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HERMITE AND HERMITE-FEJER INTERPOLATION
FOR STIELTJES POLYNOMIALS

H. S. JUNG

ABSTRACT. Let wy(z) := (1—x2)*~1/2 and PN be the ultraspherical polyno-
mials with respect to wy (z). Then we denote by E,ﬁ?l the Stieltjes polynomials
with respect to wy (z) satisfying

=0, 0<m<n+1,
#0, m=n+1
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In this paper, we show uniform convergence of the Hermite-Fejér interpo-
lation polynomials Hypy1[-] and Han+1[-] based on the zeros of the Stieltjes
polynomials ET(B_‘QI and the product E,&YIP,(LA) for0 <A< 1land 0 <A KL
1/2, respectively. To prove these results, we prove that the Lebesgue con-

stants of Hermite—Fejér interpolation operators for the Stieltjes polynomials
E,ﬁ?l and the product ET(QIP,(LA) are optimal, that is, the Lebesgue constants
|Hnt1lloo(0 < A < 1) and ||H2n+1]lee(0 < X < 1/2) have optimal order
O(1). In the case of the Hermite-Fejér interpolation polynomials Hay,+1[-] for
1/2 < X <1, we prove weighted uniform convergence. Moreover, we give some
convergence theorems of Hermite—Fejér and Hermite interpolation polynomials
for 0 < A <1 in weighted L, norms.

1. INTRODUCTION
For a function f : (a,b) = R, —o0o < a < b < 0o, and a set
Xn = {xlna‘xZn, -~->xnn}, n Z ]-a

of pairwise distinct nodes, let H,[xn; f] and H, [Xn; f] denote the Hermite-Fejér
and Hermite interpolation polynomials of degree < 2n — 1 to f with respect to x,,.
For the case of Hermite interpolation, we will always assume that f is differentiable
so that H,[xn; f] is well defined. In fact, H,[xn; f] and H,[xn; f] are the unique
polynomials of degree < 2n — 1 satisfying

Hy[xn; f] (xjn) = f(mjn)v I:{n[Xn; fl (xjn) = f(xjn)v
H; [Xns fl(jn) = 0, Hy [xns fl(@jn) = f'(25n)

for j=1,2,...,n.
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Here, we are interested in Hermite—Fejér and Hermite interpolations with respect
to xn whose elements are the zeros of a sequence of Stieltjes polynomials. To be
precise, we first consider the generalized Stieltjes polynomials Er(fjr)l (z). In 1934,

Szegd [25] introduced the generalized Stieltjes polynomials E,(Zir)1 (z) defined by

1
/ wy (z) PN (x)Egjr)l(x)xkdx =0, k=0,1,...,n, n>1,

—1
where wy () = (1—2?)* /2, X > —1/2, and P,(ZA)(;U) is the ultraspherical (or Gegen-
bauer) polynomial. The classical Stieltjes polynomials for the Legendre weight
(A = 1/2) were first considered by Stieltjes in 1894, and he made the conjecture
that the zeros of E,(LlJr/l2 ) (2) should all be in (—1,1) and should alternate with those
of the n-th Legendre polynomial. In [25], Szeg6 proved, for 0 < A < 2, two conjec-

tures of Stieltjes, namely, that the zeros of E( )

that they interlace with the zeros of P(/\)
After Szegé’s works, in 1964 Kronrod introduced the so-called Gauss—Kronrod
quadrature formulas,

1 n+1
/ wx (2 Z A )+ Z Bu ni1f ;(L)\’r)%i'l) + R2n+1(f)

—1

Y1 are real and inside (—1,1), and

for estimating the error of the Gaussian quadrature formula, and in 1970 Barrucand
1 ] observed that the zeros of Stieltjes polynomials are precisely the additional nodes
51 A1 ,§n Y1n41 of Gauss-Kronrod quadrature formulas. This induced much
further study of Stieltjes polynomials and Gauss—Kronrod quadrature formulas (see
[3, B 6, 8, 17, 211, @] [12] [13] 22]). These days, Gauss—Kronrod formulas are used
extensively in numerical integration software (cf., e.g., [16, [24]). There are the
exhaustive surveys of Gautschi [7], Monegato [14] [I5], Ehrich [4], Notaris [1§], and
Peherstorfer [23] for the precise definition of Gauss—Kronrod quadrature formulas
and an overview about their connection to Stieltjes polynomials.

For the properties of interpolation operators based at the zeros of E Jr)l and

P,SA)Er(L)jr)l, Ehrich and Mastroianni [5] 6] proved that Lagrange interpolation op-
erators Ly, based on the zeros of E( )1 and that extended Lagrange interpo-

lation operators Ls,41 based on the zeros of Ef{}r)lP()‘) have Lebesgue constants
[Lntille = SUP|| 1l oo [Ln+1flloc (0 <A < 1) and [[L2p41lloc (0 < A < 1/2) of
optimal order, i.e., O(logn). So, they showed that the zeros of Stieltjes polynomi-
als improve the Lagrange interpolation process based on the zeros of ultraspherical
polynomials, for which Lebesgue constants are well known to be of precise order
O(n*) and O(logn), according as 0 < A or A < 0. See [26 14.4]. In this paper,
we consider the Hermite—Fejér interpolation operator H, 1 based on the zeros of
E()‘)1 and the extended Hermite-Fejér interpolation operator Hs, 41 based on the

zeros of Er(l)jr)lP,({\), and we show that these interpolation operators have Lebesgue
constants ||[Hpt1llee (0 < X < 1) and |[Hant1llee (0 < X < 1/2) of optimal order,
ie., O(1). See B2I) and ([B:29) in Section 3. From these results, we show uniform
convergence of the Hermite—Fejér interpolation polynomials H,11[-] and Hapi1[]
for 0 < A < 1land 0 < A < 1/2, respectively. In the case of the Hermite-Fejér
interpolation polynomials Ha,y1]-] for 1/2 < A < 1, we prove weighted uniform
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convergence. Moreover, we prove some convergence theorems of Hermite-Fejér and
Hermite interpolation polynomials in weighted L, norms. Let us mention that the
Lebesgue constants of the Hermite—Fejér interpolation processes based on the zeros
of ultraspherical polynomials are known to be of precise order O(nmax{ow‘*l}) and
that Hermite—Fejér interpolation polynomials are in general divergent at x = +1 if
f(z) is merely continuous on [—1,1] and A > 1/2. See [26] 14.6] and [27].

2. MAIN RESULTS

For the ultraspherical polynomials Pé’\), A £ 0, we use the normalization
n+2)\ 1 _ 22—1 &) N
pi ( )= ( )=0(n ). We denote the zeros of Py and E,}; by
(A

v,n

v=1,...,n and §Mn+1:0059u,)l+1, w=1...,n+1,

respectively. We denote the zeros of FQ(:;ZA = P,E”E,‘Ql by y,ﬁ?‘z)nﬂ = cos wu I ls

v=1,...,2n+ 1. All nodes are ordered by increasing magnitude. We also set

80(99) =V 1*%2,

and for any two sequences {b,, }, and {¢,}, of nonzero real numbers (or functions),
we write b, < ¢, if there exists a constant C' > 0, independent of n (and x) such
that b, < Ce¢, for n large enough and write b,, ~ ¢, if b, < ¢, and ¢, < by, We
denote by P, the space of polynomials of degree at most n.

Let H,,1[;] and H,, 1 [;] be the Hermite Fejér and Hermite interpolation polyno-
mials with respect to the zeros of E,(Zir)1 (). Then, the Hermite-Fejér interpolation
polynomial H,,11[f] of f admits the representation ([26], pp. 330, 331])

T, = cos (;5

v,n’

o N AJr)lll(gk +1) N)
(2.1)  Hpulf Z @ man) [1— W(fﬂ = &hnt1) Ii 1 ().
B (&ng)

The Hermite interpolation polynomial Hn+1[ f] of f on the other hand admits the
representation

n+1

(2.2)  Huilfl(2) = Hoalf +Z €0 DB (@) F1ED)).

Also let Hapy1[;] and H2n+1[;] be the Hermite-Fejér and Hermite interpolation

polynomials with respect to the zeros of Fézll(x) Then, similarly, we have
(2.3)

o F2( +1 (y(Az) +1) )
Honta[f Z i yy2n+1 1= W( ~ Yo sni1) lu2n+1( x)

Fynia (v
2n+1 v,2n+1

and
n+1

~ A
(24)  Hona[f1(@) = Hanpa[f +Z — 9 )l 21 (@) F (U 31

Here, the fundamental Lagrange interpolation polynomials lg ,+1(z) and I, 2,4+1(2)
are given by

\)
E
lynsr(x) = w1 (2) , k=1,2...,n+1,

EN (€ )@ -6,
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and

Jaey)
lyont1(x) = o7 (A)Q"“(x) S v L2l
F2n+1 (yy,2n+1)($ - yu,2n+1)

In addition, we introduce some basic notations used here and in the following
sections. Following usual notation, we write f € L,(E), E C [-1,1], 0 < p < o0, if

1/p
T ( / If(w)pdw) < o0,

and we set L, = Ly([-1,1]), [fl, = [Ifllz,(-1,1)- For p = oo, ie., uniform
approximation, we set || f||z__(z) = sup,ep |f(z)], £ C [-1,1]. In this paper, we
need the following notations: For 1 < p < oo,

We,p(fit) == sup HAhapf(x)”Lp[,l)l]
0<h<t
and
Euslh) = it 17~ Pl 1)

where

Anpf(x) := f(x + heo(x)/2) = f(z = hep()/2).

In the following subsections, we state our main results: First note that for A =0
and A =1,

2n

(2.5) E(@) = T (Tun() = Taa (@),
(2.6) EL@) = 2T,

In this paper, we let

(2.7) PO (z) := T, (x)/n.

2.1. Uniform convergence of the Hermite—Fejér interpolation polynomi-
als.

Theorem 2.1. Let A € [0,1] and let f be a continuous function on [—1,1]. Then,
uniformly for x € [-1,1],

(2.8) lim [y [f)(x) — f ()] = 0.

Moreover, we have

29 Haalf)) - 1) S min fupe (£.57 ), v (1.3 ) o}

n
Theorem 2.2. Let f be a continuous function on [—1,1]. If X\ € [0,1/2], then
uniformly for x € [-1,1],
(2.10) Tim_ (a1 [f](x) — @) = 0,

Moreover, we have

@11 [analf)) ~ £ S min fu (757 ) v (1.7 )}
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If X € (1/2,1], then uniformly for x € [—1,1],

(2.12) i |[Han 1 [£](2) = £(@)]0*® D (@)] = 0.
Moreover, we have
(2.13) |(Hansa[)(@) = 1(@) 22D (@)

I 1
< min {ww,oo (f, ogn) y W00 (ﬂ E) logn}.

2.2. Weighted L,-convergence of the Hermite-Fejér interpolation poly-
nomials. Let u be a Generalized Jacobi (GJ) weight, defined by

=H|tk.—x\%, ve> -1, —l=to<t1 < <t <t.=1, |z/<1.

Theorem 2.3. Let A € [0,1], 1 < p < 00, u € Ly, and let f be a continuous
function on [—1,1]. Then

(1 111G0) = F@) S e (17

Theorem 2.4. Let A € [0,1], 1 < p < oo, u(z)(¢*F=2Y(z)+1) € L,, and let f be
a continuous function on [—1,1]. Then

1
02 f1G0) = F@)al S e (£7)
2.3. Uniform and L,-convergence of the Hermite interpolation polyno-

mials.

Theorem 2.5. Let A € [0,1] and let N be an integer with N > 1. If we assume
that f € CN[-1,1] and 0 < j < N, then we have

. Ent1-N,00 M) logn
(Bt - 500) ] Bt e

Theorem 2.6. Let A € [0,1] and let N be an integer with N > 1. Assume that
feCN[-1,1] and 0 < j < N. Then for A € [0,1/2],

(R0 - 500) ]| 5 Ezves ) g

2n+1 nN_j ’

and for A € (1/2,1],

; 1y Etnt1-N,oo (fI)) logn
| (#2101 - £90) 24| s = (/) logn,

2

Theorem 2.7. Let A € [0,1], 1 < p < oo, and let N be an integer with N > 1. If
we assume that f € CN[—-1,1] and 0 < j < N, then we have

H (-ﬁlrﬁﬂf] - f(j)) (ij < 52n+1—N,oo_(f(N))'
p

nN—J

Theorem 2.8. Let A € [0,1], 1 < p < oo, and let N be an integer with N > 1.
Assume that f € CN[—1,1] and 0 < j < N. Then for A € [0,1/2],

| (A8t 1) ]| < Eer o ()

~ TLN_j Y

p
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and for X € (1/2,1],

| il Eamrionse (F
| (1 - ) o] Emeiovee U,

3. THE PROOFS

We first state some known results for the Stieltjes polynomials. For 0 < A <1
Ehrich and Mastroianni [5] proved that for p =0,1,...,n+2and v =0,1,...,2n+
2,

(

\) ) -1
¢u,2n+1 - ¢V+1,2n+1 ~no,

(N )
‘eu,nJrl 9u+1 n+1

‘ ~

where ¢(()?\2)n+1 = 9((;\)“ = m and ¢2n+2 oni1 = 9(+2 ne1 := 0. It implies that for

p=0,1,...,n+2and v =0,1,...,2n + 2,
(3.1)
A A A N \
{5,((1/\%1,%1 - 5;5,(7)1“ ~ %90(5;5,%1)1% and {@(ff(/\%l’nﬂ) ~ (p(glg)(é;rl)’
Yorranst ~ Ynznit ~ wP(Whizns) (W 1.2n11) ~ Wuzni1),

A A A
where y((J,Q)n+1 = 5((),724-1 = —1 and yén)-l-2,2n+l : £n+2 1 = L

In the following, we list some propositions about estimates of Ef1 Jr)l(:c) and
F2(22|-1($) from [5] [@].

Proposition 3.1 ([5]). Let 0 < A < 1. Then
(32) ‘En{\gl ’ S nl )\gol A( )+ 1a -1 S &€ S 1)

and E,(L)_]_l( 1) 2 1. Moreover, we have

. A
(3.3) \FM >] SeP@), g <o <&,
and ’F2(7)m\+1 ’ ~n? =1 For A =0, we know that
(3.4) B0, ()] S np(@), —1<w <1,
and
(3.5) @) S el@), —1<e<L

Proof. For 0 < A < 1, see [5]. For A = 0,1, the assertion can be proved easily by

2.5), @.6) and @2). O
Proposition 3.2 ([9]). Let 0 < A < 1. Then for z € [55:\,34_1,5%_)17”“],

(3.6) Q) (@) S n? P ).

Moreover, we have for x € [—1 51 n+1] [ﬁr(lﬁr)l’nﬂ, 1],

A li
B (@) ~ 0
In the case of A = 0, we know that for |z| <1,

0 !
1B (2)] S n?,
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and for cos™' = < |z < 1,
B, ()] ~ .

Proof. For 0 < A < 1, see [9]. For A = 0,1, the estimates follow by (2.1). O

Proposition 3.3 ([9]). Let 0 < A < 1. Then for z € [gﬁgﬂ,gﬁﬁlmﬂ],

! —2)
(3.7) [Fiy (2)] S g™ (@),
Moreover, we have for x € [—1 §1 n+1] [fy_‘glmﬂ, 1],

!/
[P ()] ~ n' 22,

In the case of A =0, we know that for || <1,

0 /

Fil () S

and for cos™ - < |z| <1,

4

|F2n+1 (z)] ~n.

Proof. For 0 < A < 1, see [9]. For A = 0,1, the assertion can be proved easily by

), @5 and (D). O
Proposition 3.4 ([]). Let 0 < A< 1. Then forp=1,2,...,n+1,

(A _
(38) ‘En-',-)l un—&-l ‘ ~ 2 )\ A(gu n+1>

and forv=1,2,....2n+1,

/

A A
(39) ‘FQ(nzi-l (yy 2n+1 ‘ ~ ny -2 (yz(/ 2)n+1)
Proof. For 0 < A < 1, see [B]. For A = 0,1, the assertion can be proved easily by
(3, @5, and (7). O
Proposition 3.5 ([9]). Let 0 <A< 1. Then for p=1,2,...,n+1,

—2/ (A
(3.10) B (€004 S 20 (60 ),
and forv=1,2,....2n+1,
A 1 )\ _

(3.11) Finha Wedn)l S0 P02 Al 0)-

In the case of A = 0, we know that for py =2,...,n and v = 2,...,2n, BI0) and
BI0) are satisfied, and for p=1,n+1 and v =1,2n+ 1,
1

0 0 0 0 :
312)  [EQ €O ) ~nt and  (FD 0% ~ 0P,

Proof. For 0 < A < 1, see [9]. For A = 0,1, the assertion can be proved easily by

@3), @26), and 27). O

For convenience, we let

n+1

Hipalf] == Zf(fk n+1) 1 (@)

k=1
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and
B €00
Houialf] = ) F )~ (@ = & )l (2):
k=1 E )
n+1 \Skn+1
Then by (21
(3.13) Hy 1 [f] = Hipi1[f] = Hanga [f]-
Similarly, we split Hap4+1[f] into two terms. Then by (23]
(3.14) Hon+1[f] = Hizns1[f] — Ha2n41[f].

3.1. Convergence of the Hermite—Fejér interpolation polynomials for

Eg_‘gl( ). In this subsection we prove Theorems [Z1] and 23]

Lemma 3.6. Let A € [0,1]. Then we have for large n > 0,

(3.15) [Hon1 [f1(@)] S 11 flloo

Proof. First let 0 < XA < 1. By [19 (26)] it is sufficient to prove (310 for 0 <
r<1- %, where a >0 is a fixed, sufﬁciently small constant. In the following let
[ fllc =1 and let z € [fk 1 n+17£k+1 n+1] [0, ] (fo nt1 =1, 5 +2,n41 T 1)

forsome 1 <k <n-+1. Then

nal E()‘ "

Z n+1 (§J n+1) ‘ ()\) ‘ 12 z)
A ] n+1]|%7, n+1
Jj=1 E7(1+)1 (53 n+1)
Yoo+ > =h+h
jelk—2,k+2]  j@lk—2,k+2]
For j € [k—2,k+2]N[1,n+ 1], there exists some r();zﬂ between x and §( ‘mi1 Such
that we have by the mean value property, (3.1]), (3.4), and B.8),

[Ho,nt1[£] ()]

A

(N
(3.16) ljmgr ()] = B (2)

(A A
( €j n+1) n+)1 (5;,72—{-1)
AN (A o A
E7(z+)1 ( j(n)+1) n®" /\(TJ(' 724-1)

<1
Er(L)J\r)l (gj(,/\n)+l) n*- /\ (é-] n+1)

Then, we obtain by B1)), B.8), (310), and B.14)),
J = Z L

§Ge
Jek—2,k+2] Efl/\ﬂ ( Jn+1

§Ge

(€

\
N

’IE ]n+1‘lj n+l )

n+1 7, n+1 \)
N Z @7 ’x - 5j,n+1‘
JE[k—2,k+2] En+1 j,n+1
< n2¢72( ) 1 A—1 Afl(x) 5 1.

~ m—w(@ ~neop
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Next, we estimate Jo. Assume 0 < z < 52’\_)1 nt1- Then for some C' > 0 with

A)
1= G5 Santl o have by @), @), @), and @I0),

)\ "
B2 (0|

3
Gk —2,k+2] ‘Enﬁr)l (gﬁzﬂ)‘ ‘x —5]972“‘

Jo = ‘En)-\i-)l

3A—2(¢(N)
2NN () $ R (SR 1

<
~ 4—3X\ A
JElk—2,k+2] " ‘x - £§,7’2+1‘
_ 3A—2(¢(N)
_ (pQ(l A)(x) © ( j,n+1) 1
~ 1—X A
" G@lk—2,k+2] " ’fc - gj(‘,n)+l’
902(17)\)(‘%) / s03()\71)(]5) it
B 113 SO NN B .

Then for the integral

/@3()\ 1) / / /1—7 3()\ 1) )dt
|z — ¢ |z —t|

where z, := 5,(:‘)2 g1 and 2% = §k+2 n+1 Here7 since *~!(z) is increasing on
(0,1), o(z4) ~ @(z) by (B3I), and 1 — %= 2 n2, we have

T x B(A—l) t T x A—1 t
0 0 r—t

r—1
e A1
S L)OZ(A—l)(x) ' (xS)dS
0 1-s
S N@) [ 1 - s

Since
1+z* 14 x* "
® ~ /1= ~ p(z*) ~ (),
2 2
we have
Ltz 3(a—1 % L4zt a1
/ 7 )(t)dt < 20D I+ / o (t)dt
- |z — ¢ 2 - t—x
< 20-1) o 12 1-a g
S o (z) (t—z)= " +(1-1) dt
-
1

174N
o
=
T
-
=
—
N
|
>
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and since |z —t| 2 [1 — ] for#<t<1—n_cz,

-5 @S(A—l)(t) 1 -5 (pg()‘_l)(t)
/ Tt S 71—)\/ o dt
1ot |z — ¢t 1tz 1ot |t —x|*
2 |+ x| 2

(A=1) -3 1

< 2l aj/ " —~dt

~ ( ) 1_*_21* ‘t_x‘)\(l_t)%id;\
1—-¢C

< S02(A71>(x)/ S S
” st (1-t)i73

5 @Z(Afl)(x)nlf)\.
Thus, we have J, S 1for 0 <z < fo‘) 4. For 57(;\—)1,n+1 < z <1 we obtain in the
same way as in the case 0 <z < fn 1n+1

J2 < ()02(17)\) (1‘) /J/’* ()Od()\fl)(t) i@t <1
STy o 4R

So, we have J < 1. Therefore, (B13) is proved for 0 < A < 1. Now, we consider

~

the case of A = 0. Then

d EL (€00
Honnalfl@)] S Yo+ Y |t le 02 0(@)

0
j=2  j=ln+1 Eflll €9
= Kl + KQ.

Since by (34), B.8), and (B.12)

B9, (€9,
ARSI AR ’x ©) ‘ 2@ <1 (when j=1,n+1),

(0) / (0) - jm+1| g n+1
Enir (&Gngr)
we have K5 < 1, and in the same way as in the case 0 < A < 1, we have K; < 1.
Therefore, .13]) is proved for 0 < A < 1. O

Lemma 3.7. Let A € (0,1]. Then we have
n+1

(3.17) jnr1 (@) @A @)L ER) ) S logn.

j=1

In the case of A =0, we have
(3.18) >l @) e(@)e™ (€0 ) S logn.

Proof. First, consider the case of 0 < A < 1. Assume that 0 < z < 1—.%, where a >
0 is a fixed, sufficiently small constant, and let = € [5,(;;)17”“, 5,(3_‘217”“] N[0,1—-%]
(50 a1 = 1 57(1/}1-)2,n+1 :=1) for some 1 < k < n+ 1. We first split the left

equation of BI7) into J; and Ja:
_ 1.0
Yoo+ Y hen@le M@ T ) = S+

JEk=2,k+2]  jE[k—2,k+2]
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Then by B1) and (314,

_ _ A
S 3 PN @) e ) S 1
j€[k—2,k+2]N[1,n+1]

If we assume that 0 < z < gfjjl)nﬂ, then by (B:2) and B8],

(A _ 1000
AP B (e W M@ ) |1
2~ B (eW z— W
j€[k—2,k+2] | n+1 ( ]n+1)| Jsn+1
22—1(¢(N)
_ e (&g
< 2 A)(@Ziﬂﬂ
n‘x - f] n+1
23A—1
< @2(1—A)($> &dt.
~ () ») |z — ¢t
[ 11]\[Ek—2,n,+17§k,+2,n+1] x

To estimate the last integral we also split it into three terms:

1 — $2)2 -1 T Lia® -5 ,200-1) (t
(3.19) /%dtg/ +/ / LU P Y Y
‘LL' _t‘ 0 z* L :C—t|

where z, = §k ompp and z* = £k+2 i1 Then, since ©**A=1(z) is increasing on
(0,1), we have

I < @3 V(a,) /

0 \x—t\

T x

dt S ">V (z) logn,

14a*

1+z* 2 1
I, < o221 / dt < 2(,\ 1) 1
2S¢ 5 P (z)logn,

and

Iy ;/1_% P> ()t
T el e

¢ () (saw (1 - 52) + A <1+2$>) < * 3D (a).

If ffl)fl’nﬂ < z < 1, then we obtain in the same way as in the case 0 < z < fn Lnt1s

T, 2(A—1)

_ © (1)

5o< 0@ / LA
0 |z — t|

A

dt < logn.

Thus, we have Jy < logn so that (BI7) is proved for 0 < A < 1. For A = 0, the

proof is similar to the case of 0 < A <1 by (84) and [B.8)). Therefore, (BI8) is also
proved. O

Lemma 3.8. Let A € [0,1]. For any polynomial R € Papi1,
logn

(3.20) |R(x) — Hnp1[Rl(2)] S 1R'¢ll
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Proof. Let 0 < A < 1. For any polynomial R € Ps,11, we have by (22), B32),
B.8) and B.17),
|R(z) — Hna[R](2)]

s[RI — Haa (R

n+1
A
=D @€ DB @R (ED) )
j=1
n+1 E()\)

ni1(@) /
2 Ty )

n+1 \5j,n+1
e Ma)p (§Jn+1)

[z

5 n lj,n+ | ‘R/ E] n+l)‘
j=1
1 DY A—17¢(N)
IIR’wllm < (@)™ (&)
Z I 4 ()
/
< 1Rl

Now, we consider the case of A = 0. Then

n+1 E(O)
< 3|2y @IRE)

0) /-0
=B (€0

" By ()
— Z+ Z ﬁ |lj7n+1( )HR/( jn+1>|
j=2 j=1n+1 E’nJrl (5] n+1

= K+ Ks.

[R(z) — Hpya[R](2)]

Since by (B4) and [B.8)
[B'(D)] + R (=1)|

n2

K, S

)

and by [19, (26)]

R 1)+ |R (-1 R
|[R'(D)] + [R'(=1)] < (Bl <R,
n
we have
K, < 1Rl
n

For K7 we obtain in the same way as in the case 0 < A <1,

||R/<P||

K1< oolg

Therefore, we have (320) for 0 < X < 1. O
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Proof of Theorem 2l Since H,1[1](z) = 1, we have by BI3) and BI5)

n+1
Hinnlf1@)] S Ifllee D Bongr (@) = 1F oo Hinra[1)(@)
k=1

[flloe (Hns1(1](2) + Hania[1)(2))
S Il

Therefore, we have

(3.21) [Hna [fl(@)| S 1fle (e [Hnpalloo = O(1)).

Since f is continuous on [—1, 1], for given € > 0, there exists a polynomial R such
that for z € [—1,1],

|f(x) — R(z)| <&
Then we have from [B20) and B21))
Timn |Hoa[f)(@) — /(@)
/(@) = R(@)| + i |Holf — B)(@)] + lim |Ho [B)(z) - R@)

. logn
S If = Rl + Jim Rl 2" S e

A

Thus, (238) is proved, since € > 0 is arbitrary. Moreover, since for any polynomial
R e P[L] by the above estimation,

logn

|Hosalf)(z) = f(2)] S |If = Rl + IRl / [%] ,

we have from [2, Theorem 7.3.1],

[Hoalfl(0) = £@)] S o (£.257 )

n

Also, since for any polynomial R € Pa, 41

logn
[ Hoa[fl(@) = f@)] 5 If = Bl + 1R elloe ==
we have
1
Hoalfl(o) - £@)] S oo (1) 0n.
Therefore, ([2.9) is proved. O

In the following, we use some properties of the Hilbert transform H(f), defined
by

HIf, 1] == lim '@ 4o fer.

e—0 \wft\ZE x—t

We recall that if G € Lo and Flogt F € Ly, where F and G have compact support
K, then we have (cf. [0, 20])

(3.22) /KGH[F] :—/KFH[G].
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Lemma 3.9. Let A € [0,1], 1 < p < o0, and let u € L,. Then for any polynomial
R e Popia,

1Rl

(3.23) I(R = Hoia[R) ull 1 S —

Proof. We follow the proof of Theorem 3.2 in [6]. Let 0 < A < 1. Since for any
polynomial R € Pay41,

- E(AJr)l(x)
|R(z) — Hpya[R](2)] = Z (&mir Wmﬂ(@’
j=1 E, §jn+1)

we have using [19] (25)],

(R = Hoa Rl g ~ [ 1R G@) = Hya Rl u@) da

n A
/ +1 R/ ] n+1)Er(L-21(:I")
An j=1 n+1 (fj n+1)

nz-&-:l R £(>\)+1
< - nrlr ’/ ()T (z)uP(x)dx
~ n+1 ]nJrl 1 )
= E(A) 50\)

L1 (@) (2)uP (v)de

N

where 'y (2) := 01(2) |R(2) — Ho1[R)(2)["™", 01(2) := sgn(R — Hy11[R]) (), and
Ay =[-1+Cn72,1-Cn7 2\ Uk:i (tk. — 2t + %), a > 0 fixed. Here, if we let

Iy (z)u? (z)dx,

/ EX (@) (BY, (x) — B, (1)
Ap ZII—t

then using [11, Theorem 2.2], we have by ([B.8]),

(R — Hn+1[RDuH’£ L]

(/\)
7,n+1

A

i=1 ’En+1 f]n+1)‘

IEPE!
IR || & Lo HE ) )

S n TLS_Z;‘ |H(€j,n+1)‘
j=1
R el 1 20
< % (A=1)
S [, MO0
HR’SOHOO 1 2(A— 1) (\)
< e n2(1*>‘)/,4 v (‘H[E M) FlupH

1B 01| H [EX 1] | )ar

R/
LS,
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where H is the Hilbert transform. By (3.2)), (3:22), and Holder inequality, we obtain

|11

71 —
S M OO R O

n

(91 := sgnH[(E(Y1)T1))

< / up¢2(17,\)|rl‘ H[91¢2(A71)”dt

An
S Nug® TV H[g1o* AV an IT1wP L, a0
< (BG) = Hon [RI@)lll L),

because |[up?1 =N H[g1 o> A=V, (4,) < 0o by [I9, p. 676]. Similarly, we have

|12

N

A

N

S
S

1 _ A
s [, SO BRI, T

n

A—1
| e
An

|BO) T (8) ) X
[ I Bl e (aalt) = son BB )

/ w8 Hga T ()~ dt
An

lup™ () H[g20* ||z, (4 IT10? |2 a,)

I(R(2) — Hos1 [R](2))ul@)|]

|Lp(An,)'

Thus, we have for 0 < A <1,

17l
n

(R — Hn+1[R])u||Lp[f1,1] S

Now, let A = 0. Then for any polynomial R € Pa, 41,

and

&= ) EQ)(2)
R~ B [RI@] = |3 REN ) e (@)
Jj=1 En+1 j,n+1)

(@Y
A
Z g( ) ()

A A
Jj=2 7(1+)1 (53( n)+1)

A EQ) ()]
Y IRE D W ()]
j=1n+1 ‘ n+1 (5] n-‘rl)‘

= Ki(z)+ Ky(z)

IN

[(R— Hn+1[R])U||Lp[—1,1] < ||K1“||Lp[—1,1] + ||K2U||Lp[—1,1] :

We have by the same reason as in the proof of Lemma 3.8

IRl

—1,1] ~ ’

[1Koull 10 S K2l llullL, "
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and we obtain in the same way as in the case 0 < A <1

1Rl
HK1“||LP[71,1] S -

Therefore, we proved [B23]) for 0 < A\ < 1. O
Proof of Theorem 23 Since u € L, and for any polynomial R € Pa,41 by (3:23)

[(Hnia[f] = full,
< G = Ryull, + [[(Hnga[f = Blull, + [|(Hnia[R] = R)ull,

A

1B |l
S f = Bl lully + ===,

we have from [2] Theorem 7.3.1],
1
(111 = Frul, S ooe (£ 0

3.2. Convergence of the Hermite—Fejér interpolation polynomials for
Fégi_l(x) In this subsection, we prove Theorems and 4 and we will omit
the details because the most methods are similar to Subsection 3.1.

Lemma 3.10. Let A € [0,1]. Then we have for large n > 0,
(3.24) o2 [£1@)] S oo (92072V (@) + 1) .

Proof. Let 0 < A < 1. It is sufficient to prove [B.15) for 0 < x < 1 — %, where

a > 0 is a fixed, sufficiently small constant. In the following let || f||cc = 1 and let
A A A A

x € [yl(c—)1,2n+l7yl(c+)1,2n+1] N[0,1— %] (y((),2)n+1 = -1, yén)Jr2,2n+1 := 1) for some

1 <k<2n+1. Then,

)//

sy Fz()\+1 (y(-/\z) +1) ()
n ,2n
[Ha2 2n11[f](z)] E YR TV Z/\) ‘x—yj,2n+1’lg2‘,2n+1(33)
Jj=1 F2n+1 ( j,2n+1

= Z + Z = Jl +J2.

jek—2,k+2]  j¢[k—2,k+2]

Since we have by 1), 3), B1), and (39), similar to (3.10),

N

(325) |lj72n+1($)| ~1, jJe€ [k—Z,k‘—FQ]ﬂ [1,2’!7,4—1},
we have by 1), B.7), B.9J), and [B.25),
14X, —2-X
Ji < n 8072 (z) p(x) < n*H)‘gp*HA(x) <1
np=2(x) n

For Jy, we first assume 0 < o < yéi;)fmnﬂ. Then we have by BI)), G3), (33),
and (B11),

_ A
J. < @2(172A) (1’) QOSA 2(y§‘,2)n+1) 1
2o~ ni=A A n ey
FEk—2,k+2] T = Yjon+1
(p2(172>\)(x) / (p5>‘73(t) J
—_— —=dt.
nt=A -1+ c2 71*T%]\[yl(gi)z,szrl’yl(cir)z,szrl] |Q? o t|
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We assume 0 < 2 <1—%. Let A € (0,1/2]. Then

P 3( Lz -5 o 3(
s [
|z — d |9C - tl
Since @A~V (z) and ¢*~!(z) are increasing on ((), 1),

T 5A-3 T A-1
/ @ (t)dt‘ < P2 / e (1) dt’ < M2y,
0 r—1 0 r—t

+

1ta* 1ta*
3 5A—3 t 1 * 5 A—1 t
/ Lt 7; )dt < 22D <—+2x ) / Lt — i )dt S P (@',
x* x*

and since [z —t| > [1 —¢| for = <t <1 -

=5 PA=3(y) _ 1 lfn% 1
Tt — dt
/ ot e g /+ o — 21— )3~ %
—2(1-2)) o 1 AN—2(, .\ 1-A
S () A S (@)
1ter (1 —¢)27 %

Thus, we have Jo < 1 for A € (0,1/2]. Next, let A € (1/2,1]. Then since p**~2(z)
is bounded on (0, 1), we have by the above estimation,

PPA3( Rl
/ dt < / / / dt <nl
|z — t| 1o+ |aj - t|

So, for A € (1/2,1], we also have Jo < ¢2(1=2X (). For yén)_mn“ < x <1 we have
by the same reason as the above case

2(1—21) T, 5A—3
Jo S 7 (z)/ e ) dt < 172(1—2A) e 172,
0 | ® ($>7 )‘

nl-A T — € (1/2,1].

Therefore, we have for A € (0, 1],
Haans1lf1@)] S 1o (¢2072) (@) +1)

Now, we consider the case of A = 0. Then

n FQ()\Z,-IH(Q(/;) 1) )
n ), 2n+
Hopnnalfl@) S Yo+ Y | e =) | B (@)
i=2  j=12n+1| Fonty (yj,2n+1
=: Kl + KQ,
and we have Ky <1 and K7 <1 by B0), B3), (BI2) and by the same way as in
the case 0 < A < 1. Therefore, ([B:24)) is proved for 0 < A < 1. O

Lemma 3.11. Let A € (0,1]. Then we have for large n > 0,
2n+1

326) 3 P )0 @) S (#*072Y (@) +1) logn.

In the case of)\ =0, we have

(3.27) Zw W1 )9 (@) [l 201 (2)] S (9%(2) + 1) logn.
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Proof. Let 0 <A< 1. Let z € [y,i’l)l)Qn+1, y,(c:)mnﬂ} and split the left side of (3.26))
into J; and J:

S+ Y @] P @) ) =+ .
velk—2,k+2]  vg[k—2,k+2]

Then, we have by [3.20) and @),

_ —1, (A
S > P @) (W) S 1,
ve[k—2,k+2]N[1,2n+1]

and we have by [B.3]) and (B3]

A _ 1, (A

I, < Z |F2(nzr1(x)‘$01 2/\(5”)4)02)\ l(yl(/,Q)nJrl) 1
2 F()\) SN T ()
v [k—2,k+2] | 2n+1 (yu,2n+1)| Yv2n+1
_1, (A
A 1(yz(/,2)n+l)

_ 14
S @)Y 5
’I’L|$ ~ Yy on+1

An—2
< @2(172,\)@)/ ® (t)dt
[—1,1\[

(X\) N —
yk72,2n+1’yk+2,2n+1] |l‘ t|

<RI (g (902(%_1)(1‘) n 1) logn < (1 1 p2(1=2Y) (x)) log n.

This is because for 0 < A < 1/2, since ¢**~2(¢) is increasing on (0, 1), similar to

G193,

-2y
/ udt < 2 (2) logn,
(-1

yl(ci)2,2n+17yl(€:»)2,2n+l] |$ - t| ~
and for 1/2 < A < 1, since ¢**~2(¢) is bounded on (0, 1),

4N—2
/ P < /
[=1,1] () |z — ] [—1,1]\[

() A
\Ye 2 20417 U0% 2,20 41]

(X) (\)
yk—2,2n+17yk+2,2n+1] |

For A = 0, the proof is similar to the case of 0 < A < 1 by (8.H) and [B3]). Therefore,
BZ10) is also proved. O

Lemma 3.12. Let A € [0,1]. For any polynomial R € Pypi1,

(328)  R() ~ Mo [RI@)| S Rl (2072 (@) +1) 282

Proof. Let 0 < A < 1. For any polynomial R € Py,1 by 24), B3), E9), and
B.26),
|R(x) — Hont1[R](z)]

_ _ A
< IRl Z* P (@)™ (1)
v=1

~ n n |l,2n+1(2)]
R/
§ || @HOO 1ogn (802(172)\)(1,) 4 1) .
n
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Now, we consider the case of A = 0. Then

2n+1 (0)
|R(z) = Hya [R)(z)| < ) anﬂ( z)

0 0
=A@ 6%

2n (0)
Fyppa ()
> D = 12041 (@) || R (435 1)]
(0) (0)
=2 j=l2n41|Fo, (@ )(yj 2n+1

=: Kl + KQ.
By B3), 39), and [19, (26)] we have

K> S

U 21 ()||R (4% 1))

)

17l
n

and in the same way as in the case 0 < A < 1, we obtain

K< IR 80”00 logn( 2(1—2/\)(I> n 1) _

Therefore, we have ([B:28]) for 0 g A< 1. O
Proof of Theorem 221 Since we have by [B14]) and (324
(3.29) o [/1@)] S 1f o (92072Y (@) +1)

(ie., [Hont1lloo = O(1),0 < A <1/2) and for given € > 0, there exists a polyno-
mial R such that for z € [—1,1]

|f(z) = R(z)| <,
if 0 < A <1/2, we have by (3:28)
im [Haa[f)(@) = F@)] S I1f = Pl + lm Rl
and if 1/2 < A < 1, we have by (3.25)

i |(Haia[)(x) — £(2) 9D (@)
logn

logn

Se

S If(@) - Rl + lim |R'g.,

Therefore, [2.10) and (2.12)) are proved since € > 0 is arbitrary. Moreover, since for
any polynomial R € 77[ n

log n]

<e

Hanlfi) = £ S (IF = Rluo + 1Rl /| |) (#0790 41)

we have from [2] Theorem 7.3.1]

Hanalfl(o) ~ £@)] S oo (1252 ) ($207() +1)

n

Also, since for any polynomial R € Py,11

Hania[fl() = f(@)] 5 (If—RI + 1Rl l°§”) (¢ (@) +1),
we have

Hanalfl(o) ~ £@)] S e (111 ) o (200 1),
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Therefore, (ZI1]) and (ZI3) are proved. O

Lemma 3.13. Let A € [0,1], 1 < p < oo, and let u(p** 2N (x) + 1) € L,. Then
for any polynomial R € Pypy1,

[

H(R—H2n+1[R])u||Lp[—1,1} < n

Proof. Let 0 < A < 1. For any polynomial R € Pyy11,

I(R = Hanga[RD ullp, -1y

2n+1 ( ()\)
yl/?n 1) A
S Z \) 5 ‘/A F2(nzr1(x)lu,2n+1(SE)Fg(x)up(x)dx,
v=1 | Fon (yl, 2n+1)

where Ty () := 0a(2) |R(x) — Hans1 [R](2)]P " and o2(z) := sgn(R—Hans1[R])(z).
Here, if we let

Iy (z)u? (x)dx,

A A A
@) FD L (2) — FOL (1)
II(t) := -~
Ap x

then we have
(R — Hona [RD ullf (1 4
IR ¢l
el L (Ol O

n

IR ¢l 2(22—1) (N) p P
Sl [ O 0) (IS Do) + | s (O] HIFS T )

R/
- %(h D).

n

2(22-1))

Since ||up? 2N H{gzp llz,(4,) < oo by [19, p. 676], we have

|Il| g / us02(172)\)|r2up71||H[93¢2(2/\71)”dt
Anp
S gV Higs oD L a D2 |z, a,)
S IR = Hanra[RDullf (4 s

where g3 := sgnH[(FQ(:L‘Zrl)QFQUP]. Similarly,

|12 lue" > () H 920”11, cam D20 |1, (a0

<
S (R =Hon [R)ully (4 )

where g4(t) := sgnH [Fo,+1T2uP]. Then we have for 0 < A <1

17l
n

(R —Honga[R)) ullp, ;-1 1) S
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Now, let A = 0. Then for any polynomial R € Pypy1,

2n+1 ©) F2(O) 1($)
[R(2) = Hans1 [R)(2)] = | ) Ry one) =577 o) o o liznt(@)
j=1 Fyliq (yj,2n+1
2n (0)
o (2)
0 2n—+1
= ZR/(9§,2)n+1>—(O) oyl (@)
Jj=2 2n+1 (yj72n+1
(0)
0 | F5q ()]
Y IR W) o 11j.2m 1 ()]
. (0) (0)
j=1.2n+1 F2n+1 (yj,2n+1 ‘

=: Ki(x) + Ka(z)
and
[(R— Hn+1[R])u||Lp[71,1] S ||K1U||Lp[,1’1] + ||K2u||Lp[71,1] .
We have by the same reason as in the proof of Lemma

1Rl
12wl o1y S B2l 1ull 1,0 S =75

and we obtain in the same way as in the case 0 < A <1

IRl
1Kl oy S e

Therefore, we proved (323) for 0 < A < 1. O

Proof of Theorem B4l Since u(?>(1=2Y(z) + 1) € L,, we have

[(Han+1[f] — f)“||p
< N(f = R)ull, + [(Hans1[f = B]) ull, + [ (Hani1[R] = R) ull,

LN
1 = Rl llul, + e

() :

3.3. Convergence of the Hermite interpolation polynomials for Er(fjr)l (2)
and Féi}rl(ﬁ)

A

A

Proof of Theorems and 271 Since

Hy1[f] = Hoa[f] + Huga [f) = Hona 1],
we have by ([B.2I) and by the same reason as (3.20),

(330) Al < IHan Pl + || Huialf) = Husalf)|

ILf'¢ll 5 logn
e R,

oo

S Il +
From [I0, Theorem 2, p. 172], there exists a polynomial R,, € P, such that
gan,OO(f(NU

Y VfeCN[-1,1], 0<j < N.

(CROFE
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Then for this polynomial R € Pa, 11, we have by Markov inequality and (B30,
| (BGL - r9) |
S|(Er R - -RY) e

s |aihis - re | +||jo-Rr9w||

S || Hunalf = R+ -9
. =R logn N
<n’|f-R|, + I( nzf?”oo +H(f_R)(])(p]Hoo
< 52n+1—N}$o(f(N)) n 52n+1—N,OjV(fFN)) logn N 52n+1—]]\\f;io‘(f(N))
n ny 7 niV—J1
< 52n+1—N,00(f(N)) logn
Since by [B2I)) and by the same reason as (3.23)),
Honlfl] < Haa A, + [ Hoa 1) = Hoal]]

A

!
n

we similarly have

< Eant1-N,00(FIY)

P nN=J

| (2151 - 797) o0
Proof of Theorems and 2.8 Let

() 1, 0<A<1/2
v\xT) =
* D (), 1/2< A< 1.

Since
Honalflo] < IMani vl + | (Hansa [F] = Hana [£1) o] _
! 1
S ff o+ LLEleToEn
and
Hons1[f]v o S Hannlfloll, + H(H2n+1[f] *H2n+1[f]) I,
S 1l + e
n

by the same reason as in the proofs of Theorems and 2.7 we have

Eant1-N,00(fN)) logn
nN—Ji

| (1= 59) v |5

and

0 ™ nN—J

H('H(ﬂ e f(j)) ijH < 54"+1—N,oo(f(N))'
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