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COMPUTATIONAL SCALES OF SOBOLEV NORMS
WITH APPLICATION TO PRECONDITIONING

JAMES H. BRAMBLE, JOSEPH E. PASCIAK, AND PANAYOT S. VASSILEVSKI

ABSTRACT. This paper provides a framework for developing computation-
ally efficient multilevel preconditioners and representations for Sobolev norms.
Specifically, given a Hilbert space V and a nested sequence of subspaces
Vi C Vo C ... C V, we construct operators which are spectrally equiva-
lent to those of the form A = 7, ur(Qr — Qr—1). Here py, k=1,2,..., are
positive numbers and @}, is the orthogonal projector onto Vi with Qo = 0. We
first present abstract results which show when A is spectrally equivalent to a
similarly constructed operator A defined in terms of an approximation @k of
Q ,fork=1,2,... .

We show that these results lead to efficient preconditioners for discretiza-
tions of differential and pseudo-differential operators of positive and negative
order. These results extend to sums of operators. For example, singularly per-
turbed problems such as I —eA can be preconditioned uniformly independently
of the parameter e. We also show how to precondition an operator which re-
sults from Tikhonov regularization of a problem with noisy data. Finally, we
describe how the technique provides computationally efficient bounded discrete
extensions which have applications to domain decomposition.

1. INTRODUCTION

Multilevel subspace decompositions provide tools for the construction of pre-
conditioners. One of the first examples of such a construction was provided in
[3], where a simple additive multilevel operator (BPX) was developed for precon-
ditioning second order elliptic boundary value problems. This preconditioner was
defined in terms of a nested sequence of multilevel piecewise linear and continuous
approximation spaces V3 C Vo C ... C V. The analysis of the BPX preconditioner
involves the verification of norm equivalences of the form

J
(1.1) lull ) = > b 1@k — Qr—1)ullizqy.  forallu € V.
k=1

The above norms are those corresponding to the Sobolev space H'(2) and L?(Q)
respectively; @ denotes the L?(Q) orthogonal projection onto Vi and Qo = 0.
The quantity hy is the approximation parameter associated with Vj. The original
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results in [3] were sharpened by [I3] and [20] to show that (IT)) holds with constants
of equivalence independent of J. Practical preconditioners involve the replacement
of the operator Q — Qr—1 by easily computable operators, as discussed in [3].

In addition to the above application, there are other practical applications of
multilevel decompositions. In particular, for boundary element methods, it is im-
portant to have computationally simple operators which are equivalent to pseudo-
differential operators of order one and minus one. In addition, multilevel decom-
positions which provide norm equivalences for H'/2 (09) can be used to construct
bounded extension operators used in nonoverlapping domain decomposition with
inexact subdomain solves.

The equivalence () is the starting point of the multilevel analysis. This in-
equality is valid for J = oo, in which case we get a norm equivalence on H'(£2). It
follows from (I:I) that

oo

ol () = D~ A I1(Qk = Qu-1)vl1Z 2y,

k=1

for s € [0,1]. Here [ - || () denotes the norm on the Sobolev space H*(f2) of order
s. This means that the operator

(oo}
(1.2) A* = h P (Qr — Qr-n)

k=1
can be used in preconditioning applications. However, A® is somewhat expensive to
evaluate, since the evaluation of the projector @ requires the solution of a Gram
matrix problem. Thus, many researchers have sought computationally efficient
operators which are equivalent to A®.

Some techniques for constructing such operators based on wavelet or wavelet—
like space decompositions are given by [5], [9], [10], [I5], [16], [18], [19] and others.
In the domain decomposition literature, extension operators that exploit multilevel
decomposition were used in [4], [8], and [12].

In this paper, we construct simple multilevel decomposition preconditioning op-
erators which can also be used to define norms equivalent to the usual norms on
Sobolev spaces. Specifically, we develop computationally efficient operators which
are uniformly equivalent to the more general operator

J
(1.3) A= m(Qr — Qi-1),
k=1
where 1 < J < oo and { Mk} are positive constants. We start by proving an abstract
theorem. Let {Qk} with Qk V; — Vi, be another sequence of linear operators.
The theorem shows that the operators A; and

J
(1.4) Ay = Zuk@i — Qh-1) (@ — Qx—1)

are spectrally equivalent under appropriate assumptions on the spaces V}, the oper-
ators Qk and the sequence {u}. Here Q is the adjoint of Qk The abstract results
are subsequently applied to develop efficient preconditioners when Qk is defined in
terms of a simple averaging operator. Some partial results involving the operator
used here were stated by Nepomnyaschikh [I2].
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Because of the generality of the abstract results, they can be applied to pre-
conditioning sums of operators. An example of this is the so-called “singularly
perturbed” problem resulting from preconditioning parabolic time stepping prob-
lems, which leads to

pe = (ehy 2+ 1)1
Here € is the time step size. Our results give rise to preconditioned systems with
uniformly bounded condition numbers independent of the parameter e.

Note that an L?-stable local basis for the spaces {Range(Qx—Qx_1)} is provided
in [16]. With such a construction it is possible to obtain preconditioners for the
applications considered in this paper. However, our approach is somewhat simpler
to implement. In addition, our abstract framework allows for easy application to
other situations such as function spaces which are piecewise quadratic.

An outline of the remainder of the paper is as follows. Section [2 gives an ab-
stract framework for norm approximation in a Hilbert space setting, along with an
abstract theorem which provides equivalence estimates comparing (I3)) and (I4).
In Section [3 we give an example of a sequence {@k} of computationally efficient
operators in the case of polygonal domains, and verify that they satisfy the hy-
potheses required for application of the abstract theory. In Section Hl we discuss
some applications. Finally, the results of numerical experiments which illustrate
the effectiveness of the preconditioners are reported in Section

2. A NORM EQUIVALENCE THEOREM

In this section, we provide abstract conditions which imply the spectral equiva-
lence of (I.3)) and (I4)). We start by introducing the multilevel spaces. Let V be
a Hilbert space with inner product (-,-). We assume that we are given a nested
sequence of approximation subspaces,

icWwc...CV,

and that this sequence is dense in V. Let 6;, j = 1,2,..., be a non-decreasing
sequence of positive real numbers. Define H to be the subspace of V such that the
norm

0 1/2
llell] = (Zeﬂ@j —le)v||2>
j=1

is finite. Here || - || denotes the norm in V, @; for j > 0 denotes the orthogonal
projection onto V;, and Qo = 0. Clearly, H is a Hilbert space and {V}} is dense in
H.

The following properties are obvious from the construction.

1. The “inverse inequality” holds for Vj, i.e.,

1/2
(2.1) loll| < 6}2|lv]l, for all v € V;.
2. The “approximation property” holds for V}, i.e.,
(2.2) Qs — Qi—1)vll < 07 2[lvll],  forallve H.

As discussed in the introduction, the abstract results will be stated in terms of
an additional sequence of “approximation” operators, Qi : V — Vj, for k > 0 and

@0 = 0. These operators are assumed to satisfy the following three conditions, for
E=1,2,....
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1. An “approximation property”: There exists a constant C'4 such that
(2.3) 1(Qk — Qv < Caby ?|Jv]]|,  for all v € H.

2. Uniform coercivity of ék: There exists a § > 0 such that
(2.4) Sllvkl? < (Qrvg,vk),  for all vy € Vi.

3. The range of @2, the adjoint of Qp, is contained in Vi. This condition is
equivalent to
(2.5) QrQr = QuQx.

Remark 2.1. Let {¢;}7, be a basis for Vj. It is not difficult to see that there exists
{fi}, with f; € V such that

m

Qv = Z(vai) ¢; forallveV.
i=1
Then
Qtw =Y (w,¢;) fi for all w € Vj.
i=1

Thus Condition 3 above holds if and only if f; € Vi, fort=1,... ,m.

The purpose of this section is to provide abstract conditions which guarantee
that the symmetric operators A and A, defined respectively by (T3) and (T4),
are spectrally equivalent. Let £ = ({x ;) be the lower triangular (infinite) matrix
with nonzero entries

0.1 1/2
2.6 b= | 2 ) , k> j.
(26) " <9ij !
We assume that £ has bounded I3 norm, i.e.,

[e.e]

> > U kG

(2.7 Ll = sup =
o (Zfi) <Z<§>
k=1 k=1

The above condition implies that

< C¢.

pr < COy

for C = C2p1/61. Thus, (Ajv,v) < oo for allv € H.
We introduce one final condition: There exists a constant « such that

(2.8) i+ pkr1 < opg, fork=1,2....
We can now state the main abstract theorem.

Theorem 2.1. Assume that conditions (23)-(2.H), 1), and 2]) are satisfied.
Then the operator Ay defined by (L), with 1 < J < oo, satisfies
B(1+ad2CRC2)] " (Asv,v) < (Ayv,0)
< 3(1 +aC%C%) (Ayv,v), forallve H.
Remark 2.2. If W is the completion of H under the norm ||v[|l4 = (Asv,v)/?,
then the estimate of Theorem [Z]extends to all of W by density.
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For the purpose of proving the theorem, we now prove the following lemma.

Lemma 2.1. Assume that conditions (Z3)—Zh), and (Z74) are satisfied. Then,
forallu e H,

J
(2.9) D ukll(Qk — Quul* < CECZ (Ayu,w)
k=1
and
J ~ ~
(2.10) Dl (@ — Qu)ul* < 672CHCE (Ayu,w).
k=1

Proof. By (28), for all u € H,

ZMH Qr — Qr)ul)?* = Zuk (Qr — Qr)Qru, (Qr — Qr)u)

(2.11) S -
=00 ik ((Q — Qu)(Q) — Qjm1)u, (Qk — Q).
k=1 j=1
In addition, by (Z4) and (Z5),
(2.12)

J J
> el (@ = Qrull® <67k (Qu(@k — Qi)u, (Qk — Qi)

k=1 k=1

J
=1 Z,Uk (Qk — Qr)Quu, (Qr — Qr)u)

J k
=53 i (@ — Q)@ — Qm1)u, (Qr — Qu)u).

k=1 j=1
The quantities on the right hand side of (2Z.11]) and of (2.12) can be written as
k

J
(2.13) SO i ((Qk — Qe (Qr — Quu)

k=1 j=1

by setting v; equal to (Q; — Q;j—1)u and (@j - Qj,l)u, respectively. Using (21I)
and (Z3), the quantity (2I3) is bounded by

Z Z 1k ((Qi — Qr)vy, (Qr — Qr)u)

k=1 j=1

J k
<O YNt oI 1@k — Qr)ul
(2.14) k=15=1

J k
<Ca > wn(03/00) ol (Qr — Qu)ull

k=1 j—l

=Ca ZZ% (2o 1) (1 (Qu = QiJul).

k=1 j=1
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It immediately follows from (Z7) that

J ok
Z Z,Uk (Qr — Qr)vy, (Qr — Qr)u)

k=1 j=1
(2.15) J 12 , J _ 1/2
<cae(Smlut?) (L@ - Qoul?)
k=1 k=1
Combining 2.17) and @2I5) gives

J
Z pie || (Qre — ék)’u”z
k=1

J 12, J N 1/2
scAcﬁ(Zukn(Qk—Qk_l)uuQ) (ZukH(Qk—Qwun?) |

k=1 k=1

The inequality (Z9) follows by obvious manipulations, and (Z10) follows in a similar
manner. g

Proof of Theorem [Zl Note that

(Qr — Q1) = (Qk — Qr—1) — (Qr — Q1) + (Qr—1 — Qr_1).
Thus, for v € H,

J
(Ayo,v) =Y il (@ = Qu—r)ol)?

k=1
J J

< 3(2 pl[ (@1 = Qu—)0l” + D (e + g 1) Qi — @k)v||2>
k=1 k=1

< 3(1+aC3C2) (Ajv,v).

We used (Z8) and Lemma 7] for the last inequality above. The proof for the other
inequality is essentially the same. This completes the proof of the theorem. [l

2.1. Development of preconditioners. The above results can be applied to the
development of preconditioners. Indeed, consider preconditioning an operator on
V; which is spectrally equivalent to

J
(2.16) Ly=> 1 (Qr— Qr).

k=1

Our preconditioner Bj is to be spectrally equivalent to the operator

J
Ay=L7 = Qi — Qun).
k=1

Let
J
(2.17) By =Y m(Qk — Qr-1)"(Qr — Qr—1)-
=1

Then By and A are spectrally equivalent provided that {u} and {@k} satisfy the
hypothesis of the theorem. It follows that B L  is well conditioned.
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2.2. Preconditioning sums of operators. We next consider the case of pre-
conditioning sums of operators. Suppose {fix} is another sequence which satisfies
conditions (Z7)) and (ZJ]). Then the operator

J

(2.18) L= it (Qr— Q1)
k=1

can be preconditioned by the operator defined by replacing pp by g in (ZI7)
above. The following corollary shows that the result can be extended to non-
negative combinations of L; and L.

Corollary 2.1. Assume that conditions (2-3)-(Z38) are satisfied and that (20) and
E38) hold for both {ur} and {fx}. For nonnegative c1,ca with ¢1 + co > 0 define

J

(2.19) By = (e + i) HQr — Q1) (Qr — Qrr).
k=1
Then, for 1 < J < oo,
[3(1 +4ad2C3C2)] *((e1 Ly + c2Ly) " v,v) < (Byv,v)
< 3(1+4aC%C2) ((e1Ly + caly)  v,v),  for allv e H.

The above corollary shows that By is spectrally equivalent to (¢1 Ly + oL )7t

and hence provides a uniform preconditioner for ¢y L j+ czf/ 7. Moreover, the result-
ing condition number (for the preconditioned system) is bounded independently of
the parameters c¢; and co.

Proof. Note that
J

(c1ly+ealy) ™ = Z(Cw;l + cofiy, ) THQr — Qr—1)-
k=1
To apply the theorem to this operator, we simply must check the conditions on the
sequence fiy, = (c1p;, " + cofiy )7t The corresponding lower triangular matrix has
entries

~ \1/2 -1 L1y 12
(L)rj = (ej”k> / - <9j(cmj el )>

0111, Or(cipy, ' + cafiy ")

. /2 1/2 LN 1/2
O; ( b Mk))l (9#1@) 0; [k A
< —j<—+A <727 +(= = (L+ L)k
(9k Hi o Orpig Ok f1; ( b

Since 0 < (Z);w- <(L+ ﬁ)k,j, for every pair k, 7, it follows that
I£Llle < 1€+ Lle, < 2C.

Because ([28)) holds for both {u} and {/ix}, it clearly holds for {jix}. The corollary
follows by application of the theorem. O

3. A SIMPLE APPROXIMATION OPERATOR @

In this section, we define and analyze a simple approximation operator @k Our
applications involve Sobolev spaces with possibly mixed boundary conditions.

Let Q be a polygonal domain in R? with boundary 92 = I'pUT y, where I'p and
I'n are essentially disjoint. Dirichlet boundary conditions are imposed on I'p. We
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consider domains in R? for convenience. Generalizations of the results to domains
in RY, with d > 2, at least for rectangular parallelepipeds, are straightforward.
For non-negative integers s, let H*(£2) denote the Sobolev space of order s on
(see, e.g. [6],[7]). The corresponding norm and semi-norm are denoted || - || 7= (o)
and |- |g(q) respectively. The space H},(€) is defined to be the functions in H' ()
which vanish on I'p, and, for s > 1, H3(Q) = H*(Q) N H5(Q). For positive
non-integers s, the spaces H*(Q) and H} () are defined by interpolation between
the neighboring integers using the real method of Lions and Peetre (cf. [7]). For
negative s, H*() is defined to be the space of linear functionals for which the norm
_ (u, ¢)
ull sy = sup
vty @ 19500
is finite. Here (-, -) denotes the duality pairing. Clearly, for s < 0 we have L?(Q2) C
H*(Q) if we identify u € L?(Q) with the functional (u,¢) = (u, ¢).

3.1. Some basic approximation properties. Let 7 be a locally quasi-uniform
triangulation of €2, and let 7 be a closed triangle in 7 with diameter h,. Let T
be the subset of the triangles in 7 whose boundaries intersect 7, and define Vi
to be the finite element approximation subspace consisting of functions which are
continuous on 7 and piecewise linear with respect to the triangles of 7. Note that
there are no boundary conditions imposed on the elements of Vz. We restrict the
discussion in this paper to piecewise linear subspaces. Extensions to more general
nodal finite element subspaces pose no significant additional difficulties.
The following facts are well known.

1. Given u € H!(T), there exists a constant @ such that
(3.1) lu— ey < ChE ®|ulmzy, s=0,1.

2. Given u € H?(7), there exists a linear function @ such that
(3.2) lu = @l o7 < CRZ"lul 25y, 5 =0,1,2.

The best constants satisfying the above inequalities clearly depend on the shape
of the domain 7. However, under the assumption that the triangulation is locally
quasi-uniform, it is possible to show that the above inequalities hold with constants
only depending on s and on the quasi-uniformity constants.

For the purpose of analyzing our multilevel example we define the following local
approximation operator Qs : L2(Q) — Vi. Let ¢;, i = 1,2,... ,m, be the nodal

basis for Vz. The operator Q5 is given by

~ = (u, §i)7 A
(3.3) Qru = ; o0

with (-, )7 the inner product in L?(7). For u,v € L*(7) we have

(Qru,v)s = Z W

and hence it immediately follows that @; is symmetric on L2(7). Moreover, @; is
positive definite when restricted to Vi (see Lemma B.4)). The next lemma provides
a basic approximation property for Qz.
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Lemma 3.1. Let 7 bein T. Then for s = 0,1, there exists a constant C, indepen-
dent of T, such that

(3.4) Ju— Qzul| L2z < ChE|ullgsz),  for all w € H5(7).
Proof. A simple computation shows that

1Q7ull27) < CllullL2¢7),
from which (3.4)) immediately follows for s = 0. For s = 1, let & be the constant
function satisfying (BI). Using the previous estimate, since Qu = u, we have

lu = Qzull2(z) < [lu — ul[27) + [|Q7(u — u)[[L27) < Cllu -l L2z).
Combining the above inequalities and (B1) completes the proof of [B4) for s =
1. O

3.2. Approximation properties: the multilevel case. We provide stronger
approximation properties in the case when the mesh results from a multilevel re-
finement strategy. Again we describe the case of d = 2. The analogous constructions
for d > 2, at least for the case of rectangular parallelepipeds, are straightforward
generalizations. Assume that an initial coarse triangulation 77 of Q has been pro-
vided with I'p aligning with the mesh 77. By this we mean that any edge of 77 on
0} is either contained in I'p or intersects I'p at most at the endpoints of the edge.
Multilevel triangulations are defined recursively. For k > 1, the triangulation 7y is
defined by breaking each triangle in 7;_; into four, by connecting the centers of the
edges. The finite element space Vj, consists of the functions which are continuous
on (2, piecewise linear with respect to 7j and vanish on I'p. Let hy = max,c1, h-.
Clearly, hy, = 27F+1h;.

We now define a sequence of approximation operators @k : L2(Q) — V. Let ¢y,
i=1,...,m, be the nodal basis for V. We define @k by

A _ - (ua¢i) )
(35) Q=3 g0

Remark 3.1. Let 7 be a triangle of 7;. It is easy to see that @;u and @ku agree
on T aslong as TNTp = 0.

In the multilevel case, we have the following stronger version of Lemma [3.1]

Lemma 3.2. Let s be in [0,3/2). There exists a constant Cs, not depending on
hi, such that

[|u— @ku||L2(Q) < Cshillull sy, for all u € HE(Q).

For the proof of the lemma we will use the following lemma, which is a slight

modification of Lemma 6.1 of [1]. Its proof is contained in the proof of Lemma 6.1
of [I.

Lemma 3.3. Let Q7 denote the strip {x € Q|dist(z,00) < n}, and let 0 < s <
1/2. Then, for all v € H'T5(Q),

(3.6) [vl[Er@ny < Cn°||vl[i+s (-

In addition, let Q}, denote the strip {x € Q|dist(z,I'p) < n}. Then, for all v in
Hp (),

(3.7) [0l L20p) < Cnllvlla@m)-
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Proof of Lemmal[TZ The proof for s = 0 is trivial (see Lemma Bl). For positive s,
we consider two cases. First we examine triangles whose boundaries do not intersect
the boundary of any triangle in 7;. We shall denote this set by 7N 7; = () and the
remaining set of triangles by 7 N7y # (.

Let ¢; be the nodal basis function in the space Vi associated with the node acf .
Assume that 2% does not lie on the boundary of any triangle 7 € 73. Because of the
multilevel construction, the mesh 7, is symmetric with respect to reflection through
the point ¥, Tt follows that the nodal basis function ¢;, restricted to a line passing
through z%, is an even function with respect to z¥. Let ¥ = (p1,p2). Then, both

7

of the functions x — p; and y — po are odd on each such line. Consequently,
(1[,' — P1, ¢’L) = (y — b2, ¢z) =0.

Thus, it follows from Remark [3.1] that @kﬂ(xf) = u(x¥) for any linear function .

Let 7 be a triangle whose boundary does not intersect the boundary of any
triangle of 73. Applying the above argument to each node of 7 shows that Qri=1u
on 7 for any linear function u. Let 7 be as in Lemma B Given u € H?(7), let u
be the linear function satisfying ([32). As in the proof of Lemma B, we get

lu = QuullL2(r) = llu = QzullL2(ry < Cllu = ullL2z) < Chillull sz

for s = 0,1,2. Summing the above inequality and interpolating gives

(3.8) ( >

N 1/2
= Guallry) < Chillulco
TNT1=0

for s € [0, 2].
We next consider the case when 7 intersects an edge in the triangulation 73.
Suppose that 7 intersects I'p. We clearly have that

(3.9) 1@Qrullz2(ry < CllullLag-
Thus,
lu = Qrullz2(ry < Cllull 2.
Summing the above inequality and applying (377) gives
1/2
(3.10) (X hu-Quile) < Chullullngn.
TN p#0

Finally, we consider the case when 7 intersects an edge in the triangulation 77
and does not intersect I'p. By Remark [3.1] and Lemma [3-T]

||U, — @ku||L2(.,.) < Cth’U,HHl(;).
Summing the above inequality and using (3:10) gives
N 1/2
(3.11) (5 lo-Guila) < Ol o,
TNT1#£0

Here E?'* denotes the strip of width O(2hy) around all element edges from the
initial triangulation 77.
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The lemma for s = 1 follows by combining [B8) and (BII). The result for
s € (0,1) follows by interpolation. For 1 < s < 3/2, (8.8) and (BII) imply

_ 1/2
(Z ||u—czku||i2m) < Ch lull -

TNT1#£D

The lemma for 1 < s < 3/2 follows by combining the above inequality with ([B.8]).
This completes the proof of the lemma. O

Remark 3.2. We can extend these arguments to the case when Vj, consists of piece-
wise quadratic functions with respect to the k’th triangulation. Again {¢} denotes
the nodal basis for V;. Then Qj, defined by (Z3) satisfies Lemma 32 The proof is
identical to the case of linears.

3.3. The coercivity estimate. We next show that the coercivity estimate (2.4)
holds for @k. Actually, we only require that the triangulation 7, be locally quasi-
uniform. We assume that ['p aligns with this triangulation and let V}, be the
functions which are piecewise linear with respect to this triangulation, continuous
on 2 and vanish on I'p. We consider the linear operator @h defined analogously
to Qy in (3H) and show that

o] < C(Qnv,v), forall v € V.

The constant C' above only depends on the quasi-uniformity constant (or minimal
angle).

Let {x;} for i = 1,...,m be the nodes of the triangulation and {¢;} the corre-
sponding nodal basis functions. The mesh is quasi-uniform, so for each ¢;, there is
a parameter h; such that

(3.12) he =~ h;

for all triangles 7 which have the node x; as a vertex. Here we define a ~ b to mean
that

a<Cb and b<Ca

with constant C independent of the triangulation. It is well known that

(3.13) (v,v) ~ Z h? Z v(x)?,  forallw e V.

TET) T ET

It follows from (B:12) that

m
(3.14) (v,v) ~ Z hiv(z;)?, forallv e V.

i=1

We can now prove the coercivity estimate. This result was essentially given in [3]
for the case of a globally quasi-uniform triangulation.

Lemma 3.4. Assume that the mesh Ty, is locally quasi-uniform. There is a con-
stant C, depending only on the quasi-uniformity condition, such that

C ' (v,v) < (Quv,v) < C (v,v), for allv € Vj,.
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Proof. Let G be the Gram matrix, i.e.

Gz]:(¢1a¢])7 Z7.7:1) ,m,
and let D be the diagonal matrix with entries D;; = h?. Let v be in V},, and let w
be the coeflicient vector satisfying

v = Z w; ;.
i=1
Note that (3.I14]) can be rewritten as
CH{(Gw,w)) < (Dw,w)) < C((Gw,w)), for allw e R™.
Here ((+,-)) denotes the inner product on R™. This is equivalent to
CY((D7'Gw, Gw)) < ((Gw,w)) < C((D™'Gw,Gw)),  for all w € R™.

Since

(1,¢5) = R,
it follows that

- m v. b:)2 m w); )2
(th’v):Z( a¢1) :Z((G )1)

2o~ (e
~ ((D'Gw, Gw)) ~ ((Gw,w)) = (v,v).
This completes the proof of the lemma. O

4. APPLICATIONS

In this section, we apply some of the above results. As we have seen in the
previous section, the operator @k satisfies the approximation and coercivity esti-
mates required for application of the abstract results. Throughout this section, we
assume that V3 C Vo C ... is a sequence of nested piecewise linear and continuous
multilevel spaces, as described earlier. We take V = L?(f), and (-,-) is the corre-
sponding inner product. With a slight abuse of notation we also use (-, ) to denote
the obvious duality pairing.

Remark 4.1. Since Vi, C H*(Q), for 0 < s < 3/2, Qk and ék extend naturally to
all of H=°(Q2). Let —3/2 < s < 3/2 and define A® as in (L2). It is known that the
norm (A%u,u)'/? is equivalent to || - || g=(oy; cf. [I4].

Fix v < 3/2. By Lemma B2, the triangle inequality and well known properties
of Q k

1@k = Qu)ullzy < €O lull (o),
where 0, = h;%. Let s < v and set uy = h;QS. Then,

hi )"
(8
J h]

decays exponentially as a function of k — j. An elementary computation gives that

L] < Cc = (1 - (%)Hyl.

The next theorem immediately follows from Remark EIl, Remark and Theo-
rem Z.11.
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Theorem 4.1. Let —3/2 < s < 3/2. Then (A®u,u)'/2 provides a norm on
H$(Q) which is equivalent to the usual Sobolev norm. Here

j(s)u _ Z h;QS(ék _ ék—l)zu-

4.1. A preconditioning example. We consider applying the earlier results to
develop a preconditioner for an example involving a pseudo-differential operator of
order minus one. The canonical example of such an application is associated with

a form
V(u,v) // dsidss.
|81 - 82|

For this application, I'p is empty and we seek preconditioners for the problem:
Find U € V; satisfying

V(U,¢)=F(¢) forall ¢eVj.
Here F is a given functional. It is shown in [2| that
(4.1) V(u,u) ~ ||u||§{_1/2(9) for all w € V.

It is convenient to consider the problem of preconditioning in terms of operators.
Specifically, let V : V; — V; be defined by

(Vv,w) = V(v,w) for all v,w € Vj.

We shall see that /TE,U ?) defined by

A = Zh (Qr — Qx—1)?

provides a computationally efficient preconditioner for V. Indeed, by Theorem 2]
(./Zgl/mu, u) ~ (AY?u,u)  for all u € Vj.
Applying Remark LTl and (ET)) gives us
(VA 2u, AVPu) o (ATV2AV 20, AYPu) = (u, AV )

for all u € V;. Thus, .ijl/ 2} has a bounded spectral condition number.

It is easy to evaluate the action of jf,l/ Y ina preconditioned iteration procedure.
For k = 1,2,...,J, let {¢¥} denote the nodal basis for V;. In typical precondi-
tioning applications, one is required to evaluate the action of the preconditioner on
a function v where only the quantities {(v, ¢7)} are known. One could, of course,
compute v from {(v, ¢7)}, but this would require solving a Gram matrix problem.
Our preconditioner avoids the Gram matrix problem. To evaluate the action of @k,
for 1 < k < J, one is only required to take linear combinations of the quantities
{(v, ¢F)}. Note that (v, $¥) is a simple linear combination of {(v, *™)}. Thus, we
see that all of the @k’s can be computed efficiently (with work proportional to the
number of unknowns on the finest level J) by a V-cycle-like algorithm.



476 J. H. BRAMBLE, J. E. PASCIAK, AND P. S. VASSILEVSKI

4.2. Examples involving sums of operators. We next consider preconditioning
a sum of operators. The first example involves preconditioning the discrete systems
which result from time stepping a parabolic initial value problem. The second
example considers a Tikhonov regularization of a problem with noisy data.

Fully discrete time stepping schemes for parabolic problems often lead to prob-
lems of the form: Find u € S}, satisfying

(4.2) (u,P) + eD(u, ) = F(¢) for all ¢ € Sp.

Here D(:,-) denotes the Dirichlet form on 2 and S}, is the finite element approxi-
mation. The parameter € is related to the time step size and is often small. Assume
that S, = Vj, where V; is a multilevel approximation space as developed earlier.
Let puy =1 and iy = hZ, for k = 1,2,.... For convenience, we assume that I'p is
non-empty, so that D(v,v) ~ ||[v||? for all v € H}(Q). Then for Ly and L defined

respectively by ([210) and (Z.I8), we have
(Lyv,v) ~ (v,0) and (Ljv,v)~ D(v,v)

for all v € V. Applying Corollary 2Tl we see that the operator
J
(4.3) By=Y (" +eix') Q= Qr)?
k=1

provides a uniform preconditioner for the discrete operator associated with (Z2]).
The resulting condition number for the preconditioned system can be bounded
independently of the time step size € and the number of levels .J.

We next consider an example which results from Tikhonov regularization of a
problem with noisy data. We consider approximating the solution of the problem

Tv=f,
where T denotes the inverse of the Laplacian and f € L?(2). This is replaced by
the discrete problem
Tho = f,
where T}, is the Galerkin solution operator, i.e., Tp,v = w, where w € V; satisfies
D(w,0) = (v,0) foralld eV,

and f, is the L?(£2) orthogonal projection onto V. If it is known that v is smooth
but f is noisy, better approximations result from regularization [11], [I7]. We
consider the regularized solution w € V; satisfying

(44) (Th + OzAh)@ = fy.
Here Ay, : V; — V; is defined by
(Apv,w) = D(v,w) for all v,w € Vj.

The regularization parameter « is often small (see [I7]), and can be chosen optimally
in terms of the magnitude of the noise in f.

Preconditioners for the sum in (#4) of the form of (@3] result from the appli-
cation of Corollary 21 In this case, pr = h;Q, fi, = h2. The condition numbers
for the resulting preconditioned systems can be bounded independently of the reg-
ularization parameter «.

Preconditioners for systems like (@4]) are generally not easily developed. The
problem is that the operator applied to the higher frequencies (depending on the
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size of «) behaves like a differential operator, while on the lower frequencies it
behaves like the inverse of a differential operator. This causes difficulty in most
multilevel methods.

4.3. H'(Q) bounded extensions. As a final application, we consider the con-
struction of H'(2) bounded extensions. Such extensions are useful in development
of domain decomposition preconditioners with inexact subdomain solves. The con-
struction given here is essentially the same as that in [T2]. We include it here in
detail as an application of Theorem 4.1.

With {V;} as above, let Vj, (for k = 1,2,...,J) be the functions defined on 99
which are restrictions of those in Vj. This gives a multilevel structure on the finest
space ‘7:]. These spaces inherit a nodal basis from the original nodal basis on Vj.
The nodal basis function associated with a boundary node x; is just the restriction
of the basis function for V} associated with x;. Denoting this basis by {¢¥}, we
define

k
) =3

The above sum is taken over the nodal basis elements for Vi, and (+,-) denotes the
L?(09) inner product. We note that it is known [T4] that

J
16172200y = D 2 1@k = a-1)011 72 (50,
k=1

where ¢, denotes the L2-projection onto Vi It is easy to see that Theorem 4.1
holds for these spaces. Thus

J
(4.5) 16117172 00y = D h @ = @r-1)01172 (00
=1

with ¢g;0 = 6 and ¢o6 = 0.

Now, given a function 6 € ‘7:], we define E;0 € Vj by E;0 = Eizl Wk, with wg
defined as follows. Let @ be the mean value of 6 on 9. Then w; is the function in
V1 satisfying

wn (1) = G1(z;) if z; is a node of V; on 092,
e 0 if x; is a node of V7 in the interior of ).
For J > k > 1, wy, is the function in Vj satisfying
(1) = [G10 — qr—10)(z;) if z; is a node of V}, on 912,
P 0 if x; is a node of V}, in the interior of Q.

Note that E;0 = 6 on 0%, so that E; is an extension operator.
Recall that | - |1 (q) denotes the semi-norm on H'(€2). Then

|E50m1(9) = |Es0 = 0|0y = |Es(0 = 0)| 1) < 1E(0 = 0)llm (o)

We now use the following well known multilevel characterization of the H' () norm
on Vj:

J
ol ) = inf Y by *llonlZe )
k=1
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where the infimum is taken over all splittings v = Zgzl v with vy, € Vi. Applying
this with v = E;(0 — 0) = (w1 — 6) + 3.)_, wi, and using @3), we conclude that
J

IE;(6 = 0)11 () < C[ZhEQH‘%HQB(Q) +hi % wr = 0|72
k=2
J — —
<O h M@ = @-1)0 = 01 200) < CllO = 0ll31/2000) < ClOl312 (90
k=1

where | - |g1/2(pq) denotes the H'/2(99) semi-norm. Thus we see that

|EJ9|H1(Q) < C|9|H1/2(BQ)-
This type of bounded extension operator is precisely what is required for the devel-
opment of non-overlapping domain decomposition algorithms which do not involve
the exact solution of subproblems.

5. NUMERICAL RESULTS

We present the results of some numerical experiments using the operator A
defined by (C4) applied as a preconditioner for various discrete differential and
pseudo-differential operators. The first example is a standard one and involves pre-
conditioning the finite element discretization of a second order problem. Although
there are many methods available for this problem, we consider it here since it is
the best-studied problem. The second problem involves using (4.3]) to precondition
a sum of operators similar to (4.4).

We start with preconditioning the Laplace operator with Neumann boundary
conditions. To make this problem definite, we consider both the finite element
operator and the preconditioner on the L?-orthogonal complement of the one di-
mensional subspace of constants. The finite element space Vk consists of piecewise
linear functions defined with respect to a uniform triangulation of the square which
results when an equally spaced ny x ng mesh of smaller squares is partitioned into
triangles by connecting the lower left and upper right hand vertices. Here we take
nk :~2k and define Vk to be the functions in V; which are orthogonal to constants.
Let Q be defined as in (B3] with respect to the space V.

The BPX-like preconditioner

J
By=>_ hiQx
k=0
provides a uniform preconditioner for the Galerkin discretization of the problem
u—Au=f in Q,
ou

%20 on 0,

using the approximation subspace ‘7]. Here n denotes the outward normal direction
on 99. Let Q; denote the L?(£2)-orthogonal projector onto V;. The operator QJEJ
is symmetric and positive definite on V; and is a uniform preconditioner for the
Galerkin approximation Ay to

—Au=f inQ,
5.1
(5-1) @ =0 on 09,
on

based on the approximation subspace V.



COMPUTATIONAL SCALES OF SOBOLEV NORMS 479

TABLE 1. Condition numbers for BPX and B applied to (5.1)).

h; | K(BPX) | K(B))
1/8 9.8 5.9
1/16 | 113 7.3
1/32 | 121 8.4
1/64 | 129 9.1
1/128 | 134 9.6
1/256 | 13.7 10.1
1/512 |  13.9 10.4

Table [T reports the condition number of Q JE 7 as a function of h; for both the
BPX preconditioner and the preconditioner defined by

J
By = Zh%(Qk — Q1)
k=2
Note that B; annihilates constants, since we have omitted the kK = 1 term in the
above sum. We see that in this simple case, the new preconditioner is somewhat
better than the BPX-like preconditioner although it is slightly more complicated
to apply.

The second example illustrates the performance of a preconditioner of the form
of (Z19) applied to the problem aAy, + T},. Specifically,

J

(5:2) By = (ah® + 1) (Qk — Qr1)™.

k=2
The operator Tj used here is an operator which is spectrally very close to Agl. It
is defined to be the solution operator of the problem: Find w € V; satisfying

D(w,¢) = (v,¢). forall ¢ € Vy,

i.e., Tpv = w. The inner product (-, ). is a minor perturbation of (-,-) which makes
the computation of T}, feasible via the fast Fourier transform.

We report the condition numbers for h; between 1/8 and 1/512 and for v = b},
v=0,1,2,4 (see Table[Z). Although there are some values of v for which a4, + T}
can be preconditioned by other methods, (2.2)) provides good preconditioning for
all choices of the parameter as guaranteed by Corollary 2.1l Note in particular the
examples 7 = 1 and v = 2. For these cases, the operator behaves like a differential
operator on the higher frequencies and like a pseudo-differential operator of negative
order on the lower frequencies. As far as we know, methods for preconditioning such
an operator are not available in the literature.

TABLE 2. Condition numbers when preconditioning h}Ah + Th.

hy |y=0|y=1|~v=2|y=4
1/8 5.9 12.0 21.6 14.9
1/16 7.2 176 | 35.8 | 155
1/32 8.1 24.3 43.2 16.4
1/64 8.9 34.2 46.8 16.9
1/128 9.5 45.9 50.8 17.1
1/256 | 10.0 55.2 54.5 17.3
1/512 | 10.4 61.1 57.6 17.4
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