dividing the side P,P; into r + 1 parts of the
same length.

4.2. Theorem. Let u € CX(T) (k > 1). A polynomial Tlu € Py , is
uniquely determined by the conditions
(4.3) D'(Tlu)(P;) = D'u(P)), i|<1 (j=1,2,3),
8’(I1u) Ny _ o'u (r) . R _
(4'4) asgl (Qj)_asgl(Qj) (J_l,"',r, r_l3--‘9k),
where 0/0s3, denotes the derivative in the direction of the side P3P .

(4.2) Q) U=1,...,r;r=1,...,k),

For k =1 the assertions of both theorems were proved in §§2 and 3. In the
case k > 2 the proof is a simple modification of the proof of [13, Theorem
17.1], and we omit it.

Generalizing a little the considerations from §3, we can prove
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4.3. Theorem. Let u € W2+2.2(T), where k > 1 and p € [1, ], and let
the operator 11 be defined by (4.3), (4.4). Then

2k+1
;2—!14|2k+2,p,r~
cos(yr/2)
4.4. Remarks. (a) In the case p = 2, standard estimates give
llu — Mullo, 7 < ChZ*2|u|pes2, 1.

(b) A generalization of Theorem 2.1 to the case of interpolation polynomials
introduced in Theorem 4.1 is possible. Instead of the special Lemmas 2.3-2.5
we can use [12, Theorem 2]. We obtain the estimates

op
a_x,-<P)

(4.5) |u—Hu|1,p,T§C

( 2% — .
< — +1 1 =
< Sil’lﬂ M2k+2C VP € (j 1, 2)

Details are omitted because they are laborious.

|9(P)] < C My pc¥*?,

4.5. Remark. The construction of finite elements introduced in Theorem 4.1
implies the following conjecture: It is impossible to construct a triangular finite
Cl-element which satisfies the maximum-angle condition.

5. SOME REMARKS ON THE CUBIC ELEMENT

We show by an example that the classical cubic Hermite triangular finite
element does not satisfy Jamet’s hypothesis (H.2) even in the simplest case.

Let u(x, y) = y*, and let the triangle T have the vertices P;(0, 0), P»(1, 0),
P;(0, 1). Then the polynomial satisfying the first nine conditions (2.22) and
condition p(P,) = u(Py), where Py is the center of gravity of T, has the form

_4 _3 22, 2 3.3
(5.1) p(x,y)—§<xy 2 XY sy

We see that g—; = 0 while gﬁ # 0 in T . Thus, hypothesis (H.2) is not satisfied
and we cannot apply Jamet’s theory on this finite element. Neither can the
estimates of §2 be modified to this case (see Remark 2.9).

Let us use the same notation as in Theorem 2.1, and let P* be the point
lying on the segment P;Q; and such that dist (P*, Q;) = &/, where 0 <& < %

is fixed and / =dist(P, Qy). (If P* =Py, then e=1.)

5.1. Proposition. A polynomial p € Py ; uniquely determined by the parame-
ters
Dlp(Pj), IllSl(]=1,2,3), p(P*)’

where the point P* is defined above with ¢ = a*/(21)* permits estimates for the
gradient under the maximum-angle condition.

The proof follows similar lines as the proof of [13, Theorem A.4.8] and is
omitted.

5.2. Remark. 1t is clear that a polynomial p € P; ; from Proposition 5.1 does
not satisfy Jamet’s hypothesis (H.2).

5.3. Remark. In [2, p. 222 ] the parameters

; . - 9%p
52 Dpw). list (=123, [[Edxay
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were considered in connection with the maximum-angle condition for a cubic
triangular finite element on a right triangle with the sides PP, and P,P; lying
on the axes x and y, respectively. However, parameters (5.2) do not determine
in all cases a polynomial p € P; ; uniquely. To prove this, let us consider
a triangle with vertices Pi(x;,y;) (i = 1,2,3), and let T, be the triangle
lying in the (¢, )-plane with vertices P;(0,0), Py(1,0), P;(0,1). The
transformation

=x@,m=xi+X6+X3m, y=y(E,n)=y+yL+X3m,
where
Xj=x;-x1, y;=yi-yn (=2,3),
maps the triangle T, one-to-one onto 7T . Let us set

p (&, n)=px&,n),yE&,n).

If all ten parameters (5.2) are equal to zero, then

(5.3) Dip*(P)=0 i<l (j=1,2,3),

64 [ {=mSh v mmrmm o - x5 Yaean=o
T, 652 0&on on?

Relations (5.3) imply

(5.5) p(¢, n) =Kén(l—¢—n).
Inserting (5.5) into (5.4), we obtain

(5.6) K{2(X2y; + X3V3) — (X2V3 + X3¥,)} = 0

If the difference in braces is different from zero, then (5.6) implies K = 0 and
the parameters (5.2) determine uniquely p € P; ;. However, if

(5.7) 2(X2¥, + X3¥3) = X2V3 + X3¥3,

then (5.6) is satisfied with K # 0, and p(x, y) # 0 according to (5.5).

Let us describe these situations. We cannot have simultaneously X; = X3 =0
(and similarly y, =y; =0). Let X; # 0. If y, =0, then (5.7) gives X3 = X/2
with arbitrary y; # 0. Conversely, if X3 = X,/2, then (5.7) implies y, = 0.
In the other cases,

7= 222 5,40, % £ 2%).

The situation X3 # 0 can be treated similarly with the same results.
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