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CONVERGENCE OF AN ITERATIVE ALGORITHM
FOR SOLVING HAMILTON-JACOBI TYPE EQUATIONS

JERRY MARKMAN AND I. NORMAN KATZ

ABSTRACT. Solutions of the optimal control and H.-control problems for non-
linear affine systems can be found by solving Hamilton-Jacobi equations. How-
ever, these first order nonlinear partial differential equations can, in general,
not be solved analytically. This paper studies the rate of convergence of an
iterative algorithm which solves these equations numerically for points near
the origin. It is shown that the procedure converges to the stabilizing solution
exponentially with respect to the iteration variable. Illustrative examples are
presented which confirm the theoretical rate of convergence.

1. INTRODUCTION

Partial differential equations of the type
(1.1) p? f(z) £ pT R(x)p + I(x) =0,

where z € R",p = V,(z) and R(z),l(x) > 0 are known as Hamilton-Jacobi type
equations. They are of considerable importance in the solution of nonlinear optimal
control problems [I], nonlinear H,, problems [2], and in various other areas.
Because (IJJ) is a first order nonlinear equation, closed form solutions cannot
be found in general. Furthermore, the only information known about V' (z) is that
it is a C? positive definite solution locally in a neighborhood around the equilib-
rium point © = 0 and V(0) = 0. The size of this neighborhood is not known in
advance, and no boundary conditions are known, so traditional numerical methods
are not applicable. Approximate solutions of () have been found either through
a power series method [3], [4] or a successive approximation approach [5], [6], [7].
In [8], [9], an iterative procedure was introduced which computes the stabilizing so-
lution of (L.I)) for any x near the origin. By applying the algorithm to sufficiently
many points near the origin, an approximate solution over the entire neighborhood
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can be pieced together through, for example, polynomial interpolation. Details of
implementation and numerical simulations are given in [§],[9].

This paper concentrates on the convergence of the algorithm. After describing
the algorithm in Section 2 and proving convergence in Section 3, Section 4 ana-
lyzes the rate of convergence to the stabilizing solution of (L)). It is shown that
the procedure converges exponentially with respect to the iteration variable. The
rate of convergence bound in the linear case is, however, sharper than that in the
nonlinear case. More specifically, if A, is the eigenvalue of an associated linearized
Hamiltonian system with the largest negative real part, it is shown that the order
of convergence is 0(e°*1?") for nonlinear systems and 0(e2R°*1*") for linear systems,
where #' is the time at the ith iteration. Section 5 gives several illustrative exam-
ples and studies the rate of convergence in each example. The computed rates are
consistent with theoretical predictions.

2. ALGORITHM

2.1. Motivation. First, the problem is formally defined. For the dynamic system
&= f(x) + g(x)u,

y = h(x)

with z € R™,u € R™, h(z) € RP, where f(x), g(z), h(x) are sufficiently smooth (as
needed) and f(0) = h(0) = 0, a positive semidefinite function V'~ (x) : U, — R is
sought in an open neighborhood U, around the origin which satisfies the Hamilton-
Jacobi equation

(2.1)

(2.2) H(z, V) = Vi f(x) + %ng(m)gT(x)VZT + 0T (@)h(z) = 0

and renders (ZI) asymptotically stable with v = 2¢7(x)V,; (x). Here, k is a
parameter which depends on the type of problem being considered. For instance,
in a special case of the H,, problem, k = 4v2, where 7 is the gain, while for optimal
control problem k = —4. Tt is assumed throughout this paper that o(A)eC~, where
A=9LF(0).

The algorithm operates in the Hamiltonian space of (2:2), i.e., it considers the
2n-dimensional ODE

dx

=~ _—H

dt P
(2.3)

dp

= = _H,.

dt

In [I0] it is shown that (Z2)) has a C? solution V : U, — R with V(0) = V,.(0) =0
if and only if the manifold

M = {(z,p)eU, x R™ : p = V. (z)}
is an invariant manifold of the corresponding Hamiltonian system (2.3]). In partic-
ular if V() is a solution of (2.2]), then the restriction of the Hamiltonian system to
M is

2
k
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and
u'(w) = 26" @)V (@)

is an optimal control for (2.1) if the performance index is taken as h” (z)h(z). Thus,
solutions of the Hamilton-Jacobi equation can be characterized as invariant
manifolds of the equilibrium point (0, 0) of the Hamiltonian system (2.3]). The
manifold corresponding to u*(z), which asymptotically stabilizes is called the
stable manifold of the Hamiltonian system (2.3)).

Furthermore, under suitable conditions for optimal control and H,, problems,
the Hamiltonian system is restricted to the hyperbolic case, i.e., the linearization
of (23)) has no eigenvalues on the imaginary axis. This insures the existence of an
n-dimensional stable manifold. Finally, for  near the origin, the stable manifold
can be expressed as a graph of x. Therefore, seeking the stabilizing solution of
[B2) at a fixed point near the origin is equivalent to identifying the stable invariant
manifold of [23) at that point.

In [T4] van der Schaft established the connection, which we use here, between
stable manifolds of the Hamiltonian system (23)) and solutions to the Hamilton-
Jacobi equation (27l). The purpose of this paper is to provide a numerical algorithm
with an associated rate of convergence to compute points on the stable manifold of

(23) and thereby solve (LI)).

Define
(2.4) Atz0) = (ﬁgi iggg;) ’
(2.5) W = @»

where x(t, xo,po) and p(t, o, po) are the solutions of (2.3) at time ¢ with initial con-
ditions zg and pg. Also define H as the linearization of (2.3]) around the equilibrium
point (z,p)” = (0,0)T. Then (Z3) can be rewritten as

s=Hz+h(z), heO(|zIP),

2.6 ) 1
(2.6) H:£<%> (A R
9z \~Ha/) .o \—2Q =Z4AT

where A = 2L(0), B = ¢(0), C = 22(0), R = BBT, Q = CTC.
Fix a point = z, 29 € U,. Finding the stabilizing solution of (Z2) at z¢ de-

fined as pj = V.7 (z0), is equivalent to finding the vector py which causes z(t, zg) — 0
as t — oo.

The algorithm uses this asymptotic behavior of the stabilizing solution of (2.2]) to
find pf. For a fixed time ¢, it evaluates each possible solution vector p by measuring
how close the trajectory of the Hamiltonian system (2.3]) passing through (zg,p)
comes to the origin. This is repeated for larger and larger times to produce a
sequence of vectors which converge to a point on the stable manifold.

Define the distance function

A
(2.7) F(t.po) = |l2(t, 20)|* = l|l(t, 0, po) |* + llp(t, z0, po)*-

F measures the distance from the solution of (Z8), z(¢,29), to the origin at time
t with initial condition zg. Because xg is fixed, F' depends solely on the terminal
time ¢ and the initial condition pg.
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Since the solution of (ZZ), p§ = V, (xo), lies on the stable manifold of (Z.4),
limy_, o F'(t, zo,p5) — 0. Because F is a positive semidefinite function, finding pg,
or where the stable manifold intersects © = x¢, is equivalent to solving
(2.8) inf lim F(t, zo,po).

po t—oo

However, because the Hamiltonian system (2.6]) is nonlinear, a closed form so-
lution for z(¢, zo) is generally not available, and the minimization cannot be done
analytically. To approximate a solution numerically, a sequence of times which
monotonically increases toward infinity is chosen, and for each element in this se-

quence F' is minimized with respect to pg. For each i =1,2,3,... define
(2.9a) th 1 oo,
(2.9b) F' 2 minF(t,po),
Po
(2.9¢) py = argming, F(t',pg).

As i becomes larger, t' — oo, and F can be considered, in a sense, as measuring
the asymptotic behavior of candidate solutions. It will be shown in Section 3 that
F' — 0 and p} — pj. Details of the minimization procedure in (290) and (Z9d)
are given in [9].

2.2. Initial guess. In order to solve (2.9H) and (.9¢) for fixed 4, an iterative
procedure is, in general, required. The procedure we use is described in detail in
[§], [9]. For each i, a starting estimate is taken to be pj '. A good estimate for
pg which is taken to be p§ can be found by considering the linearization of (2.1)).
For any linear system, the solution of the corresponding Hamilton-Jacobi equation
is VI(x) = 2T Pz, where P is the stabilizing solution of the Algebraic Ricatti

Equation
1
(2.10) PA+ ATP+ EPBBTP—kCTC =0.
Thus, the initial guess for the algorithm is
(2.11) VE(zo) = pt = 22T P.

This has a nice geometric interpretation because pk is the intersection of the
stable eigenspace of H with the linear variety = xy. Because z( is always chosen
near the origin, pf will lie close to pj.

3. CONVERGENCE

pk is the intersection of the stable eigenspace of H with the linear variety x = .
pf can be found directly from the solution of the Algebraic Ricatti Equation (2-10)
and is used as the initial guess in the iteration formulas defined by the algorithm.
Because xg is chosen to be near the origin, at z the stable manifold of (Z23) should
be “close” to the stable eigenspace, i.e., p; should lie near pf. Therefore, instead of
considering all vectors p as candidates to lie on the stable manifold, the algorithm

considers the set P’ 2 {p:|lp— pk| < 8} for § suitably large. See Figure Bl

Assumption 1. The point (g, p) lies in P’. Since the stable eigenspace is tangent
to the stable manifold at 0, this can be accomplished by choosing ||x¢|| sufficiently
small.
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FIGURE 3.1. Restricting the search space of p{

Assumption 2. For any sequence (tj,xo,pg) and p = lim;_ pé, the following
holds:
z( lim tj,xo,pé) = lim z(#,z0,p).
J—00 tI —00

This assumption will prevent situations such as that depicted in Figure In
the figure as tJ — oo, there is a sequence (xo,p}) with z(t7, o, p}) — 0. However
py — D with z(¥/,x¢,p) — 2* as t/ — oco. Again, this assumption is satisfied when
l|lzo| is sufficiently small since then p) = p{ and subsequent iterates p} are close to
pg, the point on the stabilizing manifold.

Lemma 3.1. F' — 0, as t' — oo.

Proof. py lies on the stable manifold of ([23)), so limyi_ . ||2(t}, 2o, pg)|| — 0. For
each t?,

(3.1) F' = ||2(t, 2o, pp) |1 = Jnin, 12(t, 20, po) |* < [|2(t, o, 05|
0

Therefore, as t* — oo,
(3.2) 0 < lim F* < lim || 2(¢", zo, p)||* = 0.

That is, F* — 0.
Because pj lies in the closed bounded set P, it has an accumulation point p in P.
The next lemma states that any accumulation point must lie on the stable manifold

of ([Z3).

Lemma 3.2. If F* — 0, then any accumulation point of pi lies on the stable
manifold. Furthermore, there exists exactly one accumulation point, i.e., py is a
convergent sequence.
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FIGURE 3.2. A possible phase portrait

Proof. Define pg as a subsequence of pj) which converges to an accumulation point
p. Then, by assumption 2,

hIn ”Z(tja xOvpé)” = H hnl Z(tja anpg)”
J—0o0 J—0o0
= HZ( liID tja Zo, hln pé)”
j—o0 j—o0
— lim [=(t.z0. )]
— 00

which goes to zero from Lemmal[3Il Therefore, p must lie on the stable manifold.
Now suppose two accumulation points p;, ps exist. Both points must lie on
the stable manifold, but xy was chosen to lie inside the neighborhood where the

stable manifold can be written as a graph, i.e., M~ 2 p = V. (x9). Therefore,
p1 = p2 = p*, and the entire sequence converges to the stable manifold.
Together, the above insure convergence of the algorithm to the stabilizing solu-

tion of [Z3). We now study the rate of convergence.

4. RATE OF CONVERGENCE

4.1. Nonlinear systems. Only the case where the Hamiltonian system has sim-
ple eigenvalues is considered here. Similar results can be derived when there are
multiple eigenvalues. The main result in this section is

lp6 — vl = 0(e AV,

where A1 is the eigenvalue of H with the largest negative real part.

A procedure different from (2.9) is given in [2 Appendix B, Section 4] for com-
puting a point on the stable manifold corresponding to x¢, and also in [I5] Section
2.6, Exercise 2.6.7]. In this procedure a two point boundary value problem is for-
mulated for (Z3) with x(0) = xo and p(t') = £, a constant (see [2} B. 73]). Then
let t* — oo. In [2, B. 80], it is shown that the procedure converges with rate of



CONVERGENCE OF AN ITERATIVE ALGORITHM 83

convergence e At where 8/ < (see [2, B. 46]). g corresponds to (—ReA) in our
notation, so that the convergence result in [2] is somewhat weaker than ours. In
our algorithm given in (2.9), the need to solve a two point boundary value problem
is replaced by the minimization problem in (2.90) and (Z9d).

Since H has 2n distinct eigenvalues, there exists a nonsingular transformation
matrix 7" which transforms (Z2)) into a diagonalized system, i.e., T : u — z, or
(7{,’) — (2) Thus, without loss of generality, the Hamiltonian system (Z3]) can be
written as
w = Aw + g1 (w,v),

1) b= —Av+ ga(w,v),

where A is diag(A1, ..., ), and Re A\, < Re A1 <--- < Re A; < 0. We assume
that for ||u|| sufficiently small, and i = 1,2

9gi
ou
1] 2

Divide T into four n x n submatrices, i.e., T 2 (0(3 o ) Then, in the new coordi-
nates, the algorithm consists of the sequence of problems

(4.2) lgs()ll < Kllull?, |l ()] < K[ul.

(4.3) Argmin(y, v,) ul (', wo, vo) T Tu(t?, wo, vo)

(4.4) such that ajwy + asvy = x9

for a sequence t* — oco. Note that the constraint o fixed is now a linear variety in
the new coordinates.

Lemma 4.1. a1, ay are invertible if c(A) C C~ and R > 0.

Proof. Note that (g;) spans the n-dimensional stable eigenspace and (gj) spans
the m-dimensional unstable subspace. Standard results from Algebraic Riccati
Equation theory [2] show that the stable and unstable subspaces of H have the

form
T =Im <1I3> ,

where P is a solution of the Algebraic Riccati Equation
4
ATP+PA+EPRP+Q:O,

i.e., there exists an w € R™*"™ such that
o =W,
as = Pw,
and thus a3 = Pay. So if © € ker(ay), then z € ker(as). However, since the
combined vector (g; )T must span n-dimensions, this is only possible if x = 0.
Therefore, ker (a;) = {0}, and «; is invertible. By the same method, a2 is non-
singular as well.
The constraint (£4) can now be written as
(4.5) wo = aj Mz — agvp).
Define
. [ w(t,vo)) _ [w(t, wo(vo),vo)
(4.6) a(t,vo) = <ﬁ(t ) = <v(t,w0 .

’
7U0)
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. . . ; w* .
From Lemma B.2, it is known that as i — oo, v — v, where (¢ ) = uf is on the
9]

stable manifold.

We consider t* in a compact interval [0,%], £ > 0. The rate of convergence is
found using the mean value theorem. For any element v,

o0

(4.7) o

O(tvv(i)) - f)(tvv;) =

(a(t, 0)) (v —

)

for all ¢ € [0,¢'], where ¥ lies on the line segment connecting v} and vj.

It will be shown below that g—%ﬂ exists.

Assuming for now that it does,

rearrange (7)) and take the norm of both sides to obtain

oot
8’()0

(4.8) lvg = w5l < |

(@(t, o)l 1o(t, vg) — 0(t, vg))

Since ||vj — vl — 0 as i — oo, ||6(t,v8) —0(t,v3)|| — 0 for all ¢ in [0, #!]. Therefore,

. 0n —1 .
if ||g—1ji) || goes to zero, then v} must approach v§ at least at the same rate.

We now calculate || %_

1 . . .
||. First, use the chain rule on 4, i.e.,

ow
ou Ao ou , . ... Ougy
= ( = (a(t. o)) =
avo —'U auo (U’( )UO)) avo
8’()0
ow  ow
_ | Owg vy _al_la2
I GGl r)
8w0 8@0
and therefore
a0 v 1 v
4.9 — = =—(= — .
“9) dvo (311)0( o) 31)0) a(t,5)
Let Z° be the variational matrix of (A1) at the ith iteration, i.e., Z° = ;T“O(ﬁ(t, ).

Then Z° satisfies the equation

Z'=(A+ B'(t)Z',

4.10 .

(410 7o) = 1,

where
99

) ow
Aé(g _0A> Bt 2

992
ow

991
ov

992
ov

a(t, o)

Remark 4.1. Note that if the Hamiltonian is linear, then B'(¢) = 0 and (&I0) can

o0 _

Y Ovg

be solved directly. In that case

e MI, and v — vi|| = 0(eReMt). Since

2o is chosen near the origin, the nonlinear terms should not have a large effect on
the variational system. See Figure The following analysis seeks to measure the
effect of this “perturbation” on the rate of convergence.

The following well-known theorem will be useful and is quoted here in its entirety.



CONVERGENCE OF AN ITERATIVE ALGORITHM 85

Theorem 4.1 ([11]). Let f,.(t,x) be a sequence of functions which are defined and
continuous in an open set D and suppose that lim, .. fn = [ exists uniformly
on any compact subset of D. Let (t,,&,) be a sequence of points converging to
a point (1,€). Let ©,(t) be any solution of the differential equation & = f,(t,x)
passing through the point (t,,&,). If the solution ¢(t) of the differential equation
i = f(t,x) which passes through the point (t,€) is defined on the interval [a,b] and
is unique, then on(t) is defined on [a,b] for all sufficiently large n and @, (t) — @(t)
uniformly on this interval as n — oo.

Since v approaches v, and ¥ is on the line joining v} to v, it follows that
oY approaches v as i — oo. Fix a time t* = 7 from the sequence of times. From
Theorem [£1] it follows that ﬁ(t,@é) approaches 4(t, v§) uniformly for ¢ € [0,1] as
j — 00. Now define B*(t) = g—z(u(t,vg)). Then
Lemma 4.2. Let g(-) € C?. Then B’(t) — B*(t) uniformly on the compact inter-
val t € [0,t] for any finite t.

Proof.

Now let Z*(t) be the solutio_n to the variational system along the stable manifold,
i.e., it solves the equation Z = (A + B*(t))Z, Z(0) = I. Applying Theorem HT]
again, it follows that

(4.11) Z(t) — Z*(t) as j — oo uniformly for ¢ € [0,7].

Trajectories lying on the stable manifold approach the origin exponentially [12].
Therefore, along the stable manifold, asymptotic results on the solutions of time-
varying differential equations, can be applied. We quote one such result in Theorem

B2

Theorem 4.2. [13] Consider a system z = (A + B(t))z. Suppose A has simple

characteristic roots, A\, k = 1,...,n satisfying ReA\y_1 < ReAp < ReAgp1 <
ReMit2 and [ ||B(t)||dt < co. Then there are n solutions z1,22,..., 2, such that
(4.12) 2p = e (ep 4 0(1))

as t — oo, where ey, is the kth unit vector.

Since the trajectories along the stable manifold approach the origin exponen-
tially, [ ||B*(t)||dt converges, and Theorem E2 can be applied to the system

(4.13) W = (A + B*(t))w.
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Combine the n solutions which satisfy ({I1Z) into the matrix W (¢). However, since
W (0) is not the identity, W (t) is not the variational matrix Z*(¢). Using ([EI2) it
is easy to check that

A 0

(4.14) w(t) = J c }t(uw(t)),
Z5(t) =W(@EHW(0) L,

where ¥(t) = o(1) as t — oo.
The following theorem will be used to bound (0).

Theorem 4.3 ([13]). Again, consider a system z = (A + B(t))z, and suppose A
has simple eigenvalues Ay, ordered as in Theorem[{.3, and | B(t)|| — 0 as t — co.
Then each solution z1,z2, ..., zn satisfies the inequality

(4.15) caelte M= 2 fy IBIE < 1| < ¢ eRedetter o I1Bldt

for t > 0, with c1,ca,dy,dy all positive constants. Furthermore, each solution zy,
k=1,...,n, also satisfies the integral equation

t 0
(4.16)  zi(t) = eMley + / Yi(t — s)B(s)z(s)ds — / Ya(t — s)B(s)z(s)ds,
0 t

where

Y1 (t) £ diag(eM?,..., e 0,...,0) and Ya(t) = diag(0,...,0,eM+1t  ernty,

Theorem EL3| can be applied to each column of W, since | B*(t)|| — 0 as t — oc.
Using (ET4) at t = 0 on wy,
(4.17) wi(0) = ex — / Ya(—t1)B* (t1) 20 (t2)dir.

0

So for wy, the kth column of W, the kth column of ¥(0), ¥ (0), is equal to the

integral term of (E17).

Lemma 4.3. Given ¢ > 0. For all zo sufficiently close to 0, | B*(¢)|| < ¢, for all
t>0.

Proof. Solutions starting on the stable manifold remain there and approach zero
exponentially [I12]. For any uf = T_l(;g) on the stable manifold it follows that

(4.18) lu(t,ud)|| =0 ast— oco.
By choosing ||zo|| small so that p§ is also small, ||ug] is small and
llu(t, us)|l < e1 fort > 0.
From (E2) letting ey = ¢/K

* 8 ~ * ~ *
1B*(®)] = ||a—g(u(t,v0)|| < Kfja(t, v)|| < Key =e.

Lemma 4.4. Given € > 0. By choosing xg sufficiently close to 0,

/ 1B (t)|dt < e.
0
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A D E¢ = Stable eigenspace
W; = stable manifold

A
S

\

x

FIGURE 4.1. Stable subspace and manifold for Hamiltonian system

Proof. Since [*[|B*(t)||dt < oo, there is a T' > 0 such that [, ||B*(t)||ldt < .
Using Lemma B3] choose xo so that ||B*(t)|| < 57. Then

/0 1B (t)dt = / 1B (1)t + /T RO

€ €
< —T4+ - ==¢.
=57 +2 €

Now by choosing ||zg]| sufficiently small, ({E15]) becomes

2] < cleRe/\kt—i-dl IS 1B™ (t1)|ldty < cledlseReAkt

and the integral term in ([IT) is bounded by
||/0 Ya(=t1)B(t)zk(t)dta || < Cled1€/0 M) | B(1) | iy

S Cledléi
since Re(Ar, — Ag+1) < 0. Therefore ||4(0)|| can be made arbitrarily small, by
choosing ||zo|| sufficiently small. That is

(4.19) [9(0)[ = o(1) as [|zof — 0.

Define 2} (t) as the kth column of Z*(t). Using the above result on W (0), z;(t) =
e (8 +0(1)) as ||xg]| — 0. Similarly, define z{ (¢) as the kth column of Z%(t).

€
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Introduce the notation 0;(1) to mean o(l) as ¢ — o0,0:(1) to mean o(1) as
t — 00, and 04,(1) to mean o(1) as ||zo|| — 0. Using this notation, for fixed #’, it
follows from (EEIU) with £ = ¢ that

(4.20a) [[2°(t") = 2* ()] = 0i(1),
from (ZI4) that
o )
(4.20b) 2y =el O T D (@) T+ w(0)
where
(4.20c) v = 04 (1),
and from (ZI9) that
(4.20d) [1(0)[| = 01, (1)-

Theorem 4.4.
b — D3l = 0(eRME) 4 0;(1) + 04, (1).

Proof. In the following calculations we retain only terms which are first order in

o(1). Using (Z204), (£.20D)), (Z20d), and (4.20d), we have

Ou (o =
g (UE %))

I
N
S
—~
o~
S,
~—

N O s
(4.21) =l T D g+ 0(0) 7 4 0i()
.
= el O T 1 (I () = $(0) + () (0) + 0i(1)
.
el O 7 (= p(0) 4 0 (1)) + 0:(1).

Let
_ [Yn(t) a(t)
vt = [%1@ %2(75)}
Then
S 1) = ¢ (21 (0) + 00 (1)) + o4(1),
(4.22) 5 5
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Substituting (E£22) in (E3) gives

S, 56)) = ™ (—va1(0) + 00 (1) + os(D (a7 )

+k*“@—wnmram<»+m<ﬂ
= [e™" (020 (1) + 04+ (1)) + 0:(1)] (a7 ' z)

+[—“%I+o%a>+@«>>+m<ﬂ

e Nt (I + 04,(1) + 04 (1)) + 0;(1).

Therefore
90 - N — At 1
o) Ol ,09)) = [ (I + 025 (1) + 04 (1)) + 04(1)]
= [ (T + 05, (1) + Otf(l)) +eMo;(1)) 7!
= I+ 02, (1) + 0 (1) + € 0;(1)] e
=u+%x>+waww“ (D]
and
H og) @) = (1 +05,(1) +ou (1) + 0i(1))e B0t
Now from (ER) with ¢ = ¢, it follows that
(4.23) [0f — vZ| = 0(eReME)  as i — oo, ¢ — 00, 2o — 0.
From (E3)
wh = ay 't (zo — agvf), wh = oyt (zo — agvd)
wh — w = —ag(vh — v).
Therefore
Iob—psl = llz5 — =5 ,
(4.24) = T = wg)ll < Clluh - ug]| = 0(e ")

asi— o0, t'—o0, xz,—0.

The following example, although not a Hamiltonian system, illustrates the ideas in
the proof of the previous theorem.

Example 4.1.

(4.25) v
0= v+ ew?

subject to

(4.26) aqw(0) + agv(0) = xo.

It is easily verified that the general solution to (ZH) is

w(t) = w(0)e ™",
4.27 2 2
(4.27) v(t) = (EwT(O) + v(O)) el — sz(O)e_Qt.



90 JERRY MARKMAN AND I. NORMAN KATZ

The stable manifold of (@25 is

aw +v*(0) =0.

The variational equation corresponding to (£.25) is
(5i5) = |2ty 1) ()
o/~ |2ew(t) 1|\ 3,

-([5 3 +50) ()

B = [2@8@) 8} = [25w(%)et 8] '

Clearly fOOOHB(t)Hdt < 00, and ||B(t)|| can be made arbitrarily small for all ¢ > 0
by choosing w(0) small.
The transition matrix Z(t) for (@28 is

et 0
2(0) = Z(t,w(0)) = [m(m — ]
3

et 0 1 0
o { 0 et} [—2612(0)(1 —e %) 1|
The 2 solutions z1(t), 22(t) in {I2) can be computed by writing z;(t) = Z(t)c;,
i = 1,2, and substituting in (£I6) to determine c;.

(4.29)

This gives
et 0
21(t) = [ _%w(o)e_zt ] ) 2(t) = [ et :|
W(t) =W(t,w(0)) = [Zl(i)t ZQ(t)]
_ [ <o ](Hw( ),
where
- O O
Q)ZJ(t) = -_% (O)e—Bt (;|’
—1 - o " 1 T
W(tWw=(0) = __% (0)e—2t et] l%w(O) 11
Wt o 1 0
=10 ] l%wm)(l—e—“) 1| =70
_ :e; g] (I + 9 (t) — (0)).

Note that ¢ (t) — 0 as t — oo, and for w(0) sufficiently small, 1(0) is small. Also,
for each fixed ¢, z(t, w;(0)) — z(¢t,w*(0)) as w;(0) — w*(0).
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Equation (&24)) shows that [|w;(0) — w*(0)|| = 0(e™*") as i — co. This bound is
not sharp. A calculation for small ¢ shows that, in fact, ||w;(0) —w*(0)| = 0(e~*")
as i — oo. This is the rate of convergence of the linearized system of (E2H) as
shown in the next section.

4.2. Linear systems. It is now not assumed that the Hamiltonian system has
distinct eigenvalues.
The main result in this section is

Iph — pgll = 0(eReM1).

If the stable and unstable eigenspaces are orthogonal, then

Iph — pgll = 0(e*ReMt).

Define T as the set of generalized eigenvectors of H such that D 2 7'HT is in
Jordan block form. Furthermore, partition 7" into the four n x n submatrices

(4.30) T = (0‘1 0‘2).
a3 Q4

Again, to facilitate the analysis, the system is put into “eigenvector” form by making

the coordinate transformation Tu = z, where u” = (wT vT). In the new coordinates
the Hamiltonian system (2:6)) with h(z) =0 is @ = Du, or more explicitly

I,
w)\l 0 U))\l
’ J :
sy Llmw o ST Wrw
dt | v, . vn, |
T,
Uay 0 U

Joxn

where Jy, is the Jordan block corresponding to the eigenvalue )\; of H, and wy,,
vy, € R¥ where k; is the multiplicity of \;. T is constructed such that

Re(An) < Re(An-1) <--- <Re(A1) <0.

Recall that the algorithm solves the minimization problem

(4.32) min F(t,x0,po) = 2" (t, 20, p0)2(t, 0, po)
(4.33) such that (I 0)zg = xg

for a fixed time ¢. Using the transformation Tu = z, the problem in the new
coordinates is

(4.34) min F(t,up) = ugeP X Py
o

(4.35) such that(I 0)Tug = xg

where X 2 TTT,
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Because the time ¢ is fixed, (Z34]) can be solved analytically using Lagrangian
multipliers. Define the costate vector u £ [11 -+ un] and the objective function
(4.36) JEF + p(arwo + agvg — o).

Then for any finite ¢, the minimizing initial condition ug(¢) of [{:34]) also satisfies
the 3n-dimensional linear system

oJ
(4.37) 5 = 2eP" 1 X ePlug + TT(I 0)7u” =0,
0
oJ
(438) a—M = (I O)TU,Q = Z9-
Solving equation ([£37) gives the expression
1
(4.39) ug(t) = —E(eDTtXeDt)_lTT (é) u’,
which can be substituted into (£:38)) to obtain
(4.40) uT = —=2((I 0)T (P txeP)~1TT <é>)1xo.

Combining ({39) and (£40), the vector ug(t) found by the algorithm is, for any
fixed time ¢,

(4.41)
wo(t) = (Z’g((f))) — (PTtx PH-IpT (é) (I 0)T(P" X eP 17T (é))_lxo
2 (ePtx Pyt (Z?) G~ (t)zo.

Although Lemma states that for nonlinear systems ug(t) — ug, as t — oo, for
linear systems this can be shown directly. Toward that end, define the following
partitions

-1 é X1 X2 Dt é 6At 0
ww xea(l B ea( o)
From the definition of D, e — 0 as t increases and e~** grows exponentially in ¢.
From (EZT) it follows that for vo(¢)
(4.43) vo(t) = (eAtXQTe_ATtalT + eAtheATtaQ )G E(t) .

It will be shown that as ¢ increases, vo(t) approaches zero exponentially.
Expand G(t) using the partitions of D, T and X to obtain

G(t) = (ozle*AtXlefATtole + oqe*AtheATtonT
(4.44) A ATt T A AT
+ageX] e M tal + age’ Xze ton) .

Factoring the first term on the left and right gives
(4.45)

_ _AT T _AT
G(t) = e <X1 + eMat {ale AMtxoeh tal 4+ agelt XTe N taT

T T _ T AT
+ Oég@A theA taQT}ozl Teh t)e A talT,



CONVERGENCE OF AN ITERATIVE ALGORITHM 93

which is equivalent to
(4.46) G(t) = aye M (X1 + XgeATtQQTal_TeATt
+ Mo tage™(XT + XgeATtagoszeATt))e_ATtalT.

Note that the middle term has a factor e, and therefore approaches X; as t
increases. Thus, for ¢ large enough,

(4.47) G(t) — al_TeATtXl_leAtozl_l.

Substituting this approximation into ({L43)) gives the large time approximation for
Vo-

_AT T _ T _ _
vo(t) — (eMXTe™ tal 4+ e Xge™ tal)ar e IX M ar xg

(4.48) At T yv—1 At —1 ATt ATt T ~—1

— (e Xy X{eMa] " + e "Xze” fay G (t)) xo.

Again, because A contains only negative eigenvalues of H, ([@48) will approach zero
as time increases.

The rate of convergence is determined by considering the “slowest” exponential
function of ([@ZR), which will depend on the structure of o(H). For example,
suppose H has distinct eigenvalues. By combining the terms of (#48) into one
expression, it is seen that each element of vy(¢) will contain a linear combination of
the functions e t2)t for i, j = 1---n. Therefore, the algorithm will converge to
the stable manifold exponentially at a rate of 2Rel;.

Now suppose A; has multiplicity k; > 1. In this case, the corresponding ba-
sis solution of the Hamiltonian system grows like t*1~e**. Hence, for repeated
eigenvalues, the rate of convergence will be slowed by a factor of t2¥1=2,

From (£48)), it is clear that if the first term equals zero, the rate of convergence
is doubled to an exponential rate of 4Re\;. This can occur, for example, when
Xy = 0. Because X = (TTT)~! and T is the set of eigenvectors of H, Xo = 0
occurs when the stable and unstable subspaces are orthogonal to one another.

Of course orthogonality of the stable and unstable spaces is a specific case, but
the higher rate of convergence can be achieved for any system by reformulating
the problem. For example, instead of minimizing F = ||z(¢, 29)||?, diagonalize the
Hamiltonian first and run the algorithm on the function F = [|u(t, uo)||? instead.
The new sequence of initial conditions, i} (¢) will satisfy (ZZT) as well, except X !
is now replaced by the identity, or more specifically, X; = X3 = I, and X, = 0.
This can be seen explicitly in the following example.

Example 4.2. Consider a two-dimensional linear diagonalized Hamiltonian sys-
tem

140 w = \w, A <0,

(4.49) 0= —Av.

The stable manifold is the subspace v = 0.
The algorithm minimizes the function

zo
(4.50) P = o (2 2) (1),
2
where x = TT'T, over (wg, vo) subject to the constraint

(4.51) awg + by = c.
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The optimal initial conditions can be expressed as a function of time to be

(2axs — bxge
x1b2e — xoabeM + a2x3)’

2)\t)c

U)()(t) = 2(

(4.52)

(2bz1e*M — azge®M)c

12t — xoabe?M 4 alx3)’

’Uo(t) = 2(

2t

It can be seen that vo(t) — 0 as t — oo at a rate of e Now consider the

“simplified” function

(4.53) F(t, wo,v0) = (w v) (Z’) :

which is minimized over the same constraint (£51]). The optimal sequence is now

5 B ac
wo(t) = a2 + h2edrt’
(4.54)
- be
o (t) =

a2 + b2e—At’

which also converges to the stable manifold, but at the rate of e***. Because the
“cross-term” of the quadratic is missing, the rate of convergence effectively doubles.

4Nt

Of course, the faster convergence of the algorithm will be balanced by the com-
putational cost of diagonalizing the Hamiltonian beforehand. Because eigenvector
computation can be expensive, it may not be worthwhile to implement the modified
problem for higher dimensional systems.

5. EXAMPLES

5.1. Example. Consider the H., problem for the nonlinear system

& = Az +ef(z) + Bu,
y =Cux.

Increasing e is equivalent to strengthening the effect of the nonlinear terms on the

system dynamics.
Define

ﬂ@—< & ),V—L&

1T — J)%

The algorithm was used to solve the corresponding Hamilton-Jacobi equation at
the point (0.1 0)7 for different values of e. For all cases, the first terminal time
in the sequence ¢ in (29a) used in the program was 2.0. Since the solution to the
Hamilton-Jacobi equation is not known when € # 0, for all cases the simulation was
run until five significant digits were obtained in the solution. The resulting state
trajectories are given in Figure Bl This indicates that the algorithm is indeed
finding a stabilizing trajectory. Figure shows the error graph of the algorithm
for each iteration for each value of e.
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Phase Portraits for different e
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FI1GURE 5.1. State trajectories of system with algorithmic ¢

Error analysis for different values of &
0 T T T T T T T T T

| 0.25
! .. 05
== 075

F1GURE 5.2. Effect of nonlinear terms on convergence
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The eigenvalues of the corresponding Hamiltonian matrix are +1.31, +0.48. For
the linear case € = 0, the straight line of the error curve on the semi-logarithmic
axis implies exponential convergence with respect to the iteration variable. The
slope of the line indicates the rate of convergence, which can be calculated using
a least square fit. In this case, the rate of convergence is —0.96, which is indeed

O(e*11) as expected. As e increases, the nonlinear terms have a stro
the algorithm, and the rate of convergence decreases accordingly.

nger effect on
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Solution of Bellman equation
15 T

true solution
1 X X numerical solution

-1.4625

T
1

-1.463

T
1

"o -1.4635

T

X
X
X

1

-1.464

FIGURE 5.3. Numerical solution for system (B1I)

5.2. Optimal control problem with non-quadratic cost. The first example
is a linear system with a non-quadratic cost function. The example is from [4]:

T =—ax+u,

5.1 >
(5.1) J = / (z? 4+ 2* + u?)dt.
0

The corresponding Bellman equation is
1
(5.2) H(z,V,) = —azV, — Zvﬁ + 22 +2* =0,

and the optimal control of is u* = —1V,", where

(5.3) Vo (z) = —2x(a — Va? + 1+ 22).

In the case a = 1, equation (5:2)) was solved by the algorithm for x € [—1,1]. The
initial guess for V7 (z) was chosen to be —2z. The starting time in the sequence ¢
in (Z9a) was chosen as t = 2, and the times were increased at each iteration by
0.1.

The top graph of Figure (3] shows that the algorithm finds the stabilizing so-
lution of (52) for different fixed values of . The graph on the bottom shows the
progress of the algorithm to the correct solution for z = —1, which is V7 (-1) =
—1.46410.
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3 Residual of Bellman equation at Xy = -1

25F b

i
H(x,p)
=
al N
T T
1 1

=
T
1

) x107° Distance Function
T T

151 b

F(t,p)
-
T
1

FIGURE 5.4. Error functions for system ([5.1)

Figure B4 displays two error estimates used when the true solution is not known
in advance. The graph on the top displays the first error estimate which is the
residual of the Bellman equation for each minimizing initial condition p. Since the
algorithm seeks a solution to the Bellman equation, each iteration should cause the
residual to decrease to zero. The bottom graph shows the second error estimate
which shows the progress of the distance function

F(t',py) = ll2(t', 2o, pp)I* + |p(t", 2o, p")|?

as t' increases. Clearly, this function should monotonically decrease to zero as well
as t* grows bigger.

5.3. A two-dimensional linear H,, problem. For a linear system

54 & = Ax + Bu,
(54) y = Cu,
the Hamilton-Jacobi-Isaacs equation, whose solution insures the Lo gain from w to
y is less than or equal to 7, reduces to the Algebraic Ricatti Equation (ZI0). Specif-
ically, with k = 442, the stabilizing solution is V- = 2T P, and the corresponding
control is u* = #BT(VI’)T = #BTP‘%.
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Solution of Isaacs Equation - first component
2.85 T T T

2.84 b

2.83 X T

pA
X

2.82F x b
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1.225 T T
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Residual of Isaacs Equation
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0.005 - x 4

Distance Function
0.01 T T

0.008 - b

0.006 - b

Fep)

0.004 - x L

0.002 - X b

o
X
X
X
p<
K
3

FIGURE 5.5. Solution and error analysis for equation (2:10)

Although (ZI0) can be solved directly, the optimal control can also be found at
a specific initial condition by the algorithm. Let

=(5 %)
(5.5) B_ (2) ,
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and set v = 1.3. The algorithm was run at the initial point = (1 0)7, with
initial guess for p* arbitrarily chosen to be (1 1)7. The first time in the sequence
t* in ([ZUa) used in the program was t° = 5, and the times were increased at each
iteration by 0.25.

The true solution V. (z) = (2.839 1.220)7 is found by directly solving the Al-
gebraic Ricatti Equation. Figure shows the convergence of each component of
p* to the true solution. The bottom two graphs show the distance function F and

the residual function H*, which indicate that the algorithm is indeed converging to
a stabilizing solution of (2.10).

5.4. Convergence rate versus eigenvalues of Hamiltonian. Section 4.2 shows
that for linear systems

(56) e = ||py — poll = CeeN,
where A; is the eigenvalue with largest negative real part of H. Therefore,
(5.7) In(e’) =~ InC + 2ReA t".

So if the graph of the error function versus the sequence t' is a straight line on
semilog axes, then the error is truly decreasing exponentially as the times in the
algorithm increase. Furthermore, the slope of the line will determine the time
constant, or the rate of decay.

The Hamiltonian matrix associated with equation (&.2) is

(5.8) H= ( :‘2‘ _a% )

H has eigenvalues ++v/a? + 1. Running the algorithm at x = 1 for different
values of a, Figure L8 displays the logarithmic error graph. Clearly, the curves
are all linear, which imply exponential convergence. Furthermore, as a increases,

L Q

o
rwWNPE

L @

10 el

log(e)
/
1

15 | ~ . el 4

20 | ~ b

25 1 1 1 1 1 1

FIGURE 5.6. Error at each iteration for different a
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TABLE 5.1. Eigenvalues of H vs. rate of convergence

a|l A 2X | Meale
1| v2 |-2.83]|-2.83
2| V6 | -447| -4.46
3|10 | -6.32 | -6.37
4| V17 |-8.24 | -8.25

the slope of each line increases, indicating a faster rate of convergence. By finding
the least square fit to each curve, the rate of convergence can be tested. Table
Bl shows how the eigenvalues of the Hamiltonian and the convergence rate of the
algorithm vary as a increases. Clearly, the rate of convergence is consistently twice
the eigenvalue of the Hamiltonian matrix.

For higher dimensional systems, this convergence rate depends on the eigenvalue
with largest negative real part eigenvalue of the Hamiltonian. Consider the linear
H, problem (54)), (55). The associated Hamiltonian system of the Isaacs equation
is

1

T
52 BB T

T A
(5.9) =

P —2cTC AT p
and the eigenvalues of (B9) are £1.31,+0.48. Figure [£.7] shows the graph of the
error versus the time on semilog axes. The straight line indicates that the conver-

gence is indeed exponential, and the slope confirms that the rate is approximately
double the minimum eigenvalue of H.

Slope = -1.043
0 T T T T
——  first component
-1+ -=- second component | 4
ok i
3k i
-4p i
@ RN
5 -5¢ < 1
o S <
-6 NN i
-7+ S = i
_8 |- ~ - = -
-9 o N 4
,10 L L L L L L L L L L L
55 6 6.5 7 75 8 8.5 9 9.5 10 10.5 11

FIGURE 5.7. Convergence rate of algorithm for system (5.0



log(e)

CONVERGENCE OF AN ITERATIVE ALGORITHM 101
Slope =-1.50
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By changing the H.,-gain to v = 2, the eigenvalues of the Hamiltonian change
to £0.721,4+1.20. Correspondingly, Figure (.8 shows a faster convergence rate of
—1.50.

Section 4 implies that as the eigenvalues of the Hamiltonian matrix move to-
ward the imaginary axis, the algorithm takes longer to converge to the stabilizing
solution. This corresponds to the fact that as o(H) moves closer to zero, the Hoo-
problem approaches the singular case.

Next, the case where H has repeated eigenvalues is considered. Suppose H has

eigenvalues {%, %, —%, —%} The theoretical convergence rate is of the order te™%*.

Figure shows the logarithmic error graph.

While the resulting graphs are not linear, a least square fit of the data to a
straight line gives a slope of —0.8376, which is less than twice the smallest eigen-
value. Therefore, just as repeated eigenvalues slow the rate of a stable system to
the equilibrium point, they also slow the convergence of the algorithm to the stable
manifold.
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