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A MULTILEVEL SUCCESSIVE ITERATION METHOD
FOR NONLINEAR ELLIPTIC PROBLEMS

YUNQING HUANG, ZHONGCI SHI, TAO TANG, AND WEIMIN XUE

ABSTRACT. In this paper, a multilevel successive iteration method for solving
nonlinear elliptic problems is proposed by combining a multilevel lineariza-
tion technique and the cascadic multigrid approach. The error analysis and
the complexity analysis for the proposed method are carried out based on
the two-grid theory and its multilevel extension. A superconvergence result
for the multilevel linearization algorithm is established, which, besides being
interesting for its own sake, enables us to obtain the error estimates for the
multilevel successive iteration method. The optimal complexity is established
for nonlinear elliptic problems in 2-D provided that the number of grid levels
is fixed.

1. INTRODUCTION

The multigrid method (MG) has been shown to be one of the most efficient
techniques for solving partial differential equations and has been studied by many
researchers, see, e.g., Brandt [6] and Hackbusch [T2] and the references cited therein.
The nested version of the multigrid method or the so-called full multigrid method
(FMG) can yield the optimal order of operations O(N) in obtaining the approx-
imate solution with the accuracy of discretization. In contrast with FMG, Deufl-
hard [9] proposed a cascadic iteration algorithm which employs nested iterations
using the conjugate gradient (CG) method or the preconditioned conjugate gradi-
ent (PCG) method instead of using MG at each level. Some adaptive strategies are
also proposed, see, e.g., [9, T0]. The efficiency of the cascadic algorithm has been
demonstrated numerically in [9, [10], and the comparison is made with the numeri-
cal results obtained by using the multilevel preconditioner of Bramble, Pasciak and
Xu [5] and the hierarchical preconditioner of Yserentant [27]. The main feature of
the cascadic iteration is coarse-grid-correction free, and as a result it can be viewed
as a one-way multigrid method. Since the cascadic iteration never goes back to the
coarse grids, the error associated with the coarse grids is of relatively low frequen-
cies when the iteration reaches the fine grid, which is very hard to reduce by using
a conventional smoother. Hence, the cascadic algorithm has to solve the underlying
problems on each level to the same accuracy required for the final level, while FMG
solves the underlying problems on each level to the discretization accuracy required
for the current level. This implies that the cascadic algorithm may require a large
amount of computational time on coarse grids. From the theoretical point of view,
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another disadvantage of the cascadic iteration algorithm is that the optimal error
estimate can be obtained only under the energy norm.

On the other hand, the main advantage of the cascadic algorithm is its simplicity.
It is also efficient for a large class of problems, as demonstrated in [4] [9, [10]. Let
the index of the final level be J and that of the current level be j. The iteration
number on each grid level can be determined a priori or a posteriori, which in
general depends only on the difference J — j, but not on the spatial dimensions. It
is the independence of the spatial dimension that yields better efficiency in higher
dimensions. In recent years, there have been several analyses and applications of
the cascadic iteration algorithm, e.g., Shi and Xu [19] [20] 21] applied the cascadic
multigrid technique to elliptic problems with nonconforming elements, to the plate
bending problem, and to parabolic problems; and Braess and Dehmen [4] applied
the cascadic algorithm to the Stokes equations. On the theoretical side, Shaidurov
[T8] obtained the optimal complexity in H? for the cascadic algorithm with CG
as a smoother. Bornemann and Deuflhard [2] analyzed the cascadic algorithm for
some general smoothers such as the damped Jacobi, the Gauss-Seidel, etc., under
the weaker H'T®-regularity assumption with 0 < a < 1.

The main objective of this paper is to study a multilevel successive iteration
algorithm for solving nonlinear elliptic equations. In obtaining the algorithm, a
multilevel linearization approach and a cascadic multigrid iteration technique are
employed. The error analysis and complexity analysis will be carried out by using
the theory for the two-grid method which was first introduced by Xu [24], [25] in
approximating nonsymmetric indefinite nonlinear problems. It is based on the facts
that the low frequencies are governed by some nonlinear nonsymmetric indefinite
operators on the coarse grid and the related high frequencies are governed by some
linear symmetric positive definite (SPD) operators on the fine grid. Therefore, we
can solve a rather complicated problem on the coarse grids, and then solve an easier
problem (linear, SPD) on the fine grid as a correction. If the solution on a coarse
grid is sufficiently accurate, then the correction (i.e., the difference between a finer
grid solution and the coarse grid solution) can be easily obtained by using simple
smoothers. It will be shown that on coarse grids only a fixed number of smoothing
iterations are needed. Moreover, the iteration number depends not on the meshsize
of the coarse grid but on the number of the refinements used. By extending the
two-grid theory to the multigrid case, a multilevel successive iteration algorithm can
be proposed to solve a class of nonlinear finite element equations. We note that the
idea of using the successive iterations to provide reasonable initial values for linear
problems can be traced back to Huang and Liu [14]. However, there had been no
theoretical justification until the cascadic multigrid iteration algorithm appeared.

We now state some notation and conventions for later use. Let Q C R? be a
bounded convex polygonal domain of dimension d, and let W*?(2) be Sobolev
space equipped with the LP norm and semi-norm:

P

o= { [ S 107l ] L udepa={ [ X 1]
Q Q

la| <k la|=k

where a = (ay, ..., aq) is a multi-index. When p = 2 we denote W*2(Q) by H* ()
and omit the index p in the norm notation. H}(Q) consists of functions in H*(Q)
that vanish on the boundary 9Q. H () is the dual of Hj(£2). We shall use the
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notation <, 2, = as in Xu [26]: when we write 1 < y1, T2 2 Y2, T3 = ys3, it

~Y Y A~

means that there exist constants cy,co, c3,Cs such that
x1 < ey, T2 > Cay, c3z3z < y3 < Csws,

where the ¢;’s and Cs are constants independent of the mesh level j and mesh size
hj. These constants may be different at different places. Some special constants
will be defined later. Throughout this paper, the Einstein summation convention
is used: summation is taken over repeated indices. For example, a;;b; denotes
D iy @igbi.

The rest of the paper is organized as follows. In Section 2] some preliminaries
relevant to our error and complexity analysis will be provided. In particular, we will
briefly review and study the two-grid method and the multilevel linearization tech-
nique. With these preparations, a multilevel successive cascadic iteration algorithm
will be proposed and analyzed in Section Bl

2. PRELIMINARIES

Let us consider the following second-order nonlinear elliptic problem:

L(u) = ~Oi(ai(e, V) = f(a) in O,
(21) { u =0 on 0f).

We assume that a;(z,y) : Q x RY — R! is smooth and (ZI]) has a unique and
nonsingular solution u € H}(Q) N W22+¢ for some € > 0. The linearized operator
L' of L at w is defined by the Fréchet derivative as

(2.2) L'(w)qb = —87;(aij (J), Vw)éjqb),
where

dai(x,V
(2.3) aij(z, Vw) = “%”Tj“’).

Assume that a;j(z, Vw) is SPD for w in a neighborhood of the solution u for ([2.1J),
i.e., there exist two constants o and K such that, V¢ € RY,

(2.4) aij(x, Vw)ftfj > 040|§|2 Yw € BK,

where
Bk ={w € whee . [l —ull1,00 < K}

Let

(2.5) A(u,v) := (a;(x, Vu), 0;v)

and

(2.6) A (w3 6,0) = (L' ()6, v) = (as; (z, Vo) 9y, Oiv)

Assume that A’ is bounded in a neighborhood of u in the following sense:

(2.7) A" (w, ¢, 0)| < M¢l1llv]s Vv € Hy(Q), w € Br.

Then the weak solution u € HJ(Q2) for (21 is defined by the following equation:
(2.8) A(u,v) = (f,v) Yo € Hy(Q),
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where (f,v) is the standard inner product in Q. Let V" C H{ () be a finite element
space. The finite element approximation uj, € V" for the above problem is then
defined by

(2.9) Alup,v) = (f,v) Yve V"
For any u,v,w € H}, set n(t) = A(w + t(u — w),v). Since

1
(1) = o) =/ O) + [ o)1~
0

we obtain the equality

(2.10) Alu,v) — Alw,v) = A (w;u — w,v) + R(w,u,v),
where the last term satisfies

1 1
p p
The last estimate is obtained by calculating 7" (¢) directly and by using a Holder-

type inequality, see also [25]. Replacing (w,«) in (2I0) by the solution u of (2.])
and uy, of (2.9) gives

(2.11) |R(w, u,)|  lu—w|f gllvll1p, =1

(2.12) A'(u;u — up,v) = R(u,up,v) Yo V"
or
(2.13) A (up;up —u,v) = R(up,u,v) Yo € VP

The existence and uniqueness for the finite element approximation (2.9)) and its
error estimates can be found in Frehse and Rannacher [11], Rannacher [15], Xu
[24], and Chen and Huang [8].

Lemma 2.1 (Xu [24]). If u € W2€(Q) and uj, € V" are the solution of [2.8)
and (29) respectively, then the following estimates hold:

lu—unllp Sh ifue W?P, 2<p< oo,
(2.14) lu—unllop < h? ifue WP, 2<p< oo,
lu —unlloo < A% Inh if u e W2ee,

Suppose that 7", 1 < j < J, is a nested quasi-uniform triangulation of Q and
the corresponding linear conforming finite element space is defined by

(2.15) V; = {veCQ),v|. € P;,Ye C T",v =0 on 9Q}.
Since T™ is nested, we have
Vo CViC---CVyC HHQ).
For simplicity we assume that
(2.16) hj =2 7hy.

The main objective of this work is to propose a multilevel successive iteration
method for solving nonlinear elliptic equations. Although the problem under in-
vestigation is nonlinear, at each fixed level it is linear. Having this in mind, we
will carry out some analysis for the two-grid iterative algorithm and the multilevel
linearization methods in this section.
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2.1. A two-grid analysis. Let us consider the linear model problem to get some

intuition:

(2.17) (Vu, Vo) = (f,v) Yo eV = HiQ),

and the corresponding finite element approximation

(2.18) (Vuj, Vo) = (f,v) Yu e V.

It is easy to see that

(2.19) (V(uj —u;), Vo) =0, j>i, YveV.

This implies that the finite element solution u; approximating u can also be regarded

as a finite element approximation to u;, j > ¢. The increment u; — u; is orthogonal

to the subspace V;, indicating that it is of high frequency on the coarser grid 7.

One then expects to obtain the increment by some simple smoothing iteration.
Now we turn to the nonlinear equation ([2-8]). Suppose that we have the exact

finite element solution wy, on the level ¢ and want to find an approximation u; of

the finite element solution uy,; on the level j, j > i. It follows from (ZI0) that if u
is the solution of (Z8) and w is an approximation of u, then

Al(wyu,v) = A(wyw,v) + Alu,v) — A(w,v) — R(w, u,v)
(2.20) = A(wyw,v)+ (f,v) — A(w,v) — R(w,u,v).
It is known that R(w,u,v) is a higher order term in H'(Q) and may be neglected.
This will lead to the following linearized equation:
(2.21) Al(up;ug,v) = A'(up,;un,, v) + (f,v) — Alup,,v) Yo € V.
The solution u; of the above problem is an approximation of uy;. This describes a
standard two-grid method of [24]. Tt is easy to see from (2.2])) and (Z10)) that
(2.22) A'(un,;uj — up;,v) = R(up,, up,,v) Yo eV,
which implies that

luj — un,ll2 S hi.

So the discrete accuracy is guaranteed.

Two-grid iteration algorithm.
(1) Solve the finite element equation Z9) for up, on the level .
(2) Set ujo = up,, and solve (Z2I)) by executing m; smoothing steps on the
level j. Let Ijn;ujo0 be the output after m; steps of iteration: wujm,, =
Ij,mj ’U,j70.
We assume that the error propagation operator Sjm, : V; — Vj is a linear
mapping:
(2.23) Uj — Ij7mju]'70 = Sj7m]. (’U,j — Uj70).
We say an iteration is a smoother if it admits the following properties:
-1
(2.24) 155.m,villa < ﬁ”%‘”o Yu; € Vj,
J
(2.25) 155.m;villa < llvslla Vv € Vj,
for some constant 0 < v < 1, where ||-||4 is the a-norm (energy norm) corresponding
to the linear system we wish to solve. It is shown that the Gauss-Seidel iteration,
SOR, the Richardson iteration, and the damped Jacobi iteration are all smoothers
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with the constant v = %; see, e.g., [12}[26]. Moreover, Shaidurov [I8] and Borne-
mann and Deuflhard [2] proved that the CG method behaves like a linear smoother
with v = 1.

The following result gives an error bound for the two-grid iteration algorithm.

Assertion 2.1. Let u; be the exact solution of the linearized equation (2.21]) and
Uj,m; be an approximation of u; defined by the above two-grid iteration algorithm;
namely, wj m; = Ijm;ujo. If the iteration used is a smoother, then
92(j—1)
HU'J' - uj7ij1 5 m;/ hj s

where 0 < v <1 is defined by (Z.24).
Proof. Tt follows from (Z23)-(Z28) and (ZI6) that

—1
Wi — Ui o < Iy —
lwj = wim; < ] [ — willo
-1
— I ey — .
- mj luj —u+u—ulo
-1
< I — 4y
~ m"]}’ ||’LL ul”o
92(j—1)

v g

S
m;

This establishes the desired estimate. O

The above result shows that to achieve the discretization accuracy on the level
j it is sufficient to do m,; iterations, with

m; = 2%(j7i).
We can see that this m; depends only on the difference j —, and the result is valid
for any spatial dimensions.

If we choose i = j — 1, then only a fixed number of iterations are needed, i.e.,
m= 2%, which is independent of the level and the mesh size. However, if we want
to iterate the solution on the level ¢ to achieve the discretization accuracy on the
level J, then the number of iterations required is m; = 95 (=),

The generalization of the two-grid algorithm to the multilevel gives the cascadic

multigrid iteration scheme. The key idea in the generalization is to use the two-grid
technique recursively.

2.2. Multilevel linearization method. Similarly to the projective Newton
method [23] 16 [22], we can derive the following multilevel linearization algorithm
for solving the nonlinear equation (2.8]).

Multilevel linearization algorithm. [1l [13][24]

(1) Find ug € Vo such that A(ug,v) = (f,v) Vv e V.
(2) For j=1,2,...,J, find u; € V; such that

(2.26) Al(uj_1suj,v) = A'(uj_r;uj—1,v) + (f,v) — A(uj—1,v) Yo €Vj.
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Let up; be the solution of (Z3) in Vj;. From (226) and (ZI0) we have
Aluj-rsuj —uj-1,v) = (fiv) — A(uj-1,v)
A(U’hj ’ U) - A(U’j—l’ U)

A,(ujfl; Uh; — ujflvv) + R(ujfla uhj7v)7

which gives
(2.27) A(uj_y;ujy —up,,v) = R(uj_1,up,,v) YveV;.

We now prove some superconvergence properties for the error between wy;, the
exact solution of ([2.9), and u;, the approximation of uy; given by (2.26)).

Assertion 2.2. Assume hy < 1, and let u be the solution of ([28). The following
results hold:

o If u € W2°°(Q), then

(2.28) g — un, |[1,00 <R3yl
o If u € W24(Q), then

(229) ||u] - uhj ||172 g h? .

Proof. By Lemma 2-1] we may assume that

(2.30) [tn, = tn;_, l[1,00 < C2hy .

Moreover, we may also choose hg < 1 such that up; € By /2; namely,
K

(2.31) llu — un, 1,00 < 5

where the constant K is the same as in ([Z]). It is known that the finite element
approximation Gp, of the regularized Green function of derivative type related to
the bilinear form A’(w; ¢, v) satisfies the following inequality [7} [17]:

(2.32) |Ghll1,1 < Co|lnhl.
Let C; = MCy/ag and C = 4C,C%. Choose hg < 1 such that
2Ch0| 1Hh0| S CQ .

Now we prove (2.28) by induction. For j = 0, (2:28) holds since ug = up,. Under
the assumptions

(233) Uj—1 € Bk and ||u]‘,1 — Up;_, ||1,oo < Ch?_1|ln hj,1|,

we will show that ([2.33) is also true when the index j — 1 is replaced by j. Taking
v =G}, in ([227), the ellipticity ([2:4) and the boundedness ([2.7) yield

uj = un, oo < Chllun, — uj1]3 o] Inhyl

< 201 (luny — ;o |7 oo + llun, o —uja i o) In By
< 201(C3R3 + Ch_ [ Inhj_1|?)|Inhy]
< 201(C3 +4C?h3_ | Inh;_1[*)h3| In hy|
< 4C1C3h3| Inhy|
(2.34) < CRh3|Inh
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and

luj —ullioo < llug = un;ll1,00 + llun; —uf

AN

K
Ch3|Inhy| + 5 <K.
This completes the induction proof for (Z2g)). We will now prove (ZZ9). Let the
constant Co in (Z230) also be the bounding constant for the W14 norm, i.e.,
(2.35) [tn; = un;_, 1,4 < Cahy .

Let C3 be the bounding constant in the inverse estimate of the finite element spaces,
ie.,

4_d
(2.36) [oll1.p < Cshj *llvll1,g Vo€ V;.

_d
Assume hg < 1 such that ZCC'gh(l) 1 < (5. Again we use induction to prove (Z29)).
For j = 0, (Z29)) holds since ug = up,. Assume
(237) Uj—1 € B and ||u]‘,1 — Uhj,1||1,2 < Ch?_l;

we will show that (237)) is also true when the index j — 1 is replaced by j. Similarly
to the derivation of (2.34)), we have

luj —unllie < Cillun, —uj-174
< ZCl(Huhj — Uh;_, H%A + ”uhj—l - uj—1||%,4)
< 201 (C2h2 + C2h 2 lun, , — ujal2,)
= 21ty 3l —1ll%h;—1 j—1111,2
2(1-4)
< 204 (022 +ac?cnt s ) h?
(2.38) < 4C1C3hE < Ch?,
and
_d
lu—wuillie < llu—un,ll1,00 + Cshy ? [lun; —ujll12
K 2_4d
(2.39) < 5 HCCh <K
This completes the proof. [l

The superconvergence estimates (Z28) and ([229) appear to be new. Similar
results for the derivatives were obtained by Xu [24] and Bank [I]. The following
corollary is a direct consequence of the above assertion.

Corollary 2.1. Assume ho < 1 and let u be the solution of [Z8).
o Ifu € W2>(Q), then

(2.40) lu = wjll1,00 S hy s
(2.41) lu = ujllo,c0 S h2|Inhyl.

e Furthermore, if u € W2*(Q), then
(2.42) lu—ujllia S hy,

(2.43) Ju—ujllo2 S b3
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2.3. Inexact multilevel linearization method. In the multilevel linearization
method stated above, one must compute u; exactly by using (Z26]) with the initial
value u;_1. However, in practice, u; is only approximated up to some accuracy by
using approximation methods or the so-called inexact solvers. In this subsection
we analyze the influence of the inexact solver on each grid level to the final grid
solution. The error estimates under both the energy norm and the Lo norm will
be obtained. To prove the Lo norm estimate, a duality argument for nonlinear
problems will be developed. We concentrate only on the 2-D case.

Suppose we use an inexact solver in the multilevel linearization method at the
level j and obtain the approximation uy, j =1,...,J. Let U; be the exact solution
of the linearized equation (Z2G) with the 1n1t1al value ul j > 1. Denote by e;
the error of this solver on the level j, i.e.,

(2.44) ’LL; = Uj + e;.

Then the inexact multilevel linearization algorithm is as follows.

j—1

Inexact Multilevel Linearization Algorithm.

(1) Let Uy = un, € Vo be the solution of A(Uy,v) = (f,v) Yve V.
(2) For j=1,2,...,J, find U; € V; such that

(2.45) Al(uf_y;Ujv) = A'(uj_y;uf_q,0) + (f,0) — A(uj_y,v) Yo eV
Let up; be the solution of (Z) in V;. Similarly to ([Z22), we have
Al(uyfl; Uj - U’;fla U) = (f7 U) - A(U’;fla U)

= A(up,;,v )—A(u;f 1,0)

= A/( Uj_1;5 Uhy ] 1,0) + R(u; Uj—15 hj7v)'
Hence
(2.46) Al(uf_ ;U = upy,v) = R(uj_q,up;,v) Yo eVj.

Now we turn to the error analysis for the solution U; of ([2.45)) given by the inexact
multilevel linearization algorithm and the exact nonlinear solution uy; on the level

7.
Assertion 2.3. Assume hy < 1, and let u be the solution of (Z8). If u € W**(Q)
and the error e;, defined by ([2-74)), satisfies
||e]||1§6h]7 Hej||1§Ce||ej+1||17 jzoalw"a‘]_la
then
(2.47) 1U; —un,lli2 S B3+ llesll,  5<J
Furthermore, if 2 is smooth or convex, then
1 .
(2.48) 1Uj = un,llo2 S b3+ llejlli [ nhyl=, 5 <.
Proof. We prove the above results by induction again. If u’_4 is in the neighborhood
of u, using (ZII) and (246), we have
1Uj —un;llie < Chillun, — U}‘_1|Ii4
201 ([fun; — un; o |13 4+ llun, -y — w117 4)

20, {C3h7 + 203 Lllun,_y = Usallf o+ llej-allio) }

IN

(2.49)

IN
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where Co and C3 are constants defined in (Z35) and (236)), respectively. Let
C = 4C,C2. Suppose hg is small enough so that

(2.50) u—un, 1,00 < K/2, 64C1C5ho <1, CCsho < K/4.
Suppose § < 1 is such that
(2.51) C3C.0 < K/4, 120,03C%5 < 1.

For j = 0 we have Uy — up, = 0, so the estimate (2.47) is valid. Furthermore, by

(350) and 251]) we have

lu =gl < flu—ungll1,00 + ll€ol1,00
(2.52) < K/2+C36<K,
which implies that uf € Bg. Suppose (Z4D) holds for j <+i—1, i.e.,
(2.53) 10; = wn, Iy < CR2 +llesl2, 5 <.

It can be verified that u} ; € Bk, and

lu—w1ll1,0 < llu=Ui-1ll1,00 + ll€i-1]l1,00
(2.54) < K/2+C5C6<K.
The assumption (Z53), together with (ZZ9)- (251, yields
|U; —un, |12 < 2C1(C% +16CC2h;)h? +120,02C%5| el
(2.55) < O} + [leills,
which means that (Z47) is valid for j = 4. It remains to verify that U; is still in the

neighborhood of w, i.e., U; € By, in order to complete the proof of (ZZM). In fact,
using (250), (ZEI) and the inverse estimates gives

[u="Uilioo < llu—un,l100 + Cshi un, — Uil

(2.56) < g + Cg(Chz + 5) <K.

Finally, we prove the optimal Ly error estimate for u; generated by the inexact
multilevel linearization algorithm. We use a duality argument. Construct the
following auxiliary problem: Find w € H}(Q) such that

(2.57) Al(uf_ysv,w) = (0,U; —up;) Yo € H3 ().

Let w; € V; be the finite element approximation of w in Vj, and set v = U;j — uy,

in Z57). It follows from (Z46), (ZTT)) and (1) that '

U = un; 2 = A'(u5_13Uj = up,, w)
= A(uj_1;Uj —upy,w —wy) + A'(uf_y; Uj — un,, wj)

A,(u;—l; Uj - uhj7w - w_]) + R(U;_l, Uh].,’ll}j)

S 105 = wn i = w1+ -, = n, |3 allwy s
o (1051 = uny_ 17+ llej- ) w0
1
(2.58) S (B2 lles 1 m 3 ) s

In the last inequality we have used the fact that [|w;]1.0e < |Inh;|2]w]2, which
can be obtained by using the inverse estimates, the W !P-stability property and the
embedding theorem. Hence, applying standard a priori estimates yields 248). O
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3. MULTILEVEL SUCCESSIVE ITERATION METHOD

Based on the preparations in the last section, we propose the following multilevel
successive iterative algorithm for solving the nonlinear equation (29]).

Multilevel Successive Iteration Algorithm.

(1) Solve the nonlinear problem  A(up,,v) = (f,v) Vv € V, by an appropri-
ate solver to obtain uf with the accuracy dho and hZ in the H'-norm and
Lo-norm, respectively.

(2) For j =1,2,...,J,, let Ij,,, denote m; basic smoothing iterations on the
level j with initial data u}_; for solving the linearized equation

A'(uf 13Uz, 0) = A'(uf_q5uf_q,0) + (f,v) — A(uj_y,0) YoeVj,
and set uj = Ijm,uj_;.

Now we give the error analysis for the exact solution U; and its approximation
uj in the above algorithm. Let u} = U; — e;. Then

ej = Uj—uj=58jm;(Uj—uj_,)
(3.1) = Sj,mj (Uj — Uj_l) + Sj,mjej—l .
Define the level-dependent norm
(32) [oll5,; = A'(uj_y;50,0) YweV;, j>1

Lemma 3.1. Assume ho < 1, and let u be the solution of @R). If u € W%(Q)
and the error e;, defined by (Z44), satisfies

lesll < 6hj,  lejlly < Cellejqally,  j=0,1,...,J -1,
then for anyv €Vj, j > 2,
1
(33)  lol2; < (1+Ch7 + Cllesllioe + Clles—zllvoe ) 012 1.
where C' is a constant independent of the mesh size h and the level j.

Proof. Tt follows from the definitions (28] and (32)) that

lollz; = A(uj_130,0)
= ||U||Z,j—1 +AI(U,;_1;’U,’U) —AI(’U,;_Q;’U,’U)
(34) < lE o1+ Cluj—y = wjsleollvllT-

Using the inverse estimate (2.36) and Lemma[2.1], we obtain
1

|uhj—1 - uhj,2 |1,00 S h]_21||uhj,1 - uhj72 ||1,4
(3.5) < h?.

If we use estimates (3.4)) and (3.5]), then Assertion 2.3ltogether with the identities

Sl

wjy —uj o =Uj1 —Uja—e€j1—¢ja,
Uj—1 = Uj—z = (Uj—1 —un;_,) + (un; _, —un;_5) + (un;_, — Uj—2),
yields the desired inequality (B.3). O
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Theorem 3.1. Assume that d = 2,hg < 1, v € W24(Q) and Q is smooth or
convezx. If we choose the number of iterations as mj; = mm; with

[ 22U 4 7=z
(3.6) m]{ [J220U-D]+1,1< <2, ify=1,

where m s a proper constant, then the multilevel successive iteration algorithm
admits the error bound

(37) ||6j||a,j§hj, j:1a27"'7<],
and the total number of operations is bounded by
TNy, =3
< ) 2
Proof. Without loss of generality, we may choose hy < 1 as in (2.31) such that
(3.9) u—=Ujllo < K/2.

We establish the error bound (3.7) by induction. For j = 0, the result is obvious.
Suppose that

(3.10) lella < hoK /2

for j <i—1. Then

(3.11) uf —ull1,00 <K, j=1,...,i—1,
(3.12) lejllies S h Helhe S 525277, j=1...,i-1

By using Lemma 3] the smoothing property (2:25), and (312), we have

leillai < 1Sim: (Ui = Ui—1)|lai + |Si,mi€i—1lla.i
< NSims(Us = Uizi)layi + ll€i—1lla,i
. 1
< Sim, (Ui = Uil + (14 €277 + Oy llei-allai
1 i—1 L

< 211 (1 +0277 4+ Ch?) 1155,m; (Uj = Uj=1)llas

i=11=;
< O Y Sn; Uy = Uj1) o -

j=1

Furthermore, it follows from the smoothing property (2.24) and the superconver-
gence result (2.41]) that

lesllas < g i (ﬁ.,.M)
et =y m) m)
j=1 J J
C1Cy
(3.13) < 5 hy
with
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where the iteration number m; is given by (3.6]). Hence

K
leilla,i < ?hJ

provided m is sufficiently large. So (BZ) holds for j = ¢, as long as u} is still in
the neighborhood of u. The latter requirement can be verified by the following
observations:

Juf = ullieo < lJuf = Uillt,00 + Ui — ull1,00
K K
(3.14) < S5 <K

Therefore, (B7) is proved. Finally, we will estimate the total number of operations
BI). For v =1/2,

J J
W] = Z ijj S Z J222(J_j)22jN0
Jj=1 Jj=1
(3.15) < J3Ny;
while for v =1,
J I
W; = ijNj 5 Z JEQB(J_j)QQjNQ
j=1 j=1
J
< J%NJZQ(B*Q)(J*J')
j=1
(3.16) < JINy.
This completes the proof of this theorem. O

Theorem B.1] shows that for a fixed grid level J the complexity of the proposed
multilevel successive iteration algorithm is optimal, and is proportional to the total
number of unknowns. For an arbitrary grid level the algorithm is quasi-optimal,
since J = In N; asymptotically.

We close this section with the following observations:

e First, we only considered the error estimate in the H'-norm in this paper.
However, it is easy to see that for a fixed level J, we can obtain the opti-
mal convergence rate in any norm, provided that the operation number is
proportional to the number of unknowns on the final grid. On the other
hand, if the mesh level J is arbitrary as in the case of cascadic iterations,
then only the H'-norm estimate can be kept optimal.

e Although our analysis for nonlinear equations is given only for the 2-D case,
it can be extended to 3-D problems when the mesh level J is fixed. However,
if the mesh level J is arbitrary, the situation is more complicated. In this
case, the cascadic multigrid method only achieves the optimal accuracy
in the energy norm, and as a result the most difficult step is to verify
whether the iterative approximation u; remains in the neighborhood of
w uniformly in the W%*-norm. Unforturnately, this is not the case for
strongly nonlinear equations in 3-D. Therefore, it seems difficult to extend
the 2-D analysis presented in this section to deal with 3-D problems when
J is not fixed. This remains one of our further research topics.
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