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LINEARLY IMPLICIT METHODS
FOR NONLINEAR PARABOLIC EQUATIONS

GEORGIOS AKRIVIS AND MICHEL CROUZEIX

ABSTRACT. We construct and analyze combinations of rational implicit and
explicit multistep methods for nonlinear parabolic equations. The resulting
schemes are linearly implicit and include as particular cases implicit-explicit
multistep schemes as well as the combination of implicit Runge-Kutta schemes
and extrapolation. An optimal condition for the stability constant is derived
under which the schemes are locally stable. We establish optimal order error
estimates.

1. INTRODUCTION

Let T > 0,u’ € H, and consider the initial value problem of seeking u : [0, 7] —

D(A) satistying

. o' (t) + Au(t) = B(t,u(t)), 0<t<T,

(L.1) u(0) = u°,
with A a positive definite, self-adjoint, linear operator on a Hilbert space (H, (-,-))
with domain D(A) dense in H, and B(t,-) : D(A) — H, t € [0,T], a (possibly)
nonlinear operator. We assume that (1.1) possesses a smooth solution.

The schemes we will consider in this paper are expressed in terms of bounded
rational functions p;,0; : [0,00] — R, 4 = 0,...,¢, with p, = 1 and g, = 0; we
assume that the functions o; vanish at infinity, o;(cc) = 0. The implicit scheme
described by the functions p;,7 =0, ..., q, will be used for the discretization of the
linear part and the explicit scheme described by the functions o;,i = 0,...,q — 1,
for the discretization of the nonlinear part of the equation.

Let N € N, let k := T/N be the time step, and let ¢" := nk,n =0,...,N. We
recursively define a sequence of approximations U™ to u™ := u(t™) by

q q—1
(1.2) > oAU =k oi(kA)BET, UM,
i=0 i=0
assuming that starting approximations U?,...,U9"! are given.

Let | | denote the norm of H, and introduce in V,V := D(A'/?), the norm || - ||
by ||v| := |AY?v|. We identify H with its dual, and we denote by V' the dual of V/
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and by || - ||« the dual norm on V’. For stability purposes, we assume that B(t,-)
can be extended to an operator from V into V', and an estimate of the form

(13)  IB(tw) - Blt,w)|. < Mo —w| +ulv—w|  VoweT,

holds in a tube Ty, T, := {v € V : min |Ju(t) — v|| < 1}, around the solution u,
uniformly in ¢, with the stability constant A < 1 and a constant p.

Stability assumptions. For z € [0, 00] we introduce the polynomials p(z,-) and
0'(.23, ) by

q g—1
p(z,0) = pi(x)C',  o(@,0) =) ai(x)C'.
i=0 1=0

We order the roots (j(x),7 = 1,...,q, of p(z,-) in such a way that the functions

¢; are continuous in [0, 00| and the roots §; := (;(0),j = 1,...,s, satisfy |§;| = 1;

these unimodular roots are the principal roots of p(0,-) and the complex numbers
01p(0,§;)

N = 1P\U,55

T Oap(0 6 (with 9y denoting differentiation with respect to the first variable)
are the growth factors of {;. We assume that the method described by the rational
functions po, . .., pq is strongly A(0)-stable in the sense that for all 0 < z < co and
for all j = 1,...,¢, there holds |(;(x)| < 1, and the principal roots of p(0,-) are
simple and their growth factors have positive real parts, Re A\; > 0,5 =1,...,s. This
definition is motivated by the definition of the strong A(0)-stability for multistep
schemes. Depending on the particular scheme that we use for discretizing (1.1)
in time, it will be essential for our analysis that A\ be appropriately small. More
precisely, with

1.4 Ko = , , ,
(1.4) (o) = SUp max|zo(z, C)/p(x, )
we will assume
(1.5) A< 1/K(p’g);

here S; denotes the unit circle in the complex plane, S; := {z € C : |z| = 1}.
Under our hypotheses, K, ) is finite. We will show local stability of the scheme
(1.2) provided the stability constant A satisfies (1.5). Let us also note that for
any constant \ exceeding the right-hand side of (1.5) we will construct examples of
problems of the form (1.1) satisfying (1.3) for which the scheme (1.2) is unstable;
cf. Remark 2.1. Concerning the tube T, on the other hand, we emphasize that it is
defined in terms of the norm of V' for concreteness. The analysis may be modified
to yield convergence under conditions analogous to (1.3) for v and w belonging to
tubes defined in terms of other norms, not necessarily the same for both arguments;
see [2].

Consistency assumptions. Let the consistency error E",n = 0,...,N — g, of
the scheme (1.2) for the solution u of (1.1) be given by

q qg—1
(16) k(I + kA)—lEn — Z pi(kA)un-H' _ kZ O'i(kA)B(tn+i,un+i).
=0 i=0
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Let p > 1, and let functions ¢, : [0,00) — R, £ =0,...,p, be defined by
q

(1.7) po(z) =Y [i*pi(x) — (i + 2i%)oi(z)],  £=0,....p—1,
=0

(1.8) (@) =Y _ [Ppi(x) — piP ' oi(x)].
1=0

Similar functions are used in the analysis of single step schemes for inhomogeneous
parabolic equations in [3]; see also [11]. Applying our scheme to initial value prob-
lems for linear scalar ordinary differential equations of the form

WHau=f 0<t<T,
(1.9) 0

u(0) = u”,

with a positive constant a and f € CP[0,T], we see that the scheme is of order p,
i.e., the consistency error can be estimated in the form |E™| < CkP with a constant
C depending on the solution u, for any smooth function f, if and only if

(Cp) we(x) = O(mpH*Z) asx — 0+, £=0,...,p;

the only if part is seen by taking u(t) = (t — ¢™)* and the corresponding f, and the
if part is seen via Taylor expansion. In particular, from ¢o(0) = 0 we conclude

(1.10) p0(0) + -+ + p,(0) = 0.

We say that the polynomial order of the scheme is p < p, or that the scheme is
strictly accurate of order p, if it integrates (1.9) exactly, whenever the exact solution
u is a polynomial of degree at most p— 1. It is easily seen that the polynomial order
of our scheme is p if and only if

(éﬁ> pe=0, ¢£=0,....,p—1.

To motivate the definition of these functions and to explain the condition for the
polynomial accuracy, let us introduce the notation E,, (k,a,u) by

En(k,a,u) =Y pi(ka)u(t™") = k> oi(ka) (o' (") + au(t"));
=0 1=0

then we can see that

wi(z) = Eo(1,2,v0)  with vp(t) :=1t, for¢=0,...,p—1,

i.e., the polynomial order of the scheme (1.2) is p < p if and only if (Cj) is satisfied.
Let us also note for later use that, with v 4(t) := (t — ¢ + 1) and ¢y 4(z) =

Eo(1,x,ve,), (Cp) is clearly equivalent to
(Cp) 0rg=0, £=0,....p—1

To implement (1.2), for each linear factor in the denominator of the rational
functions p; and 0;,7 =0, ..., q, we need to solve one linear problem at every time
level. The linear problems reduce to linear systems when we also discretize in space.
Therefore, from a computational point of view it would be convenient to choose the
rational functions o; such that their denominators are all the same as that of the
functions pj, because for each common linear factor of the denominators we have

to solve one linear problem. One way of achieving this, as well as condition (C)), is
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to first choose po, ..., pq with py = 1 such that >-7 (#/p;(z) = O(xP™17) as & —
0+, 7=0,...,p, ie.,

q
(1.11) Zefizp}(x) =O(z"™)  asz — 04,
=0

and to let the corresponding scheme be strongly A(0)-stable and then to distinguish
two cases: for ¢ > p we set p; := p;,i =0,...,q, 0, :=0,i=p,...,q, and for p > ¢
weset p; :=0,i=0,...,p—q—1, pp—gti := pi,t =0,..., ¢, and then we solve the
linear system

p—1 /! ¢ (—z)i max(p,q)
0 - . o o _
(1.12) Zz Ui(x)__(_x)ulz 7 Z 'pi(x), €=0,....p—1,
i=0 j=0 i=0
to determine the rational functions ¢;,i = 0,...,p — 1. This system is obviously

uniquely solvable and the rational functions o; are linear combinations of the right-
hand sides of (1.12). Hence, the only singularities of the o; are those of the p; (which
are the only singularities of the right-hand sides of (1.12)), i.e., the denominator of
all o; is the least common multiple of the denominators of the functions py, ..., pg.
Also, since the functions p; are bounded, the right-hand sides of (1.12) are small
for large x, i.e., the numerator of o; is of lower degree than its denominator; thus
0’1(00) = 0.

Assuming that the order and the polynomial order of our scheme are p and that
the solution w of (1.1) is sufficiently smooth, we shall estimate the consistency error
in the form

(1.13) max ||[E"||« < CKP.
0<n<N—q
In our main result, we shall derive optimal order error estimates in |- |, assuming
(1.5), that the order of our scheme is p and its polynomial order is p — 1, and that
appropriate starting values U°,...,U%"! are given.

Let us note that the implicit-explicit multistep schemes analyzed in [I] and [2]
are particular cases of the schemes considered in this paper. Indeed, if we let («, 3)
be a strongly A(0)-stable ¢-step scheme and («,) be an explicit g-step scheme,
characterized by three polynomials «, 8 and -,

q q q—1
Q)= ¢, BO=D 6, ) =D,
=0 =0 1=0

then the corresponding implicit-explicit («, 3,7) scheme for (1.1) is

q qg—1
(1.14) D (el + kBAU™ = kY 5B U,
=0 =0

Now letting p;(z) = (a; + Biz)/(aq + B4z), ¢ = 0,...,q, and letting o;(x) :=
vi/ (g + Bgx),i = 0,...,¢ — 1, it is easily seen that the scheme (1.2) reduces to
(1.14). Also, the stability and consistency conditions in this paper coincide in this
case with those of [2].

Keeling [5] has constructed and analyzed combinations of a strongly Ag-stable
implicit Runge-Kutta method (IRKM) and an extrapolation scheme for the dis-
cretization of semilinear parabolic equations. These schemes, even for stronger
nonlinearities, are included in the class considered in this paper; see Section 7.
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The analysis in this paper is based on the one in [2] and concerns a much wider
class of methods. We also note that ideas from [3] are used in our analysis in various
places.

Roughly speaking, our methods can be viewed as an extension of the Rosenbrock
methods based on an inexact Jacobian; the motivation is the same as in [10]. Other
classes of linearly implicit methods are constructed in [8] and [6]; they correspond
to the use of approximate Jacobians. Clearly the methods based on approximate
Jacobians have better stability properties and are easier to analyze. An advantage
of our methods is that they avoid recomputation of these Jacobians.

An outline of the paper is as follows: Sections 2 and 3 are devoted to the local
stability and consistency, respectively, of the linearly implicit scheme. Optimal
order error estimates are derived in Section 4. Section 5 is devoted to error estimates
for fully discrete schemes. The computation of appropriate starting approximations
is addressed in Section 6. In Section 7 we shall show that Keeling’s schemes can be
written in the form (1.2) and that they satisfy our hypotheses.

2. LOCAL STABILITY

In this section we show local stability of the scheme (1.2) under the condition
(1.5). We will also see that if A in (1.3) exceeds the right-hand side of (1.5), then
for an appropriate choice of A and B the scheme (1.2) is unstable.

Let U™, V™ € Ty,,m =0,..., N, satisfy (1.2) and
(2.1) S iRV =k oy (RA)BET, V),

i=0 i=0
n=0,..., N —g, respectively. Let 9" := U™ V™ ™ := B(t"™, U™)— B(t™, V™),
m =0,...,N. Subtracting (2.1) from (1.2), we obtain

q q—1
(2.2) > ok = kY ai(kAY"T, n=0,...,N —q.
=0 i=0

The rational functions e(¢, ) and f(¢,-) defined through the expansions

23)  (p@.0) " =Y etn) L (p(2,0) o(x.0) =Y flia) ¢

LEZ LET

will play a crucial role in the stability analysis. Since, for all z € (0, oo], the modulus
of all roots of p(z, -) is less than one, expansions (2.3) are valid for all ¢ in the exterior
of the unit circle, || > 1, and we have e(¢,-) =0 for £ < ¢g—1 and f(¢,-) = 0 for
£ < 0. We also note that the only poles of these rational functions are the poles of
pi,0i, i =0,...,q, and that they vanish at oo, e(¢,0) = f(¢,00) = 0. Thus, we can
define e(f,kA) and f(¢,kA). Let 90 =0, 9} = kzzzol f(n — £, kA)b. Then, in
view of (2.3), we have

q q—1
(2.4) > pik AT = kY oi(kAY"T, n=0,...,N —q.
=0 1=0

Furthermore, let ¥4 := 9™ — ¥7. From (2.2) and (2.4) we immediately obtain

q
(2.5) > pi(kA)3T =0, n=0,...,N—q.
=0
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q qg—1
With g;(n,z) = Z e(n+l—j,x)pe(x), it is easily seen that 95 = Zgj (n, kA)9.
t=j+1 3=0

An adaptation of the techniques used in [7] (see also [J]) based on Parseval’s
identity allows us to prove the following result.

Lemma 2.1. There exist positive constants Ko, N1 and Na, depending only on
pis0iy i = 0,...,q, such that for any n, 0 < n < N, the following estimates are
valid:

n n—1
(2.61) EY 0P < K, 00 kY162,
=0 £=0
n—1
(2.6i) TP < Ky kY |Ib)12,
£=0
(2.70) EY 951 < aNy Y (195 + kI,
l=q 7=0
-1
(2.7ii) 5] < Ny Y [9).
j=0

1S _
xpa((a:ajﬁ))7 N2 = mMaXp<j<qg—1 Suanq SUPg;>0 |g] (n) l‘)|,

2 1 —2irt .\|2
z |9;(e , T
dt, N;= max sup/ Mdt,
0<j<q—1 2>0.Jo 1+

In particular, with ki (z,¢) =
1 .
—kl (J), e—217rt)

1
Ka=sup |2
where 0;(C,x) = — Z:o pe(x)C/ p(x, C).

Proof. The proof that K, 5, K2, N1, N2 are finite is similar to analogous results
in [2] and is omitted. It suffices to show the estimates for b* = 0 for ¢ > n and n

replaced by oo on the right-hand sides. We introduce b,91 and U by

bt) = 3 bt e, Ii(t) = SO0 BT dy(r) = 3wk o2,
=0 =0 =g

from the definition of ¥ and (2.3), we deduce
D1 () = k(p(kA, e 3™)) " o(kA, e 2) b(t).

Therefore, we have [|J:(t)|| < Ko 16(t)]|, and, using Parseval’s identity,
0 1 1 0
ST = [ 12Ol b < K2,y [ 1BOIE de = K2, S I,
=0 0 0 =0
i.e. (2.61) holds. For the estimate (2.6ii), we use the relation
1 1
97 = / e Ay (1) dt = / e At A gy (KA, e~ 27) b(t) dt,
0 0

and we obtain

1
9T = [ &2 (b0, A (kA7) )
0
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and thus

i< ([ o o

Introducing the operator A by

1/2 1/2

1
(/0 ||A‘1I<:1(I<:A,e2i”)19?||2dt>

A= / 1 (EA) ' k(KA e ™) ky (KA, ™) dt,
we then have ’
/0 A (kAL €T 07 dt = K(AD, 97) < K| Al 7
Since A is self-adjoint, we have

1 —2imt\|2

ki(kv,e

Alen < sup [ g g,
vesp(A) Jo kv

with Sp(A) denoting the spectrum of A, and so we conclude that |97|*> <

kKo fol 16(2)||2 dt and (2.6ii) follows. In order to prove (2.7i), we first note that,
in view of (2.3), an easy calculation shows that

Ju

Da(t) = 6j(e” 5™ kAP
J

Q

Il
o

cf. [2]. Furthermore, as in the proof of (2.6ii),
1
k/ 16 (™7, kA)I5e® ™ ||* dt < Ny (|03 + k[[93]1%),
0

and, therefore,

1 q—1
k/ [D2()II* dt < aNi D (1031 + Kl|[93]1°),
0 =0
which immediately yields (2.7i). The estimate (2.7ii) is obvious. O
In Theorem 2.1 we will estimate 9™ in terms of 99, ..., 99!, Part of 9™, namely
9%, will be estimated in terms of ¥°,... 997! in the following lemma.
Lemma 2.2. There exists a constant C' such that, forn =0,..., N,
n q_l . .
(2.8) 0517+ kY 195017 < C Y (197 + k97 %).
£=0 §=0

Proof. Obviously, we have 19% =97 —k Zi;é (j—€,kA)W',j =0,...,q— 1. There-
fore

j—1 j—1
03] < 1971+ VEDY myglbll, and (93] < 197+ Y nmell6Fl
=0 ¢=0
with my = sup,~o |v2f(4, z)| and ng = sup,~ |zf (¢, z)|. Then (2.8) follows from
(2.7) and (1.3). O

The main result in this section, the local stability of the scheme (1.2), is given
in the following theorem:
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Theorem 2.1. Let U™, V™ € T, satisfy (1.2) and (2.1), respectively. Then, with
9" =U™ — V™, we have the local stability estimate

n q—1
(2.9) 0712+ kY042 < Cet T (1092 + k|97)1?)
£=0 7=0

n=gq—1,..., N, with constants C' and c independent of U™, V'™ and k.

Proof. In view of (1.3) and Minkowski’s inequality we have

n-l 1/2 n-l 1/2
(D2 00°02) " < (R XS OI I+ 9" D?) ™ < X an—s +p dnot + enms
£=0 £=0
with
n 1/2 n 1/2
an = (B 04112) T da= (B> EP)
(k2 wie) Oy
and

n 1/2
en = (kY OND5 ] + pl95))?)

£=0
Thus, (2.61) and (2.6ii) yield, for n > 1,
an < Kpoy(Xan—1 +pdo1+en1) <Koy A an+pdn1 +en_1),
and
% < Ko(Nap +pdp_1+ en,l)z;

therefore, in view of (1.5), we have AK(, ) < 1 and

dy —dy_, pdn—1+€n_1\2
— <K n ° < 2¢(p2d? 2
k — 2( 1_AK(p’g') ) — C(M n—1+en—1)a
with ¢ = O*Afgﬁ Hence, we deduce (note that dyg = 0)
n—1 2C/,L2tn 2 2tn
o2 (tn—1_¢t e -1 ecr it —1
dr, <2k ) * " "e] <2k om—ren 1 S —— e
=0
Thus, we have ud,, < e**t"¢,_; and
: Ko 24n
(2.10i) an < %(1 Fer e
(2.10ii) 197 < Ve (udp—1 + en—1) < ve (14 e e, .
Now, (2.10) and (2.8) yield
n 5 q—1
(211) 317+ kY0517 < G 3 (1971 + K[[97]) -
=0 =0

From (2.11) and (2.8) we easily obtain (2.9) and the proof is complete. O
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Remark 2.1. The condition (1.5) is sharp in the sense that, for any constant A ex-
ceeding the right-hand side of (1.5), we can give examples of operators A and B sat-
isfying (1.3) for which the scheme (1.2) is unstable. Indeed, assume that AK(, ;) >
L. In view of this hypothesis and the fact that lim¢|_[zo(z,()/p(x, ()] = 0, there
exists a positive z and a ¢ € C with |¢| > 1 satisfying |\zo(z,()/p(z, )| = 1;
therefore, there exists a © € R such that

q g—1
Z pi(z)¢t = \we'® Z oi ()¢t

i=0 =0

Then choosing B(t,u) := \el® Au, it is easily seen that the scheme is unstable; see
Remark 2.3 in [2].

3. CONSISTENCY

In this section we will derive an optimal order estimate for the consistency error
E"™ (see (3.5) below), assuming that the order and the polynomial order of the
scheme are p. We will also derive some preliminary consistency estimates for poly-
nomial order p — 1 which will be used in Section 4 to establish optimal order error
estimates.

Letting

P 10
(3.1a) Ey =) %W(M)u“) (t™),
=0
1 U et .
(B.1b)  Bj = Y plkd) / (t7F — )Py (5)ds,
T i=0 t
k q—1 gt A
(3.1c) E}:=— T > oi(kA) (#7151 (@D 4 Au®)(s)ds,
T i=0 t

and using Taylor expansion on the right-hand side of (1.6), we easily see that

(3.2) k(I +kA)"\E" = E" + E} + EI.

Assume now that the order and the polynomial order of our scheme are p; see (Cj).
Then, in view of (3.1a), B} = kP, (kA)u® (t")/p!, i.e.,

fp+1

(3.3) (I + RA)E} = = [(hA) 0, (kA) + gy (k)] Au® (1),

Now using the fact that ¢, and @p, @p(z) = ¢p(z)/z, are bounded, we easily
conclude

(3.4a) I + KA)EY | < CRPH [ul® ().

Similarly, using the boundedness of p;, 0; and &;,6;(x) := xo;(x), we easily obtain
tnta
(3.4b) (I +EA)ES |, < C’f”/ (Iu®ED () [ + ku@+D(s)[]) ds,

t?L
gnta—1

(3.4¢) (I + kA EZ |, < Ck”/ (@D ()| + lu'® (5)]]) ds.

tn
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From (3.4) and (3.2) we immediately obtain the desired consistency estimate

(3.5) max ||[E"||« < CKP.

0<n<N-—gq
Remark 3.1. The case of polynomial order less than p can be treated as well,
but to obtain optimal order error estimates some compatibility conditions would
be required; without such conditions order reduction would occur; cf. [3] and [4].
However, if the polynomial order is p — 1, using the fact that the function 7,

(3.6) () = gp-1(x)/[x p(z, 1)),

is bounded in [0, c0], we will prove in Theorem 4.2 optimal order error estimates
without any compatibility conditions. First of all, let us note that n is bounded
in a neighborhood of 0 since p(0,1) = 0, d2p(0,1) # 0 and ¢,_1(z) = O(z?); it is
also bounded in [¢, 00] for any positive ¢, since p(-, 1) is there uniformly bounded
away from 0. As a preliminary result for Theorem 4.2, let us note that in this case,
according to (3.1a), there is an additional term to E7 which can be written as

Ep—1 D an
e AR
ual (p—1) (4n
- D g 4
= k(I +kA)TE" + oo n(kA) " pi(kA) A(u®D () — w1 (174)),
’ i=0
with E™ such that
—1pn 4]61) - - n+i
k(I +EA)TE" = T n(kA) Y pi(kA) Au®=D (),
) i=0

Thus in this case, since 7, 7(z) := (1 4+ x)n(z), is bounded, (3.5) is replaced by

(3.7) max ||[E" — E"||, < CkP.
0<n<N—q

4. ERROR ESTIMATES

In this section we assume (1.5), that the order of our scheme is p, and that its
polynomial order is p — 1, and we shall derive optimal order error estimates. In
our first result, Theorem 4.1, we will assume polynomial order p, and in our main
result, Theorem 4.2, we relax this condition to polynomial order p — 1.

We note that we will use similar notation to that in Section 2; however several
quantities, like 9" and b™, do not coincide with those in Section 2.

Let 9™ =™ = U™, 0™ := B({t",u"™) — B(t"™,U™), m =0,..., N. Subtracting
(1.2) from (1.6), we obtain

—

q
(4.1) > pik AT = kY o (kAW + k(I + kA)TTE",
i=0 j

Q

I
o
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n=20,...,N —q. Let

n—1
=0, 9 =k> f(n—LkAD,
£=0
n—q
5 =k> e(n—kA)I +kA)E
£=0

It is then easily seen that ¥4 := 9" — ¥} — V% satisfies

q
(4.2) Z pi(k:A)ﬂg” =0, n=0,...,N—gq;
i=0
cf. (2.5). Now 19% =0 for j < ¢ — 1; therefore 99, . .. ,19(21_1, and thus all ¥5, depend
only on the initial entries v, ..., v, U°, ... UL

The quantities V7,94 can be estimated as in Lemma 2.1. Similarly, for 9% we
have

n n—q

(4.0 SIS < M2 RS B
£=0 £=0
n—q

(4.3ii) 052 < My kY IEY2,
£=0

with My = sup,.,maxces, |m| and My = sup, - fol |W|2dt.
As in [2] we can see that M; and M are finite.

In our main results, Theorems 4.1 and 4.2, we will need to estimate ¥". Part of
it, namely 9% + 9%, can be estimated in terms of ¥°,...,9971 and the consistency
errors B, ...  EN~4 This result follows by combining Lemma 2.2 and (4.3).

Lemma 4.1. There exists a constant C' such that, for n =0,..., N,
n q_l . . n—d

(44) o =2k Y 90 = 0512 < L ST + kI + kY B2
=0 §=0 £=0

In the following theorem we establish optimal order error estimates, assuming
polynomial order p; this condition will be relaxed in Theorem 4.2.

Theorem 4.1. Let the order and the polynomial order of the scheme be p. Assume

we are given starting approzimations U, UY, ..., U™t € V tou®,...,ud™" such
that
(4.5) max (|uj — UI) + kM2l — Uj||) < CkP.

0<j<q—1

Let UM € V,n=gq,...,N, be recursively defined by (1.2). Let 9" = u™ —U",n =
0,...,N. Then, there exist constants C and c, independent of k and n, such that,
for k sufficiently small,

n q—1 n—q
(46) WP kY0P < O N (1092 + k[97)2) + kY B2
£=0 j=0 £=0
n=q—1,...,N, and
ny _ yin p
(4.7) o%@v'u@ )—U"| < CkP.
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Proof. In view of (4.5) and (3.5), it is easily seen that (4.7) follows from (4.6). Thus,
it remains to prove (4.6). According to (4.5) and (3.5), there exists a constant C,
such that the right-hand side of (4.6) can be estimated by C2k%?,

—

q— N—q
(4.8) Ce TN (2 + k1) + kY B2} < 2.
=0 £=0

~

The estimate (4.6) is obviously valid for n = ¢ — 1. Assume that it holds for
g—1,...,n—1,¢ <n < N. Then, according to (4.8) and the induction hypothesis,
we have, for k small enough,

(4.9) max |97 < CkPY2 < 1/2,

0<j<n

and thus U7 € Ty, 7 = 0,...,n—1. It is then easily seen (cf. the derivation of (2.11))
that

n q—1
(4.10) [OF + kD IS < CePer™™™ 3 (1972 + kil %) -
=0 3=0
From (4.4) and (4.10) it easily follows that (4.6) holds for n as well, and the proof
is complete. ([

The main result in this section is given in the following theorem:

Theorem 4.2. Let the polynomial order of the scheme be p — 1 and all other
conditions of Theorem 4.1 be satisfied. Then the estimates of Theorem 4.1 are
valid.

Proof. We let 97,945 be as before and split ¥5 in two parts, 1§§ and 5%’, with
n—q
0y =k e(n—€,kA) (I +kA)~" (B* — EY),
£=0
05 =k Y e(n—£,kA) (I +kA)" B
£=0

In view of (4.3) and (3.7), 9% can be easily estimated. Furthermore, using (2.3),
we have

n—q q
Z e(n—4£,x) Z pilz) 24T
=0 i=0

1

Q

q—1
ga1-ilq+i,2) 2" =D gg1-i(n—i,x) 2,
=0

I
o

i
and we deduce

~ kp & ) - n—1
g :(p — 1)' 77(k:A) (Z gq—l—i(q —+ ngA) Au(p 1)(75 )
' i=0

qg—1

=" ga1-iln =i, kA) A () ),

=0
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and thus easily, in view also of the fact that 7,7(z) = (1 + z)n(x), is bounded,

(4.11) 19517 + k10417 < Ck*P.

£=0
Combined with the other estimates, this shows that the results of Theorem 4.1 are
valid also for polynomial order p — 1. O

Remark 4.1. The constants in this and previous sections as well as conditions like “k
sufficiently small” do not directly depend on the particular choice of the operators
A and B; they only depend on A, p, the discretization scheme and on various norms
of the solution u. This fact will play a crucial role in the analysis of fully discrete
schemes in the next section.

5. FULLY DISCRETE SCHEMES

In this section we establish optimal order error estimates for fully discrete sche-
mes assuming that the order and the polynomial order of the scheme are p and
p — 1, respectively.

For the space discretization we shall use a family V3, 0 < h < 1, of finite di-
mensional subspaces of V. In this section the following discrete operators will play
an essential role: Define P, : V' — V},, A, : V — V},, and the nonlinear operators
By(t,-): V — V,, by

(PovaX) :(vaX) VX € th
(Ah% X) = (A507X) VX € th
(Bh(taso)7X) :(B(tasp)7X) VX € Vi

The semidiscrete problem corresponding to (1.1) is to seek a function up, up(t) € Vi,
satisfying

(5.1)

up,(t) + Apun(t) = Bp(t,un(t)), 0<t<T,
up(0) = uf,

with u% €V, a given approximation to u°.

To construct a fully discrete scheme, we discretize (5.1) in time. Assuming that
starting approximations U°,...,U9! € V}, to u°,...,u9"! are given, we define
recursively a sequence of approximations U™ € V}, to u™ := u(t™) by

q q—1
(52) Z pi(kAR)U™ = kz o: (kAp) By (£, U™),
=0 i=0

Let B(t,-) : V. — V' be differentiable, and assume that the linear operator M (),

M) := A — B'(t,u(t)) + &I, is uniformly positive definite, for an appropriate

constant k. We introduce the “elliptic” projection Ry(t) : V — Vj,,t € [0,T], by
P,M(t)Ry(t)v = P,M(t)v

and we refer to [2] for motivation of this definition. We will show consistency of

the semidiscrete equation for Rp(f)u(t); to this end we shall use approximation

properties of the elliptic projection operator Ry (t). We let W(t) := Ry (t)u(t), and
we assume that Rp(t) satisfies the estimates

(5.3) Ju(t) = W ()] + h*2(|u(t) = W ()| < OB,
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d
(5.4) E[u(t) — W(t)]‘ < Ch"
with two integers r and d, 2 < d < r. We further assume that
AW
5.5 — ()|l < C f=1,... 1.
5:5) R R

For consistency purposes with respect to the space discretization, we assume for
the nonlinear part the estimate

(5.6) I1B(t, u(t)) — B(t, W(t)) = B'(t, u(t))(u(t) = W(t))[. < Ch".

Let Ej(t) € V3 denote the consistency error of the semidiscrete equation (5.1)
for W,

(5.7) En(t) :=W'(t) + A\W(t) — Ba(t, W (t)), 0<t<T.
From the definition of W we easily conclude
(5.8) (AW (t),x) = (Au(t) — [B'(t,u(t)) — I](u(t) = W(t)),x) VX E Vi.
Therefore, using (1.1),
Ep(t) =W'(t) — Pot/ (t) + k[ Pou(t) — W (t)]
+ P [B(tu(t)) — B(t, W(t) — B'(t,u(t))(u(t) — W(t))],

and, in view of (5.3), (5.4) and (5.6), we easily obtain the following optimal order
estimate for the consistency error Ep,

) L < CH.
(5.9) Joax [|En()]l« < Ch

The main result in this paper is given in the following theorem:

Theorem 5.1. Let the order and the polynomial order of the scheme be p and p—1,

respectively. Assume we are given starting approzimations U°, U, ..., U1 €V},
toul, ..., ud" ! such that
(5.10) max (|WJ‘ — U + V2 Wi — UJ‘||) < C(KP + 1)

0<j<q—1

Let U™ € Vi, n = q,..., N, be recursively defined by (5.2). Then, there exists a
constant C, independent of k and h, such that, for k and h*" k= sufficiently small,

ny _ D r
(5.11) Oglnangm(t )=U"| < C(kP 4+ h").

Proof. Let p" :=u™ — W™ n=0,...,N, with u” := u(t") and W" := W(t"). In
view of (5.3), we have

. < .

(5.12) Orgnnang " < Ch

Obviously B(t, v) i= B(t,v)+En(t) (cf. (5.7)) satisfies (1.3) with the same constants
X and p. Now let W7 := W7, j = 0,...,q — 1, and define W",n = ¢,..., N, by
applying the time discretization scheme to the equation (5.7), i.e., by

q q—1
(5.13) Z pi(k'Ah)W""‘i — kz Ui(kAh)Bh(t"H, W”H),
=0 i=0
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with By, (t,v) = By (t,v) + Ex(t). Then, according to Theorem 4.2, and in view of
(3.4) and (5.5),

(5.14) max _|[W" — W"| < CkP.
0<n<N

In view of (5.12) and (5.14), it remains to estimate ¥” := W™ — U". Subtracting
(5.2) from (5.13), we obtain

q q—1
Z pi(kAR )9 :kz oi(kAp) [Bh(tn-i-z" Wty — By (£, Un+iﬂ
=0 i=0
(5.15) -
+k Z O'i(k?Ah)Eh(th”),
i=0

Now using the boundedness of o; and (4.6), we get

n q—1 n—q
(5.16) |07+ kD 192 < Cer ™ {37 (1072 + K97 |12) + b 3 1B ()2}
=0 j=0 £=0

From this estimate, in view of (5.9) and our condition on the starting approxima-
tions, we easily conclude
(5.17) max _|[W"™ —U"| < C(kP + h").

0<n<N
Let us note that it is in the derivation of (5.16) and (5.17) where we need the mesh
condition “h?"k~1 sufficiently small”; this is due to the fact that the analog of (4.9)
now reads

max ||¥]| < C, (kP72 4 hTETY?) < 1/2,
0<j<n—1

and for the last estimate to be satisfied we need to assume k and h?"k~' to be
sufficiently small; it is then easily seen that U/ € T,,5 = 0,...,n — 1. From (5.12),
(5.14) and (5.17) the desired estimate (5.11) follows and the proof is complete. [

For several examples of multistep schemes as well as for partial differential equa-
tions satisfying the conditions of this paper we refer the reader to [2] and [I].

Remark 5.1. If the estimate (1.3) holds in tubes around u defined in terms of other
norms, the mesh condition “h?"k~! small” of Theorem 5.1 has to be modified; see
Remark 2.2 in [2].

6. COMPUTATION OF STARTING APPROXIMATIONS

In this section we present two schemes, one nonlinear and one linear, for the
computation of starting approximations satisfying condition (5.10). We assume
that B(t,-) can be modified to yield an operator B(t,-) : V' — V' coinciding with
B(t,-) in the tube Ty, B(t,-) = B(t,-) for all v € T, and satisfying the global
Lipschitz condition (cf. (1.3))

(6.1) 1B(t,v) = B(t, )|« < Allv —wll + plo —w|  Vo,weV.

Otherwise, for the nonlinear scheme the assumptions of Section 5 will be sufficient,
while for the linear scheme some additional natural hypotheses will be needed. In
particular, we assume that k and h%"k~! are sufficiently small.
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A nonlinear scheme. Assume that the data of problem (1.1) are smooth enough

such that one can determine the derivatives u(j),j =0,...,p—1, of the solution at
t = 0. Let ¢™ be given by ¢™ := u° — Z?;Ql ]j;l (mk)?u9)(0); these functions may
be considered given since u’(0),...,u~1(0) may be recursively determined from

the data of (1.1).
Let m € {1,...,q — 1}. It is easily seen that

(6.2) w(t™) — mku' (t") = ™ + ™,

with ¢™ such that

(6.3) [ < CKP.

Using in (6.2) the differential equation of (1.1) and letting v := u ("), we obtain
(6.4) u™ + mk[Au™ — B{t™,u™)] = @™ + ™

which motivates the definition of U™ € V}, by

(6.5) U™ + mk[A U™ — By (t™, U™)] = Pop™.

Besides this scheme, we also consider the modified scheme
(6.5") V™ 4+ mk[A V™ — BL(t™, V™) = Pyp™

with Bi(t,) : V. — V}, such that (Bp(t, ¢), x) = (B(t, ¢), x) for all x € V},. We shall
show that V™ is well defined by (6.5’); then we will estimate W™ — V™ and we
will finally conclude that under our mesh condition U™ is a locally unique solution
of (6.5) satisfying (5.10).

Existence. To establish existence of V™ we shall make use of the following version
of the Brouwer fixed-point theorem.

Lemma 6.1. Let (H,(-,-)) be a finite dimensional inner product space and denote

its norm by |- |. Let g : H — H be continuous, and assume that, for some positive
3, (9(x),x) > 0 for all x € H such that |x| = §. Then, there exists an x* € H with
|z*] < & such that g(z*) = 0. O

To apply Lemma 6.1 to show the existence of a solution of (6.5"), let g : Vi, — V},
be given by g(v) := v + mk[Apv — Br(t™,v)] — Poe™. Obviously, ¢ is continuous.
Furthermore,

(g(’u), ’U) = |U|2 + mk(Avvv) - mk(B(tmvv)vv) - (wmvv)

= |U|2 + mkHU”2 - mk:(B(tm,v) - B(tm7 O)a U) - (ka(tm7 0) + Soma U)

> [v]? + mk|[v]|* — mk||BE™, v) = B(™,0) |« |[v]] — [mkB(E™,0) + ¢™|[v].
Now, using (6.1) and the algebraic-geometric inequality, we obtain
1 1

(9(0),v) 2 7o+ mk(1~ A= mkg?)lo]” — LmkB(E™,0) + ™2

i.e., for k sufficiently small such that 1 — A — mku? > 0,
1 1

(6.6) (9(0), ) = Flof? = 5 |mkB(E™,0) + o™ 2

Letting v € V}, in (6.6) be such that |v| = \/Li|mk8(tm,0) + @™ + 1, we have
(g(v),v) > 0, and we conclude, in view of Lemma 6.1, the existence of a solution
V™ €V, of (6.5"), provided k is sufficiently small such that 1 — A\ — mku? > 0.
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Uniqueness. Let V™ € Vj, be such that
(6.5") V™ 4 mEk[ALV™ — B (t™, V™)] = Pyp™.
Subtracting (6.5”) from (6.5) and letting ™ := V™ — V™, we obtain
™+ mkApe™ — mk[By(t™, V™) — By (t™, V™) = 0.
Taking here the inner product with ™ and using (6.1), we have
€™ 2 + mklle™||* — mk(e™ || + ple™ )™ || < 0,
ie.,
(6.7) %|em|2 +mk(l =X\ — %‘F)Hemw <0.

For k sufficiently small such that 1 — A — %"2 > 0, we conclude from (6.7) that
e =0, i.e., ym=ym,

Error estimates. To derive an estimate for W™ — V"™ we need an equation for
W™, For x € V}, we have

(W™ + mk[A,W™ — B (™, W™)] — Pop™, x)
= (W™, x) + mk(AW™ — B'(t", u™)W™ + kW™, X)
—mk(B{t™,W™) — B'(t", u™)W™ + kW™ — o™, ),
i.e., in view of the definition of Ry (t),
(W™ + mk[A,W™ — By ("™, W™)] — Pop™, x)
= (W™, x) + mk(Au™ — B({t™,u™), x) + mks(u™ — W™, x) — (¢, x)

+mk(B@t™,u™) — B(t™, W™) — B'(t™, u™)(u™ — W™), x).

Using (6.4) here, we get
(W™ +mk[AyW™ — By (t", W™)] = Poe™, X)
= (W™ —u™ x)+ @™, x) + mkr(u™ = W™, )
+mk(B@{t™,u™) — B{t™, W) = B'(t™,u"™)(u™ — W™), x),

i.e., in view of (5.3), (5.6) and (6.3),

(68) W™ mk{ A, W™ = Bu(£", W™)] = Pop™ + (" + k5’
with
(6.9) G2+ [1C8 |« < C(kP + h7).

Now let 9™ := W™ — V™. Subtracting (6.5") from (6.8), we obtain
I+ mkARY™ — mk[Br(t™, W) = B (t"™, V™) = " + k¢S
Taking here the inner product with 9™ and using the fact that W™ € T, we have
[0 2+ mk[[0™ |2 — mk(B(E™, W™) = B({t™,U™),9™) = (¢, 0™) + k(G3", 9™),
i.e., in view of (6.1),
(972 + mk(1 = \)[[0™|* — pmk|9™ | [|9™
G 1™+ R 0™ ]

Now using the algebraic-geometric inequality, we obtain

1 1 1 1
102+ (m = X — gk = SR < 516 + Sl
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Letting & be sufficiently small here such that m(1 — ) — (u?*m? + )k > ¢ with a
positive constant ¢, we easily obtain, in view of (6.9),

(6.10) 1972 + E[[9™ |2 < C(KP + B7)>.

In view of our mesh condition, it easily follows from (6.10) and (5.3) that V'™ € Ty,;
thus V™ is also a locally unique solution of (6.5). Furthermore, obviously, if (6.10)
is satisfied for m = 1,...,¢ — 1 (and U° = W?), then (5.10) is also satisfied.

A linear scheme. In the analysis of the linear scheme we will present in the sequel,
besides (6.1) and the hypotheses of Section 5, we shall assume three additional
natural conditions, two for the nonlinearity B, namely that

(6.11) | B(t,v) — B(t,w) — B'(t,w)(v — w)]||x < Cljv —wl|? Yo, w € Ty,

and that the operator A— B’(t,v)+ &I is, for an appropriate constant x and v € Ty,
positive definite, uniformly in ¢ and v (cf. the hypothesis on M (¢) in Section 5) and
one analog to (5.3). To formulate the third condition, we let Ry : V' — Vj, denote
an “elliptic” projection defined, in terms of the linear operator A only, by

(6.12) P,AR,v = P, Av;

cf. the definition of Rp(t) in Section 5. The assumption then is that Ry, satisfies
the estimate

(6.13) lu(t) — Rpu(t)]| < Ch™=%;

cf. (5.3).

We shall linearize the scheme (6.5) by Newton’s method and we will show that,
for appropriate starting approximations U{J", one Newton iteration suffices to obtain
initial approximations U7" satisfying (5.10).

We begin with the definition of an appropriate starting approximation UJ". Let
T?u(0) be given by
(mk)P~!

(p—1)!

We then let U := RpTPu(0) € Vy—notice that Ry (t™)TP u(0) cannot be com-
puted since the solution at ™, and consequently M (t"), is not known—i.e., UJ" is
given by

TP u(0) := u® + mku'(0) + - + uP=(0), m=1,...,q—1.

m

(6.14) (AnUg" x) = (AT7u(0),x) VX € Vi
To estimate U™ — U§*, we let W™ .= Ryu™, i.e., W™ is given by
(6.15) (AW™, x) = (Au™,x) VX € Vi.

Subtracting (6.14) from (6.15), we obtain
(An(F™ — UZ), ) = (A@™ — T2u(0)),x) ¥ € Vi
Letting y := W™ — U{" here, we get
W™ — U < Jum = Tou()],
and we conclude that
(6.16) W™ — U < CkP.
Let us notice here for later use that, in view of (6.13) and (6.16), Uj* € T,,.
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Furthermore,
U™ —UP = (U™ —=W™) + (W™ —u™) + (u™ — W™) + (W™ — U,
since, according to (5.3) and (6.13),
W™ — ™| 4 u™ = W™ < O™ 2,
in view of (6.10) and (6.16) we get
|U™ — U < Ck™3 (kP + h") + C (kP + h™~ %),
ie.,
(6.17) U™ — U < C(kP™2 + k™2 + h™™%).

Starting with UJ", we let U™ € V}, be an approximation to U™ given by per-
forming one iteration with Newton’s method applied to (6.5), i.e., U™ is given
by

[I + mkAy, —mkB, (t™, U")]|(UT" — U")
+ U + mk AU — mkBy, (1", US") = Pyp™
which can be written in the form
[+ mkAy — mkB, (™, UM U
= mkBy,(t™, U") + mkB;, (t™, UM U + P,p™.
Using the fact that UJ* € T, and the assumption that A— B'(¢, UJ") + &I is positive

definite, we easily see that U{" is well defined for k < ﬁ
Now let e" := U™ — U™. Subtracting (6.18) from (6.5), we obtain

el + mkApel” — mkBy, (t™, U )el*

= mk[Bh(tma Um) - Bh(tma U(;n) - B;L(tm7 Ugn)(Um - Ugn)],

(6.18)

ie.,
(1—kmk)el* + mk[An, — B, (™, UJ") + kI]eT’
=mk[Bp(t",U™) — Bu(t™, Ug") — By,(t™, Ug")(U™ — Ug")].
Taking here the inner product with e7* and using the fact that A — B'(t,v) + &I is

positive definite, uniformly in ¢ and v, v € T, and U™, U}J" € T, and (6.11), we
get

(6.19)

(1 — wmk)|ef"|* + cmk|lel||* < Cklleg||* [le"]],
1
2km?

(6.20) 7' * + Elle"||* < Chlleg'||*.
From (6.20) and (6.17) we obtain
e[ + ke[| < Ch(E*P =2 + h*" k=2 4 h*7—27),

with a positive constant c, i.e., for k <

ie.,
(€' + K> < CO2 + b7 4 12)
and thus
e 1? + klle?"]|* < C(k* + h*7),
ie.,

(6.21) e [? + klle"||* < C(kP + h7)2.
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From (6.10) and (6.21) we finally conclude
(6.22) U — W™+ VE|UT = W™ < C(kP + h7).

Remark 6.1. Condition (6.11) can easily be relaxed or modified if one is willing to
perform more iterations with Newton’s method in order to obtain starting approx-
imations satisfying the analog of (6.22).

7. COMBINATION OF IMPLICIT RUNGE-KUTTA SCHEMES AND EXTRAPOLATION

Keeling [5] constructs and analyzes implicit-explicit schemes for semilinear par-
abolic equations. The linear part of the equation is discretized by implicit Runge-
Kutta methods (IRKM) and the nonlinear part by extrapolation from previous
time levels. One advantage of the resulting implicit-explicit schemes is that their
polynomial order coincides with their order and hence, in contrast to IRKM, they
do not suffer from order reduction; a computational advantage of these schemes is
that to advance in time linear problems with the same operator for all time levels
have to be solved. We will see in the sequel that Keeling’s schemes applied to (1.1)
are particular cases of the schemes (1.2). Let us note that in this particular case
the results of this paper improve those of [5] in various aspects: we allow stronger
nonlinearities, and in particular we have an optimal bound for the stability constant
A, and we also get by with milder mesh conditions; cf. also [2] and [I] for concrete
parabolic equations.

In this section we will focus on single step schemes for the discretization of the

linear part of equation (1.1). Thus we let p; = 1,p4—1 = —p, and p; = 0,7 =
0,...,q — 2. Tt is then easily seen that the strong A(0)-stability condition of a
consistent scheme described by (po, - . ., pq) reads in this case

(7.1) p(0)=1, p(0)<0, |p(x)]<1 for ze (0,00

Given an integer > 1, an r-stage IRKM is characterized by a set of constants
arranged in tableau form

Q|
bT

with Q = (a;;) € R™", b = (by,...,b,)T and 7 = (7y,...,7,)T. Let p > 1 be the
order of the IRKM; actually we will only need the relations

_ 1
(7.2) vrat 1e:E, (=1,...,p,
with e := (1,...,1)T. For stability purposes, we assume that the IRKM is strongly
Ap-stable, i.e., for the corresponding rational approximation p, p(z) = 1 —

2bT (I + 2Q)) e, to the exponential e~# it holds that
(7.3) sup |p(z)| < 1 Vo > 0.

r>x0

Let us note that, for p > 1, (7.3) is equivalent to (7.1). Furthermore, we assume
that the eigenvalues of @ have nonnegative real parts, and @ is invertible, i.e.,
o(Q) c{z€C:Rez >0,z # 0}, with o(Q) the spectrum of Q.
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Following Keeling, we define the extrapolation associated with an r-stage IRKM
of order p in terms of the constants oy;,i=1,...,7,7=0,...,p—1, given by

(7.4) Z] = (=D elate,  £=0,....p—1i=1,...,1

with é; € R ,(ei)j = (Sij.
Suppose that approximations U™ to u™,m = 0, ..., n, have been computed. We
introduce the extrapolation operator EM:VP - (VY ,n>p—1, by

(7.5) (&mvh) Za” I "), 1=1,...,m

with v" := (v", ... ,v"’pﬂ) . Also let A: (D(A))" — H", A:=diag(A4,..., A).
Now, Keeling’s scheme applied to (1.1) yields U"! ~ u"*1 n > p — 1, defined
by

(7.61) U" = U"e — kQAU" + kQE"U
(7.6ii) urtt = (I1-v"a le)ur +oTQ'uU",
with U™ = (U™1,...,U™")T. We will write this scheme in the form of (1.2) and will

show that its order and polynomial order are p. Then, the results of the previous
sections apply. First, (7.6) can be written in the form

U™ = (I — kAVY (I + kQA) L) U™ + k0T (I + kQA) 1 E"T"
= p(kAYU™ + kb" (I + kaA)*e"fJ

= p(kA)U™ + kb (I + kQA)~ ZaB ("t U

with o := (a4, ..., ;)T . Therefore,
p—1
U™P = p(kA)U™ P! + kb (1 + kQA)™" Y o/ B grte i),
i=0
ie.,
p—1
(7.7)  U™P = p(k AU + k" (I +kQA)™ Y P B UM,
=0
With o;(z) :== b7 (I + 2Q) " taP~171i=0,...,p— 1, (7.7) can be written as
p—1
(7.8) U™ — p(kA)U" P = kY ai(kA) B, U™,
i=0

which is of the form (1.2) with ¢ =p
Next, let us show that the polynomial order of the scheme (7.8) is p. First,
let us rewrite (7.4): Let 2 denote the p x r matrix with entries ay;, fr :=
0,14,...,(p—1)9T, and fo:= (1,...,1)T. Then, (7.4) can be written in the form
(7.4) Afe = (=1)° 01 A, (=0,1,...,p—1.
Therefore,
—0Afpy + 2 fe = (—1)(I +2Q) QA e,
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and, using the notation of Section 1,
pep(x) = Eo(1, 2, ve,p)
=1— (=1)T(I +zQ)" (02U fs_1 + 22Uf0)
=1-0b"Q" .

Using (7.2) here, we see that ¢y, =0 for 1 <¢<p—1. For £ =0, since vy, =1
and A fyo = e, we have

wop(x) = Eo(1,2,v0,p) =1 — p(x) — :ch(I + x(’l)*le =0.

Hence, in view of (C~’Z’3), the polynomial order of the method is p.

Similarly, we have ¢, ,(0) = 0, and thus ¢, ,(z) = O(x); consequently ¢, (z) =
O(z), and we conclude that the order of the scheme is p.

Let us also note that letting ¢ = p, letting the p;’s be as in the beginning of
this section and determining the o;’s from (1.12) is an alternative way leading to
Keeling’s schemes.

Remark 7.1. The strong A(0)-stability condition cannot be relaxed to A(0)-stabi-
lity, because then K, ;) may be infinite and, consequently, our stability condition
(1.5) may deteriorate. We demonstrate this with an example. Let us consider
the one-stage Gauss-Legendre Runge-Kutta method, i.e., the midpoint scheme; the
scheme is described by the tableau

— [ DI
(SIS

and the corresponding rational approximation p to the exponential is given by
p(x) = (1—=3%)/(14 %). The order of the method is two, and according to (7.4) we
have a9 = 3/2, 11 = —1/2. Therefore

1 1 3 1

oo(z) = 57—/, ol@)=57—%

21+2 21+2
Thus, we choose ¢ = 2, and the implicit scheme is described be the rational functions
(po, p1,p2) with pg = 0,p1 = —p, p2 = 1. In this case we have

¢ x x
= —-(1-= 14+ = =—(-1 .
P Q=g (- =350+ 04300, 0@ =557 5(-1+30)
Hence,
zo(z,¢), _ zo(z,—1)
max | 1> |5 | =z,
cesi p(z, Q) px, 1)
and thus K, o) = oo.
Remark 7.2. Assume that pg,...,ps—1 vanish at infinity; this means in the case
of implicit multistep schemes that 8y = --- = B4,-1 = 0, which holds for the

BDF schemes of order up to six, and for IRKM that the corresponding rational
approx1mat10n p vanishes at infinity. Then, the argument showing Ko < oo also
shows that Nj, N = maxo<j<g 1 SUP,so fo |6;(e=2™t z)|2dt, is finite. As a
consequence, (2.71) can be replaced by

n q—1
(2.7) EY O I05I1° < gNy Y [03.
l=q 7=0
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Assume now that (1.3) is satisfied with A = 0. Then, in view of (2.7’1), our analysis
yields

n g—1 n—q
(5.16) 9 kS (92 < e S W kY )2
t=q =0 =0

instead of (5.16); this leads to the error estimate (5.11) under the following relaxed
hypothesis on the starting approximations

(5.10") max |[W’ —UJ|<C(kP+h") and U°,...,UT'eT,.
0<j<g—-1
Let us also note that conversely N; < oo implies that p, ..., Pqg—1 vanish at infinity.

Consequently, an inequality of the form (2.7'i) with a finite constant is only valid
for a subclass of the schemes considered in this paper.
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